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O .Abstract

It is a well-known fact that in the Czochralski crystal growth ,as well as in all other

crystal growth processes from the liquid phase, the flow in the melt has a strong influence

on the chemical and physical properties of the growing crystal.

Unlike some other techniques the Czochralski crystal growth technique, with the view to its

dynamics,represents a rotating systerm,which is rich in many flow phenomena not existing

in non-rotating systems .For this reason,some notion of the theory of rotating fluids will

be necessary for better understanding of fluid dynamics in the Czochralski crystal growth.

This report consists of two parts .In the first part, elements of the theory of rotating

fluids are given .It covers,among others,such topics as Taylor-Proudman theorem and its

consequences on the fluid flow ;Ekma.n boundary Iayer ;forced oscillations in a rotating fluid

which might influence the crystal growth in those cases in which both,the crystal and the

crucible,are rotated and the solid-liquid interface is inclined to the rotation axis.

In particular, the stability of the flow is of great importance .Many observations during the

crystal growth have shown that flow transitions,a .s the consequence of the flow instability,

produce a change of the shape or diameter of the solid-liquid interface.

In the second part numerical simulations are presented . We start with the definition of

the mathematical model and boundary conditions and present our numerical method.

At this point,the problem of choosing the proper model of Cz-crystal growth must be

stressed.Even relatively simple questions such as,wha .t, kind of flow and temperature fields

do really exist in the bulk,can be properly answered only in a three-dimensional mathe-

matical model.

Strong experimental evidence indicates that the flow and temperature field in a real Cz-

crystal growth are asymmetric and transient(oscillating)a .nd even independent of the

scale of experimental set-up . This is not surprising if one recalls for instance,the order of

magnitude of Grashof number,Reynolds number etc .,as well as the material constants of

metaIlic melts in a real crystal growth.

An axisymmetrical model can be used,for instance, when the flow and temperature field

in boundary layers(e .g.Ekman boundary layers) are concerned,though the influence of

asymmetry in the bulk on the boundary layer remains unsettled.

Numerical simulations are performed for (a) axisymmetrical-and (b) three-dimensional
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models .ln the axisymrnetrical model, Cochran flow and forced oscillations in a rotating

fluid are simulated on a fine mesh .In the Cochran flow simulation, the difference between

the analytical (infinite disk) and numerical (Czochra .lski geometry) solution are pointed

out. Moreover,the simulations of forced oscillations show an excellent agreement with

experimental results.

In the three-dimensional model, baroclinic instability, instability of the buoyancy driven

convection,and the influence of external magnetic fields on the flow are simulated.

The buoyancy driven convection is of particular importance,since it is highly unstable for

all nearly real growth conditions .It was found out that the critical Grashof number is ap-

proximately 10 6,which is four orders of magnitude smaller than that for a large(industrial)

Czochralski set-up.

Simulations of external magnetic fields show the influence of a stationary transverse- and

a vertical magnetic field on the flow and temperature distribution in the model .We first

force the flow and temperature field to be asymmetric due to an asymmetric temperature

boundary condition at the crucible wall and then study the influence of applied magnetic

fields.It is found that the vertical magnetic field decreases the thermal asymmetry much

better than the transverse magnetic field.

Some preliminary results of the influence of rotating transverse magnetic field are also

given.

2



I. ELEMENTS OF THE THEORY OF ROTATING FLUIDS.

I .Introduction.

In all crystal growth processes from the liquid phase, convection of the melt strongly

influences the chemical and physical properties of the growing crystal .In the Czochral-

ski crystal pulling process /1/ as well as in the solution growth process with accelerated

crucible rotation (ACRT) /2,3,4/ there exist two different kinds of convection : thermal

convection driven by density variations which are induced by inhomogeneous temperature

or concentration distributions,a .nd forced convection due to crystal and crucible rotati-

on .To a certain extent there is also an influence of the thermocapilla .ry convection due

to a nonuniform surface tension distribution at, the free-surface .Also a superimposed ma-

gnetic field (vertical or transverse) Nvill strongly influence the flow pattern .In spite of the

complexity of such a system,a discussion of some basic phenomena of rotating fluids will

be sufficient to understand the main types of fluid motion in the system.

The theory of rotating fluids deals with a large number of fluid phenomena.It extends

from numerous small-scale flows which one can perform in the laboratory to the large-

scale circulations in the atmosphere and oceans .ln spite of this variety of motions,there

is,however,the basic structure in common,which is the object we deal with in the next

sections.

2.Equations of Motion of an Incompressible Boussinesq Fluid.

In this section we consider the behavior of an incompressible Boussinesq fluid in the

given laboratory system.The concept of "incompressibility"means that the flow velocity

]ü in the system is small in comparison with the speed of sound in the fluid,i .e .the Mach

number U/a « 1,where a is the speed of sound in the fluid and U is the characteristic

flow velocity.The Boussinesq approximation for a given fluid is valid if the substantial or

total derivative term {Dv./Dt1 is small in comparison with the gravity 9f and if the density

variation pi is small in comparison with the mean density # in p = + pi . Therefore,the

density variation p i will be retained only in the buoyancy term p i /g. . Besides,it is also

convenient to describe the motion of the fluid with reference to an appropriate rotating

coordinate system at least in cases in which theoretical considerations are important.

From the point of view of an observer fixed in the coordinate system rotating with angular

velocity S2 relative to an inertial frame,the equations of continuity and momentum of
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a fluid with uniform kinematic viscosity v are /5/

V i =0,

	

(1)

877/8t + (26 + () x ü = -V(P + 2ü ü) + g pi / -g ++ v®2 ü .

	

(2)

In these equations ü is the Eulerian flow velocity vector relative to the rotating system,

(_ V x ü is the corresponding vorticity vector, -26 x i the Coriolis force,i denotes

time,? is the combined effect of gravitational and centrifugal acceleration, and P =
p/#+ gz - z (St x r~ (Sl x is the normalized or reduced pressure .In the case of no

internal mass sources the density variation o 1 satisfies the following equation

ael/at + (ü - v)21 = rrv2 e1,

	

( 3 )

where a denotes the diffusion coeflicient .lf a- « I then (3) becomes Dpi /Di = 0,

where D/Dh = ö/at + (ü . V) is the substantial derivative.This means that the density

variation o 1 is a conservative quantity following the motion of a fluid volume element .Such

conservative variables play an important role,for insta.nce,in dynamic meteorology.

By scalar multiplication of eq .(2) with the velocity vector ü we get

ai (277
u) = --v(• (+ 9 p1/P °- V . [ -VP • ü) + uP + v (( x V)],

	

(4)

where the second term on the left hand side of eq.(2) is omitted in eq.(4) because it

represents a force acting at the right angle to the velocity ü, and consequently it does not

perform any work . The integral of l .h.s. of eq .(4) over a. given control volume represents

the rate of change of total kinetic energy. The term -v( . ( which is negative

represents viscous dissipation and the term is the rate at which the buoyancy

force converts the potential energy of gravity ,acting on the density field,into kinetic

energy .In the case of thermally-driven flow the latter term is essentially positive when

integrated over the whole system (see Hide/5/) .The divergence term in eq .(4) represents

the mechanical contribution to the kinetic energy.In the case of mechanically-driven flows

this term must be positive when integrated over the whole system /5/.

if we take curl of eq.(2) we get the vorticity equation

N'/at + (ü • v- [(26 + . vaü = -? x v (P1 /e) + vv2-<-'.

We see from this equation that the solution ü = 0 of this equation which represents the
state of rigid rotation (or hydrostatic equilibrium) is possible only if ? x V(2 1 /-p) = 0,that

(5)
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is if there is no density variation gi on the horizontal surfaces.This condition is generally

not fulfilled in the Czochralski system since there exist strong horizontal temperature

gradients at the crucible waIl .The above condition for hydrostatic equilibrium is referred

to as Je 'reys'theore.

If for some region in the flow the relative acceleration term 877/at + (x ü + V( . ii) in

eq.(2) as well as the viscous term v® 2 ü are small in comparison with the Coriolis term

25i x 7,eq .(2) reduces to

2S2 x17= - V P +gPl/# .

Equation (6) desribes the so-called geostrophic (low regime . In spite of the extraordinary

attractiveness of the geostrophic approximation in describing various properties which the

slow, steady flow in a rapidly rotating fluid must possess almost everywhere,we have to

realise the fact that this equation is mathematically degenera .ted.It is of lower order than

the momentum equation (2) a.nd,consequently,ca .nnot supply solutions under admissible

initial- and boundary conditions .Thus,one has to expect highly non-geostrophic flow

regimes occuring not only at the boundaries of the system but also locally in the main

body of the flow.We discuss the geostrophic flow in section 3 .1.

3.1lornogeaeaus Fluids.

We consider in this section a rotating viscous incompressible fluid whose density p and

viscosity A are constant and uniformly distributed . In addition to the geostrophic state

of the flow and its consequences we are especially interested in the coupling between the

regions in which the geostrophic flow is domina.nt,a.nd the viscous boundary layers on the

bounding surfaces in the system,within which the tangential velocity is adjusted to its

proper wall value by viscosity.lIowever,the viscous layers are not exclusively attached to

the bounding surfaces ,but may occur in the interior regions of the flow to smooth away

any effect that tends to produce sharp or discontinuous velocity profiles .The structure

of such boundary layers depends on the balance of forces which are dominant in the

layer.ln rotating fluid problems boundary layers of various thicknesses a-, E1/2 ,

	

E1/3

E 1/4 ,where E is the Ekman number ,were found /6,7/.

3.1 Ekman and Rossby Numbers .Geostrophic Flow.

For an incompressible viscous fluid with constant material properties (2 i = 0,it = consi .)

(6)
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equations (1) and (2) can be read

aü/at + (ü V)il + 2SZ x = -VP + vV 2 ü,

where P is now P = pip + gz - z (~ x . (Si x i'-')/5/ . Introducing the reduced pressure

P we eliminate the centrifugal- and gravitational force from eq .(8) .This is allowed since

the centrifugal (gravitational) force is balanced by the radial (vertical) pressure gradient

which is always present independently of the existeance of any flow relative to the rotating

frame.However,there are limitations to the above simplifications namely that,(a) when

the pressure appears explicitly in the boundary condition (e .g . in the case that free-

surface or moving boundaries are present),and (b) when the density p is not constant and

consequently cannot be taken inside the nabla operator. .In the latter case, the variations of

the centrifugal- and/or the gravitational force due to variations of the density can change

or drive the flow,/8/.

In order to get a dimensionless form of eqs .(7),(8) let L,SZ -1 , and U be the typical

length,time,and relative velocity of a particular flow . 'I ` hen we put r= Lr ,t = Q -l t*,ü =

Uü ,SZ = SZk,P = SW LP* and get from eqs .(7),(8) (dropping the superscript 'k )

(7 )

(8)

V•ü =0, (9)

aü/at + Ro(ü • ®)ü + 2k x ü = -VP + EV Z it,

	

(10)

where denotes the unit vector in the SZ- direction .In eq.(10) two important dimensionless

parameters appear namely,the Ekman number

E = v/S2L 2 , (11)

and the Rossby number

Ro = U/SZL . (12)

Expressions (11),(12) can be transformed in

vU/L 2	viscous force
E (11a)

QU

	

Coriolis force '

and
U2/L

	

inertia force
Ro

_

	

N (12a)
SZU

	

Coriolis force
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Thus,the Ekrnan number measures the viscous force against the Coriolis force whereas

the Rossby number provides an estimate of the advective(i .e .convective) acceleration

((ü • ©)ü) in comparison with the Coriolis force .The Ekman number is small in most

practical cases e.g. 2 . 10` 5 for a. crucible radius R, = 10cm,a crucible rotation rate

Sep = 15rpm and a kinematical viscosity v = 0.003em2/s (typical for molten meta.ls) .For

these melts the assumption E « 1 is valid .On the contrary the Rossby number is of the

order 1 or less.

If we assume a steady flow with E « I and Ro « 1 ,then egs.(9),(10) reduce to

V .f=0 ,

2k x ü = -VP.

These two equations describe the geostrophic flow in the given system.Since the viscous

term is not present in(14),the no-slip boundary condition cannot be satisfied in such

systems .In the no-slip boundary condition the velocity vector is set is = 0 at the so-

lid boundaries .Thus,we must replace this condition by the inviscid boundary condition

which only demands that the fluid cannot penetrate the rigid boundary, i .e . ü•n = 0,where

n is the normal vector to the boundary.

In the real case however, we must expect the existence of thin boundary layers on the solid

surfaces at which the large viscous forces(EV 2 ü) enable the flow in fulfilling the no-slip

condition on these surfaces.

In spite of this remark the geostrophic flow is important .A striking property follows imme-

diately from eq .(14) .Since the Coriolis force is always perpendicular to the flow direction

the pressure gradient must also be perpendicular to the same direction .This means that

the pressure is constant, along a streamline in contrast to the flow in a non-rotating sy-

stem where the pressure variations occur along a streamline(e .g.Bernoulli equation) .This

result is of great convenience in the cases where the geostrophic approximation is valid(e .g.

weather maps).

3.2 Taylor-Proudman Theorem.

If we apply the curl operator to eq .(14)we get

a

(k • 'n)ü = O .

	

(15)

(13)

(14)
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The direct consequence of this result is

aü'az = 0 or 1= ü(x, y),

which means that the geostrophic flow is independent of the coordinate parallel to the

rotation axis .This is the famous Taylor-Proudman theorem.This theorem and its con-

sequences illustrate that rotating fluids possess some characteristic properties not found

in non-rotating fluids .One of these is the forma.Lion of the Taylor colurnn .Given a cy-

lindrical container and a small solid object which is fixed to the bottom of the filled

container.Besides,let the entire system be in the state of the solid-body roation .lf we

now change slightly the rotation rate of the container there will be a fluid flow relative

to the obstacle .The fluid is deflected at the obstacle but since the flow must be two-

dimensional according to eq .(16),the same flow pattern will be repeated at all horizontal

levels (if k- is assumed vertical upward) .In this way a vertical column of fluid is formed

parallel to the rotation axis with the property that it deflects the flow as if it were of solid

material/6,8/ .This is the transverse Taylor column .The same transverse column exists in

Czochralski system if the angular velocities of the crystal and crucible are different,(Fig .1).

Another type of column is the longitudinal Taylor-column,which is formed when an obsta-

cle(e .g. a sphere) moves along parallel to the rotation axis .For more details see Greenspan

/6/ and Tritton /8/.

Also a consequence of the Taylor-Proudman theorem is the flow over "topography" .Given

the flow confined to the domaint1(x, y) < z < t2(x, y) .Bq.(16) implies

ü = ( u (x , y), v ( x , y ), w(x , y )) . (17)

This together with the inviscid boundary condition %e -

	

= 0 gives

( 18 )+ I
,' a(iu + jv 1 kw)

	

(a

	

-k)=0 for z=t 1,a
i 1ax

	

y

(iu -jv+kw)-(2712 +J-8i' -k-) =0 for z=t 2 . (19)

Because of eq .(17) the velocity vector ü has the same value on both boundaries i 1 ,i 2 .If we

now perform the scalar multiplication in eqs .(18),(19) and subtract eq .(18) from eq.(19)

we get

	

TL(x, y)
a(t2 -	 t1)

+ v(x , y)
a(i2 -	 t1) -

0 ,

	

ax

	

ay

( 16 )

(20)
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which has the solution (for u,v arbitrary)

i 2( x , y ) Y"
t 1( z , y) = const .

	

(21)

Eq .(21) implies that the flow must be parallel to lines of constant depth .It is also clear that

if there are vertical boundaries which cut the height contours then no geostrophic flow

is possible,/18/.A Czochralski crucible with curved bottom is probably more restrictive

referring to the geostrophic flow regime than a crucible with a flat bottom.

Even if the geostrophic approximation is not a good approximation of the flow,the ten-

dency to fulfill the Taylor-Proudman theorem is present in the motion of a rotating

fluid .As an exa.mple,we consider the effect of rotation on the convection cell in a horizon-

tal fluid layer heated from below .If the layer is rotating around a vertical axis, a larger

temperature difference across it is needed to initiate cellular convection than in the non-

rotating case,essentially because of the strong tendency of the flow to two-dimensionality

as the consequence of the Taylor-Proudman theorem .When convection is established,the

velocity vectors are nearly horizonta .l,a .nd the fluid is rising and descending along helical

streamlines with a small angle between the unit tangent vector and the horizontal plane,

instead of performing a rneridional motion as in the non-rotating case .The tendency for

the small vertical component of the velocity vector to remain constant with height leads

to the creation of narrow but long convective cells contrary to approximately square

cells in the non-rotating case/9/.

3.3 Failure of the Geostrophic Flow .Ekman Boundary Layer.

As shown in sec .3 .1 the geostrophic approximation demands the vanishing of the viscous

term,the now-linear advective term,and the local acceleration term in comparison with

the Coriolis term in eq.(10).We now study some examples of the flow in a rotating fluid

in which these terms are not negligible but are of the same order as the Coriolis term,at

least in the region of interest.

Ekman boundary layers connect the interior region of the flow,where the geostrophic

regime is domina.nt,to horizontal1 boundaries where conditions like a horizontal l stress,or

no-slip boundary condition are prescribed.

Following Moore /7/ we assume that there is a geostrophic flow

i = (u(x , y), v(x, y), w(x, y)),

	

(22)
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above a rigid horizontal plane at z = O .Clearly,the geostrophic solution does not satisfy

the no-slip condition on the plane z = O.If the plane z = 0 is fixed to the rotating frame

then this condition reads

u = v = w = 0

	

on

	

z = 0 .

	

(23)

In this case we must retain the viscous term in eq .(10) so that we now get

2k x ü = -VP + E®2ü,

or in component form

-2v=-aP+EV2u,

2u=- 8 +E® 2v
~

0 - - aP + EV2 w.

The continuity equation V xi = 0 gives

au av Ow

+ a +

	

- O.
ax

	

y az

We choose the scaling so that u, v, 8/ax and a/ay are all of order 1 .It follows from

eqs .(25) ,(26) that the pressure P is also of order I . Because the Ekman number E

is generally sma.ll,the derivative a 2/ax 2 must be large in order to guarantee the same

order of the terms E© 2 u and EV2 v with the Coriolis- and pressure gradient terms in

egs.(25),(26) .Let the vertical length scale be 6 ,then a/8z N 1/6 and from the balance of

terms in eqs .(25),(26) we get E/62 N 1 or,

6 , E 1'2 ,

	

(29)

which means that the viscous effects are confined to a thin region of thickness E1/2.

From the equation of continuity for au/ax 1,8v/ay N 1 and 8/0z 6--1 we get w ti 6

and the viscous term in eq .(27) is E•(a2w/8z 2 ) E•(6/82 ) = E 112 . The integral of eq.(27)

across the boundary layer gives for the pressure difference 6P = P5 - Po ' E.Therefore,

we can introduce the geostrophic pressure Pg (x, y) into eqs . (25),(26) and get

-2v = ---aPg/ax + E82 u/az2 ,

	

(30)

(24)

(25)

(26)

(27)

(28)
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2u = - aPg/ay + Ea2v/az2 ,

	

(31)

and
On av aw _

8x + ay + az -

Since P9 is the geostrophic pressure,the following equations are valid:

-2vg = -- aPg/ax,

	

(33)

2u9 = -aP9 /ay.

After introducing relations (33),(34) into (30),(31) we get

-2(v - vg) = Ea2 u/az 2 ,

2(u - ug) = Ea2 v/az2 .

The appropriate boundary conditions are

u g uy

	

and

	

v-~vg,

	

as

	

z/S-+oo,

and

u = 0

	

and

	

v = 0,

	

on

	

z = 0,

The solution of the equations (35),(36) together with the boundary conditions (37),(38)

is

u = -vge -lz sin Az + ug(1 - e -Az cos Az),

v = uqe--Az sin Az 4- v9 (1 e -Az cos Az),

where A = 1/ .E.Egs.(39),(40) give the velocity distribution in the Ekrnan boundary

layer.The thickness of this Iayer is S ti E l /2 which for L = 1 in (11) gives S (y/1) u/2 .

The next important point we are interested in is the influence of the Ekman layer on the

geostrophic flow above it-We have to calculate the velocity component w by means of the

continuity equation and relations (39),(40) .It follows from eqs.(32),(39),and (40)

-Ow/0z = (aug/ax + av9 /ay)(1 - e - '\z cos Az) - ( av9/ax - aug /ay)e-az sin Az. (41)

The continuity equation in the geostrophic region is

(au9 /as + avg/ay) = o .

	

(42)

(32)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

11



The relations (41),(42) together with the boundary condition w = 0 at z = 0 give

z
w(z, y, z) = ( äßg - äg ) j~ e -Az sin Azdz- .

y J

The solution of this integral for z - oo gives

w(z, y , z) = 2A ( 8x

	

äy

	

2

	

Oxg - Oy ).
Since (ävg /Ox - öug/8y) =

	

(V x ii) we get from eq .(44)

wg =

where (g is the vertical component of the vorticity vector in the geostrophic flow .This so

called "Ekman condition" clearly shows the influence of the Ekman boundary layer on

the geostrophic flow region in touch with it .Moreover, if the boundary plate at z = 0 has

velocity (up, vp, wp) then relation (45) becomes

wg-wp+2
T((g - Cp )~

where cp is independent of the position on the plate/7/.

We give also the solution for the Ekman boundary layer in which a horizontal plate at

z = 0 moves in the x--direction with a constant speed U© and at the same time rotates

with a constant angular velocity S2 round a vertical axis.The fluid is initially at rest .A

steady state of the flow is approached in which most of the motion is restricted to a

boundary layer of the finite thickness .The solution is(see/10/)

u = U0 • e -)' z cos(Az),

v = Uo • e -az sin(az),

with the boundary conditions

u+iv= Uo,

	

(49)

u + iv - 0

	

for

	

z - oo,

	

(i

	

imaginary

	

unit),

	

(50)

and A = JSl/2v .It is interesting to note that for z = 7r J2v/Q,the flow is reversed as

the consequence of the plate's rota.tion,Fig .2.The thickness of the boundary layer is 5

t/2v/1-1,which tends to infinity for SZ -a O.

(43 )

(44)

(45)

(46)

(47)
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Other kinds of viscous boundary layers have been studied which arise due to a different

balance of forces than that present in the Ekman boundary la .yer.Consider a confined

circular cylinder filled with a homogeneous fluid in the state of solid-body rotation with a

prescribed angular velocity go . If we suddenly change the angular velocity to Sty > Sip ,the

interior region of the fluid is initially undisturbed and the balance between the pressure

gradient and centrifugal force persists.The fluid near the horizontal boundaries begins to

spin faster due to the influence of the viscous stress .The centrifugal force in this layer is

increased so it becomes larger than the pressure gradient with the consequence ,that the

fluid moves radially outward .Because of the continuity the fluid from the interior region

is sucked into the boundary layer with the result that secondary flow (flow in the vertical

cross section) emerges .The sense of this flow is radially outward in the horizontal Ekman

Iayers (at the bottom and the top of the cylinder),upward(downward) at the vertical walls

and finally radially inward to the axis of rotation .This flow persists until the fluid and

the cylinder reach the new state of the solid-body rotation with the new angular velocity

Sty (spin-up effect)/6,7,10/ .For adapting the flow to the vertical walls in the time period

between the two solid-body rotations with angular velocity Sip and Obit was found,that

a set of two vertical shear layers(Stewartson boundary layers) of thickness S ea EV4
and S ad

E1/3 exist in order to make this adapting possible,as a consequence of a balance

between the Coriolis force,pressure gradient,and the radial momentum diffusion .A layer of
thickness 5 N E1/4 serves mainly for adjusting the azimuthal velocity of the interior flow

to the value of this component at the wall .A second thinner layer of thickness S E113

serves for the transport of a vertical mass flux of the order E 1 /2 ,and to fulfil the no-slip

boundary condition for the vertical velocity component/6,11,13/ .Viscous layers may also

emerge in the interior region of the flow to prevent the existence of sharp or discontinuous

velocity profiles /12,22/,(see also Fig .l).

3 .4 Flow between two Parallel Horizontal Disks.

Although in this and in the next section we study the flow in a somewhat "unrealistic"

system of two horizontal disks,nevertheless, some facts we learn about the flow,will also

be relevant for the flow in the Czochralski system.

Consider two infinite coaxial horizontal disks which rotate with angular velocities Sl(1-f-q)

and 0(1+e t) for 0 < el, e t « 1 . 1 and i refer to lower-and upper disk,and H is the vertical

distance between disks,respectively. Set L = II and U = ES2H where E = (E l + Eg)/2,so
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that the Rossby number Ra = c .The relative vorticity is Sri= 2q/e on the lower disk and

~ru = let/f on the upper disk .The Ekman condition (46) for lower and upper disks leads

to

wg = ~ L'((g - 2f L /E),

wg = 2 L((g 2€ T /E).

Eliminating wg we get

= EL/6 + ET/ E.

This means that the flow between the disks rotates with the average of the relative angular

velocities of both disks,whereas the relation

wg=

	

E( E	(54)

states that the fluid flows to the disk with larger angular velocity .This is the so--called

"Ekman pumping"/7/ . This also implies a radially inward flow at the slower disk and

radially outward flow at the faster one.

3 .5 Linear Spin-up.

We consider the linear spin-up effect (Ro « 1) in a simple system of two coaxial in-

finite horizontal disks with a vertical distance H .Greenspan and Howard/13/ solved

the linear spin-up problem for arbitrary axisymmetric containers .Two time-scales are

important in this process namely,(a) the rotation period T7 = 27r/0,and (b) the viscous

diffusion time i .e.the time needed for the vorticity to diffuse viscously to the mid plane

Td = H 2 /4u .lt will be shown that the time needed to establish the solid-body rotation

is T r E- 1/2 which is shorter than the viscous diffusion time which is Td E-1 .

We now consider the following situation(see lMloore/7/) : For i < 0 the system is in solid-

body rotation with an angular velocity Sl,but at t = 0 both disks are switched to the new

angular velocity Sl(1+E),where 0 < E « 1 .We introduce the scaling L = H,U EStH,and

T = I/O so that the Rossby numbe r Ro =U/M= C.

The faster spinning disks cause the formation of two Ekman layers in a time of order 1 .The

radially outward flow will be established in the Ekman layers so that,due to continuity

,the fluid from the interior region will be sucked into the layers,Fig .3.The arising circula-

tion violates the geostrophic flow regime in the interior region If we introduce cylindrical

(51 )

( 52)

(53)
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coordinates r, ¢, z then the geostrophic equation (14) implies that the radial component

will be u = 0 (a.xisymmetric case) which is in contradiction with our present situation .The

only possibility to retain the radial component u with (Ro, E) « 1 is to introduce the

local acceleration term av/at .The velocities in the Ekman layers are of order 1 so the

radial flux is of order E 112 .This implies u N E1/2 outside the Ekman layers .From eq .(56)

(below) follows that 8v/at ti E 1/2 or 8/at E1/2 because v ti 1 .This makes it possible

to discard the terms au/at E and 8w/at E(for w E1/2),so we get together with

the continuity equation

2v = ap/ar,

av/at + 2u = 0,

0 = 8p/0z,

	

(57)

r ar

	

Oz

	

(58)

From the above equations we see that the basic geostrophic flow (0, v, 0) (egs_(55),(57))

is violated by a weak meridional secondary flow (u, 0, w) (eqs .(56),(58)).The vanishing of

this secondary flow occurs,as we shall realize,on the time scale E-112.

( 56)

1 a(ru) Ow
+ -=0.

From the Ekman conditions we get

1

	

1 a(rv)
2 '

	

r ar
wg = on

	

z=0, (59)

wy
= 2

	

E[ r aärv) -
2],

	

on

	

z = 1,

	

(60)

Inspection of egs_(55),(56),and (57) gives p = p(r, t), v = v(r, t),a.nd u = u(r,i) .The

integration of(58) gives

w = z a~rT)+f(r,t),

where f (r, t) follows from eq .(59) i .e .

r

f (r, t ) = 2

	

Er r aar) -
2],

and. from eqs.(60),(61) we get for z = 1

1 8(ru) - E[ 1 a(rv) - 2].
r ar

	

r Or

(61)

(62)

(63 )
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By separation of variables u(r, t) = r U(t) and v(r, t) = r - V(t) we get from eq .(63)

U(t) = V L' (V(t) - 1),

	

(64)

and from eq .(56)

V(t) + 2U O .

	

(65)

Elimination of U(t) from eq.(65),by means of eq .(64),leads to

V(t) = -2VE(V(t) - 1) .

	

(66)

The solution of this ordinary differential equation with V(0) = 0 (initial condition) is

V@) = 1 - e-2t, (67)

or

v(r, t) = r[1 - e-20-31 ] . (68)

Similarly we get for the radial component u .= u(r, t)

u(r, i) = -r

	

.Ce""-t . (69)

Eqs.(68),(69) show that the fluid in the interior region of the system spins up to the solid

-body rotation while the secondary flow vanishes .The needed time in both cases is of

order E1 f 2 ,which is shorter by a factor E than the viscous diffusion time.

3.6 Forced Oscillations in a Rotating Fluid.

Rotating fluids possess an intrinsic stability in the sense that if the fluid particle is dis-

placed from its initial position it will return to its position in a. wa.y which is not possible in

a non-rotating fluid .If a particle in a fluid which rotates with a constant angular velocity Si

is displaced from its initial position with a speed u in an arbitrary direction,perpendicular

to the axis of rotation ,the Coriolis force on the particle is 2Siu perpendicular to its di-

rection,/8/ .Consequently,the particle moves on a circular path of radius r .The balance

between the Coriolis- and centrifugal force gives

u2
r =

20u, (70)

so that the radius of the circular path is

(71)r 2~.
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The time the particle needs for one circle is

2rr

	

7r
-

	

(72)

which is independent of the speed a of the particle . From this surprising result one con-

cludes that the particle returns to its initial position twice during every revolution of the

fluid.The angular frequency 2ir/i = 252 is named the inertial or Coriolis frequency.It

is the fundamental frequency for a homogeneous rotating fluid .Due to this constraining

property the rotating fluid can support internal wave motion,called inertial waves,which

are not possible in non-rotating fluids .The existence of these waves can be demonstra-

ted,for example,with a. small disk oscillating at a frequency ß in the direction normal to its

own surface in the cylindrical container filled with a homogeneous fluid and rotating with

a constant angular velocity Q . Besides,we assume that the disk's plane is perpendicular

to the axis of rotation.

The problem of forced oscillations was first observed by Görtler/l4/ and has since be-

en studied by Morgan/15/,Cser/16/,/17/,Reynolds/18/,and in the case of a rotating

spherical container by Aldridge and Toomre,/19/ . We consider the system of equations

(7),(8) for the case in which the non-linear advective term and the viscous term can be

neglected

®

	

= 0, (73a)

0ü/äi + 2S~ x ü = -VP, (73b)

where eq .(73b) now relates the perturbation vector velocity i. and the perturbation of the

pressure P .We suppose that the relation

(u, v, w, P) = e~'°~( U, V, W, P),

	

(74)

is valid . Here ß,in the time-dependent part of eq.(74),is the forcing frequency,and the

variables U = U(r, q, z),V = V(r, q, z),l' = W(r, q, z),and P = P(r, z) are given in

the cylindrical coordinate system .If we now introduce relation (74)

we get,using elimination, in component form (axisymmetrical case)

a2

	

a

	

ß2 4S22 a2l

	

l

	

-
are rar r2 +

	

ß2	az 21(U ;V)

1 ör
32

	

a 2+rar+-
	 2	

ß2

~2
-a-z
02

-i)( W ; 15 ) =0,

	

(76)

into eqs .(73a),(73b)

(75)
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Page 17 The character of the system of eqs .(75),(76) depends on the value of the forcing

frequency ß .Thus,for ß > 2Q the system is elliptic,for ß = 2f1 parabolic and for ß < 211

hyperbolic,respectively.In the hyperbolic case (ß < 211) there exist real characteristic

surfaces

z -= rs/(4si2 - ß2)/ß2 + C .

	

(77)

The angle between a characteristic surface and a plane z = consi . is

cos c = 2 .

	

(78)

For ß = 2Q the characteristic surfaces are horizontal, and beyond this limiting charac-

teristic value,i .e .for ß > 21,the characteristic surfaces disappear completely and the flow

performs a potential motion . It is important to note that for ü = 0 (no disturbance) we

get the Taylor-Proudman column.

These surfaces are locations of discontinuities of the solution of eqs .(75),(76),which in the

case of real fluids will be formed by means of internal viscous boundary layers .This was

also experimentally found by Gser/17/ .Moreover,it is interesting to remark that similar

characteristic surfaces were found in a stratified fluid by Görtler/20/ .This analogy bet-

ween rotating fluids and stratified fluids originates from the control of the fluid behavior

by respective constraints of rotation and stratification /21/.

For numerical simulations of forced oscillations in a rotating fluid see Sec .6.2.

4.Stability of the Rotating Flow.

The subject of hydrodynamic stability is certainly one of the central problems of fluid

mechanics.It is concerned with seeking the answers to questions such as:(1) when and how

a given laminar flow will break down,(2) how it will develop with the time,and (3) will

there be a transition to turbulent flow .The application of the subject is very wide .It reaches

across many scientific disciplines such as meteorology, oceanography,geophysics,etc .Also

it found important areas of application in the Czochralski crystal growth process,such as

stability of the solid-liquid interface,stability of the Ekman layer attached to it,stability of

the buoyancy driven flow etc .According to Ristorcel1li and Lumley/68/ " . . . There are

ten (at least) possible sources of instability arising from the interaction between various

body forces and velocity gradients in the (Czochra .lski) melt flow . . . " .

Generally,one may say that instability is caused through disturbance of the equilibrium

of inertia,viscous and external forces in the fluid .The external forces we are interested in
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are the buoyancy force in a. Boussinesq fluid, the surface tension- and the magneto

fluid dynamic force. Moreover,in a rotating fluid we rega .rd Coriolis- and centrifugal

force as external forces.For instance,in the Ben.ard problem between two horizontal pla-

nes heated from below(above some critical temperature difference between the planes)the

stabilizing effects of viscosity and thermal conductivity are disturbed by the destabilizing

buoyancy,so that thermal (free) convection emerges.A similar problem exists in the case

of Collette flow of a homogeneous fluid between two coaxial cylinders .In this flow an

overturning instability occurs due to the centrifugal force if the circulation around the

inner cylinder is greater than the circulation around the outer cylinder .The surface tensi-

on force,which resists the increase of area. of a free surface,as well as the magnetic force on

an electrically conducting fluid (e .g.Si-melt),have a . stabilizing influence on the flow .Also

the viscous force stabilizes the flow through the dissipation of energy of existing distur-

bances .On the other hand the viscosity must diffuse momentum,a process which under

certain circumstances may lead to instability,even if the same flow of an inviscid fluid

may be stable,/23/.Thermal conductivity tends to smooth out temperature differences

of a disturbance,which has also a stabilizing influence on the flow .There are many other

factors which influence the stability of the flow,e .g .a.cceleration of the flow,boundaries,

etc.

The onset of the instability is conveniently characterized by means of dimensionless num-

bers which generally give the ratio between the stabilizing-and destabilizing forces,e .g.the

Reynolds number (inertia force/viscous force), thel .ayleiigh number (buoyancy force/

diffusive force),the Prandtl number (diffusion of momentum diffusion of heat),etc.

In the next section we consider the problem of baroclinic instability which plays an

important role not only in dynamical meteorology but also in Czochralski crystal growth.

4 .1 Flow due to an Impressed Horizontal Temperature Gradient in a Rotating

Annulus.

To solve the problem of baroclinic instability in dynamical meteorology,one has to explain

under which conditions the presence of a temperature field decreasing from equator to

the North Pole (due to unequal heating),which in fact provides a reservoir of available

potential energy,will be released by a large scale wave .We will discuss later how this is

related to Czochralski melts.

A simple laboratory model for this complicated process is a fluid filled cylindrical annulus

19



with vertical surfaces at different but constant temperatures . An impressed radial tempe-

rature difference Ti - T2 > 0 (T1 ,T2 are the temperatures at the outer-- and inner vertical

wall,respectively) simulates the condition given along the meridian from equator to the

north pole .The annulus rotates with a prescribed angular velocity a Following Hide and

Mason /24/ we know that in a system which is symmetrical with respect to the rotation

axis and which does not rotate (S2 = 0),the flow will be confined to meridional planes .The

warmer fluid is rising at the warm wall and passing to the cold wall,whereas the cold

fluid is sinking at the cold wall and passing to the warm wall, respectively.Thus,fluid

elements exhibit an overturning motion in which the associated vorticity vector points

to the azimuthal direction .On the contrary,if S2 0 gyroscopic torques (N V x (2l x ü)

for a Boussinesq fluid) tend to prevent meridional motion. If is large enough then the

Coriolis force will dominate the inertial and viscous forces at least in the main body of

the fluid .In this case,taking the curl of eq .(6) we get

®x(2S~xü)= -g xV ( P1 ).

P

From eq.(79) it is clear that the velocity vector i is mainly horizontal if it is also horizon-

tal at the boundaries . Flows satisfying eq .(79) are inefficient to convert potential energy

into kinetic energy and thus conventing the heat in directions perpendicular to the vector

SZ.Sloping convection (or so-caIled baroclinie waves)will develop if the angular veloci-

ty ~S ( is sufficiently large,in spite of the axial symmetry of the boundary conditions . In

this case the flow will be non-axisymmetric,with p1 , P,and ü depending on the azimuthal

coordinate 0. Also,the trajectories of fluid particles will make a small angle to the horizon-

tal.Moreover,from eq .(79) one can infer that the convective heat transfer should generally

decrease with increasing 1SZl .These inferences were confirmed through experimental and

theoretical studies by Hide and Mason/24/.

An interesting question is the problem of stability of such a flow .For a moderate angular

velocity and for boundary conditions symmetrical about the rotation axis,a symmetrical

laminar flow exists,which spirals around the rotation axis . If the rotation rate or tempe-

rature difference or both is increased the flow becomes unstable and non-axisymmetric.

There are altogether four different flow regiines :(1)symmetrical flow, (2) steady waves,(3)

va.cillation,a .nd (4) irregular (turbulent) flow. It has been experimentally shown that the

wave patterns extend almost over the entire depth of the fluid/24/ .The above four flow

regimes are distinct and determined by the value of two parameters .These two parameters

(79)

20



4S2 2 (RI - R2 ) 5r=
v 2 H

are

gH$p
o~.	

(R 1 - R2)2p0 2 }

where g is the gravitational acceleration,ll a characteristic length(height of the annulus),

R I , R2 the outer-and the inner radius of the annulus,a.nd bp = lp(TI )-p(T2 )l,respectively.

Fultz/25/ has shown that if the different working fluids have the same kinematic viscosity

and same Prandtl number then the parameters F, 0 determine a unique stability curve

in the plane (F, 0) . Ilowever,the separation of different wave regimes within the area of

instability is very dificult /25/.

It is interesting to note that a similar baroclinic instability (wave formation) was observed

in the Czochralski system during crystal growth from oxide melts/26-29/ .It was shown

that small changes in the balance between the centrifugal force due to crystal rotation

and buoyancy force due to density gradients have dramatic effects on the flow patterns

and the crystal quality.In some cases,the instability interrupted the crystal growth /26/

or it resulted in interface break-down and dislocation formation /29/.

For the numerical simulation of the baroclinic instability in silicon melt see Sec .7.1 .

(80)
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II . NUMERICAL SIMULATIONS OF THE CZOCHRALSKI BULK FLOW.

5 .Introduction

For more than 15 years numerical simulations have been undertaken to get quantitative

information about the flow and the accompanying temperature distribution in the melt

/30-43/.In spite of the fact that this work has given considerable insight into the basic

properties of the flow ,it was not quite satisfactory as Hurle /44/ initially pointed out,for

two main reasons:

(1) The Lkman layer at the solid-liquid interface is very thin (sec .3 .3),so it was not

possible to resolve it and compute the flow within it.

(2) Mathematical models for both stationary and time-dependent simulations have been

limited to axisymmetric flows,with the consequence that non-axisymmetric flow transiti-

ons were not accessible to these simulations.

Some other simplifications of the mathematical model such as flat free surface without

meniscus and planar solid-liquid interface,though important,remain to be considered in

the next stage of improvement of these models . However,this problem was studied nu-

merically by Kobayashi. /37/,by Derby and Brown /47/ and recently by Kopetsch

/46/,in the case of axisymmetric flow . Lamprecht et al . /45/ threw also some light on

this point.

In order to meet the first two demands cited above we split the problem into two parts:

(1) In the first part we study the forced convection (Cochran flow) in an axisymmetric

model but on a very fine discrete mesh with the aim to resolve the Ekman layer.

(2) In the second part we study the flow-and temperature field in a three-dimensional

model under various external conditions.

The need for splitting

	

~3

	

parts

	

consequence

	

ithe problem into two parts is the consequence of limited capacityThe

	

fVA

of computer's memory and available CPU-time.

5 .1 Notations and Parameters.

In this section we summarize the necessary symbols and notations we have used to describe
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our model.

r (r, q5, z) Position vector in a stationary Eulerian cylindrical coordinate system.

ii - (u, v, w) Flow velocity vector with u radial--,v azimuthal-,and w vertical velocity

component

P Pressure

p Density

p = Pip Ratio of pressure to density

T Temperature

T Temperature difference between melt temperature and the averaged temperature used

in Boussinesq approximation

/L Dynamic viscosity

v = ,a/p Kinematic viscosity

Thermal conductivity

cp Specific heat(at constant pressure)

a = c/pcp Thermal diffusivity

_ (0, 0, -g) Gravity a.cceleration vector

)5' Coefficient of volumetric expansion

Rs Crystal radius

R, Crucible radius

Angular velocity of crystal

f1c Angular velocity of crucible

H Melt depth

T Solid-liquid interface temp erature

TT Temperature at the crucible wall

bT a TT - Ts Temperature difference between crucible wall and solid-liquid interface

-y Surface tension coefficient
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Gr Grashof number

Pr Prandtl number

Pe Peclet number

E Ekman number

Ra Rayleigh number

Re Reynolds number

Ig o Rossby number

br, b¢, bz Discretiza.tion in the radial-,azimuthal-,and the vertical direction

bt Time step

(•), means a(-)/8r and similarly for other derivatives.

5 .2 Mathematical Model and Boundary Conditions.

The general three-dimensional configuration of our model is given in Fig.4.It is an idea-

lization of a real Czochralski crystal growth system,in which the free surface of the melt

and solid-liquid interface are assumed to be flat and at constant level during the crystal

pulling process.

The equations governing the time- dependent incompressible viscous flow (in a stationa-

ry Euleriancoordinate system) in the crucible including thermal effects by consideration

of density changes in the buoyancy term are the continuity equation

®•ü=0,

	

(81)

the Navier-Stokes equations with Boussinesq a .pproximation,a.lready given in nume-

rically convenient form

(il )t = --- V (i i) - Vp - vV x (V x il) - PTY,

	

(82)

and the convective heat conduction equation also given in numerically convenient form

(T) t = -V (in') + aV 2 T',

	

(83)

In a three-dimensional (Eulerian) cylindrical coordinate system,eqs .(81)-(83) read as fol-

lows:



1

	

2

	

(Uh = - r (ru2)r - r (uv---~ (uw)z + r - pr - v[~ (rvo)r -
z

	

- uzz + Wrz] . (85)

(u)t
= - 1 (ruv)P - uv - 1 v~ - (vw)z - p

1 0 - v[ 1 wq5z - vzz - (1(rv)r)r
+ ( 1 uO)r] . (86)

r
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r

	

r

	

r

	

r

	

r

(w)t = --(raw), - (vw4 - wz - pz - v[ 1(ruz )r - -(rwr)r 2ww +
1

vo,z] +QTg . (87)r

	

r

	

r

	

r

	

r

	

r

(T)t = - ~(ruT)r - 1(vT)o - (vjT)z + a[ ?(rTr)r +
1

+ Tzz]•

	

(88)r

	

r

	

r

	

r

In order to complete the mathematical model we still need,in addition to eqs .(84)-(88),the
appropriate initial and boundary conditions .For the three-dimensional model they are as
follows:

The initial condition:

At time i = 0 we define the velocity components,the pressure,and the temperature inside
the geometry .Generally we start with the condition :u = v = w = p = T = O.

The velocity boundary conditions:

(1) For the radial- and vertical velocity components u and w we demand the no-slip

boundary condition at all rigid boundaries and the free-slip boundary condition at the
free surface.

Alternatively,if therrnocapillary convection is to be included,then boundary conditions
for the u-and v velocity component at the free-surface now read:

(n)z = (1/P)(7)T(ir

	

vT), (89a)

(v)z = (1/1p)(7)TC¢ . VT), (89b)

where 'y denotes the surface tension coefficient and p is the dynamic viscosity.

(2) The boundary conditions for the tangential component v at the rigid boundari-
es include the angular velocities f and Rs of the given crucible-and crystal rotati-
on,respectively.At the free surface the free-slip condition is used.

Thermal boundary conditions:

The thermal boundary conditions include the constant temperature Ts (in the calcula-
tions we use Ts = 0) at the solid-Iiquid interface and generally a variable temperature
distribution MO) - Ts along the perimeter of the crucible wail.
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At the bottom of the crucible we demand that no heat loss occures,i .e.that the normal

component of VT is equal to zero.

At the free surface the following temperature boundary condition must be fulfilled:

!((9T/az)z_g + €a-(T4 - T,) = 0,

	

(90)

where K i is the thermal conductivity, E the emissivity coefficient, r theStefan-Boltzmann

constant,and Tw the temperature of enclosure of the system.

The boundary conditions at the vertical symmetry axis of the geometrical configura-

tion (crucible axis) are more difficult mimetically than the other conditions,so they will

be described separately.

(1) It is clear (ma.thema.tically) that the radial velocity component u at the axis should

be zero,for otherwise,more than one u-component at the same point will be defined .This

is easily seen in fig .5.

(2)The appropriate boundary conditions for the components v,w and the temperature

T, which are not placed at the axis (staggered grid), at the vertical cross-section q

Oj should be defined by means of the same variables at the vertical cross-section q =

~j + 1800 and vice versa.For example,the boundary values of the temperature T at the

vertical cross-sections = Oj and

	

4j + 180 are : T(1, cj, k) = T(2, qj + 1800 , k) and

T(1, j + 1800 ,k) = T(2,

	

k) .The same is valid for the other variables.

5 .3 Numerical Method.

To turn eqs .(84)-(88) into a practical scheme for computation,they are expressed in fi-

nite difference form on a three-dimensional cylindrical mesh,Fig .5. The numerical me-

thod we use in our calculations is a variant of the famous Marker and Cell Method

(MAC)/61/, for the solution of the flow problems for an incompressible fiuid .It is an

explicit finite-difference method using forward differences for the first order derivatives

in time and central differences for the spatial derivatives . Consequently,the method is

characterized by a truncation error of 0(&i) in time and of 0(h 2 ) in space, where h

denotes the largest spatial dimension of the computational cell .For the convective heat

equa.tion,however, we prefer to use the DuFort-Frankel discretization scheme in order

to avoid rather severe stability restrictions due to the relatively large thermal diffusivity

coefficient of metallic melts .
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The region in which the computations are to be performed is divided into a set of small

cells having edge length 6r,rbO and 5z . In each cell the velocity components are located

a.t the cell faces,while pressure and temperature values are at the cell center (staggered

grid),Fig .5. Cells are labelled with a set of indices (i, j, k) which determine the coordinates

of the cell center.

A time-dependent solution of the system (84)-(88) is performed in three stages .In the first

stage we simply advance the velocity components from the previous state at time i = i,,,,

to the new state i = i,m + 6t thus, in this stage all calculations are performed explicitly.

However,this procedure does not lead to a velocity field with zero divergence, that is,mass

will not be conserved . The reason is that at this stage of computation the proper pressure

value per cell is not yet known . Thus,in the second stage, we have to correct the velocity

components in each cell in such a way that the zero divergence condition will be fulfilled.

This is done by determining the appropriate pressure in each cell which then leads to the

proper corrections of the velocity components.

Since the correction of velocity components in one cell will change the velocity com-

ponents in neighboring cells, the calculations in this stage must be performed iteratively,

until all cells have reached a zero divergence .This technique was first developed by Chorin
/62/ .We found that this technique is much faster than the original MAC technique . Mo-

reover,it seems to be better suited for the vector- and parallel processing computers .For
more details on this technique see Hirt and Cook /63/.

In the third stage of computation we calculate the new temperature field .Here,because of

the coupling of eqs . (84)-(87) and (88), iterations are generally necessary for the calcula-

tion of the velocity components u,v,w and the temperature T. However,in the case of a

large thermal diffusivity coefficient a as well as the small time step 61 such iterations are

not needed.

6 .Numerical Res€€lts:Axisyrrmetrical Model.

6.1 Flow due to a Rotating Disk in the Czochralski Geometry.

Here,we study numerically the forced convective flow due to crystal rotation in the

Czochralski geometry but without the influence of the buoyancy or free convective flow in

the system.This will be compared with the analytical results by von Karman/64/ and

Cochran /65/ .
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The governing equations of our model are essentially the same as those given for the

three-dimensional flow (egs .(84)-(87)) .Assuming rotational symmetry of the flow field all

0-derivatives will be equal zero .Also the buoyancy term QTg in eq.(87) is equal zero,

because of the absence of a non-homogeneous temperature field in the system(isothermal

flow) .The initial and boundary conditions from Sec .5.2 are also valid in this case . The

only difference is in the conditions for the components w and v at the vertical axis .These

conditions are now äw/or = 0 and 8v/Sr = 0, for the assumed symmetry of the flow,

The analytical solution due to von Karman is valid for an infinite disk which rotates with

a constant angular velocity S2s .The solution is given in the form

u = rSt s F(() ; v = rS2sG(() ; w = \/vSZs II (() ; p = pvilsP((),

	

(91 )

where

( = zi6siv,

	

(92)

is the reduced axial distance from the disk . .IL is interesting to note that ,for an infinite

disk, the important vertical velocity component w is not dependent on the radial distance

r from the axis,eq .(91).

The functions F(M), G((), and H(0) are plotted in Figs.6a-6c and Figs .7a-7c together

with the numerical results (f unct ions F, ö, and If ) . The numerical results were obtained

for a Czochralski geometry with = 3cm,Rs = 1 .2cm,H = 4cm,and a working fluid

with the kinematical viscosity v = 0 .0033cm2/s of molten silicon .ln this case we used a

very fine discretization with 202 x 268 cells with br = Sz = 0.015cm, corresponding to

about 5 cells in the boundary layer at the disk.

Two different cases with S y s = 10rpm (Figs .6a-6c) and Sts = 50rpm (Figs .7a-7c) are

simulated,whereby the numerical results are given for the functions F, ö, and II at three

vertical profiles for r = 0 .02cm,r = 0 .58cm and r = 1 .19cm,respectively. The functions

P, ö, andf were obtained from the expressions

~~1r tl

	

fr

	

~rr(r . (1

	

F(r, ()
=

WrSZ yf ; G(r, () - ~~ ' " ; If (r, () = JvSZß '

	

(93 )
s

	

4

where u,v and w are the numerically calculated velocity components .From the comparison

of the series of Figs. 6a-6c (SZs = l0rpm)a.nd 1' igs .7a.-7c(S2s = 50rpm) one clearly infers

that :
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(1)Contrary to the analytical solution,the important axial component w is not indepen-
dent of the position on the disk in the Czochralski model . Consequently, one can expect a

non-uniformity of the multicomponent crystals since the effective segregation coefficient

depends on the flow pattern .Besides,the axial component w grows slowlier than 0-1 3 as

can be seen from I'igs .6a-6c and Figs .7a-7c,respectively.

(2) There is also a. difference between the analytical and numerical solutions of the

functions G and G and F and F, respectively .The numerically calculated function G

(circles)changes faster than the analytically calculated function G for smaller values of

(,but contrary to the function G,the function G tends to zero slowlier for larger values of

(This tendency is independent of the disk's rotation rate .A similar relation exists bet-

ween the functions F and P but only for a smaller rotation rate .In the case of higher

rotation rates the function F tends faster to zero for larger values of ( than the analytical

solution F.

As the above discussion shows,there is a considerable difference between the flow field in

the vicinity of a rotating disk in the Czochralski geometry and that in the vicinity of an

infinite rotating disk .An important consequence is,that the vertical velocity component

w,which is important for the transport of material just outside the boundary layer at the

growth interface,depends on the radial position.

6.2 Forced Oscillations in a Rotating Fluid.

A rotating fluid can under certain conditions support inertial waves as was discussed

in section 3 .6 .IIere,we numerically simulate this kind of flow field in a rotating fluid of

the same kinematical viscosity as molten silicon . The Czochralski geometry is given with

ire = 5cm, Rs = Icm and 11 = 10cm. The angular velocity of the crucible is 0, = 40rpm.

The discretization of the mathematic' model is in this case 5r = 5z = 0 .05em and the

governing equations are identical with those in sec .5 .2 .The numerical simulations were

performed under the following conditions:

(1)The crucible was rotated with angular velocity 52 . E = 40rpm for 1600s of physical time

until a steady- state rotating flow field was reached.

(2)Because the vertical oscillations of the disk,which in this case is at the top of the free

surface(Figs.8a-8d), are difficult to simulate numerically,the rotating flow field was instead

disturbed by an oscillating vertical velocity component of the amplitude A = 0 .5cm/s.
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(3)The forced frequency /.I of this oscillation was chosen so that the relation

2Sl = 0
.75,

	

(94)

is valid,where S2 ° is now in Rad/s .The relation (93) define an angle 0 between the cha-

racteristic surfaces and the plane z = II of 6 = 41 .4°(see (78) in sec .3 .6).

Figs .8a-8d show the streamlines of the flow field at I = 2061 .25s of physical time and for

one period of oscillation of the vertical velocity component w .The characteristic lines in

the vertical cross-section through the system at = 0° can dearly be seen in spite of the

damping effect of the viscosity.The computational angle $ is in this case 41 .6° which is in

excellent agreement with the theoretical value of O.

An additional effect shows up in Figs .8a-8d . If one compares Fig.8a. and Fig.8c which

are apart half a disturbance period in time,one finds that the corresponding vortices

change their sense of rotation (full-and broken lines) .The same is valid for Fig .8b and

Fig.8d .In our opinion this interesting phenomenon has not been reported in the literature

so far .However,this problem deserves a more detailed study than it is given here.

These phenomena could also have an important implication on the Czochralski crystal

growth, especially in those cases, in which both the crystal and crucible are rotated and

the solid-liquid interface is inclined to the rotation axis of the crystal.

Q
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7.Numerical Results :Three-Dimensional Model.

7.1 Baroclinic Instability.

A three-dimensional model of the Czochralski crystal growth system is used here with

R° = 3.15cm, R3 = 1 .2crrt, II = 4cm and the molten silicon as the working fluid .The

governing equations of the mathematical model are identical with those given in sec.5.2

(eqs.(84) -(88)) .We also use the same boundary conditions as given in sec .5 .2 . The only

exception is the thermal boundary condition at the crucible wall which is now at the

constant temperature Tc .The model is discretized by br = bz = 0.07cm and bqi = 3°.

Two dimensionless parameters F and O define a unique stability curve in the (F, e)
pla.ne(sec.4 .1)

F - 4522(I~° -R3)5 O =	
gH,OST

-
	 3	

HO

	

S2~(Rc Rs) 2

We start the simulation for F = 1 .3 . 108(fls = 80rpm) and vary the parameter e through

a change of the temperature at the crucible wall.

1 .Case :F = 1 .3 • 108 and 0 = 0 .032(bT = 150).

Figs .9a and 9b show the projection of the flow and the corresponding temperature field

at the horizontal plane z = 3 .965cm,i .e .0 .035cm below the free surface of the model, and

for i = 225s of physical time . Both,the flow field and the corresponding temperature field

are perfectly symmetric for the given F and O parameters.

2 .Case:F -= 1 .3 . 108 and 0 = 0.053(bT = 25 0).

Figs .10a-10f show the projection of the flow and the corresponding temperature field for

t = 288 .5s of physical time,at three horizontal planes ,i .e. z = 3 .965cm, z = 1 .920cm,and

z = 0 .035cm,respectively.Both,the flow field and the corresponding temperature field are

clearly asymmetric at all three horizontal planes,in agreement with experimental results,

see Sec.4.1 . For z = 3 .965cm the flow field clearly shows two protuberances,whereas the

co-responding temperature 1 fi1C1U"1 .1 is elongated..t . . .] in the direction of those protuberances .''t

similar behavior of the flow and the temperature field can be seen at other other pla-

nes (Figs .l0c-10f) .The protuberances and temperature field are slowly rotating in the

direction of the disk 's rotation with an angular velocity of approximately 1 .3rprn.It is

interesting to note that,in spite of rotational symmetry of the boundary conditions,the

(95)
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instability is initiated only through the limited precision in the computation of the pres-

sure field (c < 10-5).

Unfortunately,the study of this interesting phenomenon demands a vast amount of com-

puter time so that we were not able to scan the stability curve in more detai .Ilowever,

in our opinion it is for the first time that the baroclinic instability has been observed

(numerically) in Si-melts.

7 .2 Instability of the Buoyancy driven Convection.

The Czochralski crystal growth process is mainly transport controlled because the high

temperatures present in the system readily generate high temperature gradients which

are responsible for both convective and conductive heat transport /44/ . Since for large

Grashof numbers(Gr = gßL3AT/v2 ,L is the characteristic length of the system) the

Peclet number will be of order Gr 1/2Pr (Pr denotes the Pra.ndtl number, Pr = v/a,which

for the Si-melt is of order 3 . 10 -2),it is to be expected that,except in the boundary layer,the

temperature distribution in the bulk will be determined largely by convection .For this

reason it is important to find out the conditions for which the buoyancy driven convection

will be unstable,i .e.it will change from an axisymm.etrical flow mode to an asymmetrical

one (in Tables la,lb:o = symmetrical flow and o= asymmetrical flow).

In order to initiate instability in the numerical experiment we superimposed a small

temperature disturbance 6T = 10-7 cos ri(C°) ( - azimuthal coordinate)over the given

constant temperature TG at the crucible wall.

In the present study,36 related cases were simulated with material parameters of Si-melts.

27 experiments were performed in which,for a. given crucible radius Rc = 3cm,the crystal

radius Rs ;melt depth H,and temperature difference AT were successively va .ried(Table

la) .Also, for given Rr = 6cm and H = 4cm 9 experiments were performed,in which AT

and Rs were varied (Table lb).

Table la,

R,=3cm

	

H=2cm

	

H=4cm

	

H=6crn

R a (cm) - 6T.-5IC 6T-10K ST=15K bT=5K 6 T=10IC ST -15K ST=5IC 6T=10IC 6T=15FC

1. .0

	

0

	

0

	

0

	

0

	

0

	

0

	

o

	

g

1 .5 .

	

0.

	

0

	

0

	

0

	

0

	

®

2 .0 .

	

Ö

	

0

	

®

	

o
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Table lb

R, .-6cm I1=4cm

Ra(cm) ET=5K öT=10K 6T=15K

2 .0 0 0 0

3 .0 a

4 .0 e a

The governing equations and the boundary conditions of the mathematical model are

identical with those given in sec .5.2 (egs .(84)-(88)) .The only difference is the thermal

boundary condition at the crucible wall . which is now

Te(O ) =

	

+ 10 -7 cos(O) .

	

(96)

Discretization parameters are :6r = 6z = 0.15cm, 60 = 4° and bt = 0 .0015s.

7.2 .1 Numerical Results.

Tables la,lb show 36 simulated cases in which for the given radii of the crucible(Rc = 3cm

and Rc = 6cm) the geometrical parameters R3 ,II and the temperature difference 6T bet-

ween the crucible wall and the solid-liquid interface are successively varied . At the same

time no rotations of the crucible and crystal were present in the system .lt is evident that

the small temperature disturbance ,which was superimposed over the constant tempera-

ture TT at the crucible wall,initiates the instability of the flow .Moreover,the numerical

results clearly show that the instability of the buoyancy driven flow is possible

even in the presence of small temperature differences ,depending on the geo-

metrical parameters Rs, R3 and If ,respectively .Therefore,it is interesting to find

out,if possible, the critical Grashof number at which the flow transition takes place .We

are aware of the fa.ct,that in a real Czochra.lski crystal growth not only the Grashof

number,but also the other relevant parameters could play an important role in the flow

transition.Thus,one must be careful when making a statement, e .g.,tha.t a flow transition

takes place at a definite Grashof number/69/.

If there is such a definite critical number in our simulated cases,then the characteristic

length L must be •.a function of all three geometrical pa .rameters,i .e .L = f (R,, Rs, H) . One

33



possibility to estimate the characteristic length L is to use the following relation /70/:

L4

	

u?/9a©T, i = 1, . , 36,

	

(97)

for Gr > 1 .In our case we choose ua = ~uma ~z,i .e . the norm of the maximum velocity

vector i we find out in each simula.tion,respecti.vely.

Now we make the following assumption for the characteristic length L:

Lm = A ijk(Rc)rn' (R Trail ,m = 1, . . . , 36,

	

(98)

where the right-hand side of eq .(98) is a. homogeneous polynomial of third degree (i +

j + k = 3) .It follows from the least-squares approximation in (98) ,that the combinations

(RqRs), (RCRI), (RsII),and (8 ,8 11 2 ) have the 4 largest coefficients A Ljk in the polynomial

a.nd,thereby,have more influence on the characteristic length L than the other combinati-

ons .Finally,the computed Grashof numbers are given in Tables 2a,2b.

Table 2a

R,=3cm H=2cm H =4cm H=6cm

R 5 (cm) 5T=51C ST=10K 6T=15K ST=5K 8T=10K ST=15K 6T=5K 5T=10K 5T.=15If

1 .0 0 .22 x 10 6 0 .44x 10 5 0 .66x 10 5 0 .29 x 10 6 0.59 x 10 6

	

0 .88x 106 1 .10 x 106 2 .21 x 10 6

	

3 .31 x 10 6

1 .5 0 .12x106 0 .25x10 6 0 .37x106 0.63x10 6 1 .25x10 6

	

1 .88x 10 6 3.57x 10 6 7 .14x10 6	1 .07x10 7

2 .0 0 .39x106 0.78x10 6 1 .18 x 106 0.76x 10 6 1 .52x10 6

	

2 .28 x 10 6 4 .62x 106 9.24 x 10 6	1 .39x10 7

Table 2b

Rc =6cm H=4 cm

.Rg(cm) ST=5K ST=10K ST=15K

2 .0 0.47x 10 6 0 .93x 106 1 .40x10 6

3 .0 1 .19x 10 6 2 .38x 106 3 .57x10 6

4 .0 3 .86 x 10 6 7 .72x 106 1 .16x 10 7

Comparison of Tables la,lb with Tables 2a,2b shows,that the critical Grashof number is

approximately Grc 1 .2 x 106 which is in excellent agreement with the result of Bottaro

and Zebib/67/(Ra = 104).

HHowever,two overlined results in Tables 2a,2b are in disagreement with the critical Grashof

number.One possible reason for this could be that 600s of simulation (real time) was too
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short in order to reach the flow transition (instability) .Anyway,both Grashof numbers are

close to the critical Grashof number.

Next,we shall discuss some characteristic plots of the unstable convective flow in the ma-

deI .Fig .Ila shows the projection of the velocity vectors on the horizontal plane 0 .075cm

beneath the the free surface,for the case Re = Um, Ii's = 1 .5crn, II = 6cm, äT = 5K,at

time = 290s of real time .The flow is quite asymmetric and shows two well defined vorti-

ces.These vortices are not stationary but change continuously their position and form, de-

pending on time .Also,a strong well is present at the position r = 2cm and = 0° .Fig.llb

shows the corresponding isotherms which are strongly influenced by the flow .Figs.l lc and

l le show the projection of the velocity vectors on two vertical cross-sections(gi = 2° and

= 90°) through the model .It is astonishing,how differently the velocity distribution in

these two vertical planes behaves. In the plane q = 2° it is quite asymmetric while in the

plane = 90° it is almost symmetric .The corresponding isotherms are shown in Fig. lid

and Fig.l l f .

Figs.12a and 12b show the temperature distribution along the circles r = 0 .9cm, 0° < <

360°, 0 .075cm beneath the solid-liquid interfa .ce,for t = 200s(the flow is symmetric) and

t = 450s (the flow is asymmetric).

FinaIly,Fig .13 shows the time-dependence of the temperature T at two points on two

nearly perpendicular vertical pla.nes,for = 2° and = 90°,a.nd for r = 0.9cm, 0.075cm

below the solid-liquid interface .In the time interval Os - 200s the temperature is constant

at both points, whereas fort > 200s (flow is unstable) the temperature increases and

shows irregular oscillations.

From our numerical results it is clear that the buoyancy driven convection is highly unsta-

ble for all nearly real growing conditions,(see also %68/) .Consequently,an asymmetric and

oscillating temperature distribution is to be expected in real Czochralski crystal growth

,which then might have some undesirable consequences for the growing crystal .This situa-

tion will also not change in the case of moderate crystal and/or crucible rotation which

one usually uses in practice.Even higher rotation rates of the crucible can, indeed,help

to symmetrize the flow and the temperature field,but they are not able to prevent the

temperature oscillations /42/_Moreover,our simulations have shown that crystal

rotation rates up to 30rpm (crucible at rest) are not sufficient to symmetrize

the flow and the temperature field,not even in the vicinity of the solid-liquid

interface.

35



The possible remedy for this situation could be in using strong magnetic fields which are

able to maintain the symmetry of the flow and temperature distribution/59/.

It is also important to stress that the instability of the buoyancy driven convection has

recently been confirmed experimentally by direct observation in the Czochralski growth

of a Si--crystal/73/_
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7.3 The Application of External Magnetic Fields in the Czochralslci Crystal

Growth.

In this section we consider the application of a magnetic field in Czochralski crystal growth

of an electrically conducting melt(Si-melt in our case) which recently has become a well-

known technique for improving crystal quality/48/-/52/ .It has been found experimentally

that a. magnetic field can stabilize or even suppress the convection in the melt which,

together with the decrease of thermal asymmetry in the vicinity of the growth interface

reduces the growth of striations . Application of a. magnetic field provides a means of

controlling the oxygen concentration in silicon crystals /48/149/.

Magnetic fields with different orientations have been used so far in the experiments :axial-

/50/,/51/,stationary transverse-/52/,/74/,rotating transverse-/48/,/49/ and configured

magnetic field /75/.

The numerical simulation in this field began with the pioneering work by Langlois and

Walker /53/,followed by Langlois and Lee /5 ,l/,Lee,Langlois and Kirn/55/, Oreper

and Szekely /56/,/57/,Mihelcic and Wirtgerath/58/, /59/,and Organ /60/ .Howe-

ver,in all these cases except for /58/, the mathematical model was either rotationally

symmetric or two dimensional.

The aim of our investigation is to show the quantitative difference between the influence

of a stationary transverse- and vertical magnetic field on the flow and temperature distri-

bution in a. three-dimensional mathematical model of the Czochralski crystal growth from

a Si-melt .The flow and temperature are forced to be asymmetric through the asymmetric

temperature boundary condition at the crucible wall.

This investigation is motivated by the growing interest in the application of externally

imposed magnetic fields of different orientation as well as by the unsettled question which

field could probably be the best for the application in Czochralski crystal growth.

7.3 .1 Mathematical Model and Boundary Conditions.

Besides the general considerations given in the previous section about the externally ap-

plied magnetic fields,some additional demands on the mathematical model and boundary

conditions exist.

The equations governing the time-dependent incompressible viscous flow in the crucible
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including electrodynamic effects are the continuity equation

V i=0 .

	

(99 )

and the Navier-Stokes equations with Boussinesq approximation and Lorentz force

M t = -V (üü) --- Vp -- vV x (V x ü) - fin + p -lj x B,

	

(100)

where the last term on the r .h .s . is the Lorentz force term,with p the melt density, 3 the

current density,and B the vector of the magnetic field . . We need also the convective heat

equation (without Joule heating).

(T) i = -V (üT) + aV2T,

which is identical with eq .(83)in Sec.5.2.

The next equation we need is Ohm's law

j= e(I + iL x B),

(101)

(102)

where a- is the coefficient of electrical conductivity and

	

the vector of the electrical field.

In the case of a constant external magnetic field Bo (0B-dal = 0) and small magnetic

Reynolds number

	

= 4irfto-LV,where L and V denote the scale of length and velocity

and {l is the magnetic permeability,equation (102) reduces to

j=c(V +i xB0),

	

(103)

_,

where denotes the electrical potential .Moreover,the total magnetic field B in the melt

is equal(in this approximation) to the external magnetic field Bo.

The unknown potential can be found from the condition

(104)

Equations (99)-(101),(103) and (104) are the governing equations of the mathematical

model.

The Lorentz force term in (100) is obviously different for transverse-and vertical magnetic

fields,respectively.It reads for :
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(a) Transverse magnetic field B0 = Bo(ir cos 0 - i sin 0),

Fr = -(rB0/p) - ((') .z sin 0 + Bo - (u sin e 0 + (v/2) - sin 20)),

	

(105)

_ -(o-Bo/p) ((I)), cos 0 + Bo . ((1/2) sin. 2¢ + v - cos 2 0)),

	

(106)

rz = (uBolp) (('D)rsinq+(l/r) .

	

cos - Bow),

	

(107)

and for:

(b) Vertical magnetic field Bo = B0 • iz

~ r = (ßB0/p) - (( d /r) •

	

+ B0 - u),

	

(108)

(orBol p ) (( `f')r ~ Bo - v), (109)

1%z =0 .

	

(110)

The mathematical model as defined previously will be completed if one defines the ap-

propriate initial-and boundary conditions .The initial and boundary conditions for the

radial u-, tangential v-and vertical velocity component w,as well as for the temperature

T are the same as noted in Sec.5.2,where we now include the therrnocapillary convec-

tion,Egs.(89a),(89b) . The asymmetric temperature boundary condition at the crucible

wall is in this case

T~(~) = Ts + 15 0 + I ° - cos 0.

This boundary condition produces the asymmetry of the flow and the temperature dis-

tribution in the melt .It is then interesting to find out which of the simulated magnetic

fields better reduces this asymmetry at least in the vicinity of the solid-liquid inter-

face .Fina.lly,for the boundary condition of the current density j,we assume that all boun-

daries in the model are electrically insulating(see also /60/).
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7.3 .2 Numerical Results.

The numerical simulations based on the mathematical model given in the previous section

were performed with the geometrical and material (Si-melt) parameters given in Table 3.

Table 3

Crucible radius R, = 3.15cm

Crystal radius Rs = 1.20cm

Melt depth II = 3.60cm

Crystal rotation rate 1 = 30rpm

Crucible rotation rate Qc = 0rpm

Solid--liquid interface temperature Ts = 1693K

Melt density p = 2.33g/cm 3

Kinematic viscosity u = 0 .0033cm 2/s

Volumetric expansion coefficient /3 = 0 .000141/K

Thermal diffusivity a = 0 .125cm2/s

Electrical conductivity o- = 0 .0000125s/cm 2 (in emu system)

Surface tension coefficient 7,(-7) T = -0 .43dyn/(cm - K)

Dynamic viscosity p = 0 .01dyn s/cm2

Magnetic permeability %i = 1 (in emu system)

Discretization

br = 0.12cm

6z= 0.12cm

30

Time step Si E [0 .0001, 0 .001]

Here,our goal is to show which of the two applied magnetic fields,transverse or verti-

cal,reduces better the asymmetry of the flow and temperature distribution in the vicinity

of the growth interface .Because the crucible rotation brings temperature oscillations into

the system /66/,we avoid to rotate the crucible . Instead,only the crystal rotation with

30rpm, together with the buoyancy -and thermoca.pillary convection are present in the

system,respectively.Also,in all simulated cases the flow and temperature field are plotted

at the horizontal plane through the model,0 .06cm below the free surface.
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Figs.14a,14b show the projection of the resultant flow and temperature distribution after

125s of real time and with no magnetic field applied . Both,the flow and temperature field

are clearly asymmetric as a consequence of the asymmetric temperature boundary conditi-

on at the crucible wall .Also, the flow is clearly dominated by thermal convections .Typical

for three-dimensional flow are wells and sinks of the flow at the horizontal plane slightly

below the free surface .The maximum velocity is about 2.lcm/s.

This state of the system serves as initial state for all subsequent simulated cases .In the

next run we apply at time t > 125s a transverse magnetic field of Bo = 1000G. The
direction of the field is from cb = 180° to q = 0° .Figs.15a,15b show the resultant flow and

temperature distribution at t = 300s.The field clearly exerts a variable damping of the

velocity vectors depending on the direction of these vectors .The consequence is that the

magnetic field forces the flow parallel to the directon of the field .Also,the intensity of the

maximum velocity vector is only moderately damped (vma, = 1 .2crn/s).

For this reason it seems to us that,a.t least from the aspect of decreasing the thermal

asymmetry,the transverse magnetic field is not advantageous for Czochralski crystal grow-

th.This can also be verified in Fig .15b,where the isotherms especially in the vicinity of

the growth interface are considerably squeezed perpendicular to the direction of the ma-

gnetic field .This striking effect will only slightly be changed if the applied field is stron-
ger .Figs.16a,16b show the flow- and temperature fields influenced by a transverse magne-

tic field of Bo = 2000G at t = 455s. The field was switched on at 1 = 305s .The maximum

velocity vector is again only weakly damped so that v 7La~ = 0.79cm/s.

Next we apply a vertical magnetic field with Bo = 1000G at t > 125s (given initial
state) .The important property of this field can be seen in Figs . 17a,17b,namely,the field

damps the velocity vectors independent of the directions of these vectors . Besides,the

viscous boundary layer at the growth interface becomes apparently "thicker"so that the

tangential component of the crystal rotation can clearly be seen .Also,damping of the

velocity vectors is now higher,i .e .v7ma, = 0 .6cm,/s,tha.n in the case of a, transverse magnetic

field.Also,the corresponding isotherms in Fig . i 7b are now quite symmetric .Figs.18a,18b

show . the influence of the vertical magnetic field of Bo = 2000G at t = 480s,which was

switched on at t = 305s .The intensity of maximum velocity vectors is now only 0 .16cm/s.

A more detailed analysis of the influence of magnetic fields on the asymmetric temperature

field in the vicinity of the growth interface is given in Figs .19a-19e.Ilere,the temperature

is plotted on two circles round the vertical axis for radial distances r = 0 .42em(solid
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line) and r = 0 .78cm (dashed line) at the horizontal plane 0.6mm below the free siir-

face.Fig. .19a shows the temperature asymmetry in the case that no magnetic field is

applied .Figs.19d,19e show the influence of the vertical magnetic fields of 10OOG and

2000G,respectively .ln this case the maximum temperature difference over the two lines is

smaller than 0 .2K. On the contrary in the case of transverse magnetic fields (Figs .19b,

19c) this difference is 1 .5K for the 1000G field and 0 .9K for the 2000G field,respectively.

These plots clearly show that the vertical magnetic fields smooth out the thermal asym-

metry much better than the transverse fields.

Finally,Fig.20a shows the time dependence of the temperature in the time interval Os <

t < 480s, at two points ,namely point(A) r = 0.42cm, 4) = 90°, II -z = 0.06cm (solid line)

and point(B) r = 0 .78cm, 4) = 90°, 11-z = 0 .06cm (dashed line) . For Os < t < 125s there

is no influence of a magnetic field so that the temperature is oscillating in this interval .For

125s < f. < 305s a vertical magnetic field with Bo = 1000G is switched on,with the

consequence that the oscillations are damped out and the temperature difference between

the two points becomes smaller .For t > 305s a new vertical magnetic field with Bp =

20006 was applied.We see that the temperature difference between the two points farther

decreases.

Fig.20b shows the same for the transverse magnetic fields.

A comment on the temperature oscillations shown in Figs .20a,20b is necessary here,since

the existence of oscillations may be surprising in such a small-scale geometry.The time

step we used in our simulations is from the interval 10 -4 s < < 10 -3s which gua-

rantees not only the stability of the numerical method but also small changes in the

velocity-,pressure-and temperature variables between two consecutive time-steps .In all

our numerical experiments these changes remain of the same sign for very long sequences

of consecutive time-steps .For this reason we are confrrmed,tha.L these oscillations are of

physical nature in spite of a relatively small size geometry.

Oscillations of the temperature field are not surprising if one recaIls both,the materi-

al properties of silicon(such as low kinematic viscosity and relatively large volumetric

expansion- and thermal diffusivity coefficient) and the asymmetric temperature boundary

condition at the crucible wall with an average temperature difference to the solid-liquid

interface of 15K.This leads to a very complicated flow pattern,which is dominated by

asymmetric thermal convectio.ns .Nea.r the solid-liquid interface the rotating flow due to

crystal rotation interferes with these convections so that in this region we have the most

42



intensive oscillations in the system.

Besides,one should not overlook that at the free surface the flow rotates with the disk

in an strongly asymmetrical temperature field which aIso contributes to the temperature

oscillations . Finally, we stress the fact that such temperature oscillations for instance have

been experimentally recorded in an Czochralski set up of the identical size and under

similar conditions/66/.

Preliminary results on rotating transverse fields are shown in Figs .21a,21b.These figures

show the time-dependence of the temperature in the tine-interval 120s < t < 168s for

two points (A) :r = 0 .4cm, = 90°, II - z = 0.06cm(solid line) and (B) :r = 0.8cm, =

90°, II - z = 0 .06cm (dashed line) affected by the rotating transverse fields of 1000G and

2000G ,respectively . In Fig .21a the magnetic field of 1000G rotates with 20rpm,whereas

in Fig. 21b the magnetic field of 2000G rotates with 10rpm .Both figures clearly show

that in the case of the stronger magnetic field with smaller rotation rate the temperature

oscillations are larger (Fig .21b) than in the case of the weaker magnetic field and larger

rotation rate(Fig .21a). In both cases the temperature is plotted every second.

g .Gozaclusiorrs

The crystal growth melts we have analysed so far are typical for metallic melts,alloys,and

semiconductors like Ge,GaAs or Si, respectively .They are characterized by a relatively

low kinematical viscosity, high thermal diffusivity and high volumetric expansion coef-

ficient(Table 3) . Thus,these melts are low Prandtl number-and high Grashof number

fluids, which are predestinate to be unsta .ble .We have,so far, demonstrated numerically

some of these instabilities(see also /68/) .However, our present results are still restricted

to the study of flow and temperature fields which is only one aspect of Czochralski crystal

growth.

The incorporation of material transport and segregation processes would require choo-

sing at least a binary system with noncongruent crysta .ilization,to fix a. corresponding

phase diagram and to add a material transport equation to the mathematical model.

Althou gh,_f~~ally at erial- and heat transport equations are almost identical,the in-

corporation

	

rum

	

k

	

f

corporation of the former equation leads to some difficulties in the definition of appro-

priate boundary conditions ,and more important, the solid-liquid interface cannot be

assumed to constitute an isothermal boundary surface any longer .These questions will be

analysed in the near future .
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9 . Optimizing Czochralski Crystal Growth.

In Czochralski crystal growth a planar solid-liquid interface with strongly axisymmetrical

thermal-and concentration fields with small radial gradients and an appropriately shaped

meniscus are required to generate high quality crystals.

With rotational symmetry established in the system, one can fully utilize the advantages

of intensive crystal rotation which then generates the necessary forced convection for

controling of mass transfer at the solid-liquid interface, and provides effective stirring

of the melt to guarantee complete mixing of all crystal components .Without rotational

symmetry crystal rotation will induce the growth of compositional striations parallel to

the growth interface.

Very often rotational symmetry is tried to be reached by crucible rotation .Since a rotating

fluid is subject to the constraints of the Taylor-Proudman theorem (Sec .3.2),this leads to

nonuniform mixing in the melt clue to cell formation.

Homogenizing of the melt by alternating acceleration and deceleration of rotational motion

leads to undesirable growth transients and concomitant compositional striations.

With thermal convections alone it is difficult to control the homogeneity of heat- and mass

transfer in time at the solid- liquid interface .Since the thermal convections in Czochralski

crystal growth are generally very intensive and oscillating,the application of a magnetic

field is desirable to damp the velocity vectors and to smooth out the oscillations .On the

other hand,if convections(forced and thermal) would come to rest completely,due to the

influence of an excessively strong magnetic field,undesirable changes in the morphologi-

cal stability of the planar growth interface may be the consequence .Thus,the optimum

conditions for Czochralski crystal growth can be established by:

(l)controlling and maintaining rotational thermal symmetry,

(2)applying axial magnetic fields of about 0 .5Tesla,

(3) rotating the crystal with about 60rpm to generate a strong forced convection at the

solid-liquid interface .
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Figure Captions

Fig.l. : Transverse Taylor column (Taylor-Proudma .n cell) at i ,ti 190s in the CZ-Model in

which the crucible rotates with constant angular velocity S2, = 15rpm and the disk is

stationary, (Fig .1 top-left) . Remaining figures show oscillations of the column due to

periodically accelerating-and decelerating rotation of the crucible.It is interesting

to note that changing of the crucible rotation rate in a given time period is not

sufficient to eliminate the column from the melt .The plots are performed by means

of a. large number of massless particles or markers; their coordinates are computed

after each time-step of simulation.

Fig.2 : Relative velocities in the Ekman boundary layer on a plate which rotates with the

angular velocity SIs = 30rpm and at the same time moves in the x-direction with a

constant speed U0 . Note that at z = 7r\/2U/ft the flow is reversed (U/U( < 0) as

the consequence of the plate's rotation.

Fig .3 : Flow between rotating coaxial infinite disks.

Fig .4: Geometry of the CZ-Mathematical Model.

Fig.5: (See Fig.5)

Fig .6a: Cochran flow. Comparison of analytical solution of Cochran flow by von Ka.rman

(functions F, G, H) with the numerical solution (F, G, H) .The geometry of the CZ-

Model is :Rs = 1 .2cm,R, = 3cm and H = 4cm.Disk rotates with fl, = l0rpm .The

solutions are compared at the vertical profile r = 0 .02cm.

Fig.6b: Cochran flow. Os = l0rprn,r = 0 .58crn.See Fig .6a..

Fig.6c: Cochran flow. Os = l0rprn,r = 1 .19crn .See Fig .6a.

Fig .7a .: Cochran flow . St s 50rpm,r = 0 .02cm .See Fig .6a.

Fig.7b: Cochran flow. Sy s = 50rpm,r = 0.58cm.See Fig .6a.

Fig .7c: Cochran flow . Sts = 50rpm,r = 1 .19cm.See Fig .6a..

Fig .8a : Forced oscillations . Streamlines of the flow due to forced oscillations of the disk

in CZ-Model .Geometry of the model is given by :R, = 5cm, Rs In- 1cm and II

10cr1L .Angular velocity of the crucible is S'L, - 40r1 m and the amplitude of the disk 's

oscillation is A = 0 .5cm/s .Figs.8a-8d show the state of the system for one period of

oscillations at I = (2061 -l- n/4)s,n = 1,2,3,4, respectively.Note the change in the

sense of vortices'rotation in Figs .8a,8c and Figs .8b,8d.

Fig.8b: Forced oscillations . See Fig.8a .
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Fig.8c: Forced oscillations . See Fig.8a.

Fig.8d : Forced oscillations . See Fig.8a..

Fig.9a: Baroclinic instability.Projection of the flow field on the horizontal plane 0 .035cm

below the free surface of the CZ-Model,at t N 225s.Note that for given parameters

F = 1 .3 . 108, O = 0 .032(6T, = 15°) the flow and the corresponding temperature field

(Fig .9b) are perfectly symmetric .Geometry of CZ-Model is given by :R, . = 3.15cm,

R, = 1 .2crn and H = 4cm .Crystal rotates with SZ s = 80rpm.

Fig .9b : Baroclinic instability. To Fig.9a corresponding temperature field.

Fig.l Oa: Baroclinic instability .Projection of the flow field on the horizontal plane z = 3 .965cm

through the CZ-Model at t = 288 .5s . Note that for the new parameter e =
0 .053(6T, = 25°) (F unchanged) the flow and the corresponding temperature field

(Fig.10b) are now completely asymmetric.

Fig.10b:

Fig.10c: Baroclinic instability .Projection of the flow field on the horizontal plane z = 1 .920cm

through the CZ-Model.

Fig.10d: Baroclinic instability .To Fig.10c corresponding temperature field.

Fig.lOe: Baroclinic instability.Projection of the flow field on the horizontal plane z = 0 .035cm

through the CZ-Model.

Fig.10f: Baroclinic instability .To Fig.10e corresponding temperature field.

Fig.lla Instability of the buoyancy driven convection .Projection of the flow field on the

horizontal plane 0 .075cm below the free surfa .ce,at i = 290s .Geornetry of the CZ-

Model is given by : R° = 3cm, .Fs = 1 .5cm,11 = 6cm .Tempe.rature difference 6T =

5K.

Fig.11b:Instability of the buoyancy driven convection . To Fig .lla corresponding temperature

field.

Fig.11c Instability of the buoyancy driven convection .Projection of the flow field on the

vertical plane f;b = 2° ,at i = 280s.

Fig.11d : Instability of the buoyancy driven convection . To Fig .11c corresponding temperature

field.

Fig.11e instability of the buoyancy driven convection .Projection of the flow field on the

vertical plane q = 90° ,at i = 280s. Note that the flow is almost symmetric.
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Fig .l If: Instability of the buoyancy driven convection . To Fig .l le corresponding temperature

field.Note that the temperature field is almost symmetric.

Fig.12a. : Instability of the buoyancy driven convection. Temperature distribution on the ho-

rizontal line r = 0 .9cm,0° < 0 < 360°,0.075cm below the solid-liquid interface ,at

= 200s. The temperature distribution is still symmetric.

Fig.12b : Instability of the buoyancy driven convection . The same temperature distribution as

in Fig.12a.,but at time t = 450s . The temperature distribution is now asymmetric.

Fig .13 : Instability of the buoyancy driven convection . Time-dependence of the tempera-

ture at two points on two vertical planes for r = 0 .9cm, 0 = 2°(solid line) and

r = 0 .9cm, 0 = 90° (dashed line). Both points are 0 .075cm below the solid-liquid

interface .Note an irregular temperature development for t > 200s.

Fig.14a: Magnetic field . Projection of the flow field on the horizontal plane 0 .06cm below

the free surface,with no magnetic field applied . The maximum velocity in the

CZ-Model is about 2.1cm/s.

Fig.14b: Magnetic field . To Fig .14a corresponding temperature field . The temperature field

is asymmetric due to asymmetric temperature boundary condition at the crucible

wall.

Fig.15a: Magnetic field . Influence of the transverse magnetic field of B 0 = 1000G on

the flow . Projection of the flow field on the horizontal plane 0 .06cm below the free

surface is shown .The direction of the magnetic field is from 0 = 180° to 0 = 0°.The

maximum velocity in CZ-Model is now 1 .2cm/s.

Fig .lSb: Magnetic field . To Fig.15a corresponding temperature field .Note that isotherms are

squeezed in the direction of the magnetic field even in the vicinity of the solid-liquid

interface.

Fig.16a: Magnetic field . Influence of the transverse magnetic field of Bo = 2000G on

the flow. Projection of the flow field on the horizontal plane 0 .06cm below the free

surface is shown .The direction of the magnetic field is from 0 = 180° to 0 = 0°.The

maximum velocity in CZ-Model is now 0 .79cm/s.

Fig.16b: Magnetic field . To Fig.lßa corresponding temperature lleld .Note that isotherms are

squeezed in the direction of the magnetic field even in the vicinity of the solid-liquid

interface.

Fig.17a : Magnetic field. Influence of the vertical magnetic field of B0 = 1000G on the flow.
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Projection of the flow field on the horizontal plane 0 .06cm below the free surface is

shown. The maximum velocity in CZ-Model. is now 0 .6cm/s.

Fig .17b: Magnetic field . To Fig.17a corresponding temperature field .Note that isotherms are

in this case almost symmetric at least in the vicinity of the solid-liquid interface.

Fig.18a: Magnetic field . Influence of the vertical magnetic field of B0 = 2000G on the flow.

Projection of the flow field on the horizontal plane 0 .06cm below the free surface is

shown . The maximum velocity in CZ--Model is now 0 .16cm/s.

Fig.18b: Magnetic field . To Fig .18a corresponding temperature field .Note that isotherms are

in this case almost symmetric at least in the vicinity of the solid-liquid interface.

Fig .19a: Magnetic field . Temperature distribution at two horizontal lines round the vertical

axis of the model,0 .06cm below the free surface : for r = 0 .42cm (solid line) and

r = 0.78cm (dashed line) .No magnetic field is applied.

Fig .19b : Magnetic field . Temperature distribution at the same lines as in Fig .19a under the

influence of a transverse magnetic field of Bp = 1000G.

Fig.19c: Magnetic field . Temperature distribution at the same lines as in Fig .19a under the

influence of a transverse magnetic field of B0 = 2000G.

Fig.19d : Magnetic field . Temperature distribution at the same lines as in Fig .19a under the

influence of a vertical magnetic field of B© = 1000G. Note the almost constant

temperature difference between two lines.

Fig .19e: Magnetic field . Temperature distribution at the same lines as in Fig .19a under the

influence of a vertical magnetic field of Bp = 2000G. Note the almost constant

temperature difference between two lines.

Fig.20a: Magnetic field . Time-dependence of the temperature at two points :(a .)r = 0.42cm

(solid-line),and (b) r = 0 .78cm(dashed line), (cb = 90°, .1I - z = 0.06cm for both

points) . In time interval Os < t < 125s no magnetic field is applied .For 125s < i <

305s a vertical magnetic field of Bp = 1000G is applied .For 305s < t < 480s

vertical magnetic field of Bp = 2000G is applied.

F ig.20b: Magnetic field . Time-dependence of the temperature at two points :(a)r = 0 .42cm

(solid-line),and (b) r = 0.78cm(dashed line), (qi = 90°,H -- z = 0 .06cm for both

points) . In time interval Os <1 < 125s no magnetic field is applied .For 125s < t <

305s a transverse magnetic field of Bp = 1000G is applied.For 305s < i < 480s

transverse magnetic field of B0 = 2000G is applied.
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Fig.21a: Rotating magnetic field . Time-dependence of the temperature at two points :(a)r =

0.42cm (solid-line),and (b) r = 0 .78cm(dashed line), (0 = 90°,11 --- z = 0 .06cm for

both points) . In time interval 122s < I < 168s a rotating transverse magnetic

field of Bo = 1000G is applied . The field rotates with 20rpm.

Fig.21b: Rotating magnetic field . Time-dependence of the temperature at two points :(a)r =

0 .42cm (solid-line),a .nd (b) r = 0 .78crn(dashed line), (q = 90°,11 -- z = 0.06cm for

both points) . In time interval 122s < t < 168s a rotating transverse magnetic

field of B0 = 2000G is applied . The field rotates with l0rprn .Note the more

intensive temperature oscillations in this case.
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Fig. 14 Computational mesh in a vertical and horizontal cross-
section : (x) pressure and temperature ; (u) azimuthal velocity
points ; (@) radial velocity points ; () vertical velocity points.
The broken line indicates the symmetry axis of the geometrical
configuration ; the heavy lines denote crucible walls and the
free surface, respectively.
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