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a b s t r a c t

This paper concerns the use of a recently-developed methodology for inferring stress-strain curves from

indentation data, based on iterative FEM simulation of the procedure. A relatively large indenter (2mm

diameter) is used, with deep penetration (to about 25% of the indenter radius). This has been carried out

on (polished) free surfaces of sprayed superalloy overlayers on single crystal superalloy substrates. Both

load-displacement data and residual indent profiles were obtained, with the overlayers being in two

different conditions (as-sprayed and annealed). The overlayers were relatively thick (~2.5mm), so it was

also possible to carry out uniaxial compression tests on them (in the through-thickness direction). The

inferred stress-strain curves were similar in each case when derived from load-displacement data and

indent profiles, and also close to the plots obtained by conventional uniaxial testing. The yield stress

levels in both cases were around 1000MPa, but the work hardening rate was significantly higher for the

as-sprayed material. This kind of information is of considerable potential value when attempting to

optimize the properties of such overlayers. The procedure can be employed, with some confidence, to

cases for which uniaxial testing is difficult or impossible.

© 2018 Acta Materialia Inc. Published by Elsevier Ltd. This is an open access article under the CC BY

license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

There is keen interest in the degradation of components in gas

turbines, particularly within and beyond the combustion chamber,

relating to turbines for both power generation (Industrial Gas

Turbines e IGTs) and aero-engines. Materials in these environ-

ments often require good resistance to creep, but they may also be

prone to oxidation, cracking, pitting, erosion and other types of

damage. Such degradation [1e8] can be accelerated by certain

species, such as NaCl from ingested air and S from either the fuel or

the air, leading to formation of low melting point compounds such

as sodium sulphate (Na2SO4). There are industrial drivers towards

conditions involving greater ingestion of such species and/or higher

operating temperatures, creating a need for improved under-

standing of the phenomena involved and for practical measures to

combat these problems. It's also worth noting that the use of single

crystal components (such as turbine blades), which has been

common for some time in aeroengines, has over recent years

become more popular in IGTs.

Components such as blades can, of course, be replaced, but this

is an expensive and time-consuming operation. An attractive op-

tion is that of repair. This is aimed at removing serious defects, such

as cracks, and also at replacing metal lost by oxidation, erosion or

other degradation mechanisms. It's clear that such deposited ma-

terial must have very similar thermo-mechanical properties to

those of the substrate, andmust also be verywell bonded to it, if the

repaired component is to perform well.

There has been extensive work on development of such pro-

cedures. In particular, a lot of effort [9e12] has been directed to-

wards laser processing of superalloy powders located on the

substrate, often with the specific objective of forming single crys-

tals (epitaxial with the substrate). While the outcomes of such

studies have often appeared promising, this route does present

certain problems, often associated with the very high thermal

gradients that tend to be produced during such processing.

Furthermore, porosity levels can be high and in general the

microstructure is often very different from that of the (directionally

solidified) substrate.

Other approaches [13,14] have involved various kinds of welding

or brazing operation, using gas combustion or electric arcs as the

heat source. These procedures tend to create very inhomogeneous* Corresponding author.
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structures, and often leave high levels of residual stress. There have

also been studies [15,16] of the use of EB-PVD for this purpose,

although this is a slow process, requiring a vacuum, and is not really

very well suited to the creation of relatively thick over-layers.

A further option is to use a spraying technique, offering the

potential for good control over coating thickness and microstruc-

ture. There has been some work [17,18] on cold spraying of super-

alloy powders, aimed at substrate repair, but in general the

associated levels of porosity, and the relatively poor bonding be-

tween particles, mean that it is very difficult to create suitable

microstructures. However, thermal spraying, specifically plasma

spraying, is potentially attractive. This process is, of course, widely

used to create ceramic coatings on components such as turbine

blades, particularly for thermal barrier purposes. The necessary

technology is thus already well established in the turbine industry.

There is also scope for creating a high substrate surface tempera-

ture during the process, promoting directional solidification and

improving the chances of epitaxial growth.

However, while there has been work [19,20] on plasma sprayed

metallic over-layers of various kinds (mostly for oxidation protec-

tion), study of plasma sprayed superalloy layers for repair purposes

has been limited. Okazaki et al. [21] did investigate such repair of

CMSX-4, although this was in the rather specialized context of

compensating for loss of certain elements in order to counter an

associated reduction in fatigue life, rather than aiming to produce a

surface layer with a microstructure very similar to that of the

substrate. It is therefore timely to undertake a detailed study of the

potential of this approach, particularly in terms of control over the

microstructure and properties of the over-layer.

Of course, a major challenge in attempting to optimize such

layers lies in studying their mechanical properties (such as plas-

ticity parameters), which are central to an assessment of their

suitability. Conventional testing of layers that are likely to be no

more than 1mm or so in thickness is certainly not easy. An

attractive concept under these circumstances is to use instru-

mented indentation. This is an experimentally versatile technique

that can readily be applied to small samples, including overlayers,

and can be used to map properties over a surface. The main diffi-

culty here is that, while indentation is routinely used to obtain a

hardness value, this is not a “genuine” property, although it is a

yardstick related to the resistance to plastic deformation (and de-

pends on both yield stress and work hardening characteristics).

While it may be of interest to measure the hardness of superalloy

overlayers, in order to make a comparison of sorts with substrate

values, what is really required here is a capability to infer a (uni-

axial) stress-strain curve for the coating from indentation data.

In fact, this objective is being energetically pursued at present.

The approaches used fall into two main categories. Many studies

have sought to identify analytical formulations that can be applied

to the experimental data (mostly load-displacement curves). This

has obvious attractions, since such a formulation, even if involving

relatively complex expressions and algorithms, would allow rapid

extraction of the stress-strain curves via a well-defined path. Un-

fortunately, the stress and strain fields beneath an indenter, even

one with a simple shape such as a sphere, are complex and change

with penetration depth, making it difficult to identify realistic

analytical relationships.

Of course, for a material with a given (uniaxial) stress-strain

curve, assumed to be applicable to deviatoric (von Mises) compo-

nents of stress and strain for multi-axial situations, the load-

displacement plot during indentation can be predicted (using

FEM), for any given indenter shape. However, the inverse problem

of inferring the stress-strain relationship from such a load-

displacement plot is much more challenging, with considerable

scope for ambiguity (different stress-strain relationships giving

effectively the same load-displacement plot). In fact, this problem is

the main obstacle for the second category of approach [22e29],

which is simply to carry out iterative FEM modeling of the inden-

tation process using various trial stress-strain curves (characterized

via a set of parameter values) and aim to converge on the set giving

optimum agreement with the experimental load-displacement

plot. This is at least a transparent and rigorous procedure,

although its wide implementation is currently inhibited by the

need to carry out FEM modeling runs that are specific to each in-

dividual case, as well as by the “uniqueness” problem.

However, recent work [30,31] has shown that it is in fact

possible to converge on best-fit sets of plasticity parameter values

quite efficiently, using a spherical indenter and penetrating to a

significant depth (d/R ~20e40%, where d is the depth and R is the

radius of the indenter). Software has been developed that in-

corporates algorithms for automated convergence. Further details

are available elsewhere. This is used in the current work. The issue

of ensuring that a representative volume is being interrogated is an

important one here, since many of the samples (overlayers) have a

relatively large grain size (but are not single crystals). A relatively

large indenter diameter (2mm) was therefore chosen for this work.

This meant that the substrate needed to be incorporated into the

modeled domain.

2. Experimental procedures

2.1. Materials and specimen production

The substrates were of ERBO-1 and the powder was CMSX-4.

Their compositions are presented in Table 1, where it can be seen

that these two alloys have very similar specifications. A set of

samples was produced by vacuum plasma spraying, using the

conditions specified in Table 2. The VPS is a Plasma Technik facility,

with a F4VB gun and a nozzle diameter of 7mm. The powder was

injected radially at the front of the nozzle. Substrate dimensions

were 32� 20� 2.5mm, with a hole of 1.1mm diameter to locate a

(k-type) thermocouple. The substrate surface was polished down to

a 3 mm finish, using diamond paste. As indicated in Table 2, the

substrate temperature was controlled during deposition. This was

done largely via the use of a 1 kW electrical resistance heater (with

a doped Si3N4 element). In view of the importance of avoiding

substrate oxidation prior to spraying, initial heating was carried out

using the (H2-containing) plasma plume, which provided a

reducing atmosphere. This was done immediately prior to spraying,

with the substrate temperature during the process being largely

controlled via the heater setting. In the work described here, the

substrate temperature was held at 1000 �C. The post-spraying heat

treatment referred to in Table 2 as an anneal was a period 6 h at

1315 �C. At the end of this treatment, samples were quenched.

2.2. Microstructural examination

Samples were prepared for both optical and SEM examination

by polishing down to 1 mm diamond and then finishing with 50 nm

colloidal silica suspension, which had a pH of about 10 and

generated an etching effect. SEM images were obtained in BSE

Table 1

Nominal compositions of the CMSX-4 and ERBO-1 alloys.

Alloy Composition (wt.%)

Cr Co Mo Al Ti Ta Hf W Re Ni

CMSX-4 (powder) 6.4 9.5 0.6 6.0 0.9 8.5 0.1 8.1 2.9 bal.

ERBO-1 (substrate) 6.5 9.6 0.6 5.7 1.0 6.5 0.1 6.4 2.9 bal.
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mode, with an accelerating voltage of 5 kV and a working distance

of 3e6mm, using either a Hitachi TM3000 or a FEI Phenom-Pure

machine.

2.3. Uniaxial testing

Conventional uniaxial testing (in compression) was carried out

at room temperature (22 �C ±2 �C), using an Instron 3367 screw-

driven testing machine. A load cell with a capacity of 30 kN was

employed. Testing was carried out under displacement control, at a

rate of 10 mms�1. Samples, which were cut to shape using Electro-

Discharge Machining (EDM), were cuboids with a length in the

testing direction of 2.5mm (the coating thickness) and a square

section of side 3.5mm. Tests took about 30 s and the strain rate was

of the order of 10�3 s�1. Both stress and strain levels were converted

from nominal to true values for comparison with indentation-

derived curves. Samples were compressed between rigid (hard-

ened steel) platens, using MoS2 lubricant to minimize barreling. In

practice, therewill always be at least some friction between sample

and platen, which could possibly have an effect on the stress-strain

curve (cause a rise in the apparent work hardening rate), particu-

larly at relatively high strains (>~10%). However, in the current

work this effect was probably small. The displacement was

measured using an eddy current gauge having a resolution of about

±0.25 mm. It was attached to the upper platen and actuated against

the lower one. Any error arising from (elastic) deformation of the

platens is unlikely to be significant and there was no need for any

compliance calibration.

2.4. Indentation testing

Indentation was carried out in the through-thickness direction,

on free surfaces of samples, which were first polished down to

1 mm. Testing was carried out with the same machine, and under

similar conditions, to those used for uniaxial testing. A spherical

indenter of radius 1mmwas employed, made of aWC-Co cemented

carbide. This sphere was located in a matching recess in a steel

housing, where it was secured by brazing. The set-up is depicted in

Fig. 1. Compliance calibration was needed, since it's important in

work of this type that the displacement data should be obtained

under conditions that correspond closely to those being simulated

in the model. The compliance was measured by pushing the

indenter into a matched recess (about 500 mm deep) in a 5mm

thick plate of alumina, the recess having been created via abrasive

rotational honingwith the same type of indenter as that used in the

tests. After a short bedding-down regime, this gave a linear plot (ie

constant compliance) and this gradient was subtracted from

indentation load-displacement plots. (The contribution to the

compliance from the alumina plate itself is considered to be

negligible.)

This calibration coped with the compliance of the housing,

including the braze layer between indenter and housing, and also

that of the top half of the indenter. (It would also cope with the

compliance of other parts of the loading train, in cases for which

that was significant). However, it did not compensate for the

(elastic) deformation of the bottom half of the indenter, which

could be significant in the early stages of indentation (when the

contact area is small and the stresses and strains in the indenter

could be relatively large). This part of the indenter was therefore

included in the modeled domain, as shown in Fig. 1. This has the

minor advantage that stresses in the indenter are being monitored,

so it is possible, for example, to check on whether there might be

any danger of it undergoing plastic deformation. The compliance

measured in this way was fairly small (~5 mmkN�1), so this was

only a relatively minor correction.

The load was taken up to about 8 kN, typically generating a

displacement (penetration) of about 250 mm (d/R ~ 25%) and an

indent diameter of around 1mm. It was confirmed that the

deformed region comprised a large number of grains in all cases,

constituting a representative volume - see x4.1.

2.5. Residual indent topography

A Taylor Hobson (Talysurf) profilometer (ie a contacting stylus),

with a wide-range inductive gauge and 2 mm radius cone recess tip,

was used to measure residual indent profiles. Scans were carried

out in two perpendicular directions, both through the central axis

of the indent. The height resolution of these scans is about 2 mm.

Tilt correction functions were applied to the raw data, based on the

far-field parts of the scan being parallel. The average profile from

the two orthogonal scans was used for comparison with predicted

profiles.

3. Iterative FEM modeling

3.1. Constitutive plasticity law

For any approach involving iterative simulation of a deformation

process, the stress-strain relationship (material plasticity response)

must be characterized via a (small) set of parameter values. In fact,

several expressions are in common use, but the most popular is the

one often termed the Ludwik-Hollomon equation [32].

s ¼ sY þ Kε
n
P (1)

where s is the (vonMises) applied stress, sY is its value at yield, εp is

the plastic (von Mises) strain, K is the work hardening coefficient

and n is the work hardening exponent. A power law of this type is

consistent with strain hardening being mainly caused by the

increasing density of dislocations (impairing their mobility as more

jogs, tangles etc are formed), but with a hardening rate that falls off

with continued straining (as the dislocation density approaches a

saturation level).

3.2. FEM formulation, meshing and boundary conditions

An axi-symmetric FEMmodel was employed, based on themesh

illustrated in Fig. 1. There are about 5000 vol elements, all second

order quadrilateral and/or triangular. The mesh was refined in re-

gions of the sample close to the indenter, as shown. Sensitivity

analyses confirmed that the meshes employed were sufficiently

fine to achieve convergence, numerical stability and mesh-

independent results. The complete sample was included in the

Table 2

Spraying and heat treatment conditions employed.

Sample

Code

Plasma power

(kW)

Chamber pressure

(mbar)

Plasma gas flow rates

(l min�1)

Stand-off distance

(mm)

Powder size

(mm)

Substrate T

(�C)

Overlayer thickness

(mm)

Heat

treatment

A1 46 60 Ar 50, H2 10 300 22e45 1000 2.5 e

A2 446 60 Ar 50, H2 10 300 22e45 1000 2.5 Anneal
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simulation, with its lower surface rigidly fixed in place. In modeling

the complete sample, contributions to the displacement caused by

its elastic deformation, as well as plastic deformation, are fully

captured.

The effect of interfacial friction is routinely simulated via a co-

efficient of friction, m, such that sliding between the two surfaces

requires a shear stress, t, given by

t ¼ msn (2)

where sn is the normal stress at the interface. The value of m is

expected to depend on the surface roughness of indenter and

sample, and cannot be predicted a priori. It may also be noted that

new sample surface is created during indentation. Modeling

experience showed that the predicted behavior can have some

sensitivity to the value, particularly as the penetration ratio starts to

become relatively large (>~10%). The value of m was therefore

regarded as adjustable, so as to allow improvement of the fit be-

tween experimental and predicted load-displacement plots.

All material properties were assumed to be isotropic. For the

overlays, this is expected to be a good approximation, since they are

all polycrystalline (with a large number of grains) and, while some

texture is expected, EBSD studies indicated that it was not strong.

(While the columnar grains within the splats probably grew in

<100> directions, splat orientations were fairly random - see x4.1 -

so these coatings are probably close to being untextured.) The

Young's modulus of this type of alloy [33] [34], does vary sub-

stantially with crystallographic direction (from about 135 GPa in

<100> to about 310 GPa in <111>). For the overlays, an average

value of 220 GPa was assumed. (The Poisson ratio varies much less,

and is also much less significant in terms of modeling outcomes: a

value of 0.25 was assumed.)

The substrate, on the other hand, is a single crystal, with two

<100> directions lying in the plane of the free surface and the third

one normal to it. Clearly, it exhibits pronounced elastic (and plastic)

anisotropy. The assumption was made that it was elastically

isotropic, with a Young's modulus of 130 GPa. This will only be

acceptable if its elastic deformation is both small and approxi-

mately uniaxial (in <100>). This is expected to be valid for the

current work. Furthermore, it was essential to avoid plastic defor-

mation of the substrate, which would quickly become strongly

anisotropic. These requirements effectively imposed a limit on the

depth to which indentation could be carried out. It was decided

that d could be no greater than about 250 mm, representing about

10% of the coating thickness. Since the indenter radius was 1mm,

the value of d/R is about 25%. In terms of obtaining reliable infor-

mation about the work hardening behavior (x1), this is regarded as

acceptable, although a higher value would have been preferable.

It may be noted at this point that it is, of course, perfectly

possible for substrate plasticity to be incorporated into this type of

model (with its plasticity parameters known). In the present case,

however, the strong plastic (in-plane) anisotropy that would be

exhibited by the substrate would mean that the radial symmetry

would be lost and the modeling would need to be carried out in 3-

D. In view of the large number of modeling runs involved in this

approach, the associated computing time overhead was considered

unacceptable for present purposes.

Trial FEM runs were used to confirm that these conditions

would be suitable, and to explore issues such as the range of plastic

strain likely to be generated in the samples. A typical outcome is

shown in Fig. 2, where it can be seen that, for the penetration depth

being used, the (von Mises) stress levels created in the substrate

should be below those expected to stimulate plastic deformation. It

can also be seen that the plastic strains in the overlayer range up to

about 40%, which should give fairly good sensitivity to the work

hardening characteristics. The stress level in the indenter is pre-

dicted to be high (~5 GPa), but this is below the expected yield

stress of the cermet used and it was confirmed experimentally that

it underwent no detectable plastic deformation during indentation.

3.3. Convergence procedure

The efficiency with which an optimized set of parameter values

can be obtained is a key issue for this methodology. Procedures are

required both to quantify the goodness-of-fit between predicted

and target (experimental) indentation outcomes and to converge in

parameter space on the location where this fit is maximized. In the

current work, a least squares regression approach [35] has been

used, aiming to minimize the sum of the squares of the residuals

(differences between expected andmodeled values of the variable).

The goodness-of-fit is characterized by a parameter Sred, a dimen-

sionless positive number that tends to zero as the fit becomes

perfect. The best-fit set of values is obtained by iterative improve-

ment, using a search algorithm. The algorithm used in the current

work is the Nelder-Mead simplex search [36], as implemented by

Gao and Han [37]. The algorithm is terminated once a specified

Fig. 1. Schematic of the indentation testing set-up, showing the mesh used in the FE model.
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convergence criterion has been met. The number of iterations to

achieve convergence depends on a number of factors, in addition to

this criterion specification. It has been found that the algorithm

performs well in the present context. Full details are available

elsewhere [31], but Appendix I outlines the procedures involved. In

the present work, convergence operations were carried out sepa-

rately on both load-displacement plots and residual indent profiles.

4. Characterisation of overlayers

4.1. Microstructural features

SEMmicrographs of transverse sections from these two samples

are shown in Fig. 3. It can be seen that, in the as-sprayed condition

(Fig. 3(a)), these overlays comprise a large number of splats, each

containing columnar grains grown through the thickness of the

splat. The average grain size is thus quite small (~few mm). Also

evident in this micrograph is the nature of the inter-splat porosity.

The porosity level is typically expected to be ~10% in a sprayed

metallic coating and this is approximately the level visible here

(although examination of polished sections is often a rather unre-

liable method of assessing pore contents). Another feature

apparent in Fig. 3(a) is the presence of a small amount of TCP phase

(visible as small white inter-granular precipitates). These are more

likely to form when the cooling rate is slow, as it was for these as-

sprayed samples (on heated substrates).

It can be seen from Fig. 3(b) that the annealing treatment lead to

recrystallization, possibly followed by some grain growth. This

produced an equiaxed structure, with a grain size of ~50e100 mm.

The presence of annealing twins constitutes clear evidence of

recrystallization. It can also be seen that a relatively high level of

porosity persisted in this sample, although there has been some

rounding of individual pores (as a consequence of sintering effects)

and possibly the pore content has been reduced somewhat. It's also

noticeable that the TCP (white) phases are no longer present. This is

consistent with the high cooling rate that was imposed after the

Fig. 2. Predicted fields of the von Mises plastic strain and the von Mises stress, using plasticity parameter values of sY¼ 1150MPa, K¼ 2400MPa and n¼ 0.8, for a d/R value of 25%.

Fig. 3. SEM micrographs of transverse sections of overlays for (a) A1 (as-sprayed), and (b) A2 (annealed) samples.
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annealing treatment.

The two corresponding optical micrographs in Fig. 4 cover

substantial proportions of the overlayer thicknesses, showing that

the grain structures are fairly uniform throughout (although it is

too fine to resolve clearly at this magnification in the as-sprayed

case). It can also be seen in these micrographs that the interfacial

contact (adhesion of the overlays to the substrate) appears to be

good. This is certainly no evidence of excessive porosity or oxide

layers in this region. (The avoidance of substrate oxidation did

require care - see x2.1 above.)

It was confirmed that the deformed regions around indents did

in all cases constitute representative volumes - or at least that they

contained many grains. This can be seen in Fig. 5, which shows a

transverse section taken from near to the axis of an indent. In fact,

since the indent depths were 250 mm, and the apparent depth of

this one is about 100 mm, it's clear that this section is a little way

from the axis, but even in this vicinity there are many grains being

deformed.

4.2. Inferred plasticity characteristics

The Nelder-Mead convergence algorithm [31] was applied to

both the load-displacement plots and the residual indent shapes,

for both types of sample. It was found that a value for the friction

coefficient, m, of 0.3 gave the best overall consistency. The progress

of the algorithm, for the load-displacement plot of the as-sprayed

material, is shown in Fig. 6, where it can be seen that conver-

gence required about 60 iterations. This was typical of all of the

runs. A comparison is shown in Fig. 7 between the two stress-strain

curves inferred in this way, for each type of sample, and the cor-

responding plots obtained by direct uniaxial testing. It should be

emphasized at this point that the latter should not be regarded as

highly accurate, since such tests are difficult to carry out when

sample dimensions are constrained to be very small, as in this case.

Nevertheless, the level of agreement observed in this figure is in

general very good. The sets of Ludwik-Hollomon parameter values

obtained in this way are shown in Table 3.

It's certainly clear that, while both overlayers have relatively

high yield stresses, it is not acceptable to neglect work hardening

(as is effectively done when converting a hardness number to a

yield stress). In fact, Vickers hardness tests were carried out on both

types of sample, leading to HV numbers (0.5 kg load) for the as-

sprayed and annealed material of 542 and 475 kgf mm�2, with a

scatter of around ±10 kgf mm�2 in both cases. Using the standard

relationship of sY ~HV/3 (with HV expressed in MPa), this leads to

yield stress values of about 1.77 and 1.55 GPa. These would clearly

be very misleading. Of course, a yield stress obtained from a

hardness measurement should never be regarded as better than

semi-quantitative.

An idea of the level of agreement obtained between measured

and modeled indentation outcomes can be obtained from Figs. 8

and 9, which compare the load-displacement plots and the resid-

ual indent shapes that were obtained experimentally with the

corresponding (optimized) model predictions. It can be seen that

the agreement is good in all cases. (This can be quantified by the

converged Sred values, which are recorded in Table 3: values of this

parameter below 10�3 are considered acceptable and these values

are all around 10�4.) While the parameter sets obtained from load-

displacement plots and from the profiles are not identical in either

case, they correspond to very similar stress-strain curves and also

agree well with the uniaxial data (Fig. 7). In general, it is clear that

this methodology has the potential to obtain stress-strain plots in

which a high level of confidence can be placed, particularly if both

load-displacement data and residual indent profiles are used

(although it would certainly be acceptable in most cases to use only

one type of dataset). Of course, these measurements do need to be

made to an appropriate level of accuracy and reproducibility.

5. Conclusions

The following conclusions can be drawn from this work:

(a) The methodology of iterative FEM simulation of the inden-

tation process, with systematic comparison between exper-

imental and predicted outcomes, has been applied to

(polycrystalline) superalloy coatings produced on (single

crystal) superalloy substrates. Such coatings are of interest in

view of their potential use for repair of damaged turbine

blades. They have been investigated mechanically in both as-

Fig. 4. Optical micrographs of transverse sections of overlays for (a) A1 (as-sprayed), and (b) A2 (annealed) samples.

Fig. 5. Optical micrograph of a transverse section from sample A2, near the axis of an

indent.
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sprayed and annealed conditions. A large (2mm diameter)

spherical indenter was used, with a penetration depth of

about 250 mm. (Deeper penetration might have been helpful,

but it was capped at this level in order to avoid plastic

deformation of the substrate.)

(b) Using the Ludwik-Hollomon plasticity law to simulate the

stress-strain characteristics of the coatings, best fit values of

the parameters in this equation have been obtained, with

either load-displacement or residual indent shape data being

used as target outcomes, for both types of sample. Searching

Fig. 6. Nelder-Mead convergence on an optimal (Ludwik-Hollomon) parameter set, targetting the load-displacement plot from indentation of sample A1, showing the evolution

with iteration number of: (a) the goodness-of-fit parameter, Sred, (b) yield stress, (c) work hardening coefficient and (d) work hardening exponent.

Fig. 7. Comparison between stress-strain curves obtained in conventional uniaxial

compression tests and via indentation, for both sample conditions, inferred from either

load-displacement plots or from residual indent profiles.

Table 3

Inferred plasticity parameter values for both samples, for both types of target dataset.

Parameter Sample A1 (as-sprayed) Sample A2 (annealed)

From P(d) data From d(r) data From P(d) data From d(r) data

Yield stress sY (MPa) 978 945 1160 929

Work hardening coefficient, K (MPa) 4345 3370 2422 2489

Work hardening exponent, n (�) 0.629 0.485 0.811 0.565

Misfit parameter, Sred (�) 10e3.8 10e3.9 10e3.9 10e4.1

Fig. 8. Comparison between measured and predicted load-displacement plots, for

both sample conditions.
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of the 3-D parameter space for the location where predicted

andmodeled outcomes match most closely was done using a

Nelder-Mead convergence algorithm. The friction coefficient,

m, during indentation also needs to be evaluated and a value

of 0.3 was found to give the most consistent results.

(c) The main outcome was that inferred stress-strain curves

were very similar when they were derived from load-

displacement plots and from residual indent shapes, for

both types of sample. The annealing operation caused

appreciable softening, although the change was mainly in

the work hardening characteristics, rather than the yield

stress. The inferred plots were close to those obtained by

conventional uniaxial compression testing (in the through-

thickness direction), for both types of sample.

(d) It is concluded that the methodology has considerable po-

tential for testing of materials (including coatings) in situa-

tions where conventional uniaxial testing is difficult or best

avoided. The level of confidence that can be placed in out-

comes is considered to be high, particularly if they are similar

when using both load-displacement and residual indent

profile data. Further information about the probable reli-

ability is provided by the value of the goodness of fit

parameter, which is used by the Nelder-Mead algorithm

during convergence.
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Appendix I. Nelder-Mead convergence algorithm

For a model with m parameters, searching is within an m-

dimensional parameter space, within which a simplex is defined.

This is a polytope with (mþ1) vertices (ie a triangle in 2-D, a tet-

rahedron in 3-D etc). Each vertex corresponds to a particular

combination of all of the m parameters in the set and the simplex

covers a range of values for all of these. These points can be

expressed as vectors (first rank tensors) in parameter space,

designated x1, x2, …xmþ1, each of which consists of a set of m

parameter values. After each iteration (new set of FEM simulations),

the objective is to “improve” the simplex by replacing the worst

vertex (ie the one with the highest value of S) with a better point.

The search for this better point is along a line in parameter space

defined by the worst point and the centroid of the rest of the

simplex, which is the average position of the remaining points

(after removal of the worst point). Once an initial simplex has been

created, each iteration comprises the following steps.

1 The values of S are calculated for each vertex and the vertices are

ranked, such that S(x1)< S(x2)<… < S(xmþ1). The point to be

replaced is xmþ1. The centroid of the (reduced) simplex is

calculated from:

xcen ¼
1

m

X

m

j¼1

xj (A1)

This defines the search direction (xcen - xmþ1).

2 Reflection: A trial point is established by reflection of xmþ1

through xcen.

xref ¼ xcen þ aðxcen � xmþ1Þ (A2)

where a is a scale factor. The value of S is calculated for this point. If

S(x1)< S(xref)< S(xm), so that xref is of intermediate quality, then xref
is accepted, replacing xmþ1. Otherwise, the algorithm proceeds to

step 3.

3 Expansion: If S(xref) < S(x1), so that xref is the best point yet, this

could indicate that the simplex is on an extended downward

gradient and an expanded point is trialed

xexp ¼ xcen þ bðxcen � xmþ1Þ (A3)

where b is a scale factor (>a). . The value of S is calculated for this

point. If S(xexp) < S(xref), then xexp is accepted, replacing xmþ1.

Otherwise, xref is accepted, replacing xmþ1.

4 Outside contraction: If S(xm)� S(xref)< S(xmþ1), so that xref is

an improvement on xmþ1, but would become the new worst

point, the value of S Is calculated for a point between xref and

xcen, called the outside contraction point.

xOC ¼ xcen þ gðxcen � xmþ1Þ (A4)

Fig. 9. Comparison between measured and predicted residual indent shapes, for both

sample conditions.
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where g is a scale factor (<a). The value of S is calculated for this

point. If S(xOC)� S(xref), then xOC is accepted, replacing xmþ1.

Otherwise, the algorithm proceeds to step 6.

5 Inside contraction: If S(xmþ1)� S(xref), so that xref is worse than

all of the points in the existing simplex, then the value of S Is

calculated for a point between xcen and xmþ1, called the inside

contraction point.

xIC ¼ xcen � dðxcen � xmþ1Þ (A5)

where d is another scale factor. The value of S is calculated for this

point. If S(xIC)< S(xref), then xIC is accepted, replacing xmþ1. Other-

wise, the algorithm proceeds to step 6.

6 Shrink: If none of the previous steps are able to improve the

simplex, then it is shrunk towards the best vertex. This opera-

tion is defined by

x
0

j ¼ xj þ d
�

x1 � xj
�

(A6)

for 2� j (mþ1). The algorithm then starts the next iteration at step

1.

The scale factors (a, b, g and d) are often ascribed values of 1, 2,

0.5 and 0.5 respectively, but these can be tuned to cope with

particular situations, such as different levels of noise.
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