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In this project, we will compute the form factors relevant for B → K∗(→ Kπ)ℓ+ℓ− decays. To

map the finite-volume matrix elements computed on the lattice to the infinite-volume B → Kπ

matrix elements, the Kπ scattering amplitude needs to be determined using Lüscher’s method.

Here we present preliminary results from our calculations with 2+1 flavors of dynamical clover

fermions. We extract the P-wave scattering phase shifts and determine the K∗ resonance mass

and the K∗Kπ coupling for two different ensembles with pion masses of 317(2) and 178(2) MeV.
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1. Introduction

Processes of the type b → sℓ+ℓ− occur at one-loop order and higher in the Standard Model

and hence are suppressed. It is for this reason that these flavor-changing neutral-current decays are

very important in the search for physics beyond the Standard Model. The effective Hamiltonian

that describes b → sℓ+ℓ− decays at low energies [1] has the operators

O7(7′) =
mb

e
s̄σ µνPR(L)b Fµν , O9(9′) = s̄γµPL(R)b ℓ̄γ

µℓ, O10(10′) = s̄γµPL(R)b ℓ̄γ
µγ5ℓ, (1.1)

as well as four-quark and gluonic operators. The coefficients Ci corresponding to these operators

encode the short-distance physics and can be computed perturbatively in the Standard Model or in

various new physics models. Global fits of experimental data from mesonic b → sℓ+ℓ− transitions

show deviations from Standard-Model predictions, in particular in the Wilson coefficient C
(µ)
9 for

the muonic final states [2, 3]. One process that contributes significantly to this tension is B →
K∗(→ Kπ)ℓ+ℓ−. The hadron K∗(892) in this process is unstable under the strong interaction, with

a decay width of approximately 50 MeV. The B → K∗ form factors have been previously studied

on the lattice in the single-hadron approach [4, 5], in which only a quark-antiquark interpolating

field is used for the K∗ and the analysis is performed as if the K∗ were stable. This approach

has uncontrolled systematic uncertainties, which are expected to become more severe as the quark

masses are lowered toward their physical values and the K∗ becomes broader.

To eliminate these systematic uncertainties, in this project we will compute the B→Kπ matrix

elements of the relevant b → s currents, using the Briceño-Hansen-Walker-Loud generalization

[6] of the Lellouch-Lüscher formalism [7] to map the finite-volume matrix elements computed

on the lattice to the desired infinite-volume B → Kπ matrix elements. The formalism requires a

determination of the Kπ scattering amplitude on the same lattice using Lüscher’s method [8, 9]. In

this contribution, we present our preliminary results for this scattering amplitude. Previous lattice

studies of Kπ scattering can be found in Refs. [10, 11, 12, 13, 14, 15].

2. Calculating the scattering amplitude using lattice QCD

Lüscher’s method [8, 9] utilizes the energy shifts caused by the interactions of the two-hadron

system in the finite lattice volume to extract the infinite-volume scattering amplitude. The cubic box

with periodic boundary conditions in the spatial dimensions leads to a quantization of the momenta

and a purely discrete energy spectrum. In addition, the cubic box breaks the SO(3) rotational

symmetry, reducing it to Oh, or to the relevant Little Group LG
~P at nonzero total momentum ~P.

The operators that we use to extract the energy spectrum with the quantum numbers of the K∗

must have I = 1/2 and must be projected to irreps of LG
~P that contain the P wave (see Table 1).

We use operators with quark-antiquark and K-π structure,

Oq̄q,i(~p) = ∑
~x

ei~p·~xs(x)γiu(x), Oq̄q,0i(~p) = ∑
~x

ei~p·~xs(x)γ0γiu(x),

OKπ (~p1,~p2) =

√

2

3
π+(~p1)K

0(~p2)−
√

1

3
π0(~p2)K

+(~p1), (2.1)

1
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L
2π
~P Little Group LG

~P Irrep Λ
~P,r Spin content Dimension

(0,0,0) Oh A1g J = 0,4, ... 1

(0,0,0) Oh T1u J = 1,3, ... 3

(0,0,1) C4v A1 J = 0,1, ... 1

(0,0,1) C4v E J = 1,2, ... 2

(0,1,1) C2v A1 J = 0,1, ... 1

(0,1,1) C2v B3 J = 1,2, ... 1

(0,1,1) C2v B2 J = 1,2, ... 1

(1,1,1) C3v A1 J = 0,1, ... 1

(1,1,1) C3v E J = 1,2, ... 2

Table 1: List of the total momenta ~P that we use, along with their corresponding little groups, irreducible

representations, and spin content [16]. Since we are interested in J = 1, we only consider the highlighted

irreps.

where, for example, K+(~p1) = ∑~x ei~p1·~xs̄(x)γ5u(x). We project these operators to the required irreps

using the following procedure, which is based on the characters χ(R):

O
~P
Kπ,Λ =

dim(Λ)

order(LG~P)
∑

R∈LG~P, ~m∈Z3

χ(R)OKπ

(

~P/2+R(~P/2+
2π

L
~m), ~P/2−R(~P/2+

2π

L
~m)

)

,

O
~P
q̄q,Λ =

dim(Λ)

order(LG~P)
∑

R∈LG~P

χ(R)R Oq̄q(~P). (2.2)

We then use these operators to construct a correlation matrix, Ci j(t) = 〈Oi(t)O
†
j(0)〉, for each

of the irreducible representations. There exist several methods to determine the spectrum from

these correlation matrices; we use the generalized eigenvalue problem (GEVP) [17, 18], where we

solve the equation

Ci j(t)u
n
j(t) = λn(t, t0)Ci j(t0)u

n
j(t) (2.3)

for the eigenvalues λn(t, t0) and eigenvectors un
j(t). For large t, the eigenvalues satisfy λn(t, t0) ∝

e−Ent , and we perform single-exponential fits to λn(t, t0) to extract En. Once we obtain the finite-

volume spectrum, we map it to the infinite-volume phase shifts using the Lüscher quantization

condition [8]

det
[

e2iδ
(

M
~P − i

)

−
(

M
~P + i

)]

= 0. (2.4)

Here,
[

e2iδ
]

lm,l′m′ ≡ e2iδl δll′δmm′ corresponds to the scattering matrix, where δl is the scattering

phase shift for angular momentum l, and M is a known matrix of finite-volume functions depending

on the the total momentum ~P, the scattering momentum, and the box size. When neglecting D-wave

and higher contributions, it takes the form

2
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M
~P =















00 10 11 1 −1

0 0 w
~P
00 i

√
3w

~P
10 i

√
3w

~P
11 i

√
3w

~P
1−1

1 0 −i
√

3w
~P
10 w

~P
00 +2w

~P
20

√
3w

~P
21

√
3w

~P
2−1

1 1 i
√

3w
~P
1−1 −

√
3w

~P
2−1 w

~P
00 −w

~P
20 −

√
6w

~P
2−2

1 −1 i
√

3w
~P
11 −

√
3w

~P
21 −

√
6w

~P
22 w

~P
00 −w

~P
20















, (2.5)

where

w
~P
lm ≡ 1

π3/2
√

2l +1 γ ql+1
Z
~P
lm(1;q2), (2.6)

with the relativistic Lorentz factor γ , the generalized zeta function Zlm, and the dimensionless

scattering momentum q = L
2π k. The scattering momentum k of the n-th energy level is determined

by solving
√

s
~P,Λ
n =

√

m2
π +(k

~P,Λ
n )2 +

√

m2
K +(k

~P,Λ
n )2, (2.7)

where the center-of-mass energy s
~P,Λ
n is related to the energy E

~P,Λ
n on the lattice via

√

s
~P,Λ
n =

√

(E
~P,Λ
n )2 − (~P)2. The matrix M

~P simplifies to a block-diagonal form once the specific symmetries

belonging to the system with total momentum ~P are taken into account. The quantization condition

(2.4) then becomes a product of quantization conditions, each belonging to its own irreducible

representation Λ.

The Kπ system has no parity symmetry at non-zero momentum [12]; consequently, certain

irreps will have contributions from S-wave and P-wave scattering states at the same time. This

becomes a challenging technical problem, because the S-wave phase shift is non-negligible in the

region of interest. In this first analysis, we therefore limit ourselves to the irreducible representa-

tions that do not contain l = 0, as indicated in Table 1.

3. Parameters of the lattice gauge-field ensembles

We use two ensembles with N f = 2+ 1 dynamical quark flavors, utilizing a clover-improved

Wilson action and the tadpole-improved tree-level Symanzik gauge action. The gauge links in the

fermion action are smeared using one level of stout smearing to avoid instabilities in the hybrid-

Monte-Carlo evolution. The parameters of the lattice gauge ensembles are given in Table 2.

Label N3
L ×Nt a (fm) L (fm) mπ (MeV) mK (MeV) Nmeas

C13 323 ×96 0.11403(77) 3.65(2) 317(2) 527(4) 7060

D6 483 ×96 0.08766(79) 4.21(4) 178(2) 514(5) 5248

Table 2: Parameters of the two ensembles and numbers of measurements analyzed.
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