
KERNFORSCHUNGSANLAGE JÜLICH GmbH
Institut für Plasmaplws9k

Association EURATOM-KFA

Calculation of Poloidal Rotation

in the Edge Plasma

of Limiter Tokamaks

by

Hartmut Gerhauser

Hans Arno Claaßen

Jill - 2125
I, ay 1987

ISSN 0366-0885





Autobahn

	

Motorway

Autobahn ;m Bau

	

Motorway in Construction
Bundesstraße

	

Mao Road
Schnellzuastreche

	

Main Railway L :ne
Neffenstrecke

	

Branch-Linie
Flughafen

	

Airport

Kernlcrscnungsanlage

	

Jülich Nuclear Research
JüIidh

	

Centre

Als Manuskript gedruckt

Berichte der Kerhforschungsaniage J ~~e

	

Nr. 2125

Institut für Plasmaphysik Association EURATOM-KFA Jül - 2125

Zu beziehen durch : ZENTRALBIBLIOTHEK der Kernforschungsanlage Jülich GmbH

Postfach 1913 ' D-5170 Jülich (Bundesrepublik Deutschland)

Telefon : 02461/610 Telex : 833556-0 kf d





Calculation of

	

I ° I Rotation

in the Edge Plasma

of Limiter T kamaks

by

Hartmut Gerhauser

Hans Arno Claaßen





Calculation of Poloidal 	 Rotation in the Edge Plasma

of Limiter Tokamaks

by H . Gerhauser and H .A . Claaßen

Institut für Plasmaphysik der Kernforschungsanlage Jülich GmbH

Association EURATOM/KFA

Abstract

The existing 2-d two-fluid code for computing the plasma profiles in the

scrape-off layer of limiter tokamaks has been further developed to include the

effect of poloidal rotation in the basic equations . This rotation is produced

by radial electric fields which arise in the limiter shadow due to radial gra-

dients in the

	

t,tiai

	

.i
ofCfI I.

	

¢he
C Langmuir sheath potential in front of the limiter . As a(:Oflse-

quence slight deviations from ambipolar motion must occur . A strong increase

of rotation near the separatrix is connected with an electric current circuit

closed via the limiter edge. The 2-d profiles of all relevant quantities are

calculated and discussed for TEXTOR-typical parameters including also the ef-

fect of limiter recycled neutrals® The results agree well with the known expe-

rimental evidence on poloidal rotation and should be transferable to all limi-

ter tokamakso
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A) Introduction

In recent years the plasma behaviour in the scrape-off layer of limiter or di-

vertor tokamaks has been investigated by several authors /1,2,3,4/ resorting

to the numerical solution of fluid equations . These computer codes use simpli-

fied versions of the two-fluid equations described in the original work of

3raginskij /5/ and discretize them on a rectangular grid with one coordinate

in the radial direction and the other in the toroidal direction parallel to

the magnetic field . One basic assumption in the equations is the ambipolar mo-

tion of electrons and ions, which means that there are no electric currents

flowing in the scrape-off plasma . Furthermore it is assumed that the plasma

velocity has no component in the poloidal direction, which means that a poloi-

dal rotation does not occur . However, these assumptions may lead to inconsi-

stencies . First it is clear that the plasma must be in radial equilibrium, so

we must have j pol Btor= a 9 which requires the presence of poloidal currents

jpol . Secondly the calculation of the spatial dependence of the elec-

trostatic potential ¢ shows the existence of radial electric fields with an

associated t x

	

- drift in the poloidal direction which cannot be compensated

by the Vp i - drift . Hence a poloidal rotation will always be produced . The ba-

sic physical mechanism behind this effect is the formation of the electrosta-

tic Langmuir sheath in front of the limiter or divertor target plate . If the

impinging plasma flow consists of equal or almost equal numbers of electrons

and ions, the potential drop across the plasma sheath must be

	

3 kTe for a

hydrogen plasma, and integration along the magnetic field lines until the sym-

metry plane gives ¢

	

3 .5 kT,, . Since the electron temperature Te at the plasma

edge is usually a strongly decreasing function of radius, considerable radial

gradients of the plasma potential can be built up . We will find that the po-

loidal rotation velocity is typically of the order of twice the geometric mean

of the radial diffusion velocity and the maximum toroidal convection velocity

(which is taken to be of the order of the sound velocity) . When crossing the

separatrix from the limiter shadow towards the plasma core, the plasma poten-

tial is no longer subject to the constraint of following the Langmuir poten-

tial at the space charge sheath formed due to the contact with the limiter.

There i s however, another constraint inside the separatrix . The inertia of
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the relatively massy plasma core will prevent it from being dragged along with

the rotation of the narrow scrape-off layer . This means that the plasma rota-

tion velocity must fall steeply to zero inside the separatrix . Consequently

the potential 0 must pass a maximum near the separatrix and the gradient

War must change its sign such that the

	

x

	

- drift can compensate the

Vp i -drift within the plasma core . Eventually 0 itself must change its sign

and take large negative values when approaching the center of the plasma

column . Remarkably enough all these theoretically predicted characteristic

features of the radial profiles of the plasma potential and the poloidal

rotation have been confirmed by measurements in different tokamak experiments

/6,7,8/ . It is thus worthwhile to study these effects in some more detail with

the help of the existing 2-d code /1/ by taking into account those terms in

the basic two-fluid equations that have been omitted in the previous

treatments /1,2,3,4/ . One interesting phenomenon to be discussed is the

generation of electric currents by the presence of differential rotation, i .e.

a shear in the rotational velocity . The highest currents arise near the

separatrix because, as explained above, there are the steepest radial gra-

dients of the rotation . We will show. that the current circuit is an elongated

vortex flow closed via the limiter edge . The connection between rotation and

electric current flow had already been pointed out in ref . /9/m Clearly the

occurrence of currents with components in the radial and toroidal directions

entails that the assumption of ambipolar motion of electrons and ions is no

longer fulfilled . However, in contrast to /9/ we find that the deviations from

ambipolarity are small, of the order of 1 % or smaller. The reason is that,

with parameters typical for the scrape-off layer of tokamaks like TUTOR, the

ion gyro radius is much smaller than characteristic radial lengths like densi-

ty decay length or radial extent of the limiter, namely of the order of 10 %

or smaller. But small currents at the limiter will cause only small changes of

the potential and the rotation, which in turn will cause even smaller changes.

of the currents, and so on . Hence it is easy to determine numerically self

consistent plasma profiles by rapidly convergent iteration . The analytical

treatment of /9/, on the contrary, relies on large deviations from ambipolari-

ty introduced by large ion gyro radii, . Furthermore, to make the solution ana-

lytically tractable, additional simplifications have been used in /9/ such as.

zero. ion temperature (i,e . the ion gyro radius mu st be calculated with the

electron temperature) and classical instead of anomalous values for diffusion
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and thermal conduction.

In this paper a numerical investigation of the plasma behaviour in the scrape-

off layer is performed which is based on the full set of 2-d two-fluid equa-

tions and which takes into account the effect of electrical currents and po-

loidal rotation selfconsistentlys Included are also the source terms by limi-

ter recycled neutrals . The basic physical concepts involved in the model are

presented and some numerical details outlined . The results are calculated with

TEXTOR relevant parameters and the qualitative agreement with existing experi-

mental evidence is shown . We conclude then that similar results should be ob-

tained in all limiter tokamaks of this kind.

B) Basic Two-Fluid Equations

We consider a plasma consisting of electrons and hydrogen ions in the scrape-

off layer of a limiter tokamak . The toroidal geometry is approximated by a

right-handed Cartesian coordinate system . We denote the toroidal direction

(parallel to the magnetic field) by x, the radial direction by y and the po-

loidal direction by z . All quantities are assumed to be independent of the po-

loidal coordinate so that z = 0 everywhere . If u is the velocity of the elec-

trons and v the velocity of the ions, the electrical current density is de-

fined by
~

	

4-

J =en (v - u)

( 1 )

We remind that we have not made the usual assumption of ambipolar motion

/1,2,3,4/,

	

ll

	

l

	

G .

	

i

	

of

	

ti/so

	

v in genera, whereas the assumption of quasineutrality n =

ne

	

ni is maintained . After these preliminaries we can state the basic equa-

tions following essentially the original work of Braginskij /5/ but

introducing also some significant modifications.

1) Equations of continuity

Electrons

	

+ v°(nu)
n ( 2 )
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The source term Sn represents the creation of electrons and ions by the

ionization of limiter recycled neutral particles . Subtracting (2) from (3)

and using (I), we find that in agreement with the quasineutrality condition

the current density must be divergence free:

J =

aJx
	 	 y

	

z

	

aJ

	

a J
oa

	

ax
+

By
	

+ az =
0

which on account of a/az_ 0 simplifies to

aj

	

aj
x+ Y =03x

	

By

This shows the existence of a stream function v that can be defined by

alp
Jy - ax

	

i x By

2) Equation of motion for the electrons	 (Ohm's law)

Neglecting electron inertia and viscous effects the momentum equation for

the electrons leads to the generalized Ohm's law:

-vpe - en (~ ~ ü x 6) +

	

= 0

	

(6)

The term

	

represents the transfer of momentum from ions to electrons by

collisions and consists of the friction force and the thermal force:

t

	

t
J H

R = en ( ~~

	

} a 0 .71 n V T e

	

Z

	

e,, x VTR

	

. (7 )
ee

	

~~

The electrical conductivities in the friction force have the form

~n- 0 .51 6n = 0 .51 ~	
B

1!

	

e e

In TEXTOR typical plasma edge parameters are T e = 25 eV, n = 2 x 101.2 cm-3

and B = 2 Tesla . With these values the product of the electron cyclotron

frequency and the electron collision time is found to be

(4)

(5)

( 8 )
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w eT e 6 x 105 . This means that those terms in } that contain the factor

1/wer e are extremely small compared to all other terms, they should be

neglected ° As a consequence it is not possible to use Ohm°s law in the

usual way for determining jn and j_L . To see what it determines instead, we

consider the three components separately . In the parallel direction we get

aD

	

aQ

	

aT
-

ax e + en x + en x - 0a71 n

	

= 0
air

	

ax

where 9 is the electrostatic potential defined by E

	

-v9 . For a n

	

o.

equation (9) obviously links the parallel gradients of 9, p e and T e so that

q(x,y) is determined everywhere if the radial dependence 9(y) is known at

a specified toroidal position xm In the radial direction we get

ape

	

a9

®
ay + en -

y
~ (j Z -en v z ) B¢en

a
=0 (10)

±

As will soon be shown, radial equilibrium requires

ap

	

ap e	ap i
jZB=ayay

gay

Hence for al ▪ co equation (10) reads

ap i

	

a9

ay
	 + en

äy
- enB v Z = 0

This obviously determines the poloidal velocity v z (x,y) everywhere in terms

of the z-components of the E x n
▪
- drift and the diamagnetic vb .-drift . If

30/ay is defined by (9), i .e . independently of ap i /ay, a poloidal mass

rotation of the plasma must be produced . In the poloidal direction we get

ap

	

a9

	

J3 n

	

aT

ze + en 3x + en u B + en z ° 2 w T a e~ 0y

	

e e y

For äz - 0 and were ,

	

.0 this yields u .* 0. This means that the cl ass i -

cal radial particle transport is very small . However, because of the steep

gradients in the plasma edge, drift-type instabilities maintain a large

turbulent fluctuation level, which induces an anomalous radial diffusion

(9)

(12)



flux . Dependent on the phase correlation between the density fluctuations

n and the electrostatic potential fluctuations ; there is a non-vanishing

time average of the form

nuy ~nvy W-~ n

ß¢~ =

n vy

r = nvy = - D- an

In this way the fluctuating radial tz x - drift velocity is described by

the phenomenological anomalous diffusion coefficient Di . We take it to be

constant and of the order of the Bohm coefficient®

We conclude that with the assumptions made for our scrape-off plasma Ohm's

law reduces to fixing the potential p9 the rotation v z and the radial par-

ticle flux r1 in terms of the density n and the temperatures T e and Ti.

3) Equation of motion for the plasma

We start with the momentum balance equation for the ions (m = m i ):

at
(mnv) + v~(mnvv) + vp i + vm~ - en (E + v x S) + R = S p

(14)

The source term S p represents the momentum transfer by the recycled neu-

trals . We combine equation (14) for the ions with equation (6) for the

electrons to get the equation of motion for the electron-ion-ensemble:

>

	

»

	

> > >

ot (mnv) + v°(mnvv) + Vp + v®7r - j x B= S

(15)

By. using the equation of continuity (3) for the ions this takes the form

a
mn (at +v•v) v= -vp®v®rr+j x~+Sp - mvS n

(16)

Again it is useful to consider the three components separately . We retain

only the dominant component Trxx of the viscosity tensor n and suppress all

terms with ./az :

(13)

p
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arr
a

mn (at +
vx ex + vy ay) v x = - äpx -

axxx ~ S
px - mvx Sn

mn
(et~vxe+ vy -) vy =- äyß z B+ Spy mvy Sn

a

	

a
mn (

a t + vx ex + vy 3y) vz =

	

jy BSSpz - mvz Sn

(19)

Whereas the toroidal equation (17) can be fully exploited for determining

the time evolution av x /at, the radial equation (18) degenerates to the

equilibrium condition (11), because the diffusion velocity vy is extremely

small compared to the sound velocity and already determined by (13)® For

TEXTOR parameters vy - 10-3 I/mt

	

so that terms containing vy in (18) must

be neglected . Turning finally to the poloidal equation (19), we see that it

can be used to define the unknown radial current density j y in terms of

gradients of the already known rotation velocity v z , if the time evolution

av z /at plays a minor rol em By virtue of (5) this also defines jxm This

introduces deviations from the ambipolar motion of electrons and ions® We

estimate the order of magnitude from (19) and (12) in regions far from the

limiter edge, where the sources S n and Spz are very small:

j
Y

	

m avz

	

mi
a 2T i

	

r.

envy

	

eB ay

	

e 2 B

	

ay 2 ~ x2

Y

For Ti = Te = 25 eV and for deuterons the ion gyroradius in the magnetic

field of TEXTOR results to be r i

	

0.36mm . This is certainly less than 10 %

of characteristic radial scale lengths ay , so that the nonambipolar cor-

rections are less than I %® The calculations will show, that indeed also

j x /env <1 % even in front of the limiters We note that the smallness of

the nonambipolarity constitutes a major difference to Boozer's /9/ work.

Nevertheless jy is essential for setting up~a considerable poloidal

rotation . Since we are only interested in approaching the stationary state,

the time derivative in {19) can be regarded as small compared to the

(17)

(18)

( 2 0)
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convective derivative . If we content ourselves with calculating the time

evolution of v z and j x , j y only approximately, this has a negligible

influence on the behaviour of n, vx , Te and T i due to the smallness of the

nonambipolar corrections . Hence we neglect this second order effect and

define jy by

jyB = - mn(vx
x ¢

vy ~y) v z ~ Spz - mv z S n
(21)

This equation shows the close connection between a current density and a

differential (i .e . a spatially non constant) plasma rotation °

4) Equation of electron energy balance

We start from the equation

a 3

	

3-

	

3-

ät (2nTe) ~va {ZnTeü~ge) =-enEp~i~R .v~Qe1

	

W e

with the heat flux defined by

nT

	

T

	

T
_

	

X

	

V T -

	

V T

	

5	 e e x VT - 0. 71

	

J -
	 	 e

e

	

[( e

	

e

	

e

	

2 eB

	

e

	

e II 2 ewe
T
e

(23)

Because of
az

= 0 the third component qez is not needed. The other compo-

_ - Xeä
2ax

:- 0 .71
ee

( 24 )

aTe	T e

ey -

	

X e By

	

2 ewe Te '3 z

We assume a .classical : :parallel heat conductivity xe

pendicular one:

3-

qe

(22)

e x j

(25)

nents are

. but an anomalous per-
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Introducing the equilibrium condition (11) in (25) gives

a

	

=

	

n Q-1--

	

Te +

	

3

	

Te a p

°ey

	

ay

	

2we Te eB ay

and since	 1  + 0 the second term in (25) and (27) must be neglected . The
w T

right-hand side of (22) contains the energy exchange Qei between electrons

and ions tending to temperature equilibration and the energy loss We by

ionization and excitation of the recycled neutrals . The remaining terms

must be further transformed with the help of Ohm's law (6):

en E~ü + R0v = (j - env) m E + R~v

= j .
E

+ v m (R - en E)
4- 4-

= j.E
+ v . (vp e + en u x ß)

= - i=v¢ + v . (vp e - j x g' )

(28)

The hitherto performed numerical 2-d calculations /1,2,3,4/ retained only

the v'vpe -term in (28) . But even for ambipolar motion j x=j y=O with a vani-

shing Ohmic power production 3

	

a Lorentz-force 3xB in the radial direc-

tion must be taken into account to ensure radial equilibrium . By using

(9,11,12) we finally get :

ap

	

ape

	

DI)
= vx ax

+

	

- j
z B) - ix ax T

3P i _ i x , ape

vy ay

	

en ~ ax ~ u®/1

In order to obtain an equation fo

tinuity equations (2,3):

- en t- U). + ~ ® v (v zB ° ay) jy

aT
e, . jv ap i

n

	

x}
+

a

	

en ay

( 26 )

(27)
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aT

	

DT

	

aT3

	

![

	

~	
2 n at + Te°° ( n

v)
3X ' (xe äx )	3y (xe ay) =

	

ape

	

5

	

aTe	ap i

	

5

	

aTe

	

Te aj x

	

= ux ( ax

	

2 n ax ) . . uy ( ay + 2 n ay

	

+ 0.71

	

ax

Q ei ¢ We

	

Te S n

The correction terms introduced by a nonvanishing jx and jy are easily

identified on the right-hand side of equation (30).

5) Equation of ion energy balance

We

		

e
ux aax

	

uy 31 - 0 .71 j~ aä + Qei¢

	

i~ e

start from the equation

at ( 2
3 n T i +

m2
v2 ~- V . ~ (Z n T i ~ m2

v 2 ) v' +
4-

Tr v

= (en E - R) . v ° Q ei + W i

with the heat flux defined by

If
=x i °11 Ti -

(32)

The source term W i describes the energy change by charge exchange with and

ionization of the recycled neutrals, Qe i is again the temperature equili-

bration term. The other terms on the right-hand side of (31) represent the

work done by the electric field and the friction with the electron ° They

also occur in the electron equation (22), but with the opposite sign, and

constitute the energy transfer between electrons and ions . We can simplify

(31) and get an equation far aT i (at alone .

(30)

(31)
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,
2

an

	

5
2

T i +2v ) at
+

( 2 T i

2

	

5
+ n(at + v®v) 2 v +

2 n

2

	

aT.
+ 2 v ) v-(nv) +~

n at
+

v•v T i + v a (v-ff) + (-v)-v + vaq i

*
• (vpe - d x )

	

Qei + Wi
(33)

2
Now multiplying the continuity equation (3) by

2
T. + 2 v

	

taking the sca-

lar product of the equation of motion (16) with v, and inserting into (33)

yields

2

	

3T
{2 T i + 2 v ) Sn + Ti v g (nv) + 2 n	

at
+ va(®vp i + Sp - mv' Sn ) +

+ 5 n v ® v T i + (~=v)mv + v
®g i

	

- Qei
+ W.

We retain only ii

	

and neglect terms with v2 compared to v 2 and v 2 . Thisxx

	

y

	

x

	

z
puts the Ti -equation in the final form

(34)

V-(n ;)
3T.

at +T i

@vx

	

~ aT i

+
~xx axx - ax (xi~ aX) -`ay (xi ay ) _

	

3p i

	

5

	

3Ti	ap i

	

5

	

aT i

	

( ax

	

2 n ax) +
vy ( ay -

2 n
ay )v V S

	

vzS
X

px

	

pz

-(
2
3 T i -~ v~

2
vZ ) Sn

	

Qei ¢ W
i

-(35)

The correction terms introduced by the finite poloidal rotation velocity vz
are easily identified on the right-hand side of equation (35)0

C) Geometry and Boundary Conditions

We model the edge region of the tokamak plasma in the rectangular domain ACDF
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Fig.l : GeQmetry a f .__Scrape-off and Transition Layer

of fig. 1 . It consists of the scrape-off layer (abbreviation : s .o .l,) in the

limiter shadow and a transition layer between the separatrix (defined by the

limiter edge) and the plasma core.

The length L of the smo .l . between the symmetry plane and the limiter plane is

taken to be one torus circumference of TEXTOR . This takes account of the fact

that the poloidal limiter of this tokamak is not closed but consists of four

separated segments so that a magnetic field line starting from one side of the

limiter travels on the average at least twice around the torus before hitting

the limiter again . The complicated poloidal structure of the s .o .l . cannnot be

described by our 2d-model . We also neglect the finite toroidal width of the

limiter compared to the connexion length of 2L . For this reason the physical

quantities near the auxiliary boundary DE, defined as the continuation of the

limiter surface EF into the transition region, must have similar symmetry pro-

perties as those near the symmetry plane AC.

In principle we have ten scalar quantities involved in the problem, namely the

density n, the velocity v = (vx , vy , v i ), the temperatures Te and Ti , the

electric current density j = (jx , jy9 jZ) and the electrostatic potential 4o

However only four of them, namely n, vx , Te , T i , must be determined from the
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simultaneous solution of four coupled partial differential equations subject

to appropriate boundary conditions . We may call them the primary variables.

The six remaining quantities can all be expressed directly in terms of the

primary variables and their spatial derivatives . Two of these secondary

variables are eliminated from the beginning, namely the radial diffusion

velocity vy and the poloidal current density jz by equations (13) and (11)0

The other four secondary variables must be determined by an iterative

procedure, as will be outlined below.

1) Boundary conditions for the primary variables

The required number of physical boundary conditions depends on the order of

the differential equations . We first rewrite (3) and (17) in the form

at = - 2x (nvx
) ~ ~y (p ~ äy) + S n

	

mn

avx = -
mn v @vx ~ mp-~ an avx

	

a (n T~ n T
i)at

	

x ax

	

~y ay

	

ax

	

e

	

~

4 3

	

3v+
3ax (n ax) fSp x -mvx Sn

Here i is the parallel viscosity contained in the stress tensor element

4

	

avx

xx

	

- 3 n ax
rön,
1,.ooJ

We see that the equation (36) for the density is of second order in y, but

only of first order in x . Therefore if we prescribe a boundary condition

for n in the symmetry plane, no physical boundary condition is available

for the limiter plane. Similarly equation {37) for the velocity is of se-

cond order in x, but only of first order in y . Therefore if we prescribe a

boundary condition for vx at the core boundary, no physical boundary condi-

tion is available for the liner wall . In these cases we must introduce nu-

merical boundary conditions by using quadratic space extrapolation . This

(36)

(37)
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means that the boundary value n o = n(L) at the limiter is obtained from the

densities at equidistant points in front of the limiter

n ak = n(L - k . Ax),

	

k = 1,2,3

by requiring that no fits to the parabola defined by n_ k :

n o = n-3
+

3(n_1 - n -2 )

A similar procedure is applied to the velocity v x at the liner wall ° It can

be shown that linear space extrapolation or other pescriptions may lead to

unphysical oscillations of the solution °

The equations (30) for aT e/at and (35) for aT i /at are of second order in

both directions via the x-terms®

We now discuss the conditions at the different boundaries in detail °

a) Plasma core boundary AD

If the transition layer is deep enough, the limiter induced toroidal con-

vection velocity v x should be vanishingly small ° This is not necessarily

true for the poloidal rotation velocity vZ° The density should be constant

along the boundary, but the value of the constant is not known ° On the

other hand a reasonable total particle flux riot crossing the boundary can

be prescribed, but the distribution of the flux density along the boundary

is not known . This leads to a sort of mixed boundary condition, and the

same noias for the temperatures and the total energy fluxes Q le tot and

Q1 tot . We write the conditions in the form

of r~-'(x) dx = röt and . .n = constant

(39)

(40)

.and

	

T = constant

ra.~
-/

~
, '
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Here the radial particle flux density is as in (13)

r~ = nvy = nu y = m

D~ ~y

and the energy flux densities comprise heat convection and heat conduction:

1 5

	

1

	

J_

	

5

	

1

	

1 a Te
e

W
2 Te

	

2 Te r

	

m

xe 2 rr

~

	

5

	

m 2 1

	

~

	

5

	

m 2

	

aT iQ i =(2 Ti + 2 vZ ) r

	

+ cll. =(2 Ti + 2
vz )

	

- xi ar
,

b) Symmetry plane AC and auxiliary boundary DE

The obvious symmetry conditions are vanishing velocity and vanishing deri-

vatives of the other quantities:

v x =0 .

a ax = ax

	

3-
1

= 0

	

and

	

3n
_ 0

( 44 )

It is remembered that vanishing an/ax can be prescribed only in the symme-

try plane, not in the limiter plane.

c) Liner wall CF

There is little information about the densities and temperatures at the

wall besides the fact that they are "small" in some sense® Instead of pres-

cribing fixed values of n w , Tew and Tiw we found it better to use adaptive-

ly floating boundary conditions, i .e . the boundary values are adapted to

the radial profiles of the solution such as to disturb it as little as pos-

sible in front of the wall . This presupposes that the solution at a certain

(42)

(43)
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distance away from the wall is relatively insensitive to the precise boun-

dary values, but this is indeed the case, because the particle and energy

fluxes to the wall are always much smaller than those to the limiter® A

possible prescription is

1

n - 16 ns s	T ew <T e w-1s

	

Tiw ~ Tiw

	

w-I

(45)

where the index s denotes the separatrix and the index w-1 the wall minus

Ay.

d) Limiter EF

As is well known a collisionfree space charge sheath with the thickness of

a few Debye lengths is built up in front of the limiter . In the potential

drop of this Langmuir sheath the ions are accelerated and the electrons are

decelerated® One edge of the sheath faces the smo .le plasma, which is as-

sumed as collision dominated ° The particle and energy fluxes leaving the

s,o®l, plasma and arriving at the edge must fulfil certain transition con-

ditions when entering the sheath, in order to ensure the continuity of the

fluxes® Since on our length scale the sheath edge and the limiter surface

coincide, these transition conditions take the role of boundary. conditions

for our calculations °

The flow velocity of the plasma entering the Langmuir sheath must reach a

minimum value of the order of the sound velocity, in order to satisfy

Rohm's criterion . We write

T +T,
e

	

i
vx = ds c s = 6s ~ - m

I
~

The energy fluxes are subject to the following relations :

(46)



	

II

	

5

	

m

	

2

	

2

	

4

	

a
vx

	

fl	Q.

	

~ 2 T i ¢ 2 (vx + vz ) - 3 n ax
~ nvx + g i = S i Ti nvx

( 48 )

Appropriate numbers for the factors 6s , Se and S i must be derived from a

kinetic theory . In the appendix we have calculated approximate formulae on

the basis of certain commonly adopted simplifying assumptions . However, a

detailed and reliable theory on the sheath and presheath, where the plasma

in accelerated to sound velocity and the distribution functions get more

and more non-Maxwellian by the distortions due to the absorbing wall, is

still missing. For this reason we simply use the following pure numbers ha-

ving the right order of magnitude:

6

	

= 1, Se = 5.5 , 6 . = 3 .5

(49)

This also justifies neglecting vZ in (48) and replacing u x by vx in {47).

e) Limiter edge E

At the limiter edge the velocity v x will experience an abrupt change from

zero to sound velocity c s . But in real

physics a step function cannot occur,

and also from numerical reasons it is

not tolerable . Therefore vx is smoothed

out on a length scale s with

	

8 n9 6'!- .nr.

	

n ~ r,,,,,

	

,.

	

//

	

2
lmtldtl@6@

	

&

	

v ®a
mm

	

~

	

-v -

	

v IIIIII

	

tauf
J

where ri is the ion gyro radius

and ay the density scale length.

We choose c = 2.5 mm.
Ys®E

	

ys y+E
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2) Boundary conditions for the secondary variables

a) Potential $ at limiter EF

We put the limiter target surface itself to zero potential . Then the poten-

tial at the Langmuir sheath edge facing the seo .lm plasma is given by the

potential drop in the sheath . From the appendix eq . (A18) we have for vx =

c s :

27m
e

T
e
i-Ti

ecl) = eo¢ _ NT e 1 n [~
; m i	Te ' (1 - enc s ) i

For small non-ambipolarity j x «enc s this simplifies to

1	 	 mi	 Te 	l xe = eoep=
2

Te I n ( 27m T ¢T .')
~

T

	

+e enc
e e 1 s

In the special case of deuterons, zero ion temperature and vanishing j x
this yields eon = 3.2 T e ® In general one may estimate e¢

	

3Te near the li-

miter . From the limiter potential we obtain q(x,y) everywhere in the limi-

ter shadow region by integrating eq . (9) along x:

T

	

3T
e3n

	

e
e

	

=

	

¢ax

	

n 3x

	

1m
~~ ax

(53)

By applying (12) we get also the poloidal rotation velocity v z (x,y) every-

where in the limiter shadow:

eBv =

Ti n

¢

3T+
+
e -

313
z

	

3y
( 54 )

This determines especially the values ¢(O,y s ) and vz(O,ys) at the intersec-

tion point B of the symmetry plane and the separatrix .

(51)

(52)
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b) Rotation v 7 along AB

We assume that the rotation beyond the separatrix quickly decays to the va-

lue v z = 0 inside the plasma core . Since the rotation is mainly caused by

the contact of the plasma with the limiter, it is reasonable to assume an

exponential radial decay at large toroidal distances from the limiter.

Hence we take v z along AB, the intersection line of the symmetry plane with

the transition zone, to have the following form:

v z (OsY) ° v z ( O 9Y s ) e
(Y°Ys)/c

	

for

	

Y

	

Y s
(55)

It is consistent to choose again s = 2,5 mm similar to the behaviour of v x

near the limiter edge, From (55) and from $(0,y s ) we now find $(O,y) by in-

tegrating (54) along y from B to A . Having defined $(O,y) on the line AB,

the potential $(x,y) in the whole transition layer follows by integration

of (53) along x, and the rotation vz(x,y) by application of (54) . This com-

pletes the determination of $ and vz everywhere,

c) Streamfunction $ in the symmetry plane AC

From symmetry reasons the toroidal current density j x must vanish:

= - äy = 0 so that lp(0,y) = constant = 0

(55).

The stream function must be constant along the symmetry plane, and we

choose the constant to be zero ; The radial current density jy was given by

(21) :

j x

Integration of (57) along x determines 4) ,y) and hence jx and j y every-
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where . Especially we get j x (L,y) at the limiter.

d) Iteration of the secondary variables

When starting the time relaxation of the primary variables the current den-

sity j x at the limiter is not yet known . Therefore we must iterate and go

several times through the equations (51), (53), (54), (55) and (57) . Sche-

matically this reads as follows:

j x I = 0

	

¢ 9 v z
Lim

Iteration

im

	

i cony

	

yes

no

(58)

After four iterations of the zero approximation, j x at the limiter is exact

up to an error of at most 1% . During the time relaxation j x	(t-at) is a

very good approximation for j
j

(t), so that two iteration Llm cycles are

fully sufficient .

	

x[im

D) Recycling of Neutrals and Interaction with S .o .l . Plasma

1) Modelling the Recycling of Neutrals

The D+-ions impinging on the limiter target are nearly monoenergetic with

near-normal incidence due to the acceleration . in the Langmuir sheath . Ac-

cording to (48) and (49) the kinetic energy of the ions just before this

acceleration is äi Ti = 3.5 Ti . The energy transferred to the ions during

their acceleration in the Langmuir sheath is given by 1the Langmuir potenti-

al (52) and of the order of eo¢ - 3 T e . In the model we take the total ki-

netic energy of the ions when hitting the limiter target to be
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m .c
2

E .
= 3 (Te +

Ti )~ 6	
2
	 s

( 59 )

instead of 3 T e + 305 T i . In reality E i will be even smaller, because we

have not taken into account the reduction of the potential drop by the

emission of secondary electrons, and above all, we have not included the

reduction of the electron temperature by the ionization and dissocation of

hydrogen molecules.

After the neutralization of the Dt-ions at the limiter surface part of them

are reflected as D°-atoms with slightly reduced energy . We call them "fast

neutrals" with flux density rf and energy E0:

(v f ) 2f

	

f f

	

f

	

mi
	 o	

	

r° = no
vo'

	

E o =

	

2

	

<

	

E .

(60)

The rest of the former D +-ions is released as D 2 -molecules with thermal

energy . However, these are very short-lived and undergo predominantly the

following electron impact reactions (see e .g . /10/ or /11/ and assume same

coefficents for deuterium as for hydrogen):

So
1) D2ge-
	

d> D°+ D o + e -

S
o

2) D 2 + e -	 1 >D2 + 2e -	

So

	

D+ + D° + 2e -

For electron temperatures in the range of 10 to 20 eV the rate coefficents

<ßv, for dissociation and ionization are approximately
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so that a combined rate coefficient for the decay of molecules is

3

Stot

	

S~ A- S°

'AV

1 .5 to 3 x 10-8 cm

For n e = 2 x 10 12 cm-3 the mean free path or decay length for thermal D 2

thus results to be

	 vth	 1 .2 x 10 5	 	
2 to 4 cm

)'mfp =
	

n S°

	

2 x 10 12 x (1a5 to 3) x 10-8
e tot

With our present integration grid the toroidal mesh size is ax = 17 .5 cm.

Therefore we cannot resolve the history of the molecules and treat them

simply as Frank-Condon neutrals emitted from the limiter surface . We also

neglect the D¢-ions formed by reaction 2) . This relatively small fraction

of 20 to 30 $ is swept back to the limiter by the fluid flow, where it has

a good chance to be finally reemitted as D°-neutrals . In addition, as poin-

ted out by /11/, there might also occur volume recombination with negative

ions D - formed due to electron attachment to vibrationally excited D 2 .

Since typical energies of Frank-Condon neutrals created from the dissocia-

tion of D2 -molecules are of the order of 3 to 5 eV, we call them "slow neu-

trals" with flux density r4, and for simplicity we assign to them a fixed

energy t o C" :

m (v s ) 2

rä = na v~

	

E~	 	 2°	 = 5 eV .

(61)

The definitions (60) and (61) are completed by using the empirical particle

and energy reflexion coefficients R N , R E from Cupini et al . /12/ . This

yields the. energy o.f. the recycled . fast neutrals in . the form
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(62)

where c i [eV.] is a reduced energy in the range 2 eV,Sei6 100 eV . For hy-

drogen or deuterium projectiles on an iron target ci tz 0,4 E
i
. The flux

densities are

(63)

For TEXTOR parameters about half of the neutrals are slow or fast:

rf ~ rs ~

	

r 11

0

	

0

	

2

In addition to neglecting the rapidly transient molecular states the model

must introduce a second quite restrictive assumption . The reason is again

the constraint of the toroidal mesh size of the present integration grid.

We assume that the neutral particles are emitted perpendicular or almost

perpendicular to the limiter surface and move parallel or at small angles

to the toroidal magnetic field . The emission from the limiter is either

purely normal or it has a narrow angular distribution around the normal di-

rection with discrete angles corresponding to discrete grid vectors . Every

grid point of the limiter surface emits neutral particles in it different

directions (and with 2 different energies corresponding to the "fast" and

to the "slow" fraction) . As is shown in Fig . 3, the angular distribution is

similar to a cos-distribution, but squeezed to an angle range of ± 3 o close

to the limiter normal.

Note that in the picture the radial scale length Ay has been multiplied by

a factor of about 100 so that it seems to have the same value as the toroi-

dalscale length ox . Hence the directions of propagation are in reality

much less oblique . Neutral particles hitting the liner wall are assumed to
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be reflected elastically and specularly, which is indeed the case for the

grazing incidence of our neutrals . For simplicity we further assume that

there are no velocity components in the poloidal z-direction °

In reality, of course, the neutral particles will be emitted with an angu-

lar distribution that is rather similar to an ordinary cosine destributiono

As a consequence most particles travel very quickly through the soo®lm

plasma and have a good chance to be lost directly without undergoing any

interaction, be it ionization or charge exchange . To some extent this can

be simulated also by the present code by introducing a recycling factor

R e l at the limiter so that i-R represents the fraction of lost particles.

2) Modelling the Interaction withSao®lo Plasma

We denote the two kinds of particles by k, so that k = f (fast) or k = .s

(slow) . The eleven discrete directions of emission may be called beam di-

rections and are characterized by their angles a with the limiter normal .
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tg a has the values

tg a = 0, ~ °-y , t zay , ° am, ~ 5°yTT(

	

Ax

	

ax

The length element along the straight particle trajectories is given by

ds 2 = dx 2 + dy 2 s

	

ds = cos a
(65)

At each grid point of the limiter we know E k and hence v k = - Y 2E k/m . . We
0

	

0

	

0
also know rk and define

rka
so that rk = E rka e .g . according to the

0

	

0

	

o a o
squeezed cosine-distribution of Fig. 3. Because of

ka n

g

aV~ cos a

the density at the limiter must be written in the form

ka

nk =

	

n karo	
o a o

	

a k
vo cos a

The neutral densities for each beam decay exponentially along the trajecto-

ries E, n with n = y - (E-x) tg a :

(64)

(66)

(67)

x
r~~ a (x,y) = nka (L, y(L-x) tg a) exp (- f

L

vI(E9n) ~ vrxR9n)
	 d€

V
ka

	

--s 'a-. )
0 (68)

and the same is true for rko a'replacing nö a 0 Here v i and vcx are the frequen-

cies of electron impact ionization and of charge exchange collisions . The

velocity refers to the emission point : vöa
vo (L,y - (L x) tg a) . The

reflexion of neutrals at the liner wall is described by introducing ficti-

tious particle sources on the mirror image of the limiter . By superposing

all : kinds and . beams of neutrals we find the total neutral .'density every-



- 2 6 -

k
n o ( x ,y ) = ~Ca n oa ( x 9 y )

The interaction of all these neutrals with the s .o .l . plasma yields the

following source terms in the basic fluid equations.

Ion production rate

Momentum transfer rates

S px

	

vI E k
mi

rkoa+

vcx äk m
i (roa- n oav x )

Spz -- vcx äk mi nö a vz =-
vcx mi n

o vz

Particle energy transfer rate

W . = v

	

nka
1 (vka)2

T v

	

n ka { mi
L
(v

ka ) 2
- v2 - v2 ] _ 1 T.

7

	

I ak o

	

2

	

o

	

c x ak o

	

2

	

o

	

x

	

z

	

2

Electron energy'loss rate

no

(69)

(70)

(71)

(72)

(73)

`:(7.4)

We have included in We radiation losses by electron impact excitation with

the frequency v^. The different interaction frequencies ' .

	

vl' vcx'
are calculated according to

vint = nS int = n
l
\aintv)

. Polynomial approxi-

mations for the rate coefficients S 1 (Te) and Scx (Ti) . are taken from Freeman

and Jones /13/ . The charge exchange losses in equations (71, 72,
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somewhat underestimated because in reality hotter plasma ions (in the tail

of the Maxwell distribution) will undergo charge exchanges more frequently

than colder ones so that more momentum and more energy is carried away than

suggested by our simplified averaging. Instead of Scx(Ti) we use a correc-

ted rate coefficent for charge exchange Scx(Teff) with

_

	

~

	

s,2
Teff

	

Ti ¢ 8
M
. ( vx _ vo )

(75)

This takes account of the fact that there is a relative velocity between

the ions flowing with vx> 0 towards the limiter and the neutrals flying at

least with vo < 0 away from the limiter . Because of the weak temperature

dependence Scx

	

Ti /3 for temperatures below 100 eV this approximation {75)

is sufficient, and the same is true also with respect to the forementioned

underestimation of charge exchange loss rates . For the excitation rate

coefficient S*(Te) we use a corona model for the first excited hydrogen le-

vel, assuming that the energy E * transferred by excitation is fully radian

ted away by spontaneous emission . For hydrogen E *
= 4

E I = 4 13®6 eV =

= 1002 eV. However, the number of excitations is larger than the number of

ionizations, so that v * E* exceeds v 1 E I by about 10 to 20 % in the range of

relevant temperatures.

We remind that the exponential decay (68) is true in view of the very elon-

gated seomlm geometry which implies that charge exchange neutrals are al-

most completely lost to the plasma core . For slow neutrals we have

w

f2Es .

ö =

	

-at.-v

	

~- 2®2 x 106 sec
1

For Te 20 eV the rate coefficients taken from /10/ are approximatelyTi

8

	

3

	

3
1 .4 x 10

	

sec

	

Scx

	

3 x :10~
. sec

Taking n= n e = ne = 2x 10 12cm -3 the mean free path or decay length for

0-atoms results to be
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s

x

	

=
	 No	 =	 2 .2 x 10 5	

= 25 cm
mfp - n (S

i
~

S cx )

	

2 x 1012 x 4 .4 x 10
-8

For fast neutrals xmfp is about three times larger. This allows us to use a

numerical integration grid with a toroidal mesh size of 17 .5 cm for calcu-

lating neutral density profiles.

E) Numerical	 Procedure

1) Discretization and Time Relaxation

We start from our four basic equations, the equations of continuity (36),

of motion (37), or electron energy (30) and of ion energy (35) . Let us in-

troduce the vector of primary variables

~
w = (n, vx , Te , Ti )

( 76 )

Then the basic equations can be visualized as giving the time derivative of

w explicitly in terms of w and its spatial derivatives plus additional

terms describing non-local integrated effects:

3
aw = r (w, --, a2 g 3-, a2-) + source terms from neutrals

w

3t	3x 3x

	

3y ay

nonambipolar corrections with j x , Jy , v z

(77)

The function ? is highly nonlinear, but it does not contain mixed deriva-

tives a 2w/axay® Of course the transport coefficients may also depend

on w (except vx) . The source terms introduce nonlocal dependencies by inte-

grating along particle paths . The same is true for the nonambipolar correc-

tions, because the iteration procedure (58) determines 4 and i by integra-

tions along xo Hence in principle we have a system of coupled nonlinear

partial integro-differential equations of the parabolic type. It is clear
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that for solving such a complex problem one must resort to numerical me-

thods®

We discretize the equations in the rectangular integration domain of fig.

1 . Two spatial grids have been used until now, the one with the wider mesh

size is a 40 x 22 grid and is shown in fig . 3, the other with the finer

mesh size is a 60 x 33 grid and has been used for the computer plots dis-

playing our numerical results . The notation is given in table 1,

radial direction

	

Ay = yw/22

	

AY = yw /33

y 1 =0, Ym=(mm1)DY

	

Y23 = Yw

	

Y34 = Yw

	

= 6 cm

separatrix

	

Ys = (Yeyg )/2

	

Ys = (Y11 ¢Y12 ) /2

	

2cm

x i is the symmetry plane and x = L the limiter plane . Note that the separa-

trix is located half-way between two gridlines . Also the radial fluxes en-

tering or leaving the edge region are calculated half-step from yl and y w ,

so that y = (y l +y 2 )/2 is the true plasma core boundary and y = (Yw iyw_1)/2

is the true liner wail, where incident neutral particles should be reflec-

ted . The variables w are relaxed in time with a time step at until the

profiles become stationary, starting from an initial guess at t o =0 which

should not be too far away from the final stationary state at t
n
=notes .. to

ensure convergence . This can always be managed if the parameters and boun-

dary conditions are changed only by a small amount from run to run, once

thatone solution for aspecial set of parameters and boundary conditions

has been found.

We apply ; the Mc Cormack integration procedure /14/ which is second order

accurate by using forward and backward spatial differencing alternately .
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Every time step At is composed of two substeps, the predictor and the

corrector step . As an example, we show the method for the equation of

continuity with the mass density p = men:

3v

	

ap

	

a

	

3p

	

s .. v

	

v

	

D

	

D~

The source term has been omitted for simplicity.

Predictor step:

	

@t - -P 3x

	

v 2x + ay (D 2x )

	

x ,

n+1

	

n

	

n

	

n

	

n

	

n

P lm	 P lm

	

n v l - vl-1

	

n P 1 - p l -1
At

	

- _[p i	
ox

	

+ v 1

	

ox
	

]m

n

	

n n

	

n

	

n

	

n

	

n

	

n
1

	

Dm+1 + Dm p m+1 Pm

	

Dm + D
m-1 Pm -P m-1

+ Ay [
	 2	 	

Ay

	

-	 2	 	
Ay

Corrector step:

n~ n~
P lm	 -P lm€

	

n¢1. v1+1	 -	 v l	 	 n+1 p1+1	 - P1	
qt

	

= _L p
1

	

ox

	

+ v 1

	

[ax

	

n n ~ ~ n n

	

_ n+~
1 Dm+l +Dm Pm+l - Pm

	

Dm +
	 Dm-1 Pm	 Pm-1+

.~y [
	 2	 	

Ay
	 	 2	 • 	

Ay
	 ~ l

n

	

n+l
n+1

	

p l m +	 lm
P,

m _	 2

The transport coefficients are advanced in time only after the total time

step . First derivatives in the radial direction are treated in an analogous

manner, so that a term like 3p/3y reads (p lm - P i, m-1)/Ay for the predic-

tor step and (p~+lm+l - P lm 1 )/Ay
for the corrector step . However, in order

9

to avoid asymmetries, we interchange the role of forward and backward ra-

dial differences from . time step .: to time step .., so that for odd .: . time . steps

ap/ay reads (P! m+l -
Plm)/Ay for the predictor step and

9

Total time step :

(78)

(79)

(80)
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ml

	

n+l(pim
.. pi, m41)/Ay for the corrector step . For this reason the whole

computation cycle restarts identically only after every double time step.

The source terms and nonambipolar corrections may be kept constant during

several time cycles . It is fully sufficient to recalculate them only after

every twenty double time steps.

For the decay of neutral particles according to equation (68) we need the

evaluation of a path integral . As an example let us take tg a = - 3oy/ox

and let v = v I + v cxa Then the integral along the path from grid point

(l,m) to grid point (1-1, m-3) is written as a weighted sum in the follo-

wing form :

1-1, m-3
	 	 dx

	

1

	

2

	

I
l9l

	

v cosa Wt6 im~ ( 9 v l, m-1 ¢ 9 v l-1, m-1 )

~ ( 9 vi, m-2 ~ 9 v l-1, m-2) + 6
v
l1, m-3J 'ox

2 +(3oy) 2

This may be easily generalized to arbitrary descrete emission angles a.

This reflexion of neutral particles at the liner wall being supposed as

elastic and specular is most easily treated by using mirror images of the

limiter sources and the scrape-off plasma.

2) Implicit Modification for Numerical 	 Stability

The time step At for the explicit time integration method is limited by the

usual Courant-Friedrichs-Levy criterion for numerical stability

(81)

	 (Ax)
2
	(o.Y)2

	

(ax) 2

8

	

A

	

2D~s

	

4Xe3 nm

	

3 n

at < Mi n {	 ~ xvx +vZc s , etc .)

(82)

If this condition is not fulfilled, short-wave numerical oscillations devee

lop rapidly . Now the parallel heat conductivities

xe

and
X1~

are extremely
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large, so that the CFL-criterion imposes time steps about i0° 3 smaller

along x than necessary along y . In view of this strong anisotropy we derive

an implicit modification of the Mc Cormack procedure /14/ restricted to the

x-direction only . This means that we deal only with those terms in the ba-
2

sic equations (77) that contain
3x

and a2 , and leave all other terms with

y-derivatives, source terms and nonambipölar corrections unchanged . We il-

lustrate the method for the electron temperature equation (30) and the pre-

dictor step . Let

T = T e (t), T= Te (t+at), v = vx , x = x i

Then we have to consider the following equation:

	

3

	

3T

	

3v

	

an

	

a

	

a Tn

	

+ T

	

2

	

at

	

(n
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Hence the explicit temperature change 4T 1 for the predictor step is

at

	

2
1

	

T
=

1

	

ax

	

3 T 1 (v 1

	

v 1-1 ) - v 1 (T1 - T 1-1 )

(83)

(84)

T

X 1+1 +	 x 1
+	

3n 1 Ax

	

(Tli3 -
x l 	 +X 1-1

-

	

3n 1 Ax . ~ ' 1 -)T 1
+I l1 )t

(85)

Introducing the abbreviations

2 X 1 + x l ± 1
= 2ox '

	

x 1±1/2 = 3

	

n 1 ox
At

(86)

equation (85) simplifies to
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u ~T l ' _ T T l (v l	v l _1 ) - 2v1 (T 1 - 1- 1_1 )

+ X 1+1/2 (T1+1

	

Tl ) -
X
1m1/2 (T 1

	

T1_1) + ® sa ®

	

( 87 )

We call the implicit temperature change ST1 and take it to be

1

	

2

	

-
ST 1 = - T

T 1 (v 1 - v l-1 ) - v l (T l - T1-1 )

- T
T1

(vl - v l _1) - vl (T 1 - T1-1 )

¢ X 1+1/2 (T l+l - T i) ° X 1-1/2 (T 1

	

i l -1 )

The method is time-centered similar to Crank-Nicholson (after combining

predictor and corrector), and it is therefore unconditionally stable.

Further transformation of (88) yields

µ ST 1 = - 2 ST1 (v l - V 1'1 ) - 6v 1 (T 1 - T 1tl1 )

-

2
T1

(6v 1 - 6v1-1) - v 1 (ST1 - ST
1-1 )

l
- X 1-1/2 (ST 1 - ST 1 - ) +~

u
4T1

Neglecting differences vl - vl_1 against vl and T1 - T1_1 against 1) we '

nally get

	 • i	 -_ u (v + X

	

1 +

Thus the implicit ST1 is a weighted average of the previously calculated

explicit qT 1 and the implicit ST 1y1 with an admixture of 6v 1 and dv
l_l '

such that with increasing At and u the neighbouring ST 1 and 6T 1_1 become

strongly correlated, which smoothes out unstable oscillations . The unknown

changes Sw at point 1 are calculated simultaneously from the known changes

at point 1-1 by the straightforward inversion of a sparsely occupied.4 x 4

matrix, so that we end up with a very simple linear relation of the form

+

(88)

-
	 3	 u	 T 1	

(6v 1 - 6v1e1 ) + u(v 1 + X1_1/2)
ST1Y1 + oTl

l

	

1- .1/.2`
(89)
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+
(Nl = Rl ' dwl -

(90)

In summary we require only the solution of upper or lower bidiagonal in-

stead of the usual block-tridiagonal equations, and the additional CPU-time

per time step for the implicit modification is only about 50 % of the time

needed for the explicit method . We routinely use a 100-fold CFL time step

with a corresponding reduction in computing time . Furthermore the vectori-

zation capabilities of the KFA Cray X-MP computer can be fully exploited,

which gives a speed-up factor of about 25 over IBM 3081 . In this way the

time relaxation procedure for the 33 x 60 grid converges within a total

CPU-time of about 2 minutes.

F) Discussion of the Results and Comparison with Experimental Evidence

1) Neutral Particles

We have compiled 2 x 17 computer plots of the profiles of all relevant

plasma variables for TEXTOR-typical parameters . The upper plots with the

letter (a) refer to a recycling of the neutral particles with an emission

perpendicular to the limiter surface and parallel to the magnetic field.

The lower plots with the letter (b) refer to a recycling with the angular

distribution described by fig . 3. The neutral density itself is shown by

plots la,b and 2a,b . The limiter edge is indicated by a vertical arrow in

plots la,b and by a vertical broken line in plots 2a,b . Obviously an angu-

lar distribution leads to a steeper decay of the neutral density in the to-

roidal direction and to an accumulation of neutral particles in front of

the liner wall where they are reflected . The discrete beams are well recog-

nized by .the steps in the profiles of plots lb and 2b . Some neutral partic-

les are lost directly acrossthe boundary to the plasma core .
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2) Particle and Energy Balances

The computer code also analyzes the particle and energy flows in the

scrape-off and transition layer and checks the balances . For case (b) the

particle flow diagram is displayed by fig . 4 and the energy flow diagram by

fig . 5. All numbers are total fluxes and refer to a poloidal length of 1 m

along one side of the (segmented) poloidal limiter . For simplicity the

schematic drawings represent only the scrape-off layer, but the interac-

tions and interchanges taking place in the transition layer are contained

in the calculated numbers . The input parameters that mainly determine the

plasma behaviour in the edge region are the particle and energy inflows

from the plasma core entering across the core boundary . A particle recyc-

ling factor of 84 % at the limiter target has been assumed, the rest is

treated as lost . In reality all particles are recycled, but since a large

number of them travel at oblique angles, these will be lost as well without

undergoing any interaction with the edge plasma . The particle flow diagram

shows that charge exchange plays a major role compared to ionization . In

the energy flow diagram an energy input about equally distributed among the

electrons and the ions has been assumed . Consequently the electron and ion

temperatures tend to reach about the same levels . However, a considerable

amount of energy is transferred from the ions to the electrons along their

way to the limiter . This energy is gained back by the ions in the Langmuir

sheath (not shown in the diagram) . The amounts of electron energy needed

for ionization and for excitation are relatively small . According to /11/,

when taking all excitation levels into account, excitation should consume

approximately 20 % more energy than ionization, which shows that our simple

model using only the first excited level is not too bad.

3) Density Constriction and Velocity Steepening

Let us now discuss the plasma density displayed by plots 3a,b and the flow

velocity displayed by plots 4a,b and 5a,bm Radial profiles are shown by

plots 6a,b, toroidal profiles by plots 7a,bo We observe a monotonic de-

crease of the density when approaching the limiter connected with a marked

constriction of the radial profiles . In case (a) the radial decay lengths
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at the symmetry plane, at half meter in front of the limiter and at the li-

miter itself are 23 mm, 12 mm and 8 mm respectively . In case (b) the effect

is somewhat less pronounced, and the corresponding numbers are 22/12/9 mm,

The increase of the toroidal velocity, on the other hand, shows a marked

steepening when approaching the limiter. In case (a) with a linear extrapo-

lation the velocity would tend to 0.26 of the sound velocity c s at the 1i-

miter, in case (b) the effect is again somewhat less pronounced, and the

extrapolated value is 0,33 cs . The density constriction and the velocity

steepening are clearly correlated and both largely due to the braking ac-

tion of counter-streaming neutral particles being ionized and charge ex-

changed . The radial density decay length far from the limiter may be esti-

mated in the following way:

Taking D I = 6000 cm z /sec , cs = 42000 m/sec , L = 10 .5 m yields

6000 x 10.5~ - ~ 0. 3 x 42000 -IT= 2 a 24 cm

in agreement with the above mentioned values . The reduction of the radial

decay length near the limiter to about half its value as compared to the

symmetry plane is confirmed by experimental evidence in TEXTOR . The mea-

sured density profiles in fig . 6 are taken from ref . /15/ and nicely repro-

duce the shape of the calculated profiles in plots 6a,bm However, the abso-

lute values of the experimental decay lengths are only 16/8 mm, These

lengths are smaller because the experiment was made with hydrogen instead

of deuterium ° Since c s	m-
1/2

the decay length is a r

	

m~ /4 , Furthermore

D`L might be smaller for H+ than for D+ d It is pointed out that the compu-

ter calculations have been performed with only one tenth of the classical

value for the viscosity nm Larger values remove the velocity steepening as

well as the density constriction, in contradiction to the experimental fin-

dings . •Since both n and the parallel heat conductivity
x!!

have the same

temperature dependence
M1T

/2 , we have also reduced x1' to one tenth of its.

classical value® As an additional information we have plotted the electric

field . F ~
4
= - 4/3)c normalized to its limiter value in plots 7a,b .

(91)
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Fig. b : Measured DensityProfites
at symmetry plane (A) and near

	

(B)
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x

The electric field increases towards the limiter in close correlation with

the neutral density . In plot 7b several discontinuous rises of n o are

accompanied by corresponding rises in E LF . The reason is that more neutral

particles imply more momentum transfer $ so that a higher electric field is

needed to overcome the increased friction force in order to ensure a

monotonic growth of the total fluid velocity of the edge plasma towards the

limiter®

	

. .

4) Electrostatic . Potential and Poloidal Rotation

a) Calculated Profiles

We now turn to the potential and the other derived secondary variables.

They depend heavily on the temperature profiles . The electron temperature

in .plots ..8a,b is only slightly decreasing in the toroidal direction as a

consequence of the very large parallel electron heat conductivity x
e
.The

radial profiles are too flat near the liner wall and especially near. the

plasma core boundary . In reality there is also impurity radiation which
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will cause the profiles to be much steeper . The ion temperature in plots

9a,b exhibits a strong cooling effect due to cold neutrals in the vicinity

of the limiter edge . Far enough from the limiter the radial Ti-profiles are

almost linearly increasing towards the plasma core . The electrostatic plas-

ma potential energy eQ is displayed by plots 10a,b, radial profiles are

shown by plots lla,bm Remember that the values at the limiter surface are

prescribed by the potential drop across the space charge sheath in front of

the limiter. This Langmuir potential is of the order of 3T e . The values at

the symmetry plane are higher by an additional floating potential of the

order of 10 eV. The radial profiles of the potential exhibit a characteri-

stic maximum near the separatrix . It is shifted somewhat towards the plasma

core . If the potential continues decreasing within the plasma core with the

same gradient of about 10 eV/cm, it must change its sign at a minor radius

of about r=36 cm . Because of the close connection of the potential with the

rotational velocity both must be discussed together . The rotational veloci-

ty in the ion diamagnetic direction is displayed by plots 12a,b and 13a,b,

radial profiles are shown by plots 14a,b . Apart from distortions near the

limiter due to the influence of neutral particles the rotational velocity

is essentially constant in the toroidal direction . Remember that we had in-

troduced the constraint of exponentially vanishing plasma core rotation in

the symmetry plane . This leads to a steep radial increase of the rotational

velocity everywhere along the separatrix, a maximum shifted somewhat into

the limiter shadow and a subsequent decrease towards the liner wall . Where-

as in the scrape-off layer the electric drift and the Vp i - drift act in the

same direction and produce a considerable rotation, these drifts must com-

pensate each other in the core such as to leave the plasma at rest, which

is related to the change of sign of vQ in the transition layer . We estimate

the order of magnitude of the rotational velocity v Z near the separatrix

from eq . (54) :

1 T i an
~ aTi

_1_ 3
aTe

eB
f

n ay

	

ay

	

ay )

(92)

radial decay length forWe neglect aT i /ay compared to 3T/.ay, take the same

Te a5f0mna P JtTeTi -T :
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Fig.7: Measured Radial Profiles

in the Edge Plasma of the TEXT Tokamak

Te

Fig.8: Measured Poloidal Drift Velocities

in the Ed g e Plasma of the TEXT Tokamak
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1
T .

	

T
vz' g (~~ + 0-~ 3 ~e) =- eBA	r

	

r

	

r

Inserting T = 25 eV, B = 2 Vs/m2 and A r = 2 .2 cm yields

	 4 x 25

	

m
2 x 0. 022

	

2270 sec

in agreement with plots 14a,bo Note that -v z is the velocity in the ion

diamagnetic direction . Another way of looking at the order of magnitude

vz is the following . We write (93) in a more complicated manner and use

(91) and the definition of v y :

v z

(93)

of

vz ( 94)

r

'141'

	

~o3A
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I} eB

	

D e6

	

n 3y

c s

Thus -vz is about twice the geometric mean of the diffusion velocity

vyAl,

30 m/sec and the sound velocity cs

se,

42000 m/sec,

b) Comparison with Experimental Results of . three Tokamaks

Our results concerning the behaviour of the potential and the rotation are

confirmed by experimental evidence in TEXT /6/o The TEXT tokamak at Austin

is smaller (R = 100 cm, a = 27 cm, B = 1T) than the TEXTOR tokamak at a-
lich (R = 175 cm, a = 46 cm, B = 2T), but the edge conditions are quite si-

milar .

	

square array of

	

Langmuir probes was used ~ to sampleA

	

of four single L ..the

density, electron temperature and floating potential at the top of the to-

kamak and located about 80 cm away from the limiter in the (toroidal.) elec-

trondrift direction ® The probe array was moved radially from . shot to shots

The measured radialprofiles are shown by fig . 7, and we may state that the

characteristic features of the general shape of the plasma potential are

nicely : reproduced ; by our plots 11a,bo The measurements also allowed to com-

pute the S(k,w) spectrum for density and potential fluctuations where

S(k,w) represents the power of the fluctuations as a function of frequency

a and of the component of the wave vector k in the pol of dal direction . The
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power-weighted phase velocity

( 95 )

is nearly independent of frequency, and a cubic spline fit to the measured

phase velocity for both density and potential fluctuations is plotted in

fig . 8® Obviously the phase velocity changes from propagation in the elec-

tron diamagnetic direction in the bulk plasma to propagation in the ion

diamagnetic direction in the scrape-off plasma . However, the drift velocity

of the turbulent fluctuations for drift wave theories is predicted to be in

the electron diamagnetic direction and should follow the vp e -drift as in-

dicated by the fat broken line in fig, 8 . The difference between the actual

measured phase velocity and the theoretical drift is easily explained by a

rotation of the plasma as a whole and nicely reproduced by our plots 14a,b.

Note that in TEXT the values of the rotational velocities must be doubled

because of the smaller magnetic field (1T instead of 2T) . The

	

x ET -

drift velocity is also shown in fig . 8 and is the dominant contribution to

the change in the measured phase velocity . If we assume vp i	vp e so that

the ion diamagnetic drift is about minus the electron diamagnetic drift,

the curves of fig, 8 are consistent with the picture that the electric

drift should be about three times the ion diamagnetic drift in the scrape-

off plasma and about minus the ion diamagnetic drift in the core plasma.

The measured data were also used to calculate a fluctuation induced tran-

sport r1 (w) from the correlation and phase angle 0(w) between ,t(w) and

n(w) by Fourier analyzing eq . (13) . The radial particle flux is for all r

and ü in the outward direction and decreases with r in the limiter shadow,

in qualitative agreement with our anomalous diffusion flux °

Further experimental evidence on plasma rotation follows from detailed in-

vestigations of the structure of edge plasma turbulence in the Caltechto-

kamak %7/o This tokamak i s even smaller ( R _ 45 cm, a= 14 cm, 6= 0,35 T) s

but the edge parameters ne (a)

M

. 1012 cm-3 5 Te (a) Ai 25 eV and e(l) (a)

Ay

=60 eV are again quite similar to those of the other. .t .okamaks . A two-

dimensional probe array was used consisting of an 8x 8 square matrix of

Langmui r probes with a total extent of 1 .8 cm in both the poloidal and the

radial direction . It was fixed at the outer equatorial plane and covered a

	

Ek

	

	 k S(k, w )
vph(w)

	

Ek
	 S(k,w)
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radial range from r = 13 .7 to r = 15 .5 cm. The wall was at 16 cm . The mea-

surements concentrated on the evaluation of cross-correlation functions de-

fined by

=
fT

00®dt

t-0
(96)

with Sn denoting the signal of probe number n, and T = 0 .8 msec . The poloi-

dal propagation velocity of n and

	

versus radius was measured as the group

velocity derived from the delay time to the peak of the cross-correlation

function between probes separated by 0 .75 cm poloidally . Since the experi-

ment was restricted to the scrape-off layer r > a, only the radial decay

of e$(r) 3T e (r) could be measured, the transition layer with the maximum
of the potential was beyond the range of the probes . However, the reversal

of the poloidal propagation velocity from the ion diamagnetic direction to

the electron diamagnetic direction just beyond the separatrix at r

	

13,8 cm

could be detected® The measured group speed in the limiter shadow region is

typically 7000 m/sec, the electric drift velocity is about 6000 m/sec, and

the vp e-drift velocity is about -2000 m/sec® According to non-linear
collisional drift-wave models turbulent fluctuations should propagate at

velocities near the vp e -drift ° Hence we must again superimpose a plasma ro-

tation composed of a vp i -drift (vp i	vp e ) and the electric drift to obtain

the measured propagation . The radial particle flux was calculated from the

correlation of n and yr = Epol/B in the form

!

	

/^

	

,-r-

	

a n

	

D~ n
r~ = (\ n v €~; = C, nE ( 0 ) ~n>~vri = - 13-

ar - A

where Cn E (O)

	

0 .2 is the zero-time correlation coefficient between

The calculated fluxes were large and outward, D J- was found to be about

twice the Bohm diffusion coefficient, and it was concluded in /7/ that this

diffusion process may be comprehensible in terms of non-linear edge insta-

bility theory .

r
(97)

nand Epol , and <n) and (v r> are the root-mean-square fluctuation levels .
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Some additional information is reported from the TM-4 tokamak /8/ . In this

small tokamak (R = 53 cm, a = 8 .5 cm, 8 = 1 .4 T) the measurements were re-

stricted to the plasma core inside the separatrix . Radial profiles of the

plasma potential were determined by using a beam of fast Cs t ions as a

probe . The potential was positive at the periphery, but it decreased to

large negative values e¢ < -T i in the center of the column, which is quali-

tatively what we would expect, too . The poloidal (and toroidal) rotation

velocities were determined from the Doppler shift of spectral lines of car-

bon and oxygen impurities . In the central part of the plasma column the po-

loidal velocity was directed along the electron diamagnetic drift and co-

incided with neoclassical predictions of impurity velocity . At the periphe-

ry, however, the poloidal rotation changed sign, indicating a plasma rota-

tion in the ion diamagnetic direction as seen in the other tokamaks.

5) Electric Currents

We finish the discussion by directing the attention to our last twice three

computer plots . Plots 15a,b display the stream function v in A per poloidal

m as a measure of the nonambipolarity by the occurrence of radial and to-

roidal electric currents . The contour lines of equal s' represent the cur-

rent density lines and are projected in plots 16a,b . We observe a marked

and very elongated current vortex flow along the separatrix to be closed

via the limiter edge . This current eddy is clearly connected with the steep

radial increase of plasma rotation along the separatrix . A second much wea-

ker and counteroriented current eddy is connected with the decrease of

rotation in the limiter shadow . The third and weakest eddy in front of the

liner wall depends on the boundary conditions for the plasma variables

which are not very well known . The understanding of the physics in the

transition region just in front of the limiter head is outside the scope of

the present model which treats the limiter as infinitely thin . It is clear,

however, that the limiter has a finite width and that there must be elec-

tric currents leaving the limiter head in the radial direction to ensure a

divergence free closure of the dominant current vortex . Plots 17a,b show

the. toroidal currents j x in the limiter plane. The negative currents beyond

the separatrix are those which must emerge from the limiter head .
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APPENDIX :	 Review of Boundary Conditions at Limiter

in the following we want to review our present knowledge on the origin of the

boundary conditions (46), (47) and (48) at the limiter . We derive approximate

formulae for the characteristic factors S s , e , b i on the basis of certain

simplifying assumptions for the electron and ion distribution functions at the

transition from the presheath to the collisionfree Langmuir sheath . These

distributions are commonly adopted, but the critical discussion will show that

at least the ion distribution must be considerably modified in order to ful-

fill Bohm ' s criterion, The precise shape of the ion distribution could only

result from a detailed self-consistent kinetic theory for the distribution

functions and the electrostatic potential in the presheath s which is still

lacking . We use the index p (- plasma) for denoting the left edge of the Lang-

muir sheath facing the scrape-off plasma, and the index w (= wall) for deno-

ting the right edge facing the limiter surface . Hence for the sheath coordi-

nate we have x p . x

	

x w , and the potential drop across the sheath is

= ¢ p - i}w > 0, Quasineutrality in the shape-off plasma means n ep = n ip =

= n®

1) Behaviour of the Electrons

The electron distribution function fep = fe(up) at the sheath entrance

assumed to be a Maxwellian with the tip of the negative tail cut off,

corresponding to those electrons which moved fast enough to climb the

potential hill and were absorbed at the limiter . With the electron

(fig, y ) :
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Fige9 : Assumed Electron Distribution Function

on Entering the Langmuir Sheath

Anticipating eaq/Te f4 3 we

n eP with Ne ®

We use energy conservation

electron flux density :

get nep

sA.

00993 Ne , so that we may identify

2 me uP = 1 me uw + ea¢ for transforming the

r
11 =

	

f

	

f

	

u du =	 f	 f

	

u du = f f

	

u du
e

	

-V _ea~/me eP P

	

P +I 2ea~ /me eP P

	

P

	

0 ew w

	

w

2

	

uw

	

ea~
~

	

°(

	

+ T )

= J ~° v e

	

vTe

	

e u du
w

w
0

	

Te

eaep
N AvTP

	

- T
r

e = 2,~ e

	

'e

	

n eo u- = nu x

city ux in front of the limiter, so that

ea l)

u _ Te e

	

T e

x~2/Tr-'
(A4)

The perpendicular velocities ü_ u

	

u 3 e z

	

the total distribu--
~ 2 y

	

z
tion functions

The mean velocity

(A3)

ü is if course identical with the electron fluid velo-

v

	

-
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,2 2

Fep
9w

=

	 1 2	
e -u1/vTe fep

sw
Tr

vTe

must be taken into account for calculating the electron energy flux den-

sity :

m

Qel ='	 f	 du p u p f f d2 ul
2 (

u p + u12) Fep-12eA¢ me

= f du w u w f f d 2 ü~ ~ m2 (uw + ü~2 ) + eo¢] F ew0

Qe = (2T e +eal)) re= (2 +
T

Te nu X
e

Hence the calculation of

öe =2+ T
e

requires first the knowledge of the potential drop.

2) Behaviour of the Ions

The ion distribution function f ip = fi(vp) is assumed to be a shifted

Maxwellian with the whole negative tail cut off, because all ions are ab-

sorbed at the limiter. With the ion thermal velocity v Tl = /2Ti /m ; we

have (fig . 1U)

(A5)

e .4

(A6)

(A7)

N.

={

irir

v
fip

Ti

.0

2/ vT
2

i

(A8)

Defining a dimensionless shift velocity by the Mach number Mi .= ..v s/v T i
we

obtain for the ion density :

(1 + erf M .)
2
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F ig :10 : Assumed on Distribution Function

on Entering the Langmuir Sheath

For Mi = I we get nip = 0 .92 Ni, so that n ip may not be identified with

Ni.

Integration of fip vp yields the ion flux density:

N . v

	

aM~
r 61 =	 i	 2Ti [ N

i (1 ~ erf Ni i ) +
e	 ]

_m 2rii
= n i p vs [1 +	

p

~
'4 ;

(1+erf
Mi

)l

	

n i p v

	

nvx

Hence the ion fluid velocity in front of the limiter reads

	

a Z

	

a L
	 e rN' i

	

e	 '-'i i	
v x = v s [ 1 +

	

(1+erf MO ]] =
v
Ti [Mi +
	

(I+erf M
1
. ) ]

For M i	1 we get vx = 1.11 v s = 1,11 vTi m However, we don't know the

value of M i as yet® If v x = ds c s can be determined by Bohm's

criterion, then it is possible to define Mi implicitly as a function o

the temperature ratio Ti/Te :

-M .'

	

T

+ ,/~'(el~erf M

	

= ss If (1+1e)

	

(.~12)
i )

(RIO).

(All)
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	 Relation between

Mach Number and Temperature Ratio

in Case 6 s_ 1

This relation is shown for the case d
s

- 1 in fig . 11 . Now introducing a

total distribution function Fip similarly as for the electrons and per-

forming the lengthy integrations we finally obtain the ion energy flux

density :

	

3

	

2

Q~~ = m
. N.
	

vTi [("iz +4) M . (1+erf ~ii ) + (m 2. + 2) ee
y-rr

]

2
m

i
v
Ti
2

	

(~(2 +
52

	

~ )
h1

1
. (l a erf ~i . ) + ("~2

i
+ 2) e-

F~
i/~

(I

	

il

	

i

Qi -

	

2

	

r i

Q .= Ti nvx S i

Hence

	

; is . given . by-the :formula

2
(M2 + Z)

	

(l+erf M .) + (9~ + 2) e -M i /VT

2
(1~-erf : !~i ) + er~i	//T'

ii . (lrel f ii i + e -M

?

r 1i

	

Oi3)

(A14)

(A15)
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For M i = 1 we get = 3 .45 ..x., 3 .5.

3) Potential Drop across the Langmuir Sheath

We now combine the electron and the ion flux density to express the

potential drop o¢ in terms of the electric current density:

jx =e(ri
1

	r r ) = en (vx -u x )

'3x

	

v

	

eo¢®

env

	

2/~ v e

	

Te
x

	

x

¢

	

2 r v
	 	 '3 x	e,go

	

v x(l
env

) ~

e

	

Te

	

x

Using again v x = Ss c s we finally arrive at

¢

	

12rrm T +T . 3e~
= ln[

	

e eT
	

i(6 s - enc )~

	

(A18)
e

	

~

	

e

	

s

For 6 s = 1, m i = mD , T i = 0 and j x = 0 we get e4/Te = 3,2, which

yields 6e _ 5e2

4) Compatibility with Bohm's Criterion

In the foregoing we have worked out the crucial role of the parameter

6 s . Given 6s we are able to calculate Mi from (A12) and 6 i from

(A14), as well as aq from (A18) and 6

	

from (A7) . However, it is an

open question whether the distribution functions fe p and fip are suffi-

ciently well behaved to ensure the existence of a s such that for

= vX

	

S s c s Bohm's criterion is fulfilled :

(A16)

(A17)
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co ddx

	

2

= -E o ~2 = e(n i - ne ) > 0

	

for

	

x > xp and x>xp

	

(A19)

dx

This means that when approaching the plasma edge of the Langmuir sheath

there must be only positive space charges and a monotonically increasing

electric field to ensure a continuous presheath-sheath transition of the

electrical field . In the following we want to investigate if ne and n i

have been assumed such as to be compatible with Bohm's criterion, and to

derive dS.

We introduce the dimensionless potential x = -e¢/T e > 0 within the

sheath xp < x

	

xw. We fix xp = 0 so that xx = eoOT e . Considering the

continuous transformation of the electron distribution function from f ep

to few in the sheath potential gradient results in the following electron

density :

ne = Ne e -x
2

( 1 ¢ e r f

	

T - X)

	

(A20)
e

Ne
(1+erf 1/f')
	

B) e -x (1-f(x) )
e

ne = nep e-x ( 1 -f (x))

	

(A21)

Cl early n ew

	

e -xw	n 2 p e -xw (A22)

so that the correction function f(x) increases monotonically from zero

to one half. Note that the Boltzmann factor
e-x

must be corrected be-

cause of the absorption at the wail . For small x we have the expansion

(1¢erf '~w~') [x~~ (1~'2X )~

	

x2 ~ . . .~
w

(A23)

f(x) = f1x + 2x 2 A- aeo

With x = eon =
Te

we get f1 ~ 0.008, f2

Let us first investigate the case Ti = 0, that is a beam of monoenergetic

ions . Continuity and energy conservation result in
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n i v x

	

n .
vx P

	 nipvxp	 nipni~

Iv

	

=
2 2Te

	

V/
2c s ,

xp
+ mi x

	

l+ v z
x

xp

Introducing the Mach number M = v xp/c s and the dimensionless coordinate

= x/a d , where a D _ v E0T0 / (n ip e2)is the Debye length, the norma-

lized Poisson equation (A19) becomes :

(A24)

(A25)

1
-e -x (1 - fi x -

. .
f2 x2

Y1z2
0

+

x " .„)

	

(A26)

Performing the operation f

	

x ' easmdE

E
P

yields

(v1¢ 2

	

1) ..

m

+ (z + f 1

2
(l

'-f
l )

- f
2

)

	

3 ¢ma®]

(A27)M2

Expansion of the square root cancels the linear term:

xi2- x~2

	

2

	

1+2f1-2f2

	

3

2

	

-

	

(1 + f l - 2) 2 + ( 4

	

3

	

)

	

2 + 0 m .o

	

(A28)
M

	

M

To fulfil Bohm ' s criterion the right-hand side of equations (A26) through

(A28) must be positive for all E

	

E p or equivalently for all

x

	

O. This requires a positive coefficient of the x2-term:

If we want to have also a positive coefficient of the x 3 -term,

in the interval

or

	

0 .996 ,S M ,S 1 .314
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We conclude that for calculating
Ss

the corrections by f l and f2 may be

neglected, and that for T i = 0 we may indeed use ss = I.

In the case T . > 0 we must start from our ion distribution function f ip

and generalize (A25) by the integral

(A31)

Proceeding again as above and neglecting f l and f2 yields

x `2 - x'~

	

00

	

mi v~

	

/

	

2 Tex

2

	

ni p Ö dvp fip Te

	

( 1+

mi v P

Since v p may be arbitrarily small an expansion of the square root is not

admitted and would lead to divergent integrals:

,2

	

,2_

x	 2
xn

	

nl

	

f dvp f
ip L - m .v e	2 + (mTv

e
2)2

x2 + o as]

	

?

	

h
0

	

1
p

	

i p

	

(A33)

Thus we are forced to evaluate the integral in (A32) numerically . The

question is whether we are able to choose v = vx so large that

- 1) + e
-x -

1

	

(A32)

ip

f~e eedv + e -)( - 1
n i

lim	

p 0

	

p

x~0

> 0

	

~ . . . . - (A34)
x
2

Not very surprisingly we find that even for arbitrarily large v this

limit is always negative, that is our fip cannot fulfil Bohm's criterion.

However, if we smoothe out the discontinuity of f ip at v p = 0 such that

f~
P
	v2 for vp + 0, then at least the first integral in (A33) is

convergent, and we find a S s of the order of one, such that for

= vx

	

s
cs = SS ,/ (Te	T .)/m : the limit : :in . (A34) is positive.

Fig. 12 shows that in the ::limit ,' :x + 0
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Of course S s * 1 for T i

	

0. The slightly modified
fip

is sketched in the

lower left part of the figure . We conclude that for T i > 0 the usually

assumed fip is not suitable, but with the modified f ip we may again use

Ss = I as a reasonable approximation . The exact dependency of S s on

Ti/Te is still unknown and would require the knowledge of the true shape

of fip , which in turn presupposes a complete and self-consistent kinetic

theory of the acceleration in the presheath under the influence of

Coulomb collisions, interactions with neutrals, collective effects etc®.

It is interesting to note that for one special case such a detailed

theory does really exist . Riemann /16/ considered a weakly ionized plasma

in contact with a negative absorbing wall and determined the potential

and the ion distribution function in the quasineutral presheath selfcon-

sistently under the assumption that the ion kinetics is dominated by

charge exchange collisions with cold neutrals (To « T e ) . In this case the

ions start with zero velocity after each charge exchange process and move

only in the positive direction towards the absorbing walla The distribu-

tion function of the ions arriving at the edge of the Langmuir sheath

(x = 0) is for small v p linear in the energy variable s = m . v 2/2T e ,

so that indeed

	

f ip

	

vP for vp * O. The mean velocity is

v x = v= 0,88161

	

me
= 1,24678

	

me

	

(A36)

If, however, we define an effective ion temperature Ti eff at the sheath

edge by half the 1%e-width of the ion distribution function on the

6-energy scale (the maximum is at £

	

1), then we get•Ti
eff

	

O.55 T e ,

so that

=

	

1 .24678	 Tieff
~

- =	

11a55'

	

m i

	

1900144
.
~

Thus taking a thermal broadening properly into account yields a

S
s eff = I almost exactly . In fact Riemann shows that his fip fulfils

Bohm's criterion just marginally, because the equivalent of egse (A32)

and (A33) in his sheath theory results in the expansion (x` p = 0):

s eff
(A37)



Fig .12 : Mean on Ve[Ocify Necessary

for Fulfilling Bohm's Criterion Shown

as the Limit x~0
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with ß2 _ 0 and ß3 = 0° 3464, that is the factor of x2 just vanishes,

and the leading term is - x'12 . He also claims that with Boltzmann-

-distributed electrons and completely absorbing walls 3 2 = 0 is a conse-

quence of any consistent presheath theory . Hence we conjecture that for

our scrape-off plasma, too, the correctly modified f ip must he such that

v x = c s is just reached at the sheath edge and just sufficient to fulfil

ßohm's criterion marginally, which means that the boundary condition

6 s = 1 is the best approximation presently available .

(A38)
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