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Scattering workshop (Cologne 2018):
Static light scattering + …

… Dynamic light scattering: 

December, 5th 2018 |   Simone Wiegand 
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Outline

7. Dezember 2018 2

• static light scattering: 
• Form factor (shape of the scatterer)
• Structure factor (structure in the fluid)
• Absolute scattering (molar mass, radius of gyration

and second virial coefficient)
• dynamic light scattering

• Diffusion constant ( hydrodynamic radius)
• Distribution of diffusion constants (mass

weighted!!!)
• Problems & examples
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Setup: Static and dynamic light scattering

Depolarized scattering (anisotropic particles)



M
itg

lie
d 

in
 d

er
 H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t
Scattering geometry: q-vector

7. Dezember 2018 4

• Each scatterer emitts a 
secondary wave
• no radiation in the direction of 
oscillation

ˆ wave vector of the incident field
ˆ wave vector of the scattered field
i

s

k

k
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Scattering geometry: q-vector
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 

Problem:
Calculate phase shift: 

path difference = 

2 2pathdifference

ˆ

ˆ

separation vector between space 
                 coordinates of particle

i j

s ij

i ij

ij i j

AB CD

AB CD

AB k p

CD k p

p r r

  

 
 

  



      

 

 

 




  

  and  i j

ˆ ..unit vector
ˆ ..unit vector
s

i

k

k

ks

ki
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Scattering geometry: q-vector
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     

   

2ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

s i i j s i i j

i s i j s i

k k r r k k r r k

r k k k r k k k

ji






        

   



   

 
 

Each point scatterer can be assigned a phase !

 
 

 

General: 

ˆ ˆScattering vector: 

4Norm of the scattering vector: sin / 2

s i

r r q

q k k k

q nq



 




 

 

  





In general:
in a medium
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Scattering geometry: q-vector

7. Dezember 2018 7

Each point scatterer can be assigned a phase !

 
 

 

General: 

ˆ ˆScattering vector: 

4Norm of the scattering vector: sin / 2

s i

r r q

q k k k

nq q



 




 

 

  





     

   

2ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

s i i j s i i j

i s i j s i

k k r r k k r r k

r k k k r k k k

ji






        

   



   

 
 
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Illustration

7. Dezember 2018 8

Time averaged scattering intensity: 
static light scattering

Time resolved scattering intensity fluctuations: 
dynamic light scattering
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Illustration
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      

 

   
sca

Scattered electric field from 
one volume element

, exp

 scattering strength
strength of the incoming field

Total electric field from the 
entire scattering volume

exp

V I

I

S I

E r t f r E i qr t

f r
E

E E f r iqr d

 



  



 
ttering volume

r

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Illustration

   

   

,solute ,solvent

solutescattering volume

solventscattering volume

exp

exp

S S S

I I

I I

E E E

E f r E iqr dr

E f r E iqr dr

 








  

  

    
,solute

1
scattering contribution from volume element 

sum over all volume elements

exp
j

j

S S

N

I V
j

V

E E

E i q rf r r d




  
  




︵ ︶.. scattering strengthf r
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Illustration
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Variable substitution:

Remark:
We omit the subscript 
solute.

'jr r r 
  

Problem: Integration depends on the position of 
the particle

    
,solute

1
scattering contribution from volume element 

sum over all volume elements

exp
j

j

S S

N

I V
j

V

E E

E i q rf r r d




  
  




...center position

 of particle 


jr

j
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       

   

 
   

 

22
2

1

2

1

2

' exp ' ' exp

exp

' exp ' '

' '

j

j

j

N

S jV
j

N

j
j

V

V

I q E g r iqr dr iqr

iqr

g r iqr
P

S q

dr
q

g r dr

S qP q  
  

 
  
  







  














   

 



  

 

Structure factor of the solution

Normalized particle 
scattering factor or
form factor

Normalization constant

     , qI q N P q S
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Illustration
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     ,I q N P q S q

Useful relation, but strictly correct only for a homogenous 
suspension of identical particles with a scattering power of 
spherical symmetry.

• polydispersity
• micellar solutions
• conformational changes
• anisotropic particles
• Ergodicity of the system 
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     ,I q N P q S q

Definitions:

   

   







 

0

0

infinite dilution:
lim ,

limit of low scattering vector:
lim , 0

N

q

I q N P q

I q N S q

   


 


2

1
exp

N

j
j

S q iqr  
   

 





  

 

2
' exp ' '

' '
j

j

V

V

g r iqr dr
P q

g r dr

N .. number of scatters
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Expressing the scattering intensity
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1) Rayleigh scattering equation
2) Infinitely dilution solution of small particles
3) Interparticle interference 
4) Intraparticular interference

Details in the script of
Peter  Lang: http://www.fz‐

juelich.de/ics/ics‐
3/DE/UeberUns/Mitarbeiter/Lang
_P/P_Lang_lec.html?nn=11606 
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1) Rayleigh scattering equation

7. Dezember 2018 16

ideal gas of electric dipoles
Strength ED of a single dipole in 
a distance R

  








 


2

D 2
0

︵ ︶sin
︵ ︶ 4

︵ ︶ time dependent moment of the dipole
angle between dipole's oscillation direction

          and the observation direction

tE t
Rc

t

 
  


 

24 22

2

1
16

S
r

I A

k nI RR M
I V N





2k..refractive index

; ..scattered/irradiated intensity
..scattering volume

s I

n
I I
V
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2) Infinitely dilution solution of small
particles
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

 




 
   



 
   



24 2
solvent

θ 2

22
solvent

0

θ

4
16

2 /

4

r
A

A

r

k n nR M c
cN

k
n n

cN

R KcM

K

 
  


 

24 22
2

1
16

S
r

I A

k nI RR M
I V N



M
itg

lie
d 

in
 d

er
 H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t
3) Interparticle interference
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 

 



 

θ

θ

1 valid for infinitely diluted solutions
,

reasonable assumption for diluted solutions
1

,

r

r

Kc
R q c M

Kc c
R q c M

K

 
  2

θ

1 2
, r

Kc A c
R q c M 2A .. second virial coefficient
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4) Intraparticle interference
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     

 

 


 

 
  

 

0, 0
θ

2

1lim
, 0 0,

1 1 2

c q

r

Kc
R q c S q c P q

A c
P q M

Next step: Relate P(q) with the dimensions of a polymer.

 
 

      

2 2

2
θ

1 1 2
3, 0

g

r

q RKc A c
MR q c

Suggested
by Zimm in
1949
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     

    

2 2
θ,solutesolute standard standard solvent

θ,solute θ,standard2 2
standard θ,standard solvent solute standard

2
θ,solventsolvent standard

θ,solvent θ,standard2
standard θ,standard solvent

Rr n r nR R
r R n r n

Rr n rR R
r R n

 



   

2
solvent solvent

2
standard standard

2
θ,standard solvent

θ θ,solute θ,solvent solute solvent 2
standard standard

solvent solute standard, , scattering intensities for solvent, solute and standard
    

n
r n

R nR R R r r
r n

r r r

 

standard solvent

θ,standard

                        corrected for the size of the scattering volume
,        refractive index for the standard and the solvent

e.g. toluene: 1.312E 5 cm @ =632.8 nm

n n

R

Zimm in practice
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Size of the Scattering volume
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)

 / 
kH

z

scattering angle / degree

polystyrene in toluene [Mw=115000, P=100mW]
 toluene
 c=1.68 g/l
 c=7.76 g/l

Countrate needs to be multiplied with sin() !

20 40 60 80 100 120 140 160
0
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100
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300
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e 
/ k

H
z

scattering angle / degree

polystyrene in toluene 
[M

w
=115000, P=100mW]

 toluene
 c=1.68 g/l
 c=7.76 g/l
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0 200 400 600 800

6.00x10-6

8.00x10-6

1.00x10-5

1.20x10-5

1.40x10-5

K
 c

 / 
R


q2 / mm-2

 c1
 c2
 c3
 c4
 c5
 c6

1 2 3 4 5 6

c



 
    

 

   


2 2

2
θ w

2
2

2
w

app
1

1 1 2
3

1 2
3

g

g

w
slope

M

q RKc A c
R M

R
A c q

M M

PS 178100  Polystyrene/toluene 
dn/dc=0.1069 ml/g
647.1nm / 100mW 

Zimm in practice
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

 
    

 

   


2 2
2

θ w
2

2
2

w

app
1

1 1 2
3

1 2
3

g

g

w
slope

M

q RKc A c
R M

R
A c q

M M

θ/Kc RLinear interpolation of in dependence of q2.

0.0 2.0x1010 4.0x1010 6.0x1010 8.0x1010
1.0x10-6

1.5x10-6

2.0x10-6

2.5x10-6

3.0x10-6

3.5x10-6

 

K
c/

R
(q

,c
)

q2 / cm-2

1/Mapp=1/MW+2A2c

R2
g/(3MW)

Zimm in practice
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0 1 2 3 4 5 6 7
5.0x10-6

6.0x10-6

7.0x10-6

8.0x10-6

9.0x10-6

1.0x10-5

1.1x10-5

1.2x10-5

1.3x10-5

Mw=194400g/mol
A2=5.59e-7 mol L / g

K 
c 

/ R

(q

=0
)

conc  /  g/l


  



2
2

θ
2

w

app
1

1
3

2 g

w
slope

M

RKc q
R M

A c
M

Zimm in practice
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0 1 2 3 4 5 6 7

9

10

11

12

13

14

15

16

R
g /

 n
m

conc g/L

RG (extrapoliert auf c=0) = 15.93nm


  



2
θ

2
2

w

app
1

1 2
3

g

w
slope

M

Kc q
R M

R
M

cAFür jede Konzentration ein Rg bestimmen

Zimm in practice
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System is described in: Y. Liu et al., Soft Matter, 
12 (2016) 8485‐8494.

System: Partially fluorinated PMMA particles

0

1

2

3

4

5

6

7

0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78

CH
(0
)/
D
io
de

%Water

Index match H2O/DMSO

0.69ml H2O + 0.31ml DMSO

n20°C = 1.3847

Zimm in practice
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Y. Liu at al., Colloids and Surfaces A, 544 (2018) 165‐171.

Zimm in practice



M
itg

lie
d 

in
 d

er
 H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t
Other particle scattering factors
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     
 

    

   

    
  

   

 
    

 


2

sphere g3

coil

2
2

rod 0

sin qR cos 33 with
5

2 exp 1

sin / 22 sin 4 with / 12

g g
g

qL
g

qR qR
P q R R

qR

P q qR qR
qR

qLsP q ds R L
qL s qL

Pedersen, J. S. Analysis of small‐angle scattering data from colloids and polymer 
solutions: modeling and least‐squares fitting. Adv Colloid Interfac 1997, 70, 171–
210.
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Angular dependence

small particle do show a weak
angular dependence

large particles show a strong 
angular dependence

Scattering of 
rods less 
coordinated.
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scattering of spherical particles
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diluted solutions:
scattering gives information about the form of the scatters

„formfactor“

 

scattering vector: 
4 sin / 2nq q  


 


remark

0 45 90 135 180
1E-4

0.001

0.01

0.1

1

10

100

@ =632.8 nm

in
te

ns
ity

 / 
a.

u.

angle / deg

diameter:
 500 nm
 250 nm
 50 nm
 7 nm (BSA)

 250 nm @ =351 nm
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  



4 sin / 2nq

 50 nmgR
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Outline

7. Dezember 2018 32

• static light scattering: 
• Form factor (shape of the scatterer)
• Structure factor (structure in the fluid)
• Absolute scattering (molar mass, radius of gyration

and second virial coefficient)
• dynamic light scattering

• Diffusion constant ( hydrodynamic radius)
• Distribution of diffusion constants
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Time averaged scattering intensity: 
static light scattering

Time resolved scattering intensity fluctuations: 
dynamic light scattering

2. Brownian motion

1. Speckle
pattern
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Brownian motion
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small
fast

big
slow

Typical
trajectory of
a Brownian
particle

milk
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visualization and motivation
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laser beam colloidal particles
(Brownian motion)
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Speckle pattern
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Low angle –
slow 
motion 

Large angle - faster motion
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Intensity time correlation function
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       2 , , ,0 ,I S Sg q t g q t I q I q t Auto correlation function (ACF) or
Time auto correlation function (TACF)  

Experimental
calculation
of the ACF:

     
0

1,0 , ,
1

M

I
n

g q t I q n t I q n t
M 

      
 

      
0

1,1 , , 1
1

M

I
n

g q t I q n t I q n t
M 

       
 

      
0

1,2 , , 2
1

M

I
n

g q t I q n t I q n t
M 

       
 

Dropping the
subscript s 
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Intensity time correlation function
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        2g t I t I t t

   
 

 
2

20lim
t

g t I t
For very short :

For very long :

   
 

 
2

2lim
t

g t I t

 2I t

  2
I t

tt
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Principle correlator
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Field correlation function
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       

     
 

 

 

1

1 1

, , ,0 * ,

1 exp 0 exp

E
N N

i j
i j

g q t g q t E q E q t

qr qr t
N

i i

 


 
1

( )exp
N

i
i

E f q qri

f(q) contains the scattering strength

non‐interacting particles are statistically independent: ij vanishes

       
   

    



 

 

 



 

1 1
0

0 0 0

1, exp 0 exp

exp exp

exp , ,

N

i i
i

t

t t t

g q t qr qr t
N

qr qr

dr dr q r r P r r t

i i

i i

i

Field 
correlation 
function
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Probability P(rt)
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P(rt) dr = Probability that there are particles in 
the volume element dr around the position rt

This function is normalized such that ( ) 1t tdr rP 
For homogenous non‐interacting particles follows immediately

1( )tP r
V


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Probability density function P(r0,rt,t)
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P(r0,rt,t) the probability density function that
there are particles in dr around r0 at t=0 AND 
in dr around rt at t=t
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Conditional probability density function P(rt,t|r0,0)
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P(rt,t|r0,0) the probability that there are particles in the
volume element dr around rt at t=t which had been at t=0 
around r0.

     0 0 0, , , | ,0r tP r r t P r r t r It holds:
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Probability density function: 1-dim solution
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 0, | ,0tr t r
 

Conditional probability
to find the particle at rt at time t, 
which had been at r0  at t=0. 

   0 2
0 0

, | ,0 ˆ ˆ, | ,0    with  t
t

r t r
r t r D

t


  


 
 

 




with the initial condition at t=0:     0 0, | ,0t tr t r r r 
   



     0 0
ˆ, | ,0 expt tr t r t r r 

   
formal solution

… for dilute suspension of non‐
interacting spherical particles

Smoluchowsky equation:
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Probability density function: 1-dim solution
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Rewrite the integral
using:

    ( )dx f x x x f x   

         

     

1 0 0 0 0

0 0 0

ˆˆ exp exp exp

1 ˆexp exp exp

t t tg dr qr r dr t r r qr

dr qr t r

P

q
V

 



 



      

  





i -i

i -i

using   1/P r V


for diluted solutions and the definition

     1
1 ˆˆ ˆ exp exp expEg g dr qr t qr
V

  
  

i -i
Dropping the
subscript 0 

        
   

1 0 0 0, exp , ,t t tg q t dr dr q r r P r r tiWe need to solve

     0 0 0, , , | ,0r tPP r r t r r t r 
    



     0 0
ˆ, | ,0 expt tr t r t r r 

   

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Probability density function: 1-dim solution
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     1
1ˆ ˆ exp e pˆexp xEg g dr q tr qr
V

  
  

i -i

Taylor expansion:  
0

ˆxp
!

e 1 ˆnn

n
t

n
t





  

       2 2
0 0

ˆ exp ( ) exp exp
nn nqr D qr D q qr   

  
 i i -i

     
2

2 exp ( ) exp expd dqr qr qr
dr dr

   
  

-i i -i -i

   1
0

1 1ˆ ˆ exp exˆ
!

pnn

n
E t

n
g g dr qr qr

V





  
  

i -i

Auxiliary calculation:

     2
1 0

0

1ˆ ˆ exp exp1
!

n
E

n

n
g g dr qr D q

V
t q r

n





     
  

i -i
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1-dim electric-field auto-correlation function
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     2
1 0

0

1ˆ ˆ exp ex1
!

p
n

n

E
ntg g dr qr D q qr

V n





       
  

i -i

Reversed Taylor expansion:

     

 
 

  

  

 




 





  





1

2
0

2
0

2
1

2
0

0

1ˆ ˆ exp exp

1

ˆ ex

exp

exp

exp

p

Eg g dr qr qr
V

dr D q t
V

D

D q

q t
dr

V

g q

t

D t

i -i

… calculation in 3D- similiar ….
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Field  Intensity field correlation function
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        1 , , ,0 * ,Eg q t g q t E q E q t
Field correlation
function

   
       

           
   





  

2

* *

1 1 1 1

, ,

,0 ,0 , ,

1 exp 0 0 exp

I

N N N N

i j k l
i j k l

g q t g q t
E q E q E q t E q t

q r r q r t r t
N

i i

Intensity correlation function

    2
2 1ˆ ˆ, 1 ,g q t g q t 

Statistical independence
all terms with ijkl will be zero if one index is 
different from the other three. At least pairs of 
equal indices are required to give a nonzero result

Siegert Relation
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Intensity auto correlation function
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    2
2 1ˆ ˆ, 1 ,g q t g q t 

Normalized intensity auto correlation function

       2 2
2 1, , ,Ig q t g q t I q g q t  

Intensity auto correlation function

 2I t

  2
I t
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Field & intensity auto correlation function
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   2 exp /g t  

Intensity correlation function

   1 ' exp / 'g t  


   21 2Dq

Field correlation function

21
'

Dq


  



M
itg

lie
d 

in
 d

er
 H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

Collective diffusion and hydrodynamic radius
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Stokes Einstein equation:


 BH

solvent 06
k TR

D

structure sensitive parameter  = RG/RH

•  > 2 cylinder

•  = 1.5 - coil

•  = 0.77 sphere

RH
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Example:
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co
ur
es
ty

of
 K
la
us
 H
ub

er
Combined time-resolved SLS and DLS – wide angle set-up
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Self assembly of vimentin
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human vimentin is an IF protein 
expressed in

fibroblasts, the eye lens and cells of mesenchymal origin

N C
IF monomer

head central -helical “rod” tail

lateral association in PBS buffer

dimer

60 nm

tetramer

Lopez, C. G. et al. PNAS 2016 113 11152

co
ur
es
ty

of
 K
la
us
 H
ub

er
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Self assembly of vimentin
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vimentin    
0.14 g/L

3 ml 3 ml

sodium phosphate buffer
2 mM

sequential addition to 
scattering cell

KCl
0.1 M 

co
ur
es
ty

of
 K
la
us
 H
ub

er
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Self assembly of vimentin
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combined multi-angle SLS and DLS
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Problems
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• backscattering of the light at surfaces
• multiple scattering
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Problem: backscattering
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Measurement at =150° of Latex 
Particles with R = 200 nm
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large particles with a diameter of 400 nm

0 45 90 135 180
0.1

1

10

100

@ =632.8 nm
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 / 
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scattering intensity at 150°
is 2.5% of the 
scattering intensity at 30°
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Problem: backscattering
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Measurement at
=150° of Latex
Particles with a 
R = 200 nm
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Problem: backscattering
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To avoid backscattering problems:

Laser

with index bath

or/and

Rayleigh horn
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critical opalescence

colloidal suspensions

Problem:Multiple scattering

KBr + AgNO3
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•static

•dynamic

     
22 2

4
220

02
4 ˆ ˆs

s s
T

p
V I n nI n n P q

c
q

r
V S 


    

   ,0 , ( ), ( ), ( )S SI q I q t D q P q S q

requirement: single scattering

Setup: Static and dynamic light scattering
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Experimental solutions

2-beam-experiment, which fulfills the condition:
  
q q q1 2 

2-D
one wavelength
only  = 90°

2-D
two wavelengths
 = variable

3-D
one wavelength
 = variable

1-beam-experiment :

2-D
 = variable

G.D.J. Phillies,
J. Chem. Phys., 74,260 
(1981)

M. Drewel et al.,
J. opt.Soc. Am.A, 7,206, 
(1990)

K. Schätzel,
J.Mod.Opt.,
38, 1849(1991)

W.V. Meyer et al.,Appl.Opt. 36, 7551 (1997), J.-M Schröder & SW, PCCP, 2 (2000) 1493, J.-
M Schröder & SW, Soft Materials, 1 (2003) 53
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single scattered light   large coherence area
multiple scattered light small coherence area

One‐beam set‐up: principle
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-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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

distance between the fibers y / mm

 

 

d 
/ n

m
diameter

amplitude of  the cross-
correlation function

Latex 132 nm

distance between the fibers y / mm

One‐beam set‐up: alignment
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laser
spatial filter

lens

beam splitter

double multiplier

J.-M Schröder & SW, Soft Materials, 1 (2003) 53

One‐Beam set‐up
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Latex in water (d = 83 nm)
 c = 0.010 wt.%
 c = 0.935 wt.%
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J.-M Schröder & SW, PCCP, 2 (2000) 1493

dynamic

static

Works for dynamics and statics...
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Depolarized light scattering

Depolarized scattering intensity often is very low 
and is easily disturbed by multiple scattering
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J.-M Schröder & SW, Soft Materials, 1 (2003) 53
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Colloid with a partially 
crystalline structure

• Tetrafluorethylen copoly-
merised with perfluor-
methylvinylether (MFA)

• water soluble
• monodisperse

146 10 nmd  

Depolarized light scattering
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Data analysis
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Data analysis – CONTIN analysis
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Fit one exponentiell decay:    1 base exp /g t A t   

Contin
Analysis
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Data: A481d0051asc_B
Model: ExpDec1
Equation: y = A1*exp(-x/t1) + y0
Weighting: 
y No weighting
  
Chi^2/DoF = 0.00006
R^2 =  0.99952
  
y0 0.00229±0.00072
A1 0.87365±0.00151
t1 0.11586±0.00073  
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Data analysis – CONTIN analysis
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Two or multi exponentiell decay:

Contin
Analysis
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Data analysis
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Exponential decays:
   
     

2

2 1 1 2 2

base exp /

base exp / exp /

g t A t

g t A t A t



 

  

    


Examples:

• diffusive processes
• two decay: diffusion and rotation
• ….



M
itg

lie
d 

in
 d

er
 H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

Data analysis
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   

     

2

2 1 1 2 2
1 2

base exp /

base exp / exp /

g t A t

g t A t A t



 



 

     
             



Stretched Exponential(s):

Examples:

• glass transition
• restricted movement of particles
• ….
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Data analysis – CONTIN analysis
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Analog to Fourier analysis: 
Distribution of harmonic functions fairly easy

Regularization (CONTIN):
     

max

min

2 exp /g t P t d




   
Distribution of exponential
functions

-100 0 100 200 300 400 500 600 700 800

-1,0

-0,5

0,0

0,5

1,0

  

 

  4 cos3 cos5cos
3 5

a x xf x x


      
Square wave signal
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The end
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• static light scattering: 
• Form factor (shape of the scatterer)
• Structure factor (structure in the fluid)
• Absolute scattering (molar mass, radius of gyration and

second virial coefficient)
• dynamic light scattering

• Diffusion constant ( hydrodynamic radius)
• Distribution of diffusion constants (mass weighted!!!)

• multiple scattering
• cross correlation techniques are required


