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Based on S. Borsanyi et al., “Calculation of the axion mass based on high-temperature lattice
quantum chromodynamics”, Nature 539 (2016) n0.7627, 69 we present the results of a large
scale computation for the equation of state of the strong and electroweak interaction as well
as the topological susceptibility. Both are calculated over a large range in temperature. To-
gether these two quantities allow for an estimation of the axion mass, a promising dark matter
candidate.

1 Introduction

The behaviour of the early universe can be described by the equation of state of the strong
and electroweak interaction. The theory of the strong interaction, Quantum Chromo Dy-
namics (QCD)!, is symmetric under time reversal, which leads to a fine tuning problem.
A solution to this problem is the introduction of a new particle: the axion?>. It appears as
the Goldstone boson of an additional, spontaneously broken U (1) symmetry, the so called
Peccei-Quinn-symmetry. This is very attractive because the axion is also a promising dark
matter candidate. As our standard model of particle physics describes only about five per-
cent of the matter in our universe, identifying components of dark matter is an important
research subject (reviews can be found in Ref. 4, 5). For an experimental search for the-
oretically proposed particles a profound knowledge of characteristics of these particles is
important. Under the assumption that axions are the dominant constituent of dark matter,
their mass can be predicted from the equation of state and the temperature dependence of
the topological susceptibility of QCD.

The strong coupling of QCD makes it unsuited for investigations with perturbation
theory, the common approach for solving quantum field theories. To obtain quantitative
results from first principle QCD one uses lattice calculations, where the continuous space
time is discretised on a four dimensional lattice®. This approach is computationally very
demanding. Here we report on our calculations for the equation of state and the topological
susceptibility, a specially challenging quantity, that leads to an estimation of the axion
mass m4 = 50 - 1500 peV in an post-inflation scenario. A large part of the computation
necessary for this determination was carried out on the JUQUEEN supercomputer of the
Jiilich Supercomputing Centre.
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Figure 1. The effective degrees of freedom g, for the energy density (p = g, g%T“), gs for the entropy density

s=gs %TS, and g, for the heat capacity (¢ = gC%T?’).

2 The Equation of State

The details of our analysis and the lattice setup can be found in Ref. 7. For a complete
description of the thermal evolution of the early universe an equation of state over a very
large temperature range is needed. Therefore we have to supplement our lattice calcula-
tions for QCD with the rest of the Standard Model particles (leptons, heavy quarks, weak
gauge bosons and the Higgs boson) as well as results that describe the electroweak tran-
sition. The final result that is shown in the Figs. 1 and 2 covers four orders of magnitude
between MeV and hundreds of GeV. The line width in Fig. 1 represents the uncertainties.
In Fig. 2 one can see that the transitions between the 2+1 lattice results up to 250 MeV,
the 24141 lattice results up to 500 MeV and the perturbative calculations for even higher
temperatures are very smooth. The full result is tabulated in Ref. 7.

This equation of state can now be used to calculate the Hubble expansion rate of the
universe H (T") similar as it is done in Ref. 8. As described in Sec. 4 this can be used to
calculate the axion mass.

3 The Topological Susceptibility

A problem one encounters while computing the topological susceptibility on the lattice,
is that for the topological susceptibility staggered quarks have very large cutoff effects.
This can be reduced by a technique called Eigenvalue reweighting introduced in Sec. 3.1.
Another difficulty is that it takes very long to sample different topological sectors. This
can be circumvented by the fixed sector integral method described in Sec. 3.2.
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Figure 2. The QCD pressure and the trace anomaly in the 2+1+1+1 theory.

3.1 Eigenvalue Reweighting

In Fig. 3 it can be seen, that the continuum behaviour of the topological susceptibility with
staggered fermions is problematic. For the brute force approach, that is shown by the green
points, it is not possible to make a linear continuum extrapolation. To obtain the correct
continuum limit very fine lattices are needed. For Fig. 3 lattices up to Ny = 20 were used.

The strong cutoff effects of the staggered fermions are related to the fact, that on the
lattice the would be zero Eigenmodes are not exactly zero in the staggered operator. The
zero modes split up and contribute two modes slightly above and two modes lightly below
zero for the staggered operator.

A zero mode in the quark determinant contributes a factor 2m to the weight of con-
figuration in the topological susceptibility for every dynamical flavour. Since for quark
masses close to the physical ones m is very small, configurations with zero modes, cor-
responding to higher topological sectors, are strongly suppressed. However when the stag-
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Figure 3. Lattice spacing dependence of the topological susceptibility obtained from four different methods de-
scribed in the text: standard, ratio, reweighting and integral.

gered operator is used, instead of a factor 2m ¢ one gets a factor 2m ¢ + i\ where ) is the
would-be Eigenmode of the staggered operator. Therefore the suppression is much milder,
increasing the influence of higher topological sectors. This leads to large cutoff effects and
a slow convergence to the continuum. The idea of the Eigenvalue reweighting technique
is to bring the weight closer to the continuum weight for each configuration. Fig. 3 illus-
trates the success of this method. The standard approach, shown in green, does not allow
for a linear extrapolation. Another approach the so called ratio method’, which results are
displayed in red, allows for an extrapolation from the [NV, = 8,10 and 12 lattices as hinted
by the dashed line. However the result of the Ny = 16 lattice proves that this extrap-
olation is strongly misleading. Any extrapolation from this two methods would be very
steep. On the other hand the continuum extrapolation through the blue points, obtained
from the reweighting method, is relatively flat. It also agrees with the results from the
integral Method, plotted in pink, that is constructed for high temperatures and described in
the next section.

3.2 The Fixed Sector Integral Method

The dilute instanton gas approximation (DIGA)'%!! can be used to estimate the topological

susceptibility x(7') at high temperatures. It predicts a power law behaviour of the form 7~
with b = 8.16. In Ref. 12 the exponent of this power law has been calculated in quenched
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Figure 4. The final result in the continuum limit of the topological susceptibility x (7"). The enhancement shows
the behaviour around the transition temperature. The width of the line represents the combined statistical and
systematic errors.

lattice simulations to be about b = 7. As it can be seen in Fig. 4, this means that the topo-
logical susceptibility decreases rapidly with increasing temperature and agrees well with
the results from the DIGA. Thus for hight temperatures the weight of the ) = 0 sectors
increases. This makes it harder to measure y(7"), for which the ratio between the differ-
ent sectors is needed. Also for smaller lattice spacings the simulation stays longer in one
topological sector as shown in Ref. 13. Both points lead to the need for very long streams
at hight temperatures and small lattice spacing. There are some methods that increase the
tunnelling between different topological sectors'4~'®. However here we are using a differ-
ent method that was developed simultaneously in Ref. 17 (for quenched QCD) and Ref. 7
(also for fermions). The idea of this method is to do simulations in fixed topological sec-
tors and than calculate the weight for the different topological sectors. If the temperature
is high enough the only relevant sectors for appropriate volumes are ) = 1and @@ = 0.
Several numerical test, as well as another trick to further decreases the computation time
are discussed in Ref. 7. Overall this new method reduces the CPU cost tremendously by

changing the scaling with the temperature from T°® as in conventional techniques to almost
T°.

4 Calculation of the Axion Mass

After calculating the topological susceptibility x(7") and the Hubble expansion rate H(T),
this two results can be used to calculate the amount of axionic dark matter and the axion
mass. As it can be seen in Fig. 4, x(7') is decreasing rapidly with the temperature. Since

191



Figure 5. The illustration of the tilted Mexican hat like Peccei-Quinn potential. The rolling down axion field is
shown by the read ball.

the axion mass m 4 is proportional to X(T)l/ 2 it is so small at hight temperatures, or early
in the expansion of the universe, that it is frozen by the Hubble friction. The increasing
topological susceptibility tilts the Mexican hat like Peccei-Quinn potential. The tilt is not
yet felt by the axion, which therefore remains effectively massless. While the topological
susceptibility and the axion mass increases with time, the Hubble expansion decreases.
The oscillation time Ty is defined as 3H (Tose) = ma(Tosc). At this time the axion mass
is of the same order as the Hubble constant and the axion field starts to roll down the
Peccei-Quinn potential, as illustrated in Fig. 5. It oscillates around the minimum of the
tilted potential, which leads to the production of axions. This production mechanism is
called misalignment. A detailed description can be found in Ref. 18.

The value of the misalignment angle 6 depends on whether one assumes a post- or pre-
inflationary scenario. In a post-inflationary scenario 6 can initially vary between —7 and
m. Therefore we have to average over the different angles, resulting in an average angle
of 6y = 2.155 (for details on the averaging procedure see the Supplementary Information
of Ref. 7). This angle is depicted in red in Fig. 6. On the other hand in a pre-inflationary
scenario all angles but one 6 are inflated away. The relation between 6 and the axion mass
is shown in Fig. 6 by the blue line. The uncertainty vanishes within the line width. One
can see a slight bend of the blue line at m 4 ~ 107> peV. It corresponds to an oscillation
temperature at the QCD transition'® 2.

An other production mechanism one should take into account is the decay of cosmo-
logical strings. They appear during the U (1) symmetry breaking and produce dark matter
axions during their decay. In a pre-inflationary scenario they are not relevant as they are
inflated away, but in a post-inflationary scenario their role is important. Since this axion
production mechanism is less well understood one has to make some assumptions to reach
a final result.
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Figure 6. The relation between the axion mass and the initial angle 6g.

From the post-inflationary scenario we get a strict lower bound on the axion mass of
ma = 28(2) peV. If one assumes that between 1% and 50% of the dark matter are axions
from the misalignment mechanism this leads to the mass range between m4 = 50 peV
and 1500 peV that is depicted in red in Fig. 6.
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