Simulating realizations of quantum computers by
solving the time-dependent Schrodinger Equation
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Formal solution of the time-dependent Schrodinger equation

® in QT, systems for quantum computers obey the time-dependent
Schrodinger equation (TDSE)

o7 (t) = H(t)|v(t))
® where the solution is given by
Yt + 7)) =Ul+7,0)0(t))

® with the time-evolution operator tr
-

Ut +7,t) =T exp —z’/H(t’)dt’
t

® for small enough 7, Hamiltonian H(t) assumed to be piece-wise constant

Ot + 7)) = Upprpo(T)[00(2)) = e Hirr2 ().
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Solving the TDSE numerically
® “simple” solution: numerically exact diagonalization (e.g. LAPACK)

® Problem: memory and CPU time needed grow with O(N?)

— only for “small” systems (validation!)

® |dea: make use of the Lie-Trotter-Suzuki product formula

R m
R .
et D1 Art lim | | e—zArt/m
M—00
r=1

Trotter, Proc. Am. Math. Soc. 10, 545 (1959)

R Suzuki et al., Prog. Theor. Phys. 58, 1377 (1977)
® find decomposition H, = E Ar,t and apply first order approximation
r=1

R
et =131 ArT oy | | e AN —. Up1(7)
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Stability and higher order approaches of the
Suzuki-Trotter product-formula algorithm

® if A, Hermitian = U, 1(7) unitary = algorithm unconditionally stable
® error is bounded and controlled by 7: ||Uy(7) — U1 (7)|| < e17°
® second order such that Uy 2(7) unitary:

Ut’Q(T) = UtT,l( 7'/2 Utl 7'/2 H Ar/2 X 6 T X H ArT/2

® error vanishes with 73 : ||Us(7) — Uo(7)|| < co7?

De Raedt et al., Phys. Rev. A 28, 3575 (1983)
De Raedt, Comp. Phys. Rep. 7, 1 (1987)
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How to choose the decomposition

R

® time-evolution operator is product of matrix exponentials: U;1(7) = H e~ iAreT
r=1
® ideally: analytical expression
® diagonal matrix: clear
® Example: tridiagonal Hamiltonian
0 z 10 T \ 0 0
(:c 0 =z \ z 010 (O 0 =« \
r 0 x 010 =« x 0]0
z 0 z 0 0 0
= +
0 x 0 x 0 0
r 0 x z 0]0 010 =«
\ r 0 )\ o0 ) \ r 0]
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How to choose the decomposition

, . 0 1
® blocks are proportionalto ¢” = 10

® using Euler’s formula

1TN-O

e = cos(x)l + isin(z)n - o

® exponentials of 2 x2-block matrices = 2x2-block matrices

® 2-component update rule for state vector:
k = €oS(x)Yy + 7 sin(x) g

Y1 = tsin(x) Yy + cos(x) P
e O(RN)

® also possible: jx 4 -blocks with 7 <V
(analytically or by diagonalization of smaller blocks, j-component updates)
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Applications
Transmon qubits

® Hamiltonian given by H = Hcpg + H,es With
N

Hcpp = Z [Eci(; — ngi(1))* — E; cos ¢;],

i=1

® state vector |[¢¥(t))
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® tridiagonal matrices

® Transmon basis ., m, (t) = Z (Brymi)” (Bnams)™ Qnyns (1)

ni,n2

Willsch et al., Phys. Rev. A 96, 062302 (2017)
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Applications
qguantum annealer

® annealing Hamiltonian

H(S) — A(S)Hinit + B(S)Hﬁnala S = t/tanneal

® qubits and coupler elements modeled by SQUIDs

62 — %5 2 82 o 5 9
H(S) = — EC— + EL (90 2 ( )) ECCJJ a T ELCJJ (QIDCJJ ;OCJJ< ))
Y

+ E;cos(p) cos (%)

+ interaction terms

- Lcay x
® tridiagonal matrices in ¢ -space ¥ ¥ PCas
)
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Applications

qguantum annealer
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Figure 1: Probabilities of the

states [11) (A), |[11) (), [11) (@),
1)) (1), leakage (O) for the

simulation of SQUIDs (solid) and
2-level systems (dashed)
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Figure 2: Success probability

depending on the minimal gap for
SQUIDs (0O), 2-level systems (®)
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Summary

® Physical hardware can be simulated by solving the TDSE

i—|v(t)) = H(t)|(t))

® Suzuki-Trotter product-formula algorithm
— unconditionally stable
— example for decomposition
— other algorithms (not discussed)

® Application: Simulation of Transmon qubits

® Application: Simulation of a quantum annealer (SQUIDs)

IJ JULICH

Member of the Helmholtz Association April 5,2018 Slide 10 Forschungszentrum



Thank you
for your attention!
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