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In this thesis we establish a theory of evolutionary dynamics that accounts for the

following requirements.

1. The evolutionary process is considered in a coevolutionary context.
2. The theory describes the full dynamics of the coevolutionary process.
3. The coevolutionary dynamics are derived from the underlying population dynamics.

L PPRTS FRp— Py £, § 4 # 1 : o~
4. The theory accounts for the stochastic aspects of the evolutionary process,
i J

To our knowledge the mathematical framework advanced here is the first to simultane-

ously combine these four key features of evolution,

We present a hierarchy of three dynamical models for the investigation of coevolution-
ary systems; ecach of these models stands for a different balance between descriptive
capacity and corresponding analytic tractability. Deductions are given to clarify the
interconnections between the models; from the assumptions necessary for these deriva-
tions we infer their domains of validity. Equations central o the fields of evolutionary
game theory, replicator dynamics and adaptive dynamics are recovered as specialized
cases from our mathematical framework. In particular, the canonical equation of adap-
tive dynamics, which so far has been used on the grounds of plausibility arguments, is

underpinned by a formal derivation.
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Introduction

Fluctuations are caused by the discrete nature

of matter.

N.G. van Kampen (1981)

The self-organisation of systems of living organisms is elucidated most successfully by
the concept of Darwinian evolution. The processes of reproduction, variation, inheri-
tance and interaction are sufficient to enable organisms to adapt to their environments
by means of natural selection. Yet, the development of a general and coherent math-
ematical theory of Darwinian evolution built from the underlying ecological processes

is far from complete.

Progress on these ecological aspects of evolution will critically depend on properly

addressing at least the following four requirements.

1 The evolutionary process needs to be considered in a coevolutionary context. This
_.':a.lmounts to ﬁﬂowing feedbacks to occur between the evolutionary dynamics of
.a species and the dynamics of jts environment (l,ewontin 1883). In particular,
the biotic environment of a species can be affected by adaptive change in other
::_species (Futuyma and Slatkin 1983). Evolution in constant or éxternally driven
environments thus are special cases within the broader coevolutionary perspective.
Maximization concepts, already debatable in the former context, are insufficient in
the context of coevolution (Emlen 1987; Lewontin 1979, 1987).
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2.

A proper mathematical theory of evolution should be dynamical. Although some
insights can be gained by identifying the evolutionarily stable states or strategies
(Maynard Smith 1982), there is an important distinction between non-invadability
and dynamical attainability of evolutionary states (Eshel and Motro 1981; Eshel
1983; Taylor 1989). It can be shown that in a coevolutionary community compris-
ing more than a single species even the evolutionary attractors generally cannot be
predicted without explicit knowledge of the dynamics (Marrow et al. 1994). Con-
sequently, if the mutation structure affects the evoluticnary dynamics, it must not
be ignored when investigating evolutionary cuicomes. Furthermore, 2 dynamical
perspective is required in order to deal with evolutionary {ransients and nonequi-
librium evolutionary attractors.

The coevolutionary dynamics ought to be underpinned by a microscopic theory.
Rather than postulating measures of “fitness” and assuming plausible adaptive dy-
namics, these should be rigorously derived. Only by accounting for the ecological
foundations of the evolutionary process in terms of the underlying population dy-
narnics, is it possible to incorporate properly both density and frequency dependent
selection inio the mathematical framework (Brown and Vincent 1987a; Abrams et
al. 1989, 1993; Saloniemi 1993). Yet, there remain further problems to overcome.
First, analyses of evolutionary change usually can not cope with nonequilibrium
population dynamics (but see Metz et al. 1992; Rand et al. 1993). Second, most
investigations are aimed at the level of population dynamics rather than at the level
of individuals within the populations at which natural selection takes place; in con-
sequence, the ecological details between the two levels are bypassed.

The evolutionary process has important stochastic elements. The process of muta-

tion, which infroduces new phenotypic trait values at random into the population,

acts as a firsi stochastic cause. Second, individuals are discrete entities and con-

'sequently mutants that arise initially as a single individual are liable to accidental

extinction (Fisher 1958). A third factor can be demographic stochasticity of resident

‘populations, this can only be ignored provided that population sizes are sufficiently

large (Wissel and Stocker 1989). The importance of these stochastic impacts on the

evolutionary process has been siressed by Kimura (1983) and Ebeling and Feistel

. (1982).
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In this thesis we establish a theory of evolutionary dynamics that accounts for the above
requirements. To our knowledge the mathematical framework advanced here is the first
to simultaneously combine these four key features of evolation. We present a hierarchy
of three dynamical models for the investigation of coevolutionary systems; each of these
models stands for a different balance between descriptive capacity and corresponding
analytic tractability. Deductions are given to clarify the interconnections between the
models; from the assumptions necessary for these derivations we infer their domains of
validity. Equations central to the fields of evolutionary game theory, replicator dynamics
and adaptive dynamics can be recovered as specialized cases from our mathematical
framework. In particular, the canonical equation of adaptive dynamics, which so far
has been used on the grounds of plausibility arguments, is underpinned by a formal

derivation.

The thesis is devided into three parts. In Parr A we outline definitions, empirical
evidence and mathematical descriptions of coevolutionary dynamics. In the main Part
B the hierarchy of our three models of coevolutionary dynamics is established and
analyzed. In Part C we give an application of the derived framework to a specific type

of coevolutionary community.

After a brief introduction to the biological background of evolutionary and coevolution-
ary processes in Chapter 1, Chapter 2 sketches the models that have been employed
in the mathematical literature to describe such processes. In Chapter 3 we summa-
rize some limitations of these approaches and conclude a profile of desiderata that has

served to shape the present work.

Based on the minimal conditions for the incidence of evolution by means of natural
selection, Chapter 4 presenis a general framework for describing the simultaneocus
evolution of an arbitrary number of species in terms of individual birth, death and
mutation processes. The resulting generalized replicator equation defines our first model
of coevolutionary dynamics, the polymorphic stochastic model. After intreducing the
monomorphic regime in Chapter 5 we employ the generalized replicator equation to
derive as a limiting case the reduced description of adaptive dynamics which we call
the monomorphic stochastic model. This second modei of coevolutionary dynamics still
retains the important stochastic features of the adaptive process and explicitly accounts
for random mutational steps and the risk of extinction of rare mutants. From this,

our third model of coevolutionary dynamics, the monomorphic deterministic model,

]




12 Introduction

is obtained as a deterministic approximation in Chapter 6. The canonical equation
of adaptive dynamics is recovered and we demonstrate its validity up to first order.
We refine this result by means of higher order correction terms allowing for increased
accuracy. Algorithms for implementing our three models of coevolution are provided
throughout Chapters 4 to 6 and the richness of resulting coevolutionary phenomena
is illustrated by means of examples. In Chapter 7 the two monomorphic models are
analyzed in more detail. Stability conditions for the adaptive dynamics are established,
and the higher orders of the monomorphic deterministic model are shown to give
rise to new, unexpecied evolutionary effects. Moreover, the complicated principie of
mutual exclusion is proved for a special case, and a method for constructing variable
adaptive landscapes for the dynamics of adaptation is presented. In Chapter 8 we further
extend our mathematical framework such as fo encompass more complex evoluticnary

scenarios.

Chapter 9 is concerned with predator-prey coevolution. We employ the hierarchy of
coevolutionary models derived so far to investigate a profotypic community of such

species. Possible evolutionary outcomes are classified and the conditions for their

and show that so called Red Queen dynamics are a likely outcome of coevolutionary

PTOCESSES.
Parts of the work described here have been reported in the following papers

1. Dieckmann, U., Law, R. The dynamical theory of coevolution: A derivation
from stochastic ecological processes. Accepted for publication by the Journal of
Mathematical Biology.

2.  Marrow, P., Dieckmann, U., Law, R.. Evolurionary dynamics of predator-prey
-systems: an ecological perspective. Accepted for publication by the Journal of
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3. Dieckmann, U., Marow, P., Law, R.: Evolutionary cycling in predator-prey inter-

actions. Submitted for publication.

and were presented in talks at the University of Warwick, the University of Utrecht,
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.’.Trait index.
- Number of species making up the ceevolutionary community.

‘Number of individuals in species ¢. n = (ni,...,ny).

'Number of adaptive traits in species . |
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Time and Timescales =

¢ Process time.
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p. When a dependence of the environment on external influences is -
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values s} in an environment determined by the phenotypic distributions
p=(n18s,... .05 8 + Mg 855, 0y - 8y ). Resident popula-
tions are assumed to be monomorphic and a single mutant population,
formally taking the index ¢ = 0, is considered in species 7. When a
dependence of the environment on external influences is considered,

this is indicated by an extra argument ¢.

Fi(shys) Time-averaged per capita growth rate of rare mutant individuals in
species ¢ with adaptive trait values s} in an environment determined
by the monomorphic resident populations with adaptive trait values s.
The time average is trivial for resident population dynamics attaining
equilibria but is essential for coevolution under nonequilibrium popu-
lation dynamics. When a dependence of the environment on external

influences is considered, this is indicated by an extra argument .

b;, bz-’ , b Per capita birth rates of individuals. Definitions are equivalent to those
of fi(si,p), (s}, s,n) and F;(sl,s) above.
d;, &:j , d; Per capita death rates of individuals. Definitions are equivalent to those -

of fi(si,p), ﬁj(sg,sm) and f;(s},s) above.
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Mutation Properiies
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L

w(p'|p) :

'wi(p;';P)

Mutation distribution in species : for mutations in individuals with
adaptive trait values s; giving rise fo others with adaptive trait values
st. When only homogeneous mutation distributions are considered, this

is indicated by dropping the then superfluous first argument s;.

jth mutation moment of the mutation distribution A/; at the adaptive
trait value s;. When only homogeneous mutation distributions are
considered, this is indicated by dropping the then superfluous argument
Si.

Variance of the mutation distribution A4; at the adaptive trait value s;.
When only homogeneous mutation distributions are considered, this is

indicated by dropping the then superfluous argument s;.

Mutation ratio in species ¢ at the adaptive trait value s;. When
only homogeneous mutation ratios are considered, this is indicated by

dropping the then superfluous argument s;.

Probability distribution in species ¢ of offspring adaptive trait values
st arising from adaptive frait values s;. When only homogeneous
mutation processes are considered, this is indicated by dropping the
then superfluous first argument s;. Bi(si, st — s;) = (1 — pilsi))
8(s; — s3) + pi(si) - Mi(siy st — si).
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‘Transition probability per unit time from the phenofypic distributions p

to p'. When a dependence of the environment on external influences is

considered, this is indicated by an exira argument £.

Transition probability per unit time for a change of the phenotypic
distribution in species i from p; to p, in an environment determined
by p. When a dependence of the environment on external influences is

considered, this is indicated by an extra argument £.
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w(s']s)

wi(s;,8)

Mi(siss)

Sg(s';;, s)

Transition probability per unit time for the removal of an individual
with adaptive trait value s from the phenotypic distribution in species
¢ in an environment determined by p. When a dependence of the
environment on external infiuences is considered, this is indicated by

an extra argument .

Transition probability per unit time for the insertion of an individual
with adaptive trait value s} into the phenotypic distribution in species
¢ in an environment determined by p. When a dependence of the
environment on external influences is considered, this is indicated by

an extra argument f.

Transition probability per unit time from the adaptive trait values s to
s'. When a dependence of the environment on external influences is

considered, this is indicated by an extra argument ¢.

Transition probability per unit time for a trait substitution in species
¢ from the adaptive trait value s; to s’z- in an environment determined
by the monomorphic resident populations with adaptive trait values
s. When a dependence of the environment on external influences is

considered, this is indicated by an exira argument ¢,

Probability density per unit time for a mutation within the popuia-
tion of species ¢ from s; to s; in an environment determined by the
monomorphic resident populations with adaptive trait values s. When
a dependence of the environment on external influences is considered,

this is indicated by an exira argument ¢.

Probability of a mutant s} within the population of species ¢ to success-

fully escape extinction in an environment determined by the monomor-

phic resident populations with adaptive trait values s. When a depen-
dence of the environment on external infiuences is considered, this is

indicated by an extra argument ¢,

AR




List of Symbols 17

Spaces and Subspaces

N'> :-a.> ‘“')

)

Ty
o

b

2

i,

RMappings

v

Polymeorphic trait space of species . P = xiNzlﬁg.
Population size space of species i. N = x¥ N;.
Monomorphic trait space of species :. 5= xfilﬁ-.

Region of coexisience. Subspace of 5 allowing for positive population

sizes in all NV species.

S.={seS|a(s)>0 forall i=1,..,N}.

Subspace of the monomorphic trait space 5; not excluded by constraints
o trait values or on combinations therof. Sy = xf-il Sie.

Subspace of the monomoiphic trait space 5 accessible to the adaptive
dynamics of the N-species cogvolutionary communmity. So = §c N :6'}.

Absolute value function. |z| = 4/3; 2.
Expectation value function. (f(z)) = [ f(z)- P(z) dz.
Product of Heaviside function and identical function. (z), = z - 6(z).

Abbreviations for derivatives. 8/f = 2 f and &f = 5= 1.
Convention: When evaluating a function which is obtained as a deriva-
tive and takes particular arguments, the derivation precedes the substi-

tuiion of the arguments.

Kronecker symbol. §; =1 fori = j, 6 = 0 for i # j.

_ Dirac’s §-function. [ f(z) - §(z) dz = f(0) and [ f(z) - §y(z) dz =

{ fz) - 8(z —y) dz = Fly).
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integration. Used only in combination with the functional A. [ F(f)-
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Invasion angle of §. o(8) = arctan (872 F;(54,8), 67 f4(3:,3)).

Range of adaptive trait values s} that have a positive per capita growth
rate when being rare in an environment determined by the monomorphic
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Environment of species ¢ at time ¢ given the phenotypic distributions p.

Jth jump moment of species ¢ for resident adaptive trait values s.
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Vector with components 1} = bij.

Evolutionary rate coefficient of species ¢ for resident adaptive trait
values s.
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- community (extented in &' and parameterized by s).

TR

SAETT

T




Part A
Background and Previous Work

The process of evolution by means of natural selection is fundamental to our understand-
ing of nature. It underpins many of the phenomena of self-organization encountered at

all sorts of levels in the comnplex hierarchy of being.

Evolution taking place in a constant environment is an abstraction. This simplified view
sometimes is justified to facilitate the analysis of single adaptive features observed in
the world of living organisms; yet, in its idealized form it is seldom met in reality.
The real world is coevolving: adaptive systems are situated in environments which in

turn are adaptable.

In this part we give a brief introduction to evolutionary and coevolutionary thought
and indicaic some of the major empirical evidence for coevolution in nature (Chapter
1). We then sketch the key concepts that have been advanced in the past to promote
mathematical analyses of coevolutionary dynamics (Chapter 2). From a discussion of
these ideas we conclude a profile for a dynamical theory of coevolution (Chapter 3)

contributions to which are presented in the next part.
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1.1 Origin of Coeveolutionary Thought

In the following we introduce definitions for evolutionary and coevolutionary processes

and outline the evidence for the cccurrence of the laiier.

Evolution

The theory of evolution by natural selection has been developed independently by
Darwin and Wallace (Figure 1.1). In constructing his theory, Darwin combined insight
gained both from observing the abundsnce of offspring in numerous species, which
he had noticed during his voyage on the H.M.S, “Beagle”, and frem studying Malthug’
work on a principle of competition in the “Essay on the Principle of Population” (1798).
Darwin’s seminal book “The Origin of Species by Means of Natural Selection, or The
Preservation of Favoured Races in the Struggle for Life” was published in 1859 and
advanced two major hypotheses: that all organisins have descended with mddiﬁcations
from comimon ancestoss, and that the chief agent of modification is the proccs_s -of
natural ‘selection acting on individual variation. " " :

It is generally agreed that there exist minifal conditions for a proc;ss of self-organization
in living organisms to be enacted by natural selection. A general and abstract charac-

terization -of such features is the replicatqr concept proposed by Dawkins (1976). -He

B | e
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22 Part A Background and Previous Work

a b

Figuve 1.1 Fathers of evolutionary thought. (a) Charles Robert Darwin (1809-1882), (b) Alfred Russel
Wallace (1823-1913). Their theory of evolution by means of natural selection was presented at the
Linnaean Society of London in 1858.

argues that units, called replicators, which are capable of (i) reproduction, (ii) inher-
itance of traits allowing for (iii) variability, and (iv) interaction causing reproduction
or survival of replicators to be trait-dependent, inevitably will undergo evolution by
natural selection. Similar conditions have been given by Eigen and Schuster (1979)
and by Ebeling and Feistel (1982) who emphasize in addition that evolutionary uniis
physically are realized as systems open to fluxes of energy and matter (Schrédinger
1944). In Chapter 4 we will translate Dawkins® replicator concept into mathematical

language by establishing what we call the generalized replicator equation.

We will use the term coevolution to indicate adaptation to an environment that in turn
is adaptive. In other words, the selective factor that stimulates adaptation in a species is
itself responsive to that adaptation. By adaptation we refer to the process of evolution

by nafural se_i_ection described above.

The idea of coevolution is already implicit in Darwin’s original work. When discussing

pollination of flowers by insects he remarks “Thus I can understand how a fiower and
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a bee might slowly become, either simultaneously or one after the other, modified
and adapted in the most perfect manner to cach other” (Darwin 1959). The explicit
notion of coevolution was introduced by Ehrlich and Raven (1964) when analyzing
mutual evolutionary influences of plants and herbivorous insects, Janzen (1980) defines
coevolution — more restrictively than we do — to mean that a trait in one species has
evolved in response to a frait in another species, which trait itself has evolved in
response to the trait in the first. Futuyma and Slatkin (1983) point out that this definition
requires not only reciprocal change (both traits must evolve) but also specificity (the
evolution in each trait is due to the evolution of the other). Like Janzen’s definition
suggesis, coevoluiionary phenomena are most easily conceived in terms of a single pair
of species. However, since most species interact with a variety of other species, we
do not restrict the meaning of coevolution to the adaptation of pairwise relations. The
reciprocal evolutionary change of interactions among classes of species is called diffuse

coevolution.

The concept of coevolution overcomes the conceptual limitations of traditional biologi-
cal fields like population genetics. Due to the formidable asperities inherit in a detailed
description of the genetic background of evolutionary change, here each species is con-
sidered in isolation, with the environment and associated species relegated to the back-
ground which is assumed to be unchanged (Futuyma and Slatkin 1983). Ceevolutionary

dynamics explicitly encompass the feedback loop between a species and its environ-

- ment (Lewontin 1983) when analyzing evolutionary phenomena. In consequence, the

study of coevelutionary processes also spawns a more elaborate view of the time course
of evolution. When considering only one species, this would be expected to evolve
by means of natural selection towards a state where it has met whatever challenges it
faced in terms of its environment. Such endpoints of evolution are clearly unrealistic
on a larger evoiutionary timescale. In contrast, if two or more species are adapting in

response to each other, continued evolutionary progress can take place.

Evidence for Coevolution

The existence of coevolutionarily evolved interactions between species is underpinned
by ‘observations from a variety of fields. From observation of genetic change, over
indications from the fossil record, the evidence ranges to taxonomic considerations and

fesults_ﬁ_‘_om morphology and ethology. Details are given in Futuyma and Slatkin (1983).
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The challenge in any potential instance of coevolution is, however, to show explicitly
that traits have evolved in response to particular interactions; the decision between such
a coevolutionary explanation and the assertion of the interaction being established only
after the fraits considered had evolved, is sometimes debatable. The examples given in

the next section illustrate these considerations.

1.2 Classical Examples of Cosvolutionary Dynamics

In this section we briefly review three classical cases giving empirical evidence for
coevolutionary dynamics. In passing, we introcduce ecological scenarios that have

fostered the incidence of coevoluiion.

ffimetic Cosvelution

The observation of mimicry is probably the earliest instance of adaptation suggesting
coevolutionary processes to have cccurred in nature. Fisher called mimicry theory “the

greatest post-Darwinian application of natural selection” (Gilbert 1983).

Mimicry, defined generally as “‘resemblance of birds, animals and insects {o their natural
surroundings, giving some protection from enemies” (Hornby 1977), in a cosvolutionary
context means the phenotypic convergence in the outer appearance of a model species
and a mimetic species owing to comimon selective pressure by the biotic environment.
Even more specific, Wickler (1968) defines mimicry as the sending of fake signals
by a mimetic species; the signals are fake or deceptive relative to those sent by a
model species to a third species such as a predator. From this it is clear that mimicry
is expected to evolve only on the basis of well-established communication systems.
In consequence the incidence of mimicry is more likely under circumstances of tight
ecological association between species and has therefore been suggested as a rough
index to the degree of specificity and long-term stability of behavioural interactions in

an ecosystem (Gilbert 1983).

There are two specific kinds of mimicry, Batesian and Miillerian. Bates (1862)
suggested edible species of butterflies to have acquired a resemblance to warningly
colored and noxious or distasteful 'species. With birds acting as sclective agents,
effective communication has evolved between the birds and the unpalatable butterfiies
(model épecies), protecting the latter from predation and the former from wasting time
and energy in pursuit of unsuitable prey. The edible butterflies (tnimetic species) take
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Figure 1.2 Coevolutionary outcomes in parailei races of two buiterfly species. Odd numbers refer io races
of Heliconius erato, the immediately following even numbers o the corresponding races of Heliconius
melpomene from the same geographical area. Each pair of corresponding races has developed a closely
resembling color pattern. (after Eliringham 1916)

advantage of this established signalling by imitating the model species’ color pattern
and in cbnsequence benefit from the same protection from predation. In contrast, Miiller
(.1 879) ex?lained phenotypic convergence of color patterns in two species of butterflies
that both are distasteful. Due to cooperative education 6f predators, two s?ecies in a
common area should benefit by employing the same signalling. Although in this case
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both species mutually act as model and mimic, the less abundant species will essentially
converge to the more frequent one. The Batesian-Miillerian distinction, however, is

often considered to characterize the limits of a continuum (Sbordoni et al. 1979).

Figure 1.2 shows one of fhe best-documented example of Miillerian convergence. The
two species of butterflies, Heliconius erato and Heliconius melpomene, have several
parallel races showing some strong phenotypic affinities despite the fact that the two
species represent distinctive radiations within the genus Heliconius. These parallel races
are correlated spatially but not genetically — as far as genes not involved in determining
color pattern are concerned (Turner .1971; Turner et al. 1979). It has been shown
explicitly that Heliconius melpomene has infiluenced the evolution of Heliconius erato

and vice versa (Gilbert 1583), thus this system is an example of mimetic coevolution.

Predator-Prey Ceosvoiution

As an effect of individual selection on the ecological interactions among predator and
prey species the latter should evolve protective characteristics against predation whereas
the former is expected to become more efficient in harvesting the prey.

Simple though this prediciion is, several complications can arise. First, the simultaneous
evolution in the prey and predator species can lead to an arms race in the traits affecting
their interactions (Pawkins and Krebs 1979). The resulting potential for so called Red
Queen evolution (Van Valen 1973) is discussed in more detail in Chapter 9. Furthermore,
predator-prey coevolution can be diffuse rather than tight. In this case coevolution is
likely to be slower and less refined as each species can be involved in a2 multiplicity
of predator-prey interactions, and the coevolutionary process of the entire predator-prey
community (then confaining numerous species) will often include the extinction of one

group. of species and its replacement by another (Futuyma 1986).

Figure 1.3 illustrates these aspects. Considered as phenotypic trait for prey and predator
is a morphological index that has been shown to be positively correlated with running
speed (Bakker 1983). The index measures the deptih of the asiragular groove relative o
the w1dth 6f_ the trochlea; it determines the degree to which the limb is constrained to
move in a single plarr_e, Low values of the index correspond to ankle joints that enable
rotétion, 2 feature that facilitates motions which are useful for climbing or moving over
uneven ground. High values indicate that flexibility has been sacrificed to minimize the

danger of disiocation in high-speed runs. From the fossil record the temporal evolution
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Figure 1.3 Coevolutionary dynamics in North American ungulates and several of their carnivory
predators. Plotied is the temporal evolution of a speed index over the past 60 million years. As spesd
index serves the ratio of astragular groove depth and trochlea width, two features of the ankle joint.
Dots connected by solid lines refer to the group of prey species {ungulates, i.c. hoofed mammals), letiers
to different groups of predator species (mesonychid, hyaenodontid, amphicyonid, borophagine, neofelid,
canine). Bach index value shown was computed by averaging within the particular group of species. The

temporal increase in prey speed index appears 1o be accompanied by a simulianecus increase in some -

of the predator speed indices. {(after Bakker 1983)

of this index is evaluated over the past 60 million years for a group of prey species
and several groups of predator species (see figure legend). The data provides evidence
for coevolution by an increase in the prey speed index accompanied by a simultanecus
increase in the speed index of some of the predators. Nevertheless, the adaptation in the
predator phenotypes is less pronounced than in the prey phenotypes; this can ecither be
interpreted as an effect of diffuse coevolution (Futuyma 1986), attributed to a smaller
diversity of predator species compared to prey species (Bakker 1983), or explained by

the fact that predator species typically have evolved additional morphological features

to increase running speed, like a fiexible backbone, that have not been considered in

the above analysis (Maynard Smith 1989).
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Parasite-Host Coevolution

Despite various similarities to predator-prey coevolution the evolutionary relationships

among parasites and their hosts have some singuiar features.

Though hosts will - like prey species — benefit from more effective defence mechanisms,
the exient to which a parasite weakens or kiils its host is — in contrast to the case of
predation — often correlated with the reproductive rate of the parasite (Futuyma 1986).
If this correlation is positive, the evolution in the parasites will tend to maximize their
virulence, If, however, the parasites are mainly exchanged between live hosts, the death
of the host will hinder the parasites from being transmitted. Conseguently, the virulence

of the parasite may evolve fowards intermediate values.

Notice that within one host strains of the virus possessing a large rate of reproduction and
thus a high virulence will be advantageous in terms of individual selection. Nevertheless,
between hosts those virus populations are favored that have a large effective transmission
rate. This is a seldom case of group selection counteracting individual selection; it is
based on the existence of temporarily isolated trait groups of parasites within hosts
(Wilson 1983).

An example of parasite-host coevolution with a negative correlation between virulence
and transmission is provided by the spread of the myxoma virus in the wild rabbit
population of Ausiralia after its release in 1950. The myxoma virus is the causative
agent of myxomatosis, a disease that is mild in South American rabbits, from which it
originated, but usually is fatal in European and Australian rabbits that have not yet been
in contact with the virus (Fenner and Ratcliffe 1965). While the disease successfully was
reducing the Australian rabbit population size, which had grown to become a serious
pest of sheep and cattle grazing land, both virus and host were undergoing evolutionary
changes. The coevolutionary dynamics of this case are summarized in Figure 1.4, The
vector (fransmitting species) of this epidemic is a mosquito that feeds on rabbits only
when they are alive; therefore the chance of transmission of the parasite from rabbits
that carty a high load of viruses is reduced as such rabbits are likely to be the first to
die. This explains the shift in the frequency distribution of the virus population towards
more benign strains (Figure 1.4a) and thus the decrease in the virulence of the parasite
(Figure 1.4b). Simultaneocusly, the rabbit population has built up an increased resistance

against the myxoma virus (Figure 1.4d) such that the symptomatology of the disease
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Figure 1.4 Coevolutionary dypamics in the Australian wild rabbit and the myzoma virus. One trait in
each species is considered: the virulence of the vires (measured as mortality probability of a standard
rabbit strain infected by the virus) and the resistance of the rabbit (measured as survival probability of the
rabbit infected by a standard virss strain). Plots (b) and (d) show the temporal evolution of these traits
after the introduction of the myxoma virus t0 Australia in 1950. In addition, plots () and (c) illustrate
the change in the frequency distributions of virus and rabbit populations; on the horizontal axes standard
classifications of virus virulezce and rabbit resistance have been used, Initially the myxoma virus has
been introduced as a higily virulent strain (belonging to class I) while the resistance of the rabbit was
very low (corresponding to severe symptomeatology of the infection). In the following decade virus and
rabbit populations have coevolved towards more benign virulence and increased resistance. (data from
Fenner and Ross 1994)

became more and more moderate (Figure 1.4¢). It is interesting to observe that during

the past decades the virulence of the myxoma strains has shown signs of slight increase
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(right part of Figure 1.4b); this might be interpreted as a counteraction to the acquired
resistanice of the rabbits.

Due to the relatively fast evolutionary changes and the detailed monitoring of the
populations, the Australian myxoma disease is one of the best-documented instances

of coevolutionary dynamics.

{1 13




The traditional fields for the mathematical investigation of evolutionary phenomena
are population genetics and quantitative genetics (Bulmer 1980; Falconer 1989). To
assess coevolutionary dynamics at the level of genes appears to be virtually impossible
(Levin 1983). Numerous simplifying assumptions have to be employed before feasible
equations are obtained (Lande 1979), for iwo recent approaches see e.g. Iwasa et
al. (1991) and Saloniemi (1993). We only briefly mention that in the resulting models the
evolutionary process is treated deterministically and that usually “fitness” functions are

employed whose relations to the interactions among individuals are not always obvious.

These circumstances have fostered the development of various simpler mathematical
models of coevolutionary dynamics. Below we sketch research from evolutionary gaime

theory as well as from the areas of replicator dynamics and adaptive dynamics. .

Central ides

Evolutionary game theory envisages individuals to adopt different strategies. With these
strategies, members of populations are pictured to play games against cach other. As a
result of such contests, individuals receive payoffs according to their success in these

games. A strategy can invade a population of other strategies if its payoff exceeds that
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of the other strategies. When a strategy is non-invadable by any other strategy it is

said to be evolutionarily stable.

Mathematical Deseription

The condition for an evolutionarily stable strategy (ESS) is given by (Maynard Smith
and Price 1973; Maynard Smith 1982; Parker and Maynard Smith 1990)

W33 > stg . Lo (2.1)

Here, Wy, denotes the payoff of strategy s received in a game againsi strategy s.
When inequality (2.1) holds for a population mainly of strategy s against all possible

sirategies &' then s is an evolutionarily stable strategy.

In contrast, if inequality (2.1} does not hold for a population mainly of strategy s and

a particular strategy s' then s is vulnerable to invasion by s

In the case Wy, = Wyrs inequality (2.1) has io be replaced by the condition Wse >
W gy Rand et al. (1993) show that this amounts to a second order condition which is

generally not needed when payoffs are nonlinear.

Traditionally, evolutionary game theory is concerned with the frequency of strategies,
not with their total density in the population. When dealing with games between species
this restriction needs to be overcome because, as Pimentel (1968) pointed out, the whole
game achieves more or less significance in the evolution of each species as the abundance
of the other species becomes respectively greater or lower. In evolutionary game theory

different species are only distinguished by the sets of strategies they can adopt.

In Section 5.3 we will recover the condition (2.1) for “evolutionary stability” from
the stochastic framework established in Part B for the description of coevolutionary

processes.

Conditions similar to inequality (2.1) can be derived when instead of payoffs population
dynamics are considered (Reed and Stenseth 1984; Metz et al. 1992; Rand et al. 1993)..

We will tackle these more sophisticated invasion criteria in Section 8.2.

et
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2.2 Replicator Dynamics

Central idea

The central assumption common to the various instances of replicator dynamics is that
the per capita growth rate of individuals is proportional to the difference between their

own “fitness” and the “average fitness” of the entire community.
g

Mathematical Description

When denoting the densities of different “species” by »; with ¢ = 1,..., N and their
“fitness” by Wi(x) the assumption above is equivaient to
’ [Wie) - - iW() ] 2.2)
—_— I = X - Ar) ——- Ap) . Ts .
at : c 4 ! 7
=1
with ¢ = Zf\_r__l ;.

In the replicator equation no distinction is made between populations of different species

and populations of the same species with gifferent trait values.

Mathematical structures analogous to equation (2.2) have been used in population
genetics (Fisher 1958), in the study of hypercycle dynamics (Eigen and Schuster 1579)
and in the extension of evolutionary game theory to a dynamical framework (Taylor
and Jonker 1978). The name replicator equation has been suggested by Schuster and
Sigmund (1983) in resemblance of Dawkins’ replicator concept (Dawkins 1976).

2.3 Adaptive Dynamics

Central idsea

The concept underlying the model of adaptive dynamics given below is that the different
species in a coevolutionary community change their adaptive trait values according to

a hill-climbing process on adaptive landscapes defined by “fitness” functions.

T
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Mathematical Deserintion

We summarize the results of numerous investigations of adaptive dynamics by means

of the following canonical equation

d i}
+5i = ki(s) - Eg—‘;;Wi(.s‘;,s) s (2.3)
Here, the s; with ¢ = 1,..., N denote adaptive traits in a community comprising N

species. The Wi(s}, s) are measures of “fitness” of individuals with trait value s} in the
environment determined by the resident trait values s, whereas the %;(s) are non-negative

coefficients, possibly distinct for each species, that scale the rate of evolutionary change.

Adaptive dynamics of the kind (2.3) have frequently been postulated, based either on
the notion of a hill-climbing process on an adaptive landscape or on some other sort of
plausibility argument (Brown and Vincent 1987a, 1987b, 1992; Rosenzweig et al. 1987;
Hofbauer and Sigmund 1988, 1990; Takada and Kigami 1991; Vincent 1991; Abrams
1992; Marrow and Cannings 1993; Abrams et al. 1993; Marrow et al, 1994). The notion
of the adaptive landscape or topography goes back to Wright (1931). A more restricted
version of equation (2.3), not yet allowing for intraspecific frequency dependence, has
been used by Roughgarden (1983). Ii has also been shown that one can obtain an
equation similar to the dynamics (2.3) as a limiting case of results from quantitative
genetics (Lande 1979; Iwasa et al. 1991; Taper and Case 1992; Vincent et al. 1993;
Abrams et al. 1993).

In Section 6.2 we will recover the canonical equation (2.3) of adaptive dynamics from
the stochastic framnework established in Part B for the description of coevolutionary
processes. The assumptions underlying this eguation thus will be revealed and the

functions &; and W; will be determined.
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Chapter 3
Resulting Desiderata

3.1 Discussion of Previcus Werk

Here we briefly review some restrictions of the established models of evolution. These
limitations will provide us with directions for devising a more general theory of

coevolutionary dynamics.

invasion Criteria

Investigating cosvolutionary processes by means of the invasion condition, inequality

(2.1), can be misleading for several reasons.

1. Recognition has grown that the question of “evolutionary stability” of strategies,

based on the notion of non-invadability, is independent of the attainability of these

_ strategies. Strategies that are characterized by continuous trait values and that

.-maximize individual payoff can be unstable in the sense.that evolution tends away
from these strategies (Eshel and Motro 1981).

2. When restricting attention to “evolutionarily stable strategies”, evolutionary tran-

sients and nonequilibrium evolutionary attractors are excluded from consideration.

3. In a coevolutionary context, the relative magnitude of evolutionary rates can be

- - essential for determining evolutionary outcomes, see Section 7.2. = As invasion

. criteria lack a notion of dynamics, in such cases even the prediction of evolutionary

endpoints is beyond their scope.
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Determining payoffs in evolutionary game theory is usually not underpinned by a
population dynamic (Maynard Smith 1982). We have noted in Section 2.1 attempts
to derive invasion criteria based on population dynamics (Reed and Stenseth 1984;

Metz et al. 1992; Rand et al. 1993); yet, the three limitations outlined above still apply.

Heplicator Dynamics

Replicator dynamics, see equation (2.2), have been shown to provide a common frame-
work for various evolufionary models (Schuster and Sigmund 1983). Consequently,

these models share a common set of drawbacks.

1. There is no mechanisim provided o generate variation in the considered community.
Only those species or trait values that are present initially undergo concurrent
population dynamics corresponding to a process of selection.

2. The population dynamics in the system are considered to be deterministic and
continuous, thus the replicators are not treated as individual entities. This requires
population sizes to be large.

3. The per capita growth rates in equation (2.2) are assumed to be of a special type,

L. f o _— PR . 1 e : <
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A stochastic replicator dynamic incorporating a mutation process has been suggested
by Ebeling and Feistel (1982); however, only a discrete set of species or trait values

is allowed here.

Adaptive Dynamics

The canonical equation (2.3) of adaptive dynamics might be unsatisfactory for the

following reasons.

1. The idea of modelling evolution as a hill-climbing process on an adaptive landscape
amounts to an ad-hoc approach. In the context of coevolution this type of dynamics
is not underpinned by a formal derivation. For this reason it is not clear how to

define the functions %; and W; in equation (2.3) independent of the dynamics (2.3)

itself.
B ' } S T wlaltrunorr Arrmprntan] austams anm e T gl Froes o
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~‘equation (2.3) when appropriate choices for k; and W; are made, see Section 7.5.
. 'The significance of equation (2.3) thus is debatable unless specific assignments are
made to the functions %&; and W,
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3. The canonical equation describes the adaptive process as a deterministic process.
The stochasticity arising from random mutations and from the impact of demo-

graphic stochasticity of small populations thus is ignored.

Hesume

‘We conclude that the reviewed approaches to evolutionary processes lack one or more
features which may be regarded as essential. We summarize these key features in the
next section, thus providing a basis for the construction of the extended perspective on

evolutionary processes offered in Part B.

3.2 Conclusions for Present Work

From the discussion in Sections 2.1, 2.2, 2.3 and 3.1 we extract the following four
desiderata for a mathematical theory of adaptive change. These requiremenis define a

profile serving to shape our approach to evolutionary processes in Part B.

Coevolution

The evolutionary process needs to be considered in a coevolutionary context.

Evolution taking place in a constant environment is an abstraction. It is necessary to
allow for feedbacks {o occur between the evolutionary dynamics of a species and the
dynamics of its environment (Lewontin 1983). We have seen in Chapter 1 that the
biotic environment of a species can be affected by adaptive change in other species
(Futuyma and Slatkin 1983). Evolution in constant or exiernally driven environments

are special cases within the broader coevolutionary perspective.

Dynamics

be dynamical.

Py P

A proper mathematical theory of evolution should
Due to the discrepancy between non-invadability and dynamical attainability (Eshel and
Motro 1981; Eshel 1983; Taylor 1989; Christiansen 1991; Takada and Kigami 1991)
invasion criteria are insufficient to determine evolutionary stability in a coevolutionary
context. A dynamical perspective is moreover required to account for evolutionary
transients, nonequilibrium evolutionary attractors, evolution under nonequilibrium pop-

ulation dynamics or in a varying environment,

R

g




38 Part A Background and Previous Work

individuals

The coevolutionary dynamics ought to be based at the level of individuals,

Rather than postulating measures of “fitness” and assuming plausible adaptive dynarmics,
these should be rigorously derived. For this purpose we need to consider the interac-
tion between individuals in the coevolutionary community. Only by accounting for the
population dynamics underlying the evolutionary process, is it possible to incorporate
properly both density and frequency dependent selection into the mathematical frame-
work. Yet, the process of natural selection takes place at the level of individuals. Hence
it is important not to resirict attention to the level of population dynamics, otherwise

the ecological details between these two levels are bypassed.

Stochasticlty

The evolutionary process has important stochastic elements.

The process of mutation, which introduces new phenotypic irait values at random into
the population, acts as a first stochastic cause. Second, individuals are discrete entities
and thus mutants arise initially as a single individual. In consequence they are liable
to accidental extinction (Fisher 1958). Alsc resident populations are subject io this
demographic stochasticity, although this third effect might be ignored provided that
population sizes are sufficiently large (Wissel and Stdcker 1989).

CIRTE




Part B
cal Theory of Coevolution

For a proper mathematical theory of evolutionary processes we suggest four criteria.
First, it should allow for coevolutionary interdependencies within the considered system.
Second, the theory needs io encompass the dynamics of evolution rather than predicting
only evolutionary outcomes. Third, it ought to be derived from those processes
underlying the adaptive change and should be based on interactions between individuals.
Fourth, the theory needs to be a stochastic one to account for the randomness of

mutations and the impact of demographic stochasticity.

Several areas of research have traditionally been concerned with the theoretical analysis
of evolutionary processes. As explained in the last section neither the fields of population
genetics and quantitative genetics nor those of evolutionary game theory, replicator
dynamics and adaptive dynamics can simuitaneously meet the criteria above. For this
reason we rely on the replicator concept, as incorporating the minimal conditions for
the incidence of evolution by means of natural selection, for building up a dynamical

theory of coevoelution.

In this part we present and analyze a hierarchy of three evolutionary models. We
begin by deriving the polymorphic siochastic model which is represented in form of
the generalized replicator equation and which serves as a fundamental description of
coevolutionary dynamics (Chapter 4). From this we deduce the monomorphic stochastic
model (Chapter 5) and the monomorphic deterministic model (Chapter 6) in order to

TIEET
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obtain reduced descriptions of the coevolutionary process while retaining its essentials.

Th

The latter models are investigated in deiail (Chapter 7) and extensions to all three

models are prnv%rh:ﬂ (Fhapfpr g
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To illustrate the theoretical considerations of this part we will cccasionally employ the
coevolutionary predator-prey community presented in the next part. A synopsis of all
assumptions needed for the deductions given is provided in Figure 1 of the Chapter

“Summary and Conclusions”.
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Chapter 4
¢ Stochastic Model

The Polymorph

In this chapier we present a fundamental representation of the coevolutionary processes
in ecological communities. We call the resulting mathematical description the gen-

ralized replicator equation. When excluding the effects of space, age structure and
genetics from consideration, this representation is as general as possible. It is from here
that the more reduced descripiions of coevolutionary dynamics are derived, which we

analyze in later chapters.

4.1 Characisrizalion of Cosvolutionary Communities

In this section notation and key concepts underlying our analysis of coevelutionary

dynamics are introduced.

Replicators

In Section 1.1 we already have mentioned the replicator concept, an attempt due to
Pawkins (1976) to capture the minimal conditions for evolution to cccur by natural
selection. In other words, replicators are the smallest umts capable of thls type of

self-orgamzatlon 'Ehey 'possess properties as below.

1. Reproduction. The replicator units can multiply by producing replicas.
2. Inheritance. The units have certain distinctive features that are basically inherited

in the process of replication.

B
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3. Variabiliry. There exists some variation in the features of replicas with respect to
the original unit, not all replicas are true.
4. Interaction. The replicators exhibit some kind of interaction causing a dependence

of their reproduction or survival on the inherited features.

The following mathematical description of individuals in a community closely matches
these characteristics of Dawkins’ replicators. To allow not only for evolutionary but
for coevolutionary dynamics we consider communities comprising several species of

replicators.

individuals, Populations and Speciss

The coevolutionary community under analysis is allowed to be made up of an arbitrary
number N of species, the species are characterized by an index ¢ = 1,...,/N. At time
t there are n; individuals in the population of species i. These individuals are identified

by anindex £ = 1,...,n;.

The individuals within each species can be distinct with respect to adaptive traits 3;,
taken from sets §, and being either continuous or discrete. For convenience we scale the
adaptive trait values such that S; C (0,1). The restriction to one trait per species will be
relaxed in Section 8.1, it only obtains until then to keep the derivation conceivable and
the notation reasonably simple. Individuals have adaptive trait values or phenotypes s;z

with £ = 1,...,n; such that the phenotypic distribution p;{s;) in species ¢ is given by

pi= ) by (4.1)

with 6y(z) = 8(z — y) where é denotes Dirac’s é-function which in turn is defined by
[ f(z) - 8(z — y) dz = f(y) for an arbitrary test-function f. A population made up of
individuals with many different adaptive trait values is called polymoiphic.

The development of the coevolutionary community is caused by the process of mutation,
introducing new mutants, and the process of selection, determining survival or extinction
of these mutants. The change of the population sizes n; constitutes the population
dynamics, that of the adapiive trait values s; is called adaptive dynamics. Together

these make up the coevolutionary dyramics of the community.
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Selection

We first consider the process of selection. In an ecological community the environment
e; of an individual % in species ¢ is affected by influences that can be either internal
or external with respect to the considered community. The former effecis are functions
of the phenotypic distributions p = (p;,...,py) in the community, the latter may
moreover be subject to external effects like seasonal forcing which render the system

non-autonomous. We thus write
eir = ex(p,1). (4.2)

The quantities by and d;; are intreduced to denote the per capita birth and death rates
of an individual k in species ¢. These rates are interpreted stochastically as probabilities

per unit fime and can be combined to yield the per capita growth rate
fir = bip — dig (4.3)

of the individual. They are affected by the trait value s;; of the individual as well as

by its environment e, thus with equation (4.2) we have
bir. = bi(siz,p,t) and dip = di(six, py1) - (4.4)

Notice that the functions b; and d; are in fact functionals as they take the vector of
phenotypic distributions p as an argument. By assuming in equation (4.4) these functions
not to depend on the particular individual & of species ¢ we tzke the environment
to be spatially homogeneous. Since we are mainly inferested in the phenomenon of
coevolution — an effect internal to the community — we will not always consider the
extra time-dependence in equations (4.4) which may be induced by external effects on

the enviromment,

Mutation
We now consider the process of mutation. In order to describe its properties we introduce
the quantities s and M.

The former denote the fraction of births that give rise fo a mutation in the trait value s;.

Again, these fractions are interpreted stochastically as probabilities for a birth event to
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produce an offspring with an altered adaptive trait value. These quantities may depend

on the phenotype of the considered individual itself,

v = pi(Six) (4.5)
although this complication is not frequently considered.
The quantities

Mip = Mi(siz, sip ~ siz) (4.6)

determine the probability distribution of mutant trait values s}, around the original trait
value s;z. The functions M; are not dependent on the index % of an individual other
than via its adaptive trait value s;;. If the functions A4; and g; are independent of their
first argument, the mutation process is called homogeneous; if M; is invariant under a

sign change of its second argument, the mutation process is called symimetric.

In the next two sections we show that the above functions b;, d;, p; and M; suffice to

construct a formal representation of the coevolutionary dynamics.

ﬁ " Emﬁmﬁ@w!ﬁ ﬁﬂgﬂa’;%%;ﬂm
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of Coevolutionary Community Dynamies

In this section the fundamental equation describing the polymorphic stochastic dynamics
of coevolutionary communities is introduced. When combined with the transition
probabilities per unit time derived in the next section we call the resulting representation

the generalized replicator equation.

tiarkev Prope:
The dynamics of the coevolutionary community are taking place in the polymorphic
trait space P of phenotypic distributions p. The events of birth, death and mutation of

individuals constitnte a stochastic process on P.

The coevolutionary dynamics possess no memory, for mutation and selection depend
only on the present state of the community. The corresponding stochastic process in

Lrnnurladeas Af m tn Aa
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potential for coevolutionary change in the immediate future. To meet this requirement
for real biological systems, a sufficient number of adaptive traits may need to be

- considered, see Section 8.1.

g




Chapter 4 The Polymorphic Stochastic Model 45

WMaster Eguation

The coevolutionary dynamics of the community thus is described by a functional master

equation
d

=P t) = f [ w(plp',t) - P(#,t) —w(p|p,t) - P(p,1) ] Dy @7

for P(p,t), the probability density in P of phenotypic distributions p = (p1,...,px)

to be realized at time £. The probabilities per unit time for the transition p — p' at

time ¢ are denoted by w(p'ip,t). The functional integration over P is indicated by the

symbol D.

The equation (4.7) for the stochastic dynamics in p is an instance of a master equation
(see e.g. van Kampen 1981) and simply reflects the fact that the probability P(p,f) is

increased by all transitions to p (first term) and decreased by all those from p (second

term).

4.3 Transition Probabilities par Unit Time

The probabilities per unit time w(p'|p,t) for the transition p — p at ime ¢ can be

constiucted as below.

Preliminary Considerations
We start be introducing three helpful constructs.

1. The aumber of individuals with adaptive irait value s; in the population of species
¢ is obtained by
rs"-.Ls
mi(sipi)= [ pi(si) ds; (4.8)
for an arbitrarily small ¢ > 0.
2. The probability disfﬁ'butions of affspring adaptive trait values s arising from a birth

event in an individual with trait s; is given by
Bg(s,;, 8;- - S.i) = (1 — M(Si)) . 5(3; — 8,')-{-

4.5
pilsi) - Mi(si, st — si)

- where the first term on the right hand side corresponds to birth events without -

mutation and the second to those events with muiation.

e
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3. We define a funcrional A in the spaces ﬁz by means of the identity
f F(p) - A(ps — pi) Dp; = F(p:) 4.10)
holding for an arbitrary test functional F.

From General Events to Events in a Single Species

Due to the pature of the master equation (4.7) it is only necessary to consider a single
stochastic event to cause a change dP of the probability distribution P(p,t) during the
infinitesimal time interval dt (van Kampen 1981). Therefore the probabilities per unit

time w(p'|p,t) for the fransition p — p’ at time ¢ can be decomposed according to

N N

w(glp,?) = > wi(php,t) - 1T A —pj) - (4.11)
i=1 j=1
J#

Equation (4.11) can be read as guaranteeing that w(p'|p, t) does not contribute to the right
hand side of equation (4.7) if p  p; happens to hold for more than one i = 1,...,N.

Let the considered stochastic event happen in species ¢. This event can remove or insert
a single individual to the population of species :. When we denote this individual’s trait
value by s}, the stochastic event is described by either p} = p; — bs: or ph=pi+ b5 -

Since the stochastic event in species ¢ can occur at any adaptive trait value s} we have

wz‘(P;',P,i) = /[w;(s;-,p,t) -A(p{g“ (Pi - 53{,))'%'

4.12)
wi (85, p,t) 'fﬁ(P:‘ - (p*’ + 635)) } ds;-

Single Birth or Death Evenis

The removal of an individual can only be due to a death event, thus w (s, p,t) is

given by
wi (sip:t) = di(si, p,t) - milsh i) 4.13)

as multiplying the per capita death probability per unit time d;(s}, p, ¢} of an individual
with trait s; by the number n;(s},p;) of individuals with that trait value yields the
transition probability per unit time for a death event at that particular trait value.

[ -1
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The insertion of an individual is due to a birth event either without a mutation or

accompanied by a mutation, By the same argument as above we obtain for w} (s}, p, 1)

w‘? (S:-,p,t) = b'(Si,p,t) n( ’z:pi)+
fb szapa . Supz) - M; (Si,SE - Si) ds; (4.14)

= fbi(Si,P,f) +ni(si, pi) - Bisi, sf — i) ds; .

The term in the first line corresponds to a birth event without mutation, that in the
second line to a birth event giving rise to a mutation from s; to sj. In the third line the

construct B; has been used 1o condense the result.

Conciusion

By collecting the results above we arrive at

plp: Z[ dﬂ zap:t) ni(szapz)

t'-l
N

A{pz pi + & ) ;Lg Alp; ~pi)+

#

fbg(.si,p,t) -ni(8i,pi) - Bg(si, sk - Sg) ds;-
N

A(pi- - pi— 634) 120 —pi) ] ds;

i=1
JF

=

(4.15)

L

Notice that after introducing the transition probabilities per unit time (4.15) into the
master equation (4.7) each functional A(... p} ...) defined in the function spaces B
can be collapsed by a functional integration [ ... Dp} over P,. This demonstrates
that neither the functional integration in equation (4.7) nor the occurrence of the A-
functionals in eguation (4.15) causes problems in delineating the dynamics in terms
of the master equation; evaluated according to equation (4.10) they guarantee a well-
defined description of the function-valued stochastic process. In consequence, problems
of the sort having urged van Kampen to develop his method of compounding moments

(vqn_Kampe_n 1981) do not arise in our mathematical framework.

AT
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The above equation completes the specification of the coevolutionary process of the
community. By combining equations (4.7) and (4.15) we obtain our first and funda-
mental model of coevolutionary dynamics, the polymorphic stochastic model. We refer

FEILTRIRIS J Lyl

to the resulting formula as the generalized replicator equation.

4.4 An Algorithm for the Pelymorphic Stochastic Model

An algorithm for the polymorphic stochastic model derived from equations (4.7,15)
is presented in Figure 4.1. In formulating the algorithm we choose first to restrict
attention to autonomous coevolutionary communities, i.e. systems without an exfra
time dependence due to external effects on the environment. In this case the protocol
can utilize the minimal process method (Gillespie 1976; Feistel 1977) to simulate the
functional master equation. As to the validity of the presented algorithm for non-

autonomous coevolutionary communities, notice the remark at the end of this section.

Distribution of Walting Times

According to Step D in Figure 4.1 the waiting times between two events of a sto-

1 ot x it ~o1T . ) ] P b ] 3.
chastic realization foliow an exponem‘za' listribution — the standard resuii for Processes

described by master equations that are homogeneous in time.

This inference can easily be apprehended as below. Suppose that the stochastic process
at time ¢ is in state p with certainty. Until the next event p — p' occurs at time ¢ + At
we thus have P(p',t) = ]:[f__l A(p, — p;). In the time interval (£, + At) the master
equation (4.7) then reduces o

d

1) = w(plp,t)- P(p,1) jfw(p p,?) DF - P(p,1). (4.16)

With w(p|p,t) = 0, the abbreviation 77 *(p,t) = [w(p'|p,t) Dp’ and equation (4.15)
we thus obtain for the decay in the probability density P(p,t) of the state p during the

considered time interval
. 1AL
P(p,t+At) =exp — f T p,¥)dt' ;. 4.17
_ M s

Since a decrease in the probability density P(p,¢ + At) can only be due to an event
p — p at time ¢ + At, the right hand side of eqguation (4.17) describes (after
normalization) the probability distribution of the waiting time A? until the next event

ey g
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An Algorithm for the
Pelvmorphic Stochastic Medel

A. Initialize the phenotypic distributions p; with: = 1,..., NV at time £ = 0
and specify the time f.,4 when to stop the dynamics.

B. Calculate the birth and death probabilities b;(s;z,p) and d;{ss,p) for
each individual ¢ = 1,...,N, & = 1,...,n; with phenotype s;; in the
environment given by p.

C. Construct the sums wy = bi(s;z,p) + di(sa,p), wi = 3 7oy Wix and
w = Zfilwi withi=1,...,.Nand k =1,...,n;.

D. Choose the waiting time At for the next event to occur according to
At = —1 .Inr where 0 < r < 1 is a uniformly distributed random
number.

E. Choose species ¢ with probability % ;. Choose individual k in species
t with probability wi' - w;e. Choose then a birth or death event with
probability w—f; - b4, p) and JT - di( 34, p), Tespectively.

F. If in Step E a birth event occurs for an individual with phenotype s;x,
choose a new phenotype s}, with probability density B;(s:, Sp — Sik)-

G. Update time and phenotypic distributions according to ¢ — ¢ -+ At and
pi — pi + 85 or pi — pi — by, for a birth or death event in species ¢
respectively.

H. Continue from Step B until £ > fep4.

Figure 4.1 An algorithm for the polymorphic stochastic model. The protocol employs the minimal
process method: described in the text. ;

happens, given that an event just has occurred at tirne 7. For homogeneous inaster

equations 7! is independent of ¢ and equation (4.17) reduces to

rn)
B
fmrh
o0
e

P(p,t+ AOt) = exp {—At/T(p)} .

In this case waiting times simply are distributed exponentially with mean T'(p).
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The Minimal Process Method

The distribution of waiting times, calculated above, is the backbone of the minimal
process method (Gillespie 1976; Feistel 1977; see also Fricke and Schnakenberg 1991).
'The general algorithm can be decomposed into the repetition of four simple steps which

are outlined below.

1. Initialization of time and state.
(— Step A in Figure 4.1)
2. Calculation of 2ll relevant transition probabilities per unit time.
(— Steps B and C in Figure 4.1)
3. Choice of a waiting time according fo an exponential distribution.
(— Step D in Figure 4.1)
4. Choice of a particular event according to ifs relative transition probability.
(— Steps E and F in Figure 4.1)
5. Update of time and state; unless simulation completed, continnation from Step 2.
(— Steps G and H in Figure 4.1)

A set of random numbers 7., exponentially distributed according to Feg{res) =
exp {~Tez/{Tex)}/{Tez} TOr Tex = 0 and Pez(rez) = O elsewhere, can be obtained
from another set of random numbers rey, equally distributed according to Peg(req) = 1
for 0 < rey <1 and Pey(req) = 0 elsewhere, by means of the following transforination

(see e.g. Schnakenberg 1991)

Tex = ~—{Tez) "IN Teq . (4.19)
This relation can be used to implement Step 3 above.
stochastic process employing 1stant time step not only becau fficienicy but al
because of precision. The latfer method has to simulate numerous time steps without

an event occurring and it can produce arbitrarily large deviations from the exact result

for large simulation times (Feistel 1977).
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Auionomous and Non-Autonomous Sysiems

Waiting times of homogeneous master eguations (corresponding to autonomous systerns)

have been shown above to be distributed exponentially.

Since the difference between equations (4.17) and (4.18) becomes negligible for time
steps At being small compared to the time scale on which 7~1(p, t} changes, exponen-
tially distributed waiting times and thus the minimal process method may be applied
approximately even to non-homogeneous master equations (corresponding to systems
with an external time dependence), provided only that the typical number of events on
the timescale of the external perturbations is large. For reasonably large population sizes
within the non-autonomous coevolutionary community this simplification will usually

hold in good approximation; for more details see Section 8.2.

4.5 Sample Simulations and Further Inguiry

To illustrate the descriptive capacity of the polymorphic stochastic model, we present
some stochastic realizations of the generalized replicator equation. Examples are based

on the cosvolutionary predator-prey community that is described in detail in Chapter 5.

Mutation Catastrophe - S

A high mutation ratio y; for a species ¢ amounts to replicas seldom being true in this
population of replicators. Under these circumstances the broadening effect of mutation
on the phenotypic distribution p; is hardly counteracted by the narrowing impact of
selection. The variance of the distribution p; will continnally grow, and consequently
the information comprised in p;, when initially narrow, gradually is lost. In resemblance
of the error catastrophe iniroduced by Eigen and Schuster (1979) we call this process

mutation catastrophe.

An example of such an almost unbiased broadening of & phenotypic distribution caused

by. to0 -l_arge_a mutation ratio is shown in Figure 4.2,

A
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pi(s1)
0.475
0.425
g 3
2
i £/10
pa(s2)
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0.675
1] 3
t/10%
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Figure 4.2 Realizations of the polymorphic stochastic model. The phenotypic distributions (&) p1(s1)
and (b} pz2(s2) at each point in time are depicted by grayscales (black corresponds to the population
number of the prevaient adaptive trait value and white to absent adaptive trait values). The figures show
evolutionary dynamics characteristic for high mutation ratios: the broadening effect of mutation on the
phenotypic distributions is hardly counteracted by the narrowing impact of selection. The realizations
given are made up of roughly 100 000 single birth and death events in each species. Parameters of the
coevolutionary predator-prey community are as given in Figure 4.4 except g1 = 5- 1072, pp = 5-107*
and oy = o = 21073,
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Figure 4.3 Realizations of the polymorphic stochastic model. The phenotypic distributions (2) pi(s1)
and (b) pa(s2) at each point in time are depicted by grayscales (black corresponds to the population
number of the prevalent adaptive trait value and white to absent adapiive trait values). The figures show
evolutionary dynamics characteristic of the monomorphic regime: evolution occurs via sequences of trait
substitutions. The ftrait substitution sequences given are made up of roughly 10 000 000 single birth
and death evenis in each species. The inset in (b) depicts a single trait substitution, the population of
the resident adaptive trait value is decreasing in size while that of the mutant trait value increases until
it has completely replaced the former resident. The dynamics displayed in this figure are a subset of
that presented in Figure 4.4, for comparison see the dotted box there. Parameters of the coevolutionary
predator-prey community are the same as in Figure 4.4.
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Evolutionary Branching

The phenomenon of phenotypic distributions that were unimodal initially to gradually
become bimodal In the course of an adaptation process is called disrupiive selection.
Evolutionary processes of this kind are important to notice as after the occurrence
of disruptive selection has caused the phenotypic distribution in a species to become
bimodal, describing the dynamics of this distribution in terms of its average adaptive

trait value obviously is misleading.

When phenotypic or mutation variances are large and moreover the environment, in
which a particular phenotypic distribution has evolved towards a unimodal shape, is
abruptly changed such as to make selection disruptive, bimodality is the expected
outcome. On the other hand, if phenotypic and mutation variances are small, disruptive
selection is more difficult to generate by external manipulations of the environment. For
this reason if is interesting to ask whether the evolutionary or coevolutionary process
itself could generate an environment that gives rise to disruptive selection. Such an
event has been called evolutionary branching by Metz et al. (1994) and has been shown
to be feasible when (i) considering only a single species’ adaptation io its constant

environment or (ii) assuming deterministic population dynamics.

The relevance of evolutionary branching for the present work stems from the fact that
its incidence would violate the principle of mutual exclusion introduced in Section 5.1.
The mathematical system for the description of coevolutionary dynamics as presented
in Chapters 5 and 6, resting on this principle, then ought to be extended. Fortunately,
the analytic framework developed up to Chapter 7 allows to narrow down substantially
the circumstances under which evolutionary branching can occur, see Section 7.3. Even
in the remaining cases the potential for evolutionary branching is moot: when allowing
both for coevolution and for stochasticity in the species’ population dynamics — two
requirements met by the generalized replicator equation established above — no instance

of evolutionary branching has been observed by the author.

Trait Subsiltution Sequences .
When mutation ratios g; are low, gy < 1, the change of the phenotypic distributions
pi over time takes an altogether different shape compared to the case of the mutation

catastrophe. -

11
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82

08 p

04

02 p
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Figure 4.4 Realizations of the polymorphic stochastic model. Trait substitution sequences starting at the
five initial conditions (indicated by asterisks) are depicted by continuous lines. Each of these five trait
substitution sequences is made up of roughly 500 0600 000 single birth and death events. The dotied box
indicates the region corresponding to the trait substitution sequences shown in detail in Figure 4.3. The
discontinuous oval line is the boundary of the region of coexistence, see Section 5.1, The coevolution
of both species drives their adaptive trait values fowards a common equilibrivm §. Parameters of the
coevolutionary predator-prey community are: h = 0.2, ¢ = 2.0, ¢; = 8.0, 0y = 63 = 5- 1072 and
1 = 107%; the remaining parameters are as given in Figure 9.3.

Now the process of selection is not dominated by that of mutation and consequently
the distributions of adaptive trait values remain narrow. In fact, the temporal change
of these distributions can accurately be described by a single adaptive tfrait value in
each species being replaced from time 1o time by another one. This is the characteristic
feature of what we designate the monomorphic regime. We call the adaptive trait value
that is prevalent at a point in time the resident adaptive trait value and the event of
its replacement by a mutant adaptive trait value a frait substitusion. The process of
evolution in each species consequently is described in termns of a frair substitution

sequence. The population processes underlying a single trait substitution are analyzed

e
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in Section 5.1. The results obtained there underpin the derivation of the stochastic

dynamics for trait substitution sequernces in Section 5.2 and 5.3.

Instances of such trait substitution sequences, as described by the generalized replicator
equation, are presented in Figure 4.3. The inset shows a single trait substitution: after
a mutant irait value has entered the population, it gradually increases in number such
that resident and mutant trait values coexist until the mutant one has gone to fixation
by replacing the former resident one. In Figure 4.4 we have used the polymorphic
stochastic model to picture the combined dynamics of trait substitution sequences in
two coevolving species originating from different initial conditions. We will use these
five particular coevolutionary processes as running examples to illusirate the parallel
predictions made by our three dynamical models of coevolution (Figure 4.4, Figure 5.3,
Figure 5.4 and Figure 6.2).

e




Chapter 5
The Monomorphic Stochastic Model

In this chapter we establish a stochastic description of the monomorphic cesvolutionary
dynamics. Under certain conditions it is possible to deduce from the generalized replica-
tor equation, which defines the polymorphic stochastic model, a reduced representation
of the coevolutionary process; this reduction leads us to the monomorphic stochastic
model. The central idea here is to envisage a sequence of trait substitutions as a directed

random walk in trait space determined by the processes of mutation and selection,

8.1 The Monomorphic Regime and Trait Substitulions

In this section we take the first steps to deduce from the generalized replicator equation
the monomorphic stochastic.model. In particular we stress the a_s_s;;mp_ti_ons on which

the latter is based.

Conditions for Monomorphism

In Section 4.5 we have seen that the complexity inherent in the polymorphic stochastic
model can be substantially alleviated if only two requirements are met. First, when no
cvolutionary branching occurs in the species i = 1,..., IV, the phenotypic distributions
p; stay unimodal in the course of the coevolutionary j)rocess. There is no disruptive
selection acting on the distributions which might turn them bimodal. Second, if p; is
sufficiently small for all : = 1,..., N, the phenotypic distributions p; in each species

T

ST

i




58 Part B The Dynamical Theory of Coevolution

will be sharply concentrated on a single phenotype, the resident phenotype. In this

case selection is strong enough to counteract the impact of mutation io broaden the

To proceed with the analysis of coevolutionary dynamics we now raise these observa-

tions to acquire the status of assumptions.

Al. The mutation ratios y; are sufficiently small for aliz = 1,..., V.
A2.. No two adaptive trait values s; and s} can coexist in the populations of species

¢ =1,...,N for { - co when not renewed by mutations.

These two condition specify what we call the monomorphic regime. The second
condition is sometimes referred to as the principle of mutual exclusion. Prerequisites

for this principle are investigated in Section 7.3.

Structure of Trait Substitutions

With these two provisions, we can take the phenotypic distributions as being given by
p; = n; - b5, at almost any point in time, where n; is the population size of species
¢ = 1,...,N and 3; its resident phenotype. We call such a distribution of resident
phenotypes monomorphic.

The simulations presented in Section 4.5 have shown that in this monomorphic regime
adaptive change occurs via a sequence of frait substitutions, where a resident phenotype
s; with j € 1,...,V is replaced by a mutant phenotype s;-. The time period
corresponding to a single such trait substitution s; — s; can be partitioned into four

phases.

1. Stasis. Throughout a time interval 7, the phenotypic distribution p; in species j is
given by p;j = n;j - é;;. Mutaiions occurring during this phase are not successful in
invading the resident populations.

2. Mutarion. At the end of that time interval a mutation occurs introducing a mutant
:phfcnotype .s; into the population of species j such that p; = n; - 65, + 633. This
mutant is going to be successful. "

3. "'I}wdsian. The mutani grows in population size to exceed the critical threshold for

“accidental extinetion (Wissel and Stécker 1991). We then have p; = n; +bs; -i—n}-&sg_.

g e o
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4. Fixation. The principle of mutmal exclusion requires that after invasion the mutant
phenotype will replace the once resident phenotype such that p; = n;- . 653_, this

happens some time 7y after the mutation had occurred.

Note that in the above equations for p; the quantities n; and n} denote the population
sizes of resident and mutant phenotype at the end of the particular phase considered

rather than the same fixed numbers throughout.

The four steps outlined above can be repeated many times. The resulting process is
a trait substitution sequence. According to condition Al above we have 75 < 7, and

hence the phases 2, 3 and 4 take place on a timescale much shorter than that of phase 1.

Reduction of the Generalized Replicator Equation

We now utilize the generalized replicator equation (4.7,15) to analyze in detail the

successive steps of the trait substitution process.

Let us consider a trait substitution in species j. We formally assign the population of

the mutant adaptive trait value the index i = 0: so = s}, ng = ny, by = by and dp = d;.
In the course of this trait substitution the phenotypic distributions in the coevolutionary

F=(n10sy..0,mj-bg; 10 8spy iy Goy) (5.1
To simplify notation we write P(n,t) = P(p,t), Ej(s,-,s,n,t) = bi(s;,p,t) and
d (si,8,m,%) = di(s5,5,8) for i = 0,...,N.
When introducing p = p into equations (4.7) and (4.15) and accounting for the fact
that effectively only one mutation ought to be considered during a ftrait substitution

we arrive at
/ w(p'|B,t) - P(p,t) Dy’

' N . (5.2

= Z [di’(s-&:,s,n,t) -ni + b (s1,8,n,1) - ni} - P(n,t)

=0
and

wa(ﬁip’,t) - P(¢,t) Dy
N o~ - -

=3[ (sirsm+158) - (mi+1) - Pln+1,0)+ (5.3)
t=0

—~

bz-j(si,s,n ~ 1i,t) (n; —1)- P(n—— 1i,t)] .

R | 1
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The 1° are vectors with components 1§- = 6;; where &;; denotes the Kronecker symbol.

2

Note that b/ (s;,s,n — 1%,t) = 0 for n; = 0. Combining these two results according

N

d ~ : _
&-gP(n,t) = Z[dﬁ(shs,n + 1) - (ni+1)- Pn+ 1%, )+
=0
'5;’ (.si,.s,n - li,t) (- 1) P(n - 1i,t)- (5.9
{zj(sia 5, n:t) *Tg P(na t)_
gg(si,s,n,t) ‘n; - P(n,t) ] .
To account for the single successful mutation in phase 2 traif substitution,

of s
see above, we use in equation (5.4) initial conditions P(n, ) 60,n, for phase 1 and

P(n,t) « 6y p, for phase 3.

Hesident Popuiation Dynamics

To further simplify this stochastic description of the population dynamics during a trait
substitution we introduce additional assumptions.

A3. The populations of the resident adaptive trait values are sufficiently large during

the stasis phase of a trait substitution in order not to be subject to accidental
extinction.

Ad. The population dynamics of the resident adaptive trait values settle (apart from
fluctmations) towards an equilibrium point.

AS. There is no exiernal impact on the environment of the cosvolutionary community

that renders the system non-autocnomous.
Relaxations of conditions A4 and A5 are provided in Section 8.2.

Owing to condition A3 we may safely describe the population dynamics of the resident

adaptive trait values during phase 1 of the trait substitution by means of a deterministic

approximation
= 7 (si,8,m) (5.5)
following from equation (5.4) for resident population sizes n = (0,n1,...,ny) treated

as continuous variables and with

Fi(siy8,m) = B (sirs,m) — & (si,5,m) (56)
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We then exploit condition A4 in combination with equations (5.5) to define the equi-
librivm population sizes fv = (0,f1,...,fy) of the resident adaptive trait values s by

T (siys,2(s)) =0 G.7)

for all ¢ = 1,...,N. According to condition A3 these population sizes are also
approximately valid in the course of phases 2 and 3 of the trait substitution during

which the mutant is rare.

For a given set s of resident adaptive trait values, equations (5.7) determine whether
these trait values can coexist. As we are interested in the coevelutionary dynamics of
the N-species community, we need to consider the subspace of the monomorphic trait

space § in which the resident populations of all species have positive population sizes,
§c={36§|ﬁg—(s)>0 forall i=1,...,N}. (5.8)

We call this subspace of S the region of coexistence. Since equations (5.5) are only
valid for large resident population sizes n;, extinction of a resident population is not
only cerfain for resident adaptive trait values s outside the region S but is also probable

for those close to the boundary @§c of §C

Mutant Population Dynamics

By virtue of conditions A3 to AS together with equation (5.4) we can finally approximate
the stochastic population dynamics of the mutant adaptive trait value during phase 3 of
the trait substitution by means of the following equation
d -
LP(nt) =Li(ss) - (W +1) (41O
bi(sjys) - (nf— 1) - P(nj — 1,1)— ) (59
3 !
d;(sj>8) - vy~ P(nst) -
EJ (S}, S) ‘1
Here we have iniroduced the abbreviations
'_53-(3},3) =37 {sh,8,2(s)) - (5.10)
and . -

' 'Ej(s},s). = Ejj(sg-,s,ﬁ(s)) (5.11)

L




62 Part B The Dynamical Theory of Coevolution

for the per capita birth and death rates of a mutant adaptive trait value s} in an
environment determined by the monomorphic resident populations with adaptive trait

values s.
Note that althcugh these probabilities per unit time can formally be combined to yield

Ti(sjss) = 85(s5,8) = di (s} 8) (5.12)
I

i
determined by the monomorphic resident populations with adaptive trait values s, it is

the per capita growth rate of a mutant adaptive trait value s in an environment
essential {0 recognize that a deterministic approximation of mutant population dynamics,
Fn; = n';- F;(s),5), is not permitted during the invasion phase 3 as the mutznt then
is rare. Mutants enter the system at population size 1, hence there is no alternative to

& stochastic treatment of their population dynamics.

The equations derived above are the bases of our stochastic description of trait sub-
stitution sequences and will be employed in Section 5.3 to derive the monomorphic

stochastic model of coevolutionary dynamics.

5.2 Stochastic Deseription
of Trait Substitution Seguences

In this section we present a stochastic description of the monomorphic coevolutionary
dynaimics by envisaging trait substitution sequences as directed random walks in the
monomorphic trait space. The stechastic description is completed by the transition

probabilities per unit time derived in the next section.

#Markov Properiy

The adaptive dynamics of the [V-species coevolutionary community are taking place in
the subspace S, of the monomorphic trait space of adaptive trait values s. The ftrait
substitution evenis constitute a stochastic process on 5. Stochasticity is imposed by (i)

the process of mutation and (ii) the impact of demographic stochasticity on rare mutants.

The adaptive dynamics possess no memory, for mutation and selection depend only on
the present state of the community. The corresponding stochastic process in s thus will
be Markovian, provided that the knowledge of s suffices to determine the potential for

adaptive change in the immediate future. To meet this requirement for real biological
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systems, a sufficient number of adaptive traits might need to be considered, see Section

8.1.

iMaster Eguation

The stochastic adaptive dynamics of the N-species community in §c thus is described

by a master equation
| %P(s,t} = ][ [w(sls’,t) <P, t) — w(s]s, 1) - P(s,1) ] ds'. (5.13)

for P(s,t), the probability density of resident adaptive trait values s = (s3,...,5;) to
be realized at time ¢. The probabilities per unit time for the transitions s — s’ at time
t are denoted by w(s'[s,?).

The equation above in principle is capable of describing the stochastic adaptive process
in the coevolutionary community even for environments that are subject to time-
dependent external influences. Yet, in the following sections we will restrict attention to
autonomous systems, where such a time dependence is absent. The reason for this is that
the principle of mutual exclusion, see also Section 7.3, on which in turn the assumpiion
of monomorphism rests, is not generally valid for arbitrarily varying environments. We

come back again to the general case in Section 8.2.

5.3 Transition Probabilities per Unit Time

We now turn to the derivation of the transition probabilities per unit time w{s']s).

From General Events 10 Trait Substitution Events in 2 Single Species
Since the change dP in the probability P(s, ) is only considered during the infinitesimal
evolutionary time interval dt it is understood that only transitions corresponding to a
trait substitution in a single species have a nonvanishing probability per unit time. This
is denoted by C
w(s'|s) = Zw;(sé, s) - H §(sy —s5) . . (5.14)
i=1 j=1

#

o

where § is Dirac’s delta function.

For a given s, the ¢th component of this sum can be envisaged in the space of all &' — s

as a singular probability distribution that is only nonvanishing on the ¢ih axis.

B
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From Trait Substitutien V@ﬁt

in a Single Specles
to Mutation and Selection Events

The derivation of w;(s],s), the transition probability per unit time for the trait substi-

tution s; — s;, comes in three parts.

First, as explained in Section 5.1, a trait substitution comprises four phases: stasis,
mutation, invasion and fixation. The latter two correspond to the process of selection. As
the phases of mutation, invasion and fixation are statistically uncorrelated, the probability
per unit time w; for a complete trait substitution event can be decomposed into the
probability per unit time M that the mutant enters the population (phase 2: mutation)
times the conditional probability S; for invasion given mutation, i.e, the probability of a

single mutant individual to successfully escape accidental extinction (phase 3: invasion)
wisi,s) = Mi(s},s) - Si(sl,s) . (5.15)

An additional factor (phase 4: fixation) would have been required, had we not assumed
the principle of mutual exclusion which guarantees that invasion implies fixation.
Therefore the corresponding conditional probability of fixation given invasion is of

value 1.

Mutation Events

Second, we compute the probability per unit time M; that the mutant enters the

population.

The processes of mutation in distinct individuals are statistically uncorrelated. Thus the

probability per unit time AM; is given by the product of the following three terms.

1. The per capila mutation rate y;(s;) - b;(s;, s) for the trait s;. The term ;(s;, s) is
the per capita birth rate of resident individuals of the ith species in the environment
determined by the monomorphic resident populations with adaptive trait values s,
and u;(s;) denotes the fraction of births that give rise to mutations in the species 1.

2. The population size 7;(s) of the ith species. The product of this factor with the
first term yields the overall mutation rate in the population of species 7.

3. The probability distribution M;(s;, s, — s;) for the mutation process in the trait s;.

1]
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Figure 5.1 Invasion success of a rare mutant. The probability S;(s}, s) of a mutant population initially
of size 1 with adaptive trait value s in a community of monomorphic resident populations with adaptive
trait values s to grow in size such as to eventually overcome the threshold of accidental extinction is
dependent on the per capita growth and death rates, f;(s},s) and di(s}, s), of individuals in the mutant
population. Deleterious mutants with J;(s},s) < © go extinct with probability 1 but even advantageou
mutants with f;(s}, s) > 0 have a survival probability less than 1. Large per capita deaths rates hinder
invasion success while large per capita growth rates of the mutant favor it.

Collecting the expressions above we obtain
Mi(shys) = pilsi) - bilsi, ) - Ag(s) - Mi(sq, 85 — 5i) (5.16)
as the probability per unit time that the mutant enters the population.

Selection Events

Third, we consider the process of selection determining the probability S; of escaping
extinction.

Since mutants enter initially in a single individual, the impact of demographic stochas-
ticity on their population dynamics must not be neglected (Fisher 1958). The situation is
different, however, for the resident populations; here we have assumed that the equilib-
rium population sizes 71;(s) are large enough for there to be negligible risk of accidental

extinction.
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Two results stern from this.

1. Frequency-dependent effects on the population dynamics of the mutant can be
ignored when the mutant is rare relative to the resident.

2. The actual equilibrium size of the mutant after fixation is not important as long as
it is large enough to exceed a certain threshold. Above this threshold the effect of
demographic stochasticity is negligible (Wissel and Sttcker 1921).

The probability that the mutant population reaches size n stariing from size 1 depends
on its per capita birth and death rates, b and d. Based on eguation (5.9) and considering
the result 1 above, this probability can be calculated analytically . The result is given by
[1 - (d/8)}/11 — (d/b)"] (Bailey 1964; Goel and Richter-Dyn 1974) with the per capita
birth and death rates of the rare mutant, b = b;(s},s) and d = d;(s},s). We exploit
resuit 2 by taking the limit n — oo.

The probability &; of escaping extinction is thus given by

1- sz,s)/b (sh,s) for di(sh,s)/bi(st,8)
S (5“3) ! for di{sh,s)/Bilsh )

<
,58) >
=B‘ (shs) - C i(shx9)),

where the function (...), : =z — z - ©(z) leaves positive arguments unchanged and

1
1 (5.17)

maps negative ones to zero.

In consequence of equation (5.17), deleterious mutants (with a per capita growth rate
smaller than that of the resident type) have no chance of survival but even advantageous
muizanis (with a greater per capita growth rate) experience some risk of extinction, see

Figure 5.1.

Congclusion
We conciude that the transition probabilities per unit time for the trait substitutions
$; — 8} are given by
. wz (53,3) =pii(8) - Bi(85,8) - Ag(8) - Mi(.sz-,s;- - sg)—
5 (shs) - (Tilsh9)), -

This resuit completes the stochastic represeniation of the mutation-selection process in

(5.18)

terms of the master equation. By combining equations (5.13), (5.14) and (5.18) we have
derived our second model of coevolutionary dynamics, the monomorphic stochastic

model.

177 T
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Recovery of Invasien Criterion

From eqguation (5.18) it is easy to conclude that a sufficient condition for a resident
population with adaptive trait value s; not to be invadable by a mutant adaptive trait
value s, (in an environment determined by the monomorphic resident populations with

adaptive frait values s) is given by f;(s},s) < 0 or equivalently by
Filsiss) > Filsis) - (5.19)

This condition closely resembles the inequality (2.1) for evolutionarily stable strategies,

which is thus recovered from our siochastic approach.

We only note in passing that when resident populations are not assurned to be sufficiently
large for not being subject to accidental exiinction, invasion always is possible with

some finite probability per unit time.

5.4 An Aigerithm for the Monomorphic Stochastic Model

An algorithm for the monomorphic stochastic medel derived from equations (5.13,14,18)
is presented in Figure 5.2, As in the case of the polymorphic stochastic model we again
restrict attention to antonomous coevolutionary communities in order to employ for the

algorithm the minimal process method introduced in Section 4.4.

Distribution of Waillng Times

According to Step C in Figure 5.1 the waiting times between two events of a stochastic
realization follow an exponential distribution. By the same line of reasoning as given in
Section 4.4 we obtain for the distribution of waiting times between two subsequent trait
substitution events in the monomorphic stochastic model (apart from normalization)

i f—i"ﬁ\i hY - . R R
P(s,t+ At) = exp!i — j[ 71 (s,t’) at s . _ (5.20)
LJe J

with T=1(s, 1) = Jw(s'|s,t) ds’. For homogeneous master equations (5.13) equation
(5.20) reduces to o

P(s,t+ At) = exp {-At/T(s)} . (5.21)

e g
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A. Initialize the adaptive trait values s; with¢=1,..., N at time ¢t = 0 and
specify the time ?.,4 when to stop the dynamics.

B. Construct the integrals w; = [ w;(s},s) ds} with i = 1,...,N and the

N

sum w = » . W

C. Choose the waiting time At for the next event to occur according to
At = —1 .Inr where 0 < r < 1 is a uniformly distributed random
numoer.

D. Choose species ¢ with probability ?10_ - w;.

E. Choose for species ¢ a new phenotype s; with probability density ;vl—; .
Wy (S;'a s).
F. Update time and adaptive trait values according to ¢ — 2+ At and s; — s/.

G. Continue from Step B until ¢ > #.p4.

Figure 5.2 An algorithm for the monomorphic stochastic model. The protocol employs the minimal
process method described in Section 4.4.

Autonomous and Non-Autonomous Sysiems

The remarks in Section 4.4 on the validity of the presented algorithm for non-
autonomous coevolutionary communities apply equally to the monomorphic stochastic
model. For time steps Af being sinall compared to the time scale on which 7 1(s, )
changes, exponentially distributed waiting times and thus the minimal process method
may be applied approximately even to non-homogeneous master equations (correspond-
ing to systems with an external time dependence), provided only that the typical number

of events on the timescale of the external perturbations is large.

This prerequisite coincides with the condition that is required for the principle of mutual
exclusion to hold even in the case of varying environments. For more details see
Sections 7.3 and 8.2.
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Figure 5.3 Realizations of the monomorphic stochastic model. Five directed random walks in trait
space for each of the five initial conditions (indicated by asterisks) are depicted by continuous lines. The
discontintous oval line is the boundary of the region of coexistence. The coevolution of both species
drives their adaptive trait values towards a common equilibrium §. Parameters of the coevoluuonary

predator-prey communify are the same as in Figure 4.4.

5.5 Sample Simulations and Further Inquiry
The information contained in the stochastic representation of the adaptive process can

be used in several respects.

ﬂﬂ

ubstitution Seguences

Bundles of Trait ¢
First, we can employ the algorithm presented in the last section to obtain actual
realizations of the stochastic mutation-selection process.

We again illustrate this method by means of an example of predator-prey coevolution. A
portion of the two-dimensional monomorphic trait space S of this system is depicted in
Figure 5.3. The dashed line surrounds the region of coexistence S,. Within this region

several trait substitution sequences {31(t), s2(%)) are displayed by continuous lines.
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Figure 5.4 Mean paths of the monomorphic stochastic model. Ten trait substitution sequences for each
of the five initial conditions (indicated by asterisks) are combined to obtain the mean paths, depicted by
continuous lines. The jaggedness of these lines is caused by the finite number of ten trait substitution
sequences used for constructing the mean paths. The discontinuous oval line is the boundary of the region
of coexistence. The coevolution of both species drives their adaptive {rait values towards a common
equilibrium §. Parameters of the coevolutionary predator-prey community are the same as in Figure 4.4.

Note that trait substitution sequences starting from the same initial state are not identical.
This underlines the unique, historical nature of any evolutionary process. But though

these paths are driven apart by the process of mutation, they are kept together by the

directional impact of selection.

Definition of Mean Paths
Second, the latter observatlon underpms the 1ntmductmn of a further concept from

stochasuc process theory
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By imagining a large number r of independent trait substitution sequences si(t) =
(s1(2), ... ,sf,;r(t)), with 7 = 1,...,r, starting from the same initial state, it is straight-
forward to apply an averaging process in order to obtain the mean path (s){t) by

(s)(#) = lim = ZSJ (5.22)

r—oo 7

The construction of these mean paths is illustrated in Figure 5.4 for the case of predator-
prey coevolution. By comparison of Figure 5.4 to Figures 5.3 and 4.4 it can be seen
that the mean paths appear to capture the essential features of the adapiive process. This

observation is further exploited in the next chapter.
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The lionomorphic Determin

The mean paths of the monomorphic stochastic model, introduced in Section 5.5,
obviously summarize the essential features of the adaptive process. Hence it is desirable

to obtain an explicit expression for computing the mean path dynamics.

Rather than averaging over lots of stochastic realizations as shown in Section 5.5, in
this chapter we derive a system of ordinary differential equations that directly serves as

a deterministic approximation of the mean path dynamics. -
6.1 Dynamics of Mean Path and Deterministic Path
The mean path has been defined in equation (5.22) as the average over ‘an infinite

number of independent realizations of -the stochastic process.

Mean ?a‘th Qyﬂamics

Equivalently, we can employ the probability distribution P(s,?) considered in: the last
chapter to define the mean of an arbitrary - function F(s) by {F(s)) (t) f F(s
P(s,t) ds. (Gardiner :1985). .- S :

In _pari_;icular we thereby obtain for the mean path

| __-(.s)(t):fs-_P(s,t)ds.f__ R e (6]

I N
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The different states s thus are weighted at time ¢ according to the probability P(s,?)

of their realization by the stochastic process at that time.
In order to describe the dynamics of the mean path we start with the expression
d f 4
—{s\(#) = C— ) .
i {(s)(®) _/ s dtP(.s,t) ds (6.2)
and utilize the master equation to replace %P (s,t). One then finds with some algebra
-d
&“(S)(t) = ]/ (s' —s) -w(d|s) - P(s,t) ds' ds. (6.3)

By exploiting the é-function property of w(s'|s), see equation (5.14), and introducing
the jth jump moment of the ith species,

aji(s) = J/ (s — 55)” - wi(s, s) ds} (6.4)
with a; = (ajl,... ,ajN), we obtain

d

= (8)(8) = (aa(s))(D) - 6.5)

Deterministic Path Dynamics

If the first jump moment a;1{s) were a linear function of s, we could make use of the

relation {a1(s)) = a1{(s)) giving a self-contained equation for the mean path

d
{8 (®) = ar({s)(2)) - (6.6)

However, the adaptive dynamics typically are nonlinear so that the relation {ay(s)) =
a1({s)) does not hold. Nevertheless, as long as the deviations of the stochastic
realizations from the mean path are relatively small or, alternatively, the nonlinearity
is weak, the eqguation above provides a very good approximation to the dynamics of

the mean path.

As an alternative to the classical Kramers-Moyal expansion, the result {(6.6) can be
derived via a controlled series expansion, called the omega-expansion (van Kampen
1962, 1981). Without going into details we only mention that for this purpose one can
utilize 571, the inverses of the standard deviations of the mutation distributions A4;, as
system size parameters. Similar to constructing the thermodynamic limit in statistical
mechanics (see e.g. Huang 1987), one can then show that the dynarnics (6.5) of the mean
path of the adaptive process converge to equation (0.6) for large sysiemn size parameiers.
For details on this method see van Kampen (1962, 1981) and Kubo et al. (1873). In
order to distinguish between the mean path itself and that actually described by equation
(6.6), the latier is called the deferministic path (Serra et al. 1986).
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8.2 Deterministic Approximation in First Order

In this section we derive an equation for the deterministic approximation of the adaptive
process. We show that when taking the approximation only to first order and invoking
further simplifying assumptions as to the mutation process, we recover the canonical

equation of adaptive dynamics as described in Section 2.3.

However, the mathematical framework developed here is capable (i) of providing higher
order correction terms to the canonical equation and (ii) of aliowing for more general
ecological and evolutionary scenarios than the canonical result. In the next section we

start to develop these generalizations, further extensions are provided in Chapter 8.

The Deterministic Path of the Adapiive Progess

We can calculate the deterministic path of the coevolutionary dynamics by substituting
equation (5.18) into (6.4) and the result into (6.6). Since in the remainder of this
chapter we concentrate on the deterministic approximation, we will cease denoting it
by angle brackets {...). For the purpose of comparison to the canonical equation of
adaptive dynamics as presented in Section 2.3, in this section we are interested in a
description of the adaptive dynamics that is as simple as possible. For this reason we
temporarily assume mutation processes to be symmetric. We again return to general

mutation processes in the next section.

By proceeding as described above we obtain

d - .
—8i =pi(8:) - bilsi, 8) - Rl s)-

L _ 6.7)
J[ (sh = si) - Misis; = 3) - b (shys) - (s} ) d}
R:i(s)

where, as an alternative to employing the function (...), in the integrand, see equation

(5.18), in equation (6.7) we have restricted the range of integration to s; € Ri(s) with

Bi(s) = {s € 8 {Ti(shs) > 0} - ©8)

Note that the process of mutation causes the evolutionary rate %Si to be dependent on
the per capita growth and birth rates of all possible mutant traits s;. This dependence
is ‘manifested both by the integrand of (6.7) and in the range of integration (6.8).

g




76 Part B The Dynamical Theory of Coevolution

First Order Result

In order to transform the described global coupling into a local one we apply 2 Taylor
expansion to f;{s},s) in equation (6.8) and 3,-—1(3’;-,3) - fi{(s%, ) in equation (6.7) about
sy = s;. Higher orders in these expansions are discussed in Section 6.3; in this section

we will use the results only up to first order,
Filsizs) = 8{Fi(sis) - (si — 1) ©9)

and

-1

b " (six8) - Filshys) = B (si,8) Ol i(s0,8) - (s;—si) - (6.10)

We have exploited the condition f;(s;,s) = 0 above, for the population dynamics of
the resident species are assumed to be at equilibrium.

Since derivatives of the ecological rate functions will be used frequently, we apply the

abbreviated notations

— 8 - — a -
8if;i= a7l Oif; = @?fz' (6.11)
s *

and analogously for all functions taking the arguments (s}, s).

From equations (6.8) and (6.9) we can infer that the range £;(s) of integration in this first
order result is either (s;, +00) or (—c0, 3;), depending only on the sign of 8/f;(s;, s).
As we assumed the mutation distribution M; to be symmetyic in its argument sg — 8,

we obtain the same result in both cases by substituting equation (6.10) into (6.7)

d 1 -
% = 5 #ilsi) - ol(si) - Ails) - 8 Ti(sis ) (6.12)

where
H(si) = [ Ast- Mi(si, Ass) dAAs; (6.13)
o
denotes the second moment of the mutation distribution M;. Since the first moment of

M; vanishes due to symmetry, the second moment of this distribution equals its variance.

The set of equations (6.12) provides a first order, deterministic approximation of the
coevolutionary dynamics. These equations define a simple version of the monomorphic

deterministic model; a more refined one is provided in form of equations (6.19).

S
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Interpretation of the First Order Resull

From equation (6.12) we see that the rate of evolution in the trait s; is determined by

two factors.

1. The first terms in equation (6.12) represent the influence of mutation. This product
is affected by the fraction p;(s;) of mutations per birth and by the variance o?(s;)
of the mutation distribution A4;. For homogeneous mutation processes these terms
are constani. The third factor 72;(s) is the equilibrium population size., All these
three terms make up the evolutionary rate coefficient which is non-negative and
serves fo scale the rate of evolutionary change.

The last facior accounts for the impact of selection. The function

!\)

OFi(o0,) = o filshs) |

si=s:
1 -
_ [ F(s b A g) — Fols: 6.14
Alsl.-lgoAsi [fz(SVJ"AS“S) f’(s“s)] ©.14)
. 1 = )
= dm Ry ilsir Asis)

which we call the selection derivarive (Marrow et al. 1992), indicates the sensitivity
of the per capita growth rate of a species to a change in the trait s;. It is a measure
of the selection pressure generaied by the emvironment through the ecological
interactions. Consequently, this factor determines the direction of adaptive change.
When the selection derivative of f, is positive (negative), an increase (a decrease)

of the trait value s; will be advantageous in the vicinity of the resident trait value.

The sign of the selection derivative evidently carries important information on the
dynamical structure of the mutation-selection process; yet, in Section 7.2 we demonsirate

that this information in general is not sufficient to predict evolutionary atiractors.

| YUy L. n mam o o ot

Recovery of the Canonical Equation of Adaptive Dynamics
By means of equation (6.12) we have recovered the canonical equation (2.3) of adap-
tive dynamics from the stochastic ecological processes underlying the coevolutionary

DrOCess.

For the evolutionary rate coefficients we obtain

B(s) = 5 ()  o3(si) ) | 6.15)

I%
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In addition, we have shown the appropriate measure of “fitness” to be given by the per

capita growth rate of a rare mutant
Wi(sis) = Filshys) - (6.16)

In the next section and in Chapter 8 we indicate how the canonical result can be

generalized.

8.3 Deterministic Approximation in Higher Orders

'The result (6.12) for the deterministic approximation of the adaptive process needs to

be generalized for two reasons.

1. The process of mutation has induced a global coupling in the adaptive dynamics
(6.7). To substitute it precisely by a local one, an infinite number of orders in the
Taylor expansions of f;(s},s) and b, (sz-,s) - [i(sl, s) about st = s; is required.

2. Rather than restricting mutation distributions M; to be symmetric, general distribu-
tion functions ought to be allowed (Mackay 1990).

The rth order results for the Taylor expansions of f;(s},s) and 3,;-1(.92-,5) < Fishys)

about s; = s; are given by

Fioh) = 3 (sh= s+ &8s 617

j=1
and

3-“<sz,s) -?z-(s;-,s)

7
o

“Z Si)J ji Z

j=1

; e PR —— | 6.18
(}7’) -8 Filsiys) - 87778 (siy5).- ©19

Again we have already accounted for f;(s;,s) = 0.

Substituting equations (6.18) into (6.7) yields the result for the deterministic approxi-
mation of the coevolutionary dynamics in rth order

d .
75 =#é(8e') - fii(s)-

B DA 1 A
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with
myi(s) = j (s — &)’ M (s — ;) dst. (6.20)
Ri(s
The range of integration in (6.20) is given by substituting (6.17) into (6.8)
Ri(s) = {s' € §;| Z (sh — s:) - 87T (si,8) > 0} . (6.21)

ge=1

The interpretation of the adaptive dynamics (6.19) is analogous to that given for (6.12)
in the last section. The my;{(s) are called the j#h mutation moments of the ith species.
They actually coincide with the jth moments of the mutation distribution A4; only if the
range of integration R;(s) is (—o0, +00). However, as (6.21) indicates, this is generally
not the case. Even in the first order result the range of integration was restricted to
either (s;,+co) or (—co, ;) and the situation gets more complicated now that higher

orders are considered.

Notice that in the derivation above we did not require any symmetry properties of the

mutation distributions such that the result (6.19) is independent of this assumptiomn.

Comparison o First Order Resuit

The corrections arising from the higher order result (6.19) in comparison to the first

order resuit (6.12) can be small for two reasons.

1. The ratios of the per capita growth and birth rates, f;(s,s) and (s}, s), can be
almost linear, i.e. they can possess only weak nonlinearities in & around s;. In
this case the jth order derivatives 8,7 [3,;—1(3,-,5) - fi(siys) ] with 7 > 1 are small
compared to the first order derivative. : o

2. Moreover, the mutation distributions M; can be narrow, i.e. they may have only
small variances. Then the higher order mutation moments m; 13 i(s) with 7 > 1 are

negligible compared to the second order mutation moment.

1

[
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We conclude that in either limit ~ that of vanishing nonlinearity or that of vanishing
variance — the first order resuit (6.12) of the adaptive dynamics becomes an exact
representation of the deterministic path. The virtue of the dynamics (6.12) is its
simplicity combined with good accuracy as long as one of the two conditions above is
met. The virtue of the dynamics (6.19) is its generality, as it covers the coevolutionary
dynamics of mutation-selection systems allowing both for nonlinearities in the ecological
rates and for finite mutational steps.

Note that even for » = 1 equations (6.12) and (6.19) are in general not equivalent.
2

When the mutation process is asymmetric, % - o7 (s;} will not coincide with my;(s). In
particular, the value of ma;(s) then depends on the distribution of advantageous mutant

trait values s, around the resident trait value s;.

The importance of the higher order correction terms is discussed in Section 7.4. We there
describe two special consequences. One effect, the shifting of evolutionary isoclines,
only occurs in the second order result for asymmeiric mutation processes, for symmetric
mutation processes the third order corrections are to be considered. The other effect,
the phenomenon of evolutionary slowing down, can be understood by means of the

second order resuli.

8.4 An Algorithm for the Monomerphic Deterministic Model

An algorithm for the monomorphic deterministic model derived from equations {6.12)
or (6.19) is presented in Figure 6.1. It employs the fourth order Runge-Kutta method

described below.

The Euler Rethed

The simplest choice for an update method in Step C of the algorithm for the monomor-

phic deterministic model could be based on the Euler method
t—t+dt, 8- 8+ w; (6.22)

with w; = dt - $;(s). Here, $;{s) denotes the right hand side of either equation (6.12)
or (6.19).

However, the error for this method of numerical integration is of order O(dt2). For

results of sufficient accuracy thus small time steps di are required.

1)
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An Algorithm for the
Monomoerphic Deterministic Model

A. Initialize the adaptive trait values s; with ¢ = 1,..., N at time ¢ = 0
and specify the time step df as well as the time f.,q When (o stop the
dynamics.

B. Construct the vectors wy; = df - $i(s), wai = dt - §i(s + 1 - w1), wa; =
dt-é,—(s»%—%-wz) and wy; = dt - $5(s +w3) withe = 1,..., N,

C. Update time and adaptive trait values according to ¢ — ¢ 4 dt and
si— 8+ 3 (wii+ 2 woy + 2wy + wy).

D. Continue from Step B until 7 > {ena.

Figure 6.1 An algorithm for the monomorphic deterministic model. The protocol employs the fourth
order Runge-Kutia method described in the text.

The Fourth Order Runge-Kutiz Methed

A better choice is provided by the fourth order Runge-Kutta method
St dt, si-—>3§+g-(w1i+2-wzi+2-'wsz'+w4,')_ (6.23)

with wy; o wy; as defined in Step B of Figure 6.1.

Here, the error inevitably associated with any method of numerical integration is only
of order O(dt5). As time steps dtf thus may be larger while producing the same error,

this method is advantageous to the simpler Euler method.

6.5 Sample Simulations and Further Inguiry

The deterministic approximation of the monomorphic stochastic model opens up ample
opportunity for further investigation of the adaptive dynamics in coevolutionary com-
munities. We will utilize this representation in Chapters 7 and 9; here we oniy outline

some general perspectives,

=
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Figore 6.2 Orbits of the monomorphic deterministic model. The deterministic trajectories which
correspond to the trait substitution sequences in Figure 5.3, to the mean paths in Figure 5.4 and to
the realizations of the polymorphic stochastic model in Figure 4.4 are depicted by continuous lines with
initial conditions indicated by asterisks. More trajectories have been added to supplement the phase
porirait; the structure of the evolutionary flow in frait space thereby becomes visible. The discontinuous
oval curve is the boundary of the region of coexistence. The dotted curves are the inner evolutionary
isoclines of the two species (straight line: predator, curved line: prey), see Section 7.1. Parameters of
the coevolutionary predator-prey community are the same as in Figure 5.4,

Fhase Porirails

The deterministic approximations (6.12} and (6.19) readily allow us to calculate phase
portraits of the adaptive dynamics.

An application to predator-prey coevolution is depicted in Figure 6.2. The evolutionary
trajectories, following the deterministic path, coincide with the mean paths calculated
from the stochastic process itself, see Figure 5.4. We could easily supplement the picture

by considering a large number of tajectories.

A variety of such phase portraits is obtained in the investigation of the coevolutionary

predator-prey community in Chapter 9, see Figures 9.4, 9.5 and 9.6.

11
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52

0.6 -

04 ¢

31

Figure 6.3 The monomorphic models and multdple attractors in trait space. Ten trait substitution
sequences with & common initial condition are obtained as stochastic realizations of the monomorphic
stochastic model and depicted by continuous lines. The set of these trait substitution sequences splits
permanently into two separate bundies since the initial condition is close 1o a basin boundary, a feature
that caniot be captured by a determinisiic description. The basin boundary or separatrix is obtained
from the monomorphic determinisiic model and is depicted by the dashed and dotted line. The basin
boundary is the unstable manifold of a saddle, which is located at the middle intersection of the inner
evolutionary isoclines depicted as dotted curves. The outer two fixed points afe stable nodes. To construct
the basin boundary the direction of time is to be reversed in the monomorphic deterministic model in
order to stabilize the unstable ranifold. The discontinuous oval curve is the boundary of the region
of coexistence. Parameters of the coevolutionary predator-prey communify are as given in Flgum 9, 3
except for oy = 02 = 5 - 10~3,

Bifureation Ana g‘is

In addition to.investigating the coevolutionary dynamics by means of phase portraits
much insight is gained by applying techniques from bzﬁucatmn analyszs to the deter—
mlmsi:lc apprommaﬁons (6 12} or (6.19). '

The effects of va.rymg different ecological parameters, which have an impact on the
adapi:tve dynainics, can then be explored systematically, see Sections.7.2 ana 9.4 and

in. partlcular Figure 9.7.
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82
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Figure 6.4 The monomorphic models and expanding flow in trait space. Ten trait substitution sequences
with a common initial condition are obtained as stochastic realizations of the monomorphic stochastic
model and depicted by continuous lines. The set of these trait substitution sequences splits temporarily
into two separaie bundles since the initial condition is sitnated in a region of expanding flow, a feature
that cannot be captured by a deterministic description. The flow is defined in terms of the monomorphic
determinisiic model and iis orbits are depicted by the dotted lines. The discontinuous oval curve is the
boundary of the region of coexistence. Parameters of the coevolutmnary predator-prey commumty are
the same as in Figure 6.2 except for p; = 1073, -

Caveats
Some caveats are however necessary for understanding the validity of any deterministic

approximation of a stochastic process.

First, if the adaptive dynamics turn out to be multistable, it will be possible for trait
substitution sequences to exhibit jumps between the existing basins of atiraction. No
deterministic approximation is capable of capturing this feature. This must be kept in
mind while applying the deterministic approximation to initial states very close to the
basin boundary. Figure 6.3 illustrates this point. Moreover, large fluctuations betw_een
the multiple stable states themselves in principle can happen. However, due to the

shape of the mutation distributions the latier will typically be associated with such
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extremely small probabilities per unit time that are negligible on ecological and even

on evolutionary timescales.

Second, if the flow of the dynamical system describing the deterministic path is
expanding, i.e. trajectories are diverging, the deviations of the stochastic realizations
from the mean path can grow too fast for the identification of the deterministic path with
the mean path to be reliable. An example is given in Figure 6.4. Note, however, that
the construction of phase portraits based on the deterministic path is useful in any case,
since these allow qualitative predictions of the stochastic dynamics by considering the
combined process of movement along the trajectories accompanied by jumps between

them. For illustration compare Figures 5.3 and 6.2.

Third, if the adaptive dynamics possess nonequilibrium attractors, the deterministic
approximation in principle cannot predict aspects of the asymptotic mean dynamics
of the stochastic process tangential to the attractor. The reason is that the tangential
fluctuations are not balanced by counteracting forces. In consequence, for example the

asymptotic mean phase of a stochastic limit cycle dynamics is not defined, though the
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Chapter 7
Analysis of the Monomorphic Modeis

In this chapter we utilize the descriptions of the monomorphic stochastic model and the

monomorphic deterministic medel, derived in the previous two chapters, t0 examine

]

in detail some of the rich variety of features that coevolutionary dynamics of this soit

can exhibit.

=

7.1 Characteristics of isoclines

Given equation (6.12) which describes the coevolutionary dynamics of the monomorphic
deterministic model to first order, we can now investigate the conditions under which

evolution in single traits or in the whole community comes o a halt.

Definition of Isoclines

The evolutionary s;-isoclines are defined as those manifolds in trait space S on which
£si = 0 holds. The intersection of all isoclines coincides with the set of fixed points
of the ‘adaptive dynamics. ' | N o

In a first step we analyze the location of the evolutionary isoclines considering only
infinitesimal mutational steps, in accordance with assumptions usually made in the
literature . (see e.g. Reed and Stenseth 1984; Taylor 1989). The result (6.12) is then
exact, and we infer that the evolutionary si-isoclines are given by the union of manifolds

on which either the selection derivative 8! fi(si, ) or the population size #;(s) vanishes.

TR
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We refer to the former as inner isoclines (these are subsets of S;) and call the latter
boundary isoclines {(as they are subsets of 8S5.). Since extinction of one species
I A

1 : i et
terminates the coevolutionary process of the N-species system, we concentrate on the

inner iscclines.

In a second step, the impact of mutational steps being finite rather than infinitesimal
can by investigated by means of the higher order correction terms provided by equation
(6.19)_. "This case will be considered in Section 7.4.

Ciassification of isoclines

Inner evolutionary s;-isoclines can be classified as below.

i. Inner isoclines on which
8{*Fi(si,5) <0 (7.1)

holds are called &-stable or non-invadoble.

2. Inner isoclines whose points satisfy

af2 T s N N
" F 8, 8) s
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—
Cr
5
tn
p—
A
[
-~
~l
[y
N

are called m-stable or convergens.

3. Inner isoclines characterized by
0% Filsi5) + 8 Filsiys) <0 (7.3)

are said to be not mutually invadable.

The notions of - and m-stability are due to Taylor (1989) the other names have been
used by Meiz et al. (19%94).

The notion of non-invadability is that on the s;-isoclines mutants s} in species ¢ with
pheniotypes close to s; should not be able to invade; this idea is familiar from ESS
theory (Maynard Smith and Price 1973; Maynard Smith 1982; Parker and Maynard
Smith 1990) and the arguments of Roughgarden (1983) and Brown and Vincent (1987a,
1987b). -.

The term convergence was introduced to refer to the property of successive mutations s}
to cause evolution towards the s;-isocline. Attention was first drawn to the distinction
between this and non-invadability by Eshel and Motro (1981) and Eshel (1983), and

B 1 S
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Class Inequality Set of invasion angles
7.1) (1.2) (7.3) Omin < o < Qmaz

non-invadability ......c..cceeiiennnn.

............... CONVETZENCE «.eevervnneen.

................ no mutual invadability
1 yes yes yes 3-% 5-%
2 ves yes no 2% 3-%
3 no yes no 1-% 2.-%
4 no no no 7-5-2-7 1-%
5 no no yes 6-% 7%
6 yes no yes 5-% 6-%

Figure 7.1 Definition of the six different classes of evolutionary isoclines.

was discussed in more detail by Taylor (1989) as well as by Takada and Kigami (1991).
Note that the dynamical interpretation suggested by the term convergent is different for
coevolutionary communities with N = 1 and for those with N > 1; this distinction

will be clarified in the next section.

Mutual invadability refers to the property of a pair of phenotypes s; and s{ at opposite
sides of the s;-isocline both to invade and to be invaded by the other phenotype;
Christiansen (1991) noted that neither phenotype can go to fixation in this case. If
an isocline has this property at a fixed point, the system could evolve from the fixed
point to a state in which two phenotypes are present in species ¢; the principle of mutual
exclusion guaranteeing that each mutant either replaces the previous resident or goes o
extinction would no longer hold. Identifying such fixed points thus is important, because
they indicate when the assumption of monomorphism (see Section 5.1) might become

inappropriate. For more details on this issue see the discussion in Sections 7.2 and 7.3.

The inequalities (7.1), (7.2) and (7.3) permit six classes of isoclines (Meiz et al. 1994),
as summarized in Figure 7.1. There are only 6 rather than 2% = 8 classes, as
convergence and absence of mutual invadability imply non-invadability; similarly,
divergence and muiual invadability imply invadability. The class of an isocline can
readily be determined: to do this we suggest a new mathematical tool, the invasion
angle

a;(s) = arctan (3{2}2(55, ), 62-275(35, s)) (7.4)

i R 1 A
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where the function arctan (z,y) returns the angular polar coordinate corresponding to
the iwo Cartesian coordinates = and y. The invasion angle ¢y, evaluated at a point on
a s;-isocline, una

iguously identifies the class of the isocline at that point (see Figure

m in the classification
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7.1) and, in consequence,

scheme of isoclines.

illustration of the Classification
To understand the significance of the invasion angle and of the three inegualities above
we expand f,(s}, s), the per capita growth rate of a mutant s, in a community of resident
species with adaptive trait values s, to second order into a Taylor series in s} and s;
around a point § situated on a s;-isoccline
Filsirs) =Fu(3:,8)+

(si—38:) - 0,/ Fil3:,8)+

(si — &) - 0:Fi(3:,8)+

(s — 3:)" - O/%F (3, 8)+

(85— 8:) - (si— 8i) -2 8/0:Fi(3:, 8)+

(si = &)" - 87 Fi(5:,9)

By accounting for the constraint 7}(32,3) = 0 which holds for all & = s;, we obtain

(7.5)

the identities

T8 =0, 7.6

8/T(5:,8) + . Ti(3:,8) = 0 (1.7)
.

0T (318) + 2 8T (30,8) + Ti(308) = 0. 79)

From the first order result of the monomorphic deterministic model, equation (6.12), we
know that points § on inner evolutionary s;-isoclines are characterized by 8/ f;(8;,8) =
0. With the three identities (7.6), (7.7) and (7.8) there thus remain only two degrees of
freedom in eguation (7.5). One can be eliminated by normalization, the other is given
by the invasion angle ;. When choosing normalization to be given by

(st-3! s-ﬂ%}é(—l +1)? Tilshss)i =1 (1.9)

o' 1]
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I 1 A

we obtain in lieu of equation (7.5)

Tilohs) =<' (sf - 80)~ |
1 . L
§ : (C’ + C) . (3; - 35) : (3;' - 83‘)-5- (7.10)
e (si—4;)°

1.

withed =r- cos @, ¢ = T sing; and r = 3 - }cosag—}-smagl

The saddle-surfaces described by equation (7.106), that couespﬂnd to ‘.’he six classes of
isoclines are illustrated in Figure 7.2. These surfaces intersect the plane. f,-\s,-, s)=20at
two straight lines. Whereas one of these lines corresponds to {s] - 8:)/(si — %) =1,
one easily sees that the invasion angle «; determines the location of the second line
which is described by (s} — &}/(si — &) = tana;.

7.2 Characteristics of Fized-Polinis

Much of the interest in models of coevolution has been to characterize properties of
fixed points in trait space at which the seleciion pressures: generated :by interacting
species are balanced, so that there is no further phenotypic evolution of the system

The motivation for this work has come primarily from evolutionary game theory, and

a dynamic is often not made explicit in this context.

In this section we show that dynamical considerations are indispensable in a coevolu-

tionary context.

Communities with N=t

The three inequalities (7 1), (7.2) and (7.3) have been émployed in the liferature to
analyze fixed pomts of the evolutionary dynamics in commumties compnsmg only a
single species, N = 1 (Eshel and Motro 1981; Eshel 1983; Taylor 1989; Ta.kada and
Kigami 1991; Metz et al. 1994). In this case the 31-1sechne c01n<:1des with tne fixed
points of the evolutionary dynarnics. Please note that the propvmes of such fixed points
— given below as encountered in the literature — only hold in the simple special case

N =1

Fixed points of classes 1 and 2 cause convergence, see Figure 7.3. In confrast to
class 1, a system tending to a class 2 fixed point .can go through a ‘transient period
of polymorphism before reaching the fixed point; Metz é__t.al.: (1994) refer to this as.
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Figure 7.3 The vicinity of the different classes of fixed-points for N = 1. The sign of f,(s,s1) is
shown by letters (P; positive; N: negative). The two straight lines correspond to fy(s},5:) = 0. The
small arc at the center measures the invasion angle o, The three large arcs indicate the range of invasion
angles that fulfill the inequalities (7.1), (7.2) and (7.3) (inner: non-invadability; middie: convergence;
outer: no muteal invadability). It is helpful to compare this figure to Figure 7.2. After choosing 2 specific
resident adaptive trait value s;, the above figures can be utilized to determine those mutant adaptive trait
values 8] that could invade the resident population. In this vein the meaning of the three inegualities
(7.1), (7.2) and (7.3) can be understood (non-invadability/invadability: consider the range of mutants
being able to invade the resident at the fixed point; convergence/divergence: consider a sequence of trait
substitutions in the vicinity of the fixed point; no mutual invadability/mutueal invadability: consider the
range of mutants being able to invade the resident in the vicinity of the fized point and vice versa).
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a contraciing polymorphism. Class 3 also gives convergence to the fixed point but,
at the fixed point itself, mutants at opposite sides can invade and coexist. This then
corresponds to Prout’s (1968) notion of a protected polymorphism, referred to as a
polymorphic evolutionarily attainable trait by Christiansen (1991), and as an expanding
polymorphism by Metz et al. (1994). Fixed points of classes 4 and 5 are invadable and
divergent; that class 4 in contrast to class 5 allows for mutual invadability might only
be important when starting the evolutionary process in the vicinity of the fixed point
which in the former case can give rise to a short initial period during which a transient
polymorphism can occur. A class 6 fixed point is non-invadable but divergent, i.e. it
would be uninvadable if the system started on at the fixed point, but starting from other
points in the neighborhood the system evolves away from ii; such a configuration has

aptly been called a Garden of Eden configuration by Hofbaner and Sigmund (1990).

The six different classes of fixed poinis for V = 1 are illustrated in Figure 7.3. Notice
that the information presented in this figure can by inferred from Figure 7.2. Thus both
figures apply to communities with N > 1; however, interpreting the diagrams of Figure
7.3 in the sense described in the figure legend is only possible in the case N = 1.

The relationship between the properties of fixed points given above and dynamical
stability is trivial for systems in which only one species evolves. It is readily shown
that the condition for dynamical stability of a fixed poin{ under dynamics given by the
first order of the monomorphic deterministic model coincides with the condition for

convergence, ineguality (7.2). To see this, consider the Jacobian of dynamics (6.12)
J = ki(s1) - [01°f1(s1,81) + 0{01 Fi(s1, 51)] (7.11)

evaluated at the fixed point 3;; for the definition of the eveluiionary rate coefficients
ki(s) see equation (6.15). By employing equation (7.8) we obtain for the Jacobian at

the fixed point

J=ky(31) = [0 F1(51,81) — 81 F1(31,81)] . (7.12)

b ==

Since the local stability of fixed points in one-dimensional systems depends only on the
sign of the Jacobian evaluated at these points, with inequality (7.2) we can conclude that
dynamically étab}e ﬁxed. points {J < 0) are convergent and that unstable ones (J > 0)
are .c}i\(ergent. Moreover, since the condition for non-invadability is independent of
the.é_ondition for-convergence, dynamical stability of the fixed point does not require

non-invadability.

1 F11]
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Communitias with N»1

We now turn to the coupled evolution of two species to see how the properties of
isoclines relate to dynamical stability of two-dimensional systems. Here the inner
fixed points are given by the intersection of the inner isoclines 8 f;(s},s) = 0 and
83 F,(sh,8) = 0. The six classes of isoclines above allow 36 types of fixed points, of
which 21 are distinct under permutation of the two species. With dynamics (6.12) the
Jacobian at the fixed point § = (31,3) is

J= ({” 312) (7.13)

a1 Ja2

with

Ju = ki(s) - [8%F1(31,8) + 86 1(31,8)] ,

Ji2 = ki(s) - 88271(31,8),

Jo1 = ko(s) - 8301 F4(32,3)

Jay = ka(s) - {077 Fo(82,8) + 8,82 F(32, 8)] -

As in the one-dimensional case, the bracketed terms [...] on the diagonal are the same

(7.14)

(apart from a positive facior of 2) as the expressions given in inequality (7.2), and are
therefore related to the isoclinic conditions for convergence of each species. But there is
a much more indirect relationship between these convergence conditions and dynamical

stability; we collect together the relevant results in the next paragraph.

A necessary and sufficient condition for local stability of fixed points in two-dimensional
systems is that tr J < 0 and det J > 0. From this the following results can be obtained;
see also Abrams et al. (1993). (i) Convergence of each species (i.e. bracketed terms [. . ]
in J negative) is neither necessary nor sufficient for local asymptotic stability of the fixed
point. Convergence is not sufficient because, although convergence implies trJ < G,
the sign of det J depends on the off-diagonal mixed partial derivatives. Convergence
is not necessary because it is possible to have trJ < 0 and det J > 0 when only one
species is convergent and the other divergent. (ii) If each species is divergent, i.e. both
bracketed terms in J are positive, we have trJ > 0 and hence the fixed point is unstable.
Thus six 6f the 21 types of fixed poinis are definitely evolutionary repellors, but the
remaining 15 could be either repellors or attractors. However, by allowing for the signs
of the off-diagonal elements of J, three further results about these remaining fixed

points can be given. (iii} If each species is convergent and the off-diagonal elements

TUTTTTIRRE T
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are of opposite sign, the fixed point is an evolutionary attractor. (iv) If one species
is convergent, the other divergent and the off-diagonal elements have the same sign,
the fixed point is an evolutionary repellor. (v) In all cases not covered by (ii), (i

or (iv) local stability of the fixed point can be tuned jusi by varying the ratio of the

tcC
evolutionary rate coefficients %1(38)/k2(5).

We conclude from these results that the simple identity of the condition for convergence
with that for local dynamical stability, which holds for single-species evolution, has no
counterpart in multispecies coevolution. The attractors of the coevolutionary process can
depend critically on detailed dynamical features of the coevolving system. In particular,
as the mutation process influences the evolutionary rate constants #;(s), in general no
inferences as to the dynamical stability of evolutionary fixed points for N > 1 can be
made when considering the process of selection alone. For a contrasting view on this
issue see Rand et al. (1993).

Figure 7.4 illustrates the considerations above. Depicted are adaptive dynamics in a
coevolutionary community comprising two species. Species 1 has a sj-isocline that
changes along its length between classes 2, 3, and 4, see Figure 7.4a. At the point
of intersection with the ss-isocline, the isocline of species 1 has the properties of
invadability, divergence and mutual invadability, whereas the isocline of species 2
is of class 1 having the properties of non-invadability, convergence and no mutual

invadability. This example is interesting for several reasons.

First, the fixed point is an instance of case (v) above, i.e. its dynamical stability depends
on the evolutionary rate constants. If the mutation ratios of species 1 and 2 are chosen
in the ratio 1:10, allowing faster evolution in species 2, the fixed point is stable and
serves as an attractor for the adaptive dynamics, see Figure 7.4b. On the other hand,
if the mutation ratios are chosen in the ratio 1:1, the fixed point is unstable and the

atiractor is given by a limit cycle, see Figure 7.4c.

Second, the example illustrates how dynamical stability is independent of non-
invadability of the fixed point. It can be seen that § can be an attractor, see again
Figure 7.4b, notwithstanding the fact that coevolution, according to the class 4 of
the sj-isocline, leads to a local minimum for the per capita growth rate of species 1.
Also Takada and Kigami (1991) and Abrams et al. (1993) have noted that a system
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Figure 7.4 Tuning of evolutionary stability by means of the matation process. The discontinuous oval
curve is the boundary of the region of coexistence. The dotted curves are the inner evolutionary isoclines
of the two species (straight line: predator, curved line prey). (a) The sections of the isoclines are labeled
according to their class, see Figure 7.1. The fixed point at the intersection of the two isoclines is an
instance of case (v) described in the texi. Here, evolutionary stability can be tuned just by varying the
raiio of the evolutionary rate coefiicients. (b) The fixed point is stable for mutation ratios of the two
species obeying g /2 = 0.1. Orbits of the monomorphic deterministic model are depicted by continuous
lines. (c) The fixed poini is unsiable and is surrounded by a stable limit cycle for mutation ratios of
the two species obeying p3/uz = 1. These distinct mutation ratios are the only difference between the
sysiems displayed in figures (b) and (c}. Parameters of the coevolutionary predator-prey community are

as given in Figure 9.3 with h = 0.11 except in figure (b) where g, = 1074,

=
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of coevolving species may be driven to a fixed point where one species is at a local

“fithess” minimum.

Third, in the system illustrated in Figure 7.4, the three basic kinds of selection are all
present: selection is directional for both species away from the isoclines, stabilizing
for species 2 around its isocline and disruptive for species 1 at its isocline in the

neighborhood of the fixed point.

From the discussion above we draw two conclusions.

1. For coevolutionary communities with V > 1, comprising several species, the notion
of convergence, which proved useful in the classification of fixed-points for the
special case IV = 1, has to be replaced by the more general definition of dynamical
stability as demonstrated above.

2. In contrast, the concepis of invadability and mutual invadability generalize without
problems to comimunities with V > 1. As in the case N = 1, the presence of
mutual invadability at a fixed-point indicates the possibility of polymorphism. If
mutual invadability is accompanied by invadability, there can even be potential for
the emergence of a protected polymorphism, i.e. for the occurrence of evolutionary

branching.

Whereas the first conclusion is essential for appreciating the impossibility of strip-
ping away the mutation process from the consideration of evolutionary outcomes; the
second conclusion is a first step in analyzing the prerequisites for the assumption of
monomorphism, introduced in Section 5.1. In the next section we take this investigation
further by proving the principle of mutual exclusion for a ceriain type of coevolutionary

communities.

7.3 The Principle of Mutual Exclusion

We have assumed in Section 5.1-that without mutations two or more values of the
adaptive ftrait s; within a species cannot coexist in the limit ¢ — oo, only the single
most-advantageous trait value surviving. “This principle of mutual exclusion ‘can be

proved for the case of Lotka-Volterra population dynamics.
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The Principle of Mutual Execlusion for Lotka-Volterra Communities =

The theorem is as follows. Consider in species j € 1,..., /N two populations with
sizes ny and n; of a resident adaptive trait value s; and a sufficiently close mutant trait
value s}, respectively, in an environment determined by traits s; with population sizes
ng, 1 =1,...,N. The dynamics of the population sizes in the community are assumed
to be of Lotka-Volterra type. |
When the mutant is absent, we call the remaining population dynamics resident system,

when the resident is absent mutani system, and when both are present combined system.
Provided that

1. the selection derivative 8] ;(s;,5) does not vanish,

2. the Lotka-Volterra interaction matrix of the combined system (i) is not singular, and

(ii) its elements for species j vary smoothly with s,

we show that there cannot exist a fixed point of the combined system in Rf +1. From

this it can then be inferred that the mutant will either go to fixation or to extinction.

As in Section 5.1 we formally assign the population of the mutant adaptive trait value the
I

J' S
8; — 32- the phenotypic distributions in the coevolutionary community are given by

indexi=90: 50 =6, ng = n; by = b; and dgy = d;. In the course of a irait substitution

7= (nl-ésl,...,nj-c?sj + ng -630,...,nN-63N). (7.15)

From the stochastic description of the invasion process
3 —d—-P(n,f) = i[;ﬂvj(si s,n+ li) {n; +1)- P(n + 1 t)+
dt et SR ’ ’
5 (si,s,n —1%) « (ny — 1) P(n — 1%, 1)~ (7.16)
&?(s;,s,n) -n; - P(n,t)—
Ef(si, Sym) g P(n,t)] ,

see equation 5.4, we can formally construct a deterministic system describing resident
and mutant population dynamics when treating population sizes as continuous variables
and neglecting fiuctuations

d

= 77 (si,s,m) (7.17)
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with f;j(s;;,s,n) =Ej(s,-,s,n) —3;-3'(53-,3,73) and n = (ng,nq,...,ny). The assumption

of continuous population sizes and negligible fluctuations is only justified for large
populations, ng,n1,...,2y5 > 1. As we have frequently pointed out, this is not the

case when considering a mutant population which initially is of size 1. Thus the
equations (7.17) are not capable of describing the dynamics of the invasion process, for
this purpose we have to rely on the stochastic representation (7.16). We only may use
the dynamical system (7.17) in circumstances when all considered populations (i.e. those

with positive sizes) are large. This constraint will be respected below.

The assumption that population dynamics are of Lotka-Volierra type is expressed by

N
f-J (si,s,n) = Ti(si) -+ Zag-j(s.g,sj') -y foraii ¢=0,...,N. {7.18)

2
i=0

The fixed-points of the population dynamics of the combined system, denoted by # =
(f0,M1,...,0N), are defined by f;j(Sg,s,ﬁ(s)) =0 forall:=0,...,N. Similarly, we
define the fixed-points 20 = (0,2, 4, ... 4D} and A = #@,0,a87,..., 20
of the resident and of the mutant system, respectively, by £ (si, s,ﬁ(l)(s)) = 0 for all

- o T 11 Fis ~{0Y7 A\ 1 o et .
1= 1,2,...,V and by ff'\si-,.s,n\ N(s)) =0 foralli = 0,2,..., N, The superscript

thus refers to the index of the absent population.
To shorten notation, below we do not continue to repeat the dependence of the quantities
j‘;, r, e, #, #®) and A1) on the vector s = (sp,31,...,8y) and the index 7 which are

constant throughout a particular trait substitution.

We denote minors of a matrix A by mij(A); here the ¢th row and the jth column
have been eliminated. We further define the matrices 2/ (A) derived from a matrix
A by replacing the elements of the ¢th row and the jth column by 0, except for the
element A;; itself which is replaced by 1; successive mappings of this sort are denoted
by 29H(A) = 27 (F(A)). Similarly, the vector z(a) is obtained from a vector a

by setting a; to 0.

| 1 R

Rl
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GCutline of Proof

The proof of the above theorem is divided into four steps.
1. First, we prove the equation
Rg * iy = [c‘let_2 o:]-
[det m®*(«) - det mli(a)]- (7.19)
o) - Fu(a®)]
2. Then, we show
detm®a) 20 <« detm!l(a) z 0. (7.20)
3. Next, we demonstraie
AE® z0 &  [EW) s o. (7.21)
In consequence of these results of parts 1 to 3, Ag and 71 have to be of opposite sign,
thus there is no fixed-point of the combined system in RY 1,

4. Finally, we exploit the fact that if there is no fixed-point of the combined system

in Riv +1 there can be no attracior at all in R_‘?f KL

Hence, under the two conditions mentioned above, the two adaptive trait values s; and
s’j cannot coexist. As then the mutant will either go to fixation or to extinction, the

principle of mutual exclusion is proved.

Proof, Part 1

In this part of the proof we will use Kramer’s rule

T = det™ 1 A. z a; - (—1)i+j - det mij(A) (1.22)

det A=3" As; (~1)" - det m7(A4) (1.23)

to evaluate the determinant of a matrix A by expanding it with respect to its ¢th row.
Note also that for any matrix A the identity
det m¥(A) = det 27 (A4) (7.24)

holds.

Ll 1
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In a first step we evaluate the fixed-points of the combined, the resident and the mutant

system. The former are defined by the equations
N
=1

holding forall j = 0,..., N. By solving this system of linear equations we obtain for #

N
ﬁj =det™ o Z (——'r,‘) . (—l)H_j - det m ' (a) . (7.26)

t=0

Similarly we get for 29 and A(1)

N
A = det™ 2%0) 57 (=22())  (~1) - det m (%)) (7.27)
=0
and
N L .
ﬁgl} — det™? A1(a) Z (—zl(r,-)) . (—I)“‘*’j - det m¥ (zll(a)) ) (7.28)
=0

In a second step we compute the product %(ﬁ(ﬂ)) -E(ﬁ(l)) according to equation (7.18)
Fo(2©®) - 1 (3V)

N
= [ro-—%—Zao,‘-ﬁEO)]-

= (7.29)
T 1
[t e a].
| pr
By uiilizing equations (7.27) and (7.28) we get
RO L F (Al
JUN AR A /
N - - ..
= [ro +det ™ 2%%q) - Z R (rs)) - (—1)"* - det 27 (2"(ar)) ] .
520 (7.30)
: N
{ri +det™ 21 {a) - Z aij - (—2H{r:)) - (—1¥*7 . det 2 (21 (2)) ]

B D | 1/
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Then we decompose the two sums into several separate ferms

Fo(®) - Fi()
= det™! z%%(a) - det™! 2" ()
[7‘0 -det 2% () — r1 - cpy - det P ()
N )
ri- Y agj e (1) - det 290%(a)+
j=2

N
Qg1 - ng‘ (=1)" - det P ()
i==2

N
S gy (~1)H - des#7%%(a) | (731)
L,j=2

[rl -det 2 (&) = 7o - @10 - det 201 ()4

N
7o ZO.'U . {—1)3 - det zoj’n(a)»}-

=2
N N
oy Z?‘g - (=1)" - det 201 (o)~
=2
N o g
Z o T (1) - det 791 a) l .
1,§=2

In the last transformation we have used (i) D)) =0 fori =0, 2%(r;) = ri fori # 0,
(i) 2M(r;) = O for i = 1, z!(r;) = v; for i 3 1 and (iii) det F38 (o) = 0 for i = k
and j #lori# kand j =1

In a third step we compute the product g - iy utilizing equation (7.26)

N
—jdet Y (=) (—1)i+0 . det 2%(a) 1
i > ) (7.32)

[det-l a i (=r) - (~1)+ - det 2% (a) } .

. i=0
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By expanding det z*(a) with respect to its Oth row and det 21(a) with respect to its

1st row we obtzin

fig - 71
= det™? -
N _ N _ . o
[ Z ri- (—I)H_U : ZZ&?(Q) . (_1)0+J - det 20] (ZEO(Q)) J (733)
=0 7=0
N . N . _ o
{ Z re- (1)1 Zzﬁ(a} (=1)1H . det 2% (z}(a)) ] .
§=0 j=0

Again, we write some terms of the sums explicitly
ﬁ;(] * ﬁ]
= det™? a-

[Tg -det 2%%(a) — 71 - 0y - det 2112 () +

N
rie Y aoi e (=1) - det 2% (a)+
j=2

AT
apq - Z ri (—1)° - det 2% q)—
1=3
N o -
> i i (<1 det s50a) |- (7.34)

1,7=2

[7‘1 -det M (@) = rq - agg - det 220 (a)+

N
ro - Z o1 - (—=1) - det 2% (a)+
=

N
o1 - Zri (=1)F - det 20 (0)—
1=2
N . ]
T PR W - 34 11 N
D oo (=177 - det 2 (o) |
L5=2
To obtain the last equation we have used (i) 29 () = 2¥ (), (i) 2% (a) = —2M{a)
and (iii) z}(a) = Ofori=kand j #£ lori# kandj =1, 2(a) =1 for i = k and
=1 zg(a) =ag fori # kand j # L

In a fourth step we compare the resulis (7.31) and (7.34). This completes the proof
of equation (7.19).

[ ) 7' S

1!
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Proof, Part 2
In this part of the proof we investigate the relative signs of det m® (&) and det m*!(a).

For this purpose we expand det m'*(a) to first order in the mutant adaptive trait value

s} around the resident trait value s;

det ' (@) = det m®(a) + (s — s5) - 6—6.2’_ det m* () : (7.35)
i

J —
Sj—SJ

Provided that (i) all interaction coefficients «y; and «j; vary smoothly with the trait
value s}, (i) the resident system is not singular, det m®®{a) # 0, and (iii) the mutant

trait value is sufficiently close to the resident trait value,

| — 55| < det mﬂﬁ(a)/fa%.- det m'*(q) ; (7.36)
]

L
33-—-3_}

we thus can conclude that det m®(a) and det m'*() are of the same sign. Conse-

quently, their product is positive.

Proof, Pari 3

This part of the proof is concerned with the relative signs of fo(A(©®) and fi(A{D).
With equations (5.10,11,12) we have fo(A(®) = T;(s),s) and f1(2D)) = F;(s;,9)
where s’ has components s} = s; forall¢=1,...,N # j and s} = .s;- for i = j.

Expansion of these functions to first order in the mutant adaptive trait value 3;- around

the resident trait value s; yields

Fo(a) = Fi(s7,8) + (s — 55) - 8/F (55, 5);

o ; o (1.37
@AWY = Fi(si ) + (s5— s5) - 6 Fi(s1,5) -
We exploit equations (7.6) and (7.7) and obtain
G ﬁ](ﬁ(e)) = -|—(.s";- - Sj) . ij"fj(sj-,s), (738}

AAD) = ~(s) = 57) - 8T i(s1,5) -

From this we conclude that ]?;(ﬁ(o)) and fl(ﬁ(l)) will be of opposite sign unless the

selection derivative B;fj(s ;. 8) vanishes. Hence their product is negative.

Proot, Part 4
This part of the proof is standard, it can be found e.g. in Hofbauer and Sigmund (1988,

see Theorem 1 in their Section 9).

T
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The Monomorphic Regime apart from isoclines

In Section 5.1 we have based the assumption of monomorphism on two separate
conditions, the smallness of mutation ratios and the principle of mutual exclusion.
The latter has now been clarified for coevelutionary Lotka-Volterra communities. For
generic communities of this type (having an interaction matrix that depends smoothly
on trait values and that is not singular) and for sufficiently small mutational steps, the
principle of mutual exclusion in species j is valid apart from the s;-isoclines of the

adaptive dynamics (where the selection derivative 8;}?3-(3,',3) does vanish).

In a last step we hence investigate under what conditicns the assumption of monomor-

phism holds in the vicinity of these isoclines.

The Monomorphic Regime In the Viclnity of iseclines

The investigation of ithe two conditions for the assumption of monomorphism, the
smallness of mutation ratios and the principle of mutual exclusion, requires particular
care in the vicinity of evolutionary isoclines. A violation of the first condition can
occur for species 2 in the vicinity of an inner evolutionary s;-isocline, since here the per
capita growth rates of 2 resident trait and a close mutant trait will differ only slightly.
For this reason it may take a long time until the mutant replaces the former resident.
We have seen above that for Lotka-Volierra communities the second condition may not
hold, either, in the vicinity of an inner evolutionary s;-isocline. From Sections 7.1 and

7.2 we know that this might be the case for isoclines which are mutually invadable.

Nevertheless, the breach of the assumption of monomorphism, in the cases mentioned
here, can be of minor relevance. There are several reasons for this supposition and we

discuss the possible cases in tum.

1. Close to an evolutionary isccline that is not mutually invadable, the only problem
is the lack of the timescale separation between the population dynamics, forcing
deleterious mutants to go extinct, and the process of mutation, enabling new mutants
to enter the population. Here, a polymorphic distribution around the isocline can
build up, for relatively long time is required to drive out the deleterious mutants.
However, after a sufficient time the most advantageous mutant will eventually have

- succeeded in banishing the other trait values such that the polymorphic distribution

"is only present for an intermediate time interval. In addition, when the mutation

1 1 S

R




Chapter 7 Analysis of the Monomorphic Models 107

ratio ; is not too high or the mutation variance o2 too large, this distribution is
sharply peaked on the isocline.

In the vicinity of an evolutionary isocline that is mutuaily invadable the principle
of mutual exclusion may fail to hold. If the isocline is non-invadable, mutanis on
opposite sides of the isocline may temporarily coexist. But, due to non-invadability,
only one trait value remains when the isocline is reached. Again, when the mutation
variance 0’? is small, this temporal deviation from monomoiphismn may be neglected.
We thus conclude that in both cases 1 and 2 the monomorphic framework can be
retained as an approximation.

If an evolutionary isocline is both mutually invadable and also invadable, mutants on
opposite sides of the isocline can coexist permanently. This process may give rise
to evolutionary branching (Metz et al. 1984). However, as remarked in Section 4.5,
evolutionary branching has not been observed by the author in the monomorphic
regime of the generalized replicator equation. It appears that the incidence of
evolutionary branching is not robust under coevolutionary dynamics when treated
stochastically. We thus conjecture that even in this case 3 the monomorphic
description can be retained. Nevertheless, further investigation of this issue is

suggested.

There is yet another incentive for relying on the monomorphic framework in the vicinity

of isoclines. Though we have a‘%s,‘ = () for a point § situated on an evolutionary isocline

of species ¢, in a coevolutionary comntext the adaptive trait values of the other species
usually are still bound to change, %35 # 0 for j =1,...,N # i. This will hold

unless & is a fixed-point of the coevolutionary dynamics or the adaptive change in s;

happens on 2 faster timescale than that of all s;. In consequence, the dynamics in the

other species will drive the adaptive trait values s away from the s;-isocline and the

phenomena described under 1 to 3 above cannot occur.

Conclusicns

We summarize the analysis of this section in terms of the following staternents,

L.

For generic Lotka-Volterra communities with small mutation rafios in ail species
and small mutational steps, a monomorphic description will hold apart from the

isoclines of the adaptive dynamics.

T S
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2.

W

In cases not covered by 1, a monomorphic description will hold if the isocline of a
species is only traversed owing io adaptive change in the other species.

In cases not covered by 1 or 2, a monomorphic description will hold approximately
if the considered isocline is not mutually invadable or mutually invadable but non-
invadable.

In cases not covered by 1, 2 or 3, a monomorphic description will hold when

considering stochastic coevolutionary dynamics.

Please note that, although the principle of mutual exclusion has been taken for granted

in the exploration of coevolutionary communities which are not of Lotka-Volterra type
(e.g. Rand et al. 1993; Rand and Wilson 1994), our proof is restricted to the class of
Lotka-Voltetra communities. To our knowledge, there exists no proof of this principle

for population dynamics of arbitrary type.

7.4 Consequences of Higher Order Corrections

The higher order correction terms to the monomorphic deterministic model can have

important consequences in specific circumstances. Here, we describe two special effects.

1.

Finite mutation variances give rise to inner evolutionary iscclines that are displaced
relative to those obtained for infinitesimal mutation variances. This shifting of
isoclines already occurs in the second order result for asymmetric mutation processes
whereas for symmetric mutation processes the third order corrections are to be
considered.

The other effect, the phenomenon of evolutionary slowing down, can be demon-
strated by means of the second order result. Iis investigation leads to the conclusion
that fixed points lying on non-invadable inner evolutionary isoclines for some traits
are attained at a rate which is algebraically slow rather than exponentially fast in

those ftraits.

JO | 1 AR
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Figure 7.5 Shifiing of evolutionary isoclines. The continuous curves are the innter evolutionary iscclines
of the two species (straight line: predator, curved line: prey) for infinitesimal mutation variances, o3 — 0
and oy — 0. The dotted curves are the inner evolutionary isoclines of the two species for finite muiation
variances, o1 = oz = 5-1072, The discontinuous oval curve is the boundary of the region of coexistence.
Except for the mutation variances parameters of the coevolutionary predator-prey community are the
same as in Figure 6.2. '

Shifting of Evoluticnary Isoclines

We now analyze inner evolutionary s;-isoclines in the context of the higher order result
(6.19). In other words, we investigate the impact of allowing mutational steps to be
finite in size rather than infinitesimal. The class of an isocline in this case is determined
by that of the corresponding isocline in the first order result. As to the location of the

isoclines the resuits are as follows.

First, we consider the second order result. According to equation (6.21) the range of
integration here is given by Ri(s) = {s} € §i | (sl — s} - 8/Filsi,5) + (sh — 5)?
1-8/%f;(si,s) > 0}. For 8/F;(si,s) = O this range either vanishes or extends to
(~co, +co), depending on the sign of 8/2f;(s;,s). If thus an inner s;-isocline is non-

invadable, the mutation moment m3;{s), see equation (6.20), and in consequence the
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second order correction in equation (6.19) drops out owing to the vanishing integration
range. If the inner s;-isocline is invadable, the same conclusion holds true for symmetric
mutation distributions since mg3;{s) now coincides with the vanishing third moment
of those distributions. For asymmetric mutation distribution we already in second
order get a shifting of invadable inner evolutionary isoclines. For symmetric mutation
distributions, however, the evolutionary isoclines of the second order result match
those already established by the first order result. In both cases the inner isoclines

are determined by the vanishing of the selection derivative, 8/ f;(si, s) = 0.

This simple picture changes when we consider the adaptive dynamics in terms of the
third and higher order results. We firsi examine the case of invadable evoluiionary
s;-isoclines. Since in general the integration range is now no longer symmetric, the
odd mutation moments do not vanish, and neither do the sven mutation moments.
Further, the second and higher order derivatives Bi'j Fi(si,s) and the first and higher order
derivatives B;j - ‘3,;_1(33-, s) in equation (6.19) usually contribute. The third and higher
order corrections therefore cause a displacement of the invadable inner evolutionary
isoclines. These displacements are quantitative deviations from the first order result. But
the higher order corrections can give rise even to qualitative discrepancies. Consider a
manifold in trait space on which 8, F;(s;, s) = 8/%f;(s;,8) = 0 but 8/3F,(s4, s) # 0 hold.
In terms of the first order result (6.12) this manifold would be called an evolutionary
s;-isocline. In terms of the more general higher order result (6.19) we notice that this
manifold is not an isocline at all, for the evolutionary rate %Si, though probably being
small, does not vanish here. The deviations are not so dramatic for non-invadable
s;-isoclines. Here the range of integration cannot contain the resident trait s;. The
displacement of the isocline thus will only be significant, if the mutation distribution
M;(si, s, — s;) extends considerably beyond that zero s} of f;(s},s) which is closest
to the zero at s; itself. In general however, inner evolutionary isoclines are no longer

determnined by the vanishing of the selection derivative.

We summarize that the shift of inner evolutionary isoclines owing to the finiteness of
mutational steps is a second or third order effect, depending on the symmetry of the
mutation distribution. This shift is illusirated for the case of predator-prey coevolution,
see Chapter 9, by the dotted curves in Figure 7.5. Note that not only the isoclines can
be displaced, but in consequence also the fixed points themselves. Thus the shifting
discussed here may affect the asymptotic stationary states of the coevolutionary system.

IE
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Figure 7.6 Evolutionary slowing down. (a) The continuous curve shows the mean path dynamics of
the predator’s trait close to the evolutionary equilibrium & in Figure 5.4 (constructed from 20 trait
substitution sequences). The fixed point § lies on a non-invadable predator isocline. In the figure
the actual algebraically slow approach to § is compared to the exponentially fast one, depicted by the
discontinuous curve, that is obtained from the first order result, which cannot account for evolutionary
slowing down. (b) A double logarithmic plot of the considered time series confirms the derived power
law s3(f) — 82 o ¢33, the jaggedness of the continucus curve stems from the extreme amplification
of the impact of single trait substitutions due to the logarithrnic scale. The siraight line resultng from a
linear least square fit to the time series turns out to have a slope of —0.3154, close to the predicted value
of ~1/3, thus confirming the prediction of fourth order slowing down. Parameters of the coevolutionary
predator-prey community are the same as in Figures 5.3, 5.4 and 6.2,

Conditions for Evolutionary Slowing Down

For the purpose of illustration let us start by considering the two dynamical systems
E‘%xi = —zj and %:Ez = —z3. Both examples possess a locally stable fixed point at
the origin. The time evolution of these systems is described by z1(t) = z1(0) - e~
and 2,(t) = +[2;%(0) + 2t]'"1/ ?_ Note that for t — oo the first system approaches the
fixed point exponentially, z;(t) « e%, while in the second case the approach is only
algebraic, 22(t) o t~1/2, and therefore much slower. The latter effect is called slowing

down. It can occur at fixed poinis that are not only characterized by the vanishing

of the rate of the dynanncai system, rm =0, but also by a vamshmg of the rate’s:

slope, a—-a—:c =U

In general, a dynamical system a'j—sc = F(z) is said to exhibit rth order slowing down
at a fixed point & if F(z) = 372 a5 - (z - 2)’ around ¢ = & with () r > 1 and
with (ii) xa,o < 0 for r even and a,o. < 0 for r odd. The distinction & refers to

&
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the two cases =(z ~ 2) > 0 and is necessary to account for slowing down of even
order. Condition (ii) only ensures the local stability of the fixed point r = %, whereas

4 — & Th 1 1rall 1
s slope at z = &. The algebraically slow

Lv]

ondition (i) implies the vanishing of the rate

approach towards the fixed point is described by #(¢) — & o« £(aps - 1)/,

The phenomenon of slowing down does arise in the context of coevolutionary dynamics.
Before turning to the general case, for intuition we first utilize the second order result.
We consider a locally stable fixed point of the adaptive dynamics which is situated
on a non-invadable inner evolutionary s;-isocline such that 8/2f;(s;,s) < 0 holds
in the vicinity of this isocline. Thus the range of integration is given according to
equation (6.21) by Ri(s) = (s, i — 2 8/[(si,5)/8/*Fi(si, 8)) for 8/ Fi(si,s) > 0
and by Ri(s) = (s — 2 8/F;(s:,3)/8/%Fi(si, ), s:) for the other side of the isocline.
Evidently, the range of integration in second order vanishes on the isccline itself. The
ecological interpretation of this statement is intuitive: fewer and fewer mutants s} are
advantageous while approaching the fixed point, until finally all possible mutants are

deleterious,

In order to prove formally that this process gives rise to slowing down, we exarmine
the coefficients a;= defined above in the case of the adaptive dynamics described by
equation (6.7). For adaptation in a single species the results obtained are gg+r = a1+ =
ag4+ = a3z = 0 whereas a4s. = —ay— < 0. Thus we are confronted with fourth
order slowing down. We conclude that evolutionarily stable fixed points of the adaptive
dynamics are attained at a rate that is algebraically slow in those traits s; whose isoclines
are non-invadable at the fixed point. In principle, the evolutionary slowing down thus
can drastically increase the length of evolutionary transients. In the theory of phase
iransitions a related phenomenon is known as critical slowing down (Huang 1987).
Here, the algebraically slow relaxation towards an equilibrivm point occurs at a critical
value of a contro] parameter, e.g. temperature, that is external to the considered system.
In such systems, fluctuations around the equilibrium point are much larger at the critical
value than apart from it. In contrast, the phencmenon of evolutionary slowing down
causes fluctuations to vanish at the equilibrium point and, moreover, it is an effect
which is internally driven (one could interpret the range of integration R;(s) as a control
parameter that is tuned towards iis critical value while the adaptive dynamic approaches

the -ﬁon—_invad_able isocline).

B
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Let us now briefly consider invadable isoclines. Here, the evolutionary rate 3‘%3,- in the
vicinity of the isoclines actually is increased by a factor 2, since here the integration
range is doubling rather than vanishing. Compared to the first order result, this amounts

only to a quantitative but not fo a qualitative change.

The phenomenon of evolutionary slowing down can be exemplified in the coevolutionary
predator-prey system. Figure 7.6a shows the algebraically slow dynamics taking place
in lieu of an exponentially fast approach towards a stable fixed point of the adaptive
dynamics. A double logarithmic plot in Figure 7.6b confirms the predicted power law

83(t) — 83 o £t~1/3 and thus the fourth order of the evolutionary slowing down.

7.5 Censtruction of Adaptive Landscapes

The dynamic of evolutionary processes is frequently associated with the concept of
optimization, optimization in turn being interpreted in the sense of maximization
(Lewontin 1987; Emlen 1987). The influential metaphor of the adaptive landscape,
introduced by Wright (1931), see Section 2.3, has helped to suppoit this tendency. In
this section we advance argumenis why we think that the notion of hill-climbing on an

adaptive landscape is tempting but obsolete in a coevolutionary context.

Problems with the Hill-climbing Metaphor in a Cosveolutionary Context

First, we have seen in Section 7.2 that the determination of coevolutionary endpoints
may not be decomposed into analyzing the impacts of mutation and selection separately.
The Quant_itaﬁve details of the mutation process can be essential for predicting the
direction of coevolutionary change. In contrast, the metaphor of the adaptive landscape
suggests that directionality is imposed on the evolutionary dynamics by a “fitness”

function which is only dependent on the process of selection.

Second, the adaptive landscape for coevolutionary processes ought to be a variable
one. For a particular species, its shape has to undergo transformations according to the
altering biotic environment generated by the other species which in turn are subject to
adaptive change. We show that once the variability of the landscape is telerated, it is

possible to cast an arbiirary dynamical system in a mathematical form that corresponds

17
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to a hill-climbing process on a variable adaptive landscape. To see this we consider

the set of equations
—z = F(z) _ (7.39)

with ¢ = (#1,...,2x) and F = (Fy,...,Fy). Tt can easily be checked (using
Leibnitz’ rule for differentiation with respect to integration limits) that equation (7.39)

is mathematically eguivalent to

d 0

o= -a—mgV/g(mg,a:) i for i=1,...,N (7.40
with

Wi(el,e) = / F(z)|  dall. (7.41)

T Zi=%;

Alternatively, we can write

4 =V W (e 2) | (7.42)

dt * VT lo'=g : g
and

N

W(d,z) = > Wilsl,2) (7.43)

) §=1

with Vyr = (6/8$’1,...,3/6’x‘1\;). Equation (7.40) describes the dynamics of the
arbitrary system (7.3%) as an interplay of several hill-climbing processes on N separate
adapiive landscapes W;(z},z) for species 1 = 1,...,N. In conirast, equation (7.42)
corresponds to a hill-climbing process on a single landscape W (z', z). Note that these
landscapes are extended in the space of all 2’ whereas their shape is parameirized by

the value of z, the current state of the dynamical sysiem.

e e e e
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Envisaging Coevolutionary Dynamiecs on Variable Adaptive Landscapes

The canonical equation (2.3) of adaptive dynamics, which we have underpinned by a
formal derivation in Section 6.2, is also inspired by the idea of envisaging adaptation
as a hill-climbing process. However, when the evolutionary rate coefficients k;{s) are
allowed to depend on the adaptive state s (Abrams et al. 1993), the adaptive dynamics
can deviate from the path given by the direction of steepest ascent on the landscape
described by f;(sl,s).

To cast our coevolutionary dynamics in terms of a process of hill-climbing on a variable
adaptive landscape we set in equation (7.39) z = s and, in accordance with equation
(6.12), F(s) = 3 - pi(si) - 62(s;) - fui(s) - 8/ fi{si, s). From equations (7.41) and (7.43)
we obtain the adaptive landscape for the coevolutionary dynamics of the monomorphic

deterministic model
1 L s . _
W(ss) =53 f (i(si) - oF(s5) - Auls) - B Fi(sir )] ( ds) . (1.44)
i=1 s =

Here, setting the arbitrary lower integration limit to s; amounts to normalizing the
absolute height of the adaptive landscape to zero for the current combination of trait

values, W (s, s} = 0. To recover the dynamics we use the transcription of equation (7.42)

d
EES = VS'W(S” S)_ s'=sg

We see that if we wish to describe the adaptive dynamics by a process of gradient

(7.45)

ascent (following the direction of steepest slope on an adaptive landscape) we ought to
incorporate features of the mutation process into the definition of the landscape. This
is why (i) the canonical equation (2.3) of adaptive dynamics can give rise to dynamics
leading to minima of the adaptive landscape functions f;(s}, s) and why (ii) evolutionary

stability can be tuned without altering these landscape functions, see Section 7.2.

In Figures 7.7 and 7.8 we give two examples of employing equation (7.44) together
with (7.45); to generate variable adaptive landscapes for coevolutionary dynamics. Both
examples are based on the coevolutionary predator-prey é_ommu_nity ;!_}hich.is analyzed
in -Cha_pter 9. o . o .

Visualizing the adaptive dynamics by means of a variable adaptive landscape might
help our imagination. First, we might take the transformation of the landscape’s

shape in the course of the coevolutionary process as picturing the alteration of the

T
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Figure 7.7 Coevolution towards an evolutionarily stable fixed point envisaged on a variable adaptive
landscape. The trajectory of the adaptive dynamics is given on the bottom plane; according fo equation
(7.44} it can be undersiood as being determined by a hill-climbing process on the variable adaptive
landscape. The sphere upon the landscape shows the current state of the adaptive trait values. The
coordinates for the trajectory and the cumrent state of the adaptive dynamics are (s1,s7), those for the
variable adaptive landscape (s],s,). Times shown atre @) ¢ =0, ()t = 5.10%, (¢} ¢ = 3 - 10°, (&)
t=15-10% (e) t = 8-10°, and (f) t = 8-10°. Parameters of the coevolutionary predator-prey community
are the same as in Figure 4.4. '
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Figure 7.8 Coevolution towards an evolutionarily stable limit cycle envisaged on a variable adaptive
landscape. The trajectory of the adaptive dynamics is given on the bottom plane; according to equation
(7.44) it can be understood as being determined by a hill-climbing process on the variable adaptive
landscape. The sphere upon the landecape shows the current state of the adaptive trait values, The
coordinates for the trajectory and the current state of the adapiive dynamics ate (s, 2), those for the
variable adaptive landscape (s},s%). Times shown are ()t = 0, (b) ¢t = 1.2 105, (¢) t = 2.7 - 10°,
()2 =34-10% ()t = 49105 and (f) t = 5.5 - 10°. The phenomenon of evolutionary cycling
is discussed in detail in Chapter 9. Parameters of the coevolutionaty predator-prey community are as
- given in Figure 9.3 with 2 = 0.11.
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species’ environment caused by and also causing their adaptive change. Second, one
could be tempted to interpret the constant height of the current adaptive state of the
coevolutionary community on the landscape as illustrating a point made by Fisher (1958)
that the changes brought about by natural selection must be offset against the resulting
deterioration of the environment (Frank and Slatkin 1952). But still, as demonstrated
above there is no explanatory potential in describing evolution as hill-climbing in a
coevolutionary context. The adaptive dynamics, eguation (6.12), precedes the adaptive

landscape, equation (7.44), and not vice versa,




=

Chapter 8
Extension of the
Polymorphic and Monomorphic Modeils

In this chapter we discuss generalizations of the dynamical theory of coevolution as
developed in Chapters 4 to 6. We point out how to extend the theoretical framework
presented there, in order to cover more complicated ecological and evolutionary sce-

narios.

8.1 Multi-trait Coevolution and Functional Consirainis

So far we have restricted aitention to the case that each species ¢ possesses only a single
adaptive trait s;. To understand the significance of coevolutionary phenomena on the

adaptive dynamics this was sufficient.

Muliiple Traits

However, in real ecosystems adaptive change not only simultaneously happens with
respect to multiple species but also with respect to multiple traits within species. For

instance, life-history traits like rates of reproduction and growth at given ages typically

by turning s; into a vector

8 = (5q1) | @1
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with a species index { = 1,...,N and a trait index [ = 1,..., ;.

Moreover, allowing for multiple adaptive traits per species can be a prerequisite for
the reliability of the Markov assumption, introduced in Section 5.2; knowledge of all
the trait values at present ought to be sufficient to determine the potential of further

adaptive change in the immediate future.

Consirzints

A third reason for considering multiple traits in phenotypic coevolution is that the path
of evolution can be constrained. In addition to natural bounds on certain trait values
- €.g. fecundities or weights necessarily must be non-negative — which already oughi
to be accounted for when considering only one trait per species, the set of accessible
iraits is further restricted by constraints on the combinations of different traits. These
constrainis may depend on simple matiers of physics — e.g. surface to volume ratios
cannot decrease beyond a certain threshold. Altematively, the constraints may be an
outcome of developmental pathways of the organism — e.g. an organism that matures at

a sinall size has only a small amount of resources to give to reproduction. Constraints

may also follow from the mapping from genofype fo phenotype — e.g. if the same gene

influences two traits, the trait values that result are not independent; this effect is called
pleiotropy (Falconer 1989). For a more detailed discussion of constraints see Maynard
Smith et al. (1985), Loeschcke (1987) or Stearns (1992). We allow for such constraints

as follows.

1. Constraints restrict the set of trait values accessible within sach species to a subspace
of §, which we denote by §5,cr. The Cartesian product of all these sets is called
§C, = xf‘f_,lgg,c:. The adaptive dynamics of the N-species community are then

confined to the subspace S¢ of § with
Sc=38.n 8y (8.2)

where S, denotes the region of coexistence as defined in equation (5.8).
2. 'Due to pleiotropy the effects of mutations on different traits can be correlated. For
this reason we write the probability distribution for a change As; from a given trait
~ value s; due to mutation as a single multivariate distribution M;(s;, As;) rather than

as a product of v; separate distributions M(s;, Asy).
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Below we gencralize the results obtained in the previous sections to match the extended

framework of muliiple-trait coevolution.

Extension of the Polvmorphic Stochastic Model

No notational changes are required to extend the results of Chapter 4 to multiple-trait
coevolution. Note Only that the phenotypic distributions p; as well as the mutation
and offspring distributions M; and B; now are multivariate, that the delta functions
in equation (4.1) and (4.9) take vectors as parameters such that the usual definitions
85 = TIhe, 65y and 8(st — s) = T112, 6(sl; — sa) apply, and that the integrations ds;

and ds; in equation (4.15) now stand for ds} = [[}%, dsl; and ds; = [J;%; dsq.

Exiension of the Monomorphic Stochastic Model

Similarly, the resuits for ihe stochastic representation in Chapter 5, in particular equa-
tions (5.13), (5.14) and (5.18), carry over without alteration. The delta functions in equa-
tion (5.14) now take vectors as arguments, such that again §(s} — ;) = [T;%; 8(sl; — sa)
applies, the mutation distribution in equation (5.18) is multivariate and the integration

TTV

ds' in equation (5.13) now is given by ds’ = Hﬁ_—z ds; = ﬂfﬁr__l 12, dsy.

Exiension of the Monomorphic Deterministic Model

The results of Chapter 6 for the deterministic approximation to the monomorphic co-
evolutionary dynamics generalize as below. No modifications are required in equations
(6.7) and (6.8). However, the integral in equation (6.7) now is multi-dimensional with
ds; = [1}%; dsii, and consequently the range R;(s) of integration in (6.8) now becomes

a subspace of dimension v; instead of a mere interval.
In generalizing equation (6.12) we obtain

d 1 . -

8= g milsi) o}(si) - tui(s) - ViFi(si, ) (8.3)
as the first order result for the deterministic approximation of the multiple-trait co-
evolutionary dynamics in Sg. Here V!f(si,s) with V! = (8},...,8.,.) denotes the

selection gradient for species i, a vector being composed of simple selection deriva-

tives 9),F;(si, s) with 8} = 8/8sl; for the wraits [ = 1,...,u; of species i. In the case

RS Rt | 1 Caae
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of multiple-trait coevolution 0'2 is the variance-covariance matrix of the multivariate

mutation distribution M;. The elements of this square matrix 02 = K""z ”,) are given by

s
O-z‘z,uf(-si) = j Asjp - Asyp - My(s, As;) dAs; (8.4

with LI = 1,...,5.

Notice that finite off-diagonal elements in o*iz (non-vanishing covariances) cause the
adaptive dypamics to take an altered path, i.e. the direction of adaptive change is not
parallel to the selection gradient. Notice also that up to first order the inner evolutionary
isoclines of the adaptive system (8.3) for species 7 are now given by those manifolds
in gc where the selection gradient V[ f;(s;, s) either vanishes or lies in the null space
of the variance-covariance matrix o7(s;). The location and type of boundary isoclines
on 8§c is less easy to setile and phase poriraits of the system (8.3) will prove useful

in this circumstance.

8.2 Noneguilibrium Pepulation Dynamics and
Varying Environments

dynamics and under varying external influences on the environment,

In relaxing the assumption of a fixed point attractor 7(s) in population size space made
in Section 5.1, we now allow for arbitrary atiractors A(s) that give rise to periodic,
guasi-periodic or chaotic population dynamics. Similarly, external influences can
impose an extra time dependence on the coevelutionary community thus rendering the
system nonautonomous. Although both effects give rise to changes in the environment
experienced by an individual within the coevolutionary community, the term varying
environmeni usually is used as an abbreviation for the latter, since only in this case
the coevolutionary community, considered as a single system, is exposed to variation

from beyond its boundary.

After discussing relations between different timescales in the coevolutionary commu-
nity, w_e provide generalizations of the two monomorphic models of coevolutionary
processes to noneguilibrivm population dynamics and varying environments. In the
literature different invasion criteria have been suggested in this context. We outline the
mathematical concepts and finally investigate in how far these criteria can be approved

in the light of the formalism developed in this work.
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Timescales in the Cosvolutionary Community

Already in the case of a fixed point attractor in population size space we had to
distinguish between the timescale 7, of adaptive change and the timescale 75 on which
a mutant either goes extinct or reaches fixation while the population dynamics of the
combined system attain its attractor. Both 7, and 75 are larger than the typical time 7;

between birth or death events of individuals in the coevolutionary community.

When population dynamics settles to a nonequilibrinm attracior A(s) in population
size space, an additional timescale 7, for the motion on his attractor is infroduced.
Moreover, variation of the environment due to external infiuences on a timescale 7,

imposes an extra time dependence on the coevoluiionary community.

No premiises as to the relations between the five timescales above enter the derivation of
the polymorphic stochastic model. For the monomorphic models, resident populations
are considered sufficiently large in order not to be subject to accidental extinction,
consequently 74, 7¢,7p > 7; obtains. Moreover, the assumption of small mutation
ratios implies 7, >> 7. The assumptions of equilibrium population dynamics and the
absence of an external time dependence in the coevolutionary community are formally
expressed by 7p, Te — 0. In summary, the considerations in Chapters 5, 6 and 7 have

been underlined by the relations
Ta D> TF 2> Ty N Tp,Te —+ OO, (8.5)

In this section we investigate the consequences of relaxing the last two assumptions

Tp — o0 and T, — o0.

Consideration of the Polymorphic Stochastic Model

External variation of the environment of the coevolutionary community is explicitly
allowed in the polymorphic stochastic model, see equations (4.7) and (4.15). However,
the particular algerithm presented for the polymorphic stochastic model in Chapter 4 is
based on the minimal process meihod, and thus is exact for 7, — co. As explained m
Section 4.4 this algorithm can be used as an approximation even for environments which
are subject to exiernal variation provided that 7. 3> 7. For 7e }» 7; other algorithms

should be devised, whereas the polymorphic stochastic model itself stays valid. -

No assumptions as to the atiractors of the population dynamics of the diffefent species
in the coevolutionary community have been made when deriving the polymorphic

=

g
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stochastic model. In fact, population dynamics and adaptive dynamics are not formally

treated separately in this model. In consequence, the polymorphic stochastic model is

Extension of the Monomorphic Stochastic Model

In the case 75 > 7 A 7. — o0 invasion and fixation of a successful mutant happen
slowly compared to the dynamics on the atiractor A(s}. This will typicaily be the case
for mutants whose adaptive trait values s] are sufficiently close to the resident trait value
8i. To determine the fate of a rare mutant we then can take its per capita rates on A(s)
to be effectively given by &(s!, s), di(s},s), defined in analogy to

1

T ~
Filshe) = fim - [ Fi(shia,n(v) d 36)

where the bar here denotes the time average along a trajectory n(f) on A(s). The
dynamics of n(t) is described by equation (5.5). Due to ergodicity the choice of n(Q)
is not affecting these averages and the time average can effectively be replaced by a

phase average on the attractor A(s)
ﬂ@@=[ Fi (si 8,m) dv(n) 8.7
A(s)

see the rernark on the natural measure dv(n) of A(s) further below. In generalizing
equations (5.18) we obtain for the probabilities per unit time in the stochastic repre-
sentation

wg(si—,s) = --55(35,3) $Ti(s) - M,'(Sg,s;- - si)-

bz' (3273) . (}-i(si':'s))-i- .

Similar conclusions can be drawn for the case 74 > 7, A 7, — co where the invasion of

(8.8)

a successful mutant happens slowly compared to the dynamics of the external influences
on the environment. Equaiion (8.8) carries over and f;(s},s) now indicates a time
average over the change of the external influences on the environment. When the
varying external influences possess a stationary frequency distribution, the time average
again can be obtained instead as an average over these external influences weighted by

their -probability to occur.

TR
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Evidently, for coevolutionary communities with both nonequilibrium population dy- E
namics and varying environment the above arguments can be combined provided that -‘
7§ > Tp,Te. In this case f;(s},s) is given by a twofold average.
Another extreme is described by the condition 7. >» 74 A 7, — oo. Here, the
environment of a mutant is practically constant during its successful or unsuccessful
invasion. Instead of equation (8.9) we therefore have -
Wi (Si'asaf) =gy bi(siasat) . ﬁ'i(sat) ) Mi(sizsg - 35)'
-1 —_
b, (sh,s,t) - (Fi(siys,1))s -

Notice that in this case the capability of mutants to invade a community of resident

(8.9)

species not only depends on the resident trait values s but also on the states of the

external influences on the environment at the particular time of invasion.
The cases with 7, » 77 are more involved and will not be covered here.

When the environment of a mutant changes due to nonequilibrium population dynamics
or due to external influences on a timescale that is comparable to 74, the fate of the
muiant cannot be decided upon its initial per capita growth rate. The assumption of
invasion implying fixation, see Section 5.1, which in turn rests on the principle of mutual
exclusion, is likely not to hold in this case. In such cases retreat to the polymorphic

stochastic model is recommended.

However, for small mutational steps, the timescale 77 for fixation of successful mutants
will not be too small, such that the feasible cases, see equation (8.8), can be taken as

the relevant ones.

Extension of the Monomorphic Delerministic Modal

The discussion provided above for the monomorphic stochastic model directly applies

(="

e
to. the monomorphic deterministic model. In generalizing equation (6.12) and by using
equation (8.8) in the case T 3> 7y, 7. We obtain for the deterministic approximation of

the adaptive dynamics in first order

d —-

T mai(s) - mi(s) - 8 Filsi; 8) . (8.10)
For the case 7 > Tf A Tp — 00 We empioy equation {8.9) to get

d . -

—s; = pti - mai(s) - (s, 1) - 8] fi(siy 8, 1) . (8.11)

dt
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In equations (8.10) and (8.11) we have used the second mutation moment m; rather

than § - o7 in order to allow for asymmeiric mutation distributions.

The construction of the higher order deterministic approximations for the adaptive

dynamics follows the same scheme as in Section 6.3 and is not repeated here.

invasion Criteria from the Literature

As a special application of the monomorphic stochastic model, we can use our math-
ematical framework to deduce a criterion for resolving whether or not a given mutant
can successfully invade a coevolutionary community comprising given resident pop-
ulations. We already have obtained such a criterion in Section 5.3, equation (5.19),
assuming equilibrium population dynamics. It is of particular interest to investigate
how this result generalizes to encompass nonequilibrivin population dynamics. Be-
fore we establish our own criterion, we briefly review some mathematical concepts

suggested for this purpose in the literature.

To decide upon the initial increase of a rare mutant s, in an environment given by the

residents s the following constructs have been suggested

El(s',-,s) T f f2 si,8,n(t)) dt (8.12)

By(s}ys) = lim ;, In 'ii”(( ))II (8.13)

E3(s},s) :J[ ﬂi(s’i,s,n) dv(n) . (8.14)
Als)

In the literature, the invasion criterion for the initial increase of the rare muiant is taken
to be By > 0 with & = 2 or 3 (Metz et al. 1992, Rand et al. 1993). For the notions of

resident and combined systems, used below, see Section 7.3.

the rare mutant along a ir ry n{t) that staris on the aftractor A(s) of the resident
system, see equation (8.6). We have introduced £ as it serves as a convenient common

denominator for the other two quantities Fo and Fs, see below.

The second quantity Fa (Meiz et al. 1992) is the Lyapunov exponent of the combined
systern along the direction of the mutant’s population size for a point on the atiractor

_A:o_f__the resident system. Lyapunov exponents in general are given by the average
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logarithmic growth rate of the distance between two specific trajectories. Here, the first
trajectory n(t) stasts from n(0) on the attractor A itself, the second trajectory n'(t) has
initial conditions n'(0) = n(0) + An(0) where An(0) denotes an initial displacement in
the direction of the mutant’s population size. The distance between these two trajectories
is given by |An(t)| with An(¢) = n/(tf)—n(t), where the particular choice of the distance
function |...! does not affect the result (Oseledec 1968). Note that the mathematical
definition of a Lyapunov exponent requires the time development of n'(t) to be evaluated
according to the linearization of the dynamics of the combined system along the
attractor A (Eckmann and Ruelle 1985). As a convenient alternative for numerical
estimations of Lyapunov exponenis one might utilize the combined system directly but
then choose a small An{0) and extend the average only over a finite time interval
(0,7); in order to nonetheless cover the attractor A sufficiently, several repetitions
of this procedure usually are necessary where each single repetition is followed by a
re-scaling a - An{T) — An(0) with o < 1 (Baker and Gollub 1990).

The third quantity F3 (Rand et al. 1993) is called invasion exponent and in our case is
simply the phase average of the per capita growth rate of the mutant on the attractor A of
the resident system weighted by the natural measure dv(n} of this attractor. Taking the
natural measure rather than an arbitrary invarjant measure is important when the attractor
A is chaotic (Oit 1993). For practical applications this caveat however is spurious due

to the noise inevitably associated with any numerical estimation (Schuster 1989).

Equivalence of invasion Criteria

The equivalence of the three criteria can readily be established.

First, the time average F; coincides with the phase average F3 (Ott 1993) ~ there can
be exceptional initial conditions n(0) that do not satisfy this identity, but since the set

of these has Lebesque measure zero they are irrelevant for realistic systems.

Second, the time average Fy equals the Lyapunov expenent By, To show this, we
linearize the dynamics of the combined system about the trajectory n{t) and obtain
L An(t) = J(n(t)) - An(t) where J(n) denotes the Jacobian matrix of the dynamics of
the combined system evaluated at n. From the population dynamics of the combined
system we get An;{0) = 0 = An;(t) = 0 (the left hand side holds since the initial
displacement between n(0) and n'(0) is only affecting the mutant’s population size n;})
.as_ well as nj{0) = 0 = ni(t) = O (the left hand side holds for the trajectory n(t)

UL
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since it starts on the attractor of the resident system where the mutant is absent). From
the first implication we obtain |An(t)] = |An](t)| and applying the second implication
to the linearized dynamics yields %An’i(i) = }?(S;,S,n)inzn(ﬂ - Anl(t). From these
equations we conclude |An(T)|/|An{0)| = exp fOT f;"(s;-,s,n(t)) dt. Comparing this
result to equations (8.12) and (8.13) completes the proof of E1 = Fs.

Recovery of Invasion Griteria

We now investigate whether or not we recover the condition £; > 0 for the initiai

increase of a rare mutant in the light of our stochastic approach.

A rare mutant s} can successfully invade a community given by the resident traits
s provided that there is a positive transition probability per unit time for the trait
substitution s; — s;-, ie. wg(s’z-,s) > 0. We easily draw the conclusion that, if we
consider only the case 77 3> 7, A 7. — ©c0, our stochastic approach yields the criterion
Ey > 0 which is equivalent to those proposed previously. To see this, consider equation
(8.8) together with the definitions of (...), and that of f;{s},s) in equation (8.6).

In addition to recovering this result suggested in the literature, we analogously can
establish corresponding criteria for the other cases analyzed in this section. Furthermore,
our analysis has not only furnished us with these criteria for the initial increase of a rare

mutant but provides a full dynamical description of the stochastic adaptive process.

IR
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Part C
Application of the
Dynamical Theory of Coevolution

The population dynamics of predator-prey systems are a classical model of theoretical
ecology. The guestion as to the consequences of superimposing an adaptive process
onto the population dynamics of predator and prey has fosiered a variety of theoretical

models of phenotypic coevolution in such communities.

In this part we utilize the three models of coevolution derived in the last chapters to
investigate the variety of possible evolutionary dynamics in a prototypical predator-prey
community. In particular we focus on the potential for evolutionary cycling - a type of
evolutionary change belonging to the class of Red Queen dynamics — and demonsirate
that this mode of coevolution is a feasible ouicome in predator-prey communities. This
finding corroborates speculations put forward in the literature and once again underlines

the necessity for a dynamical theory of coevolution.
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8.1 Background

Predator-prey interactions are ubiquitous in nature (Crawley 1992). The ecological
interactions beiween predator and prey species can sometimes be strong enough for ihe
predator to have a major effect on the environment in which the prey is evolving and
vice versa. Such interactions have therefore motivated a variety of theoretical models
of phenotypic coevolution in predator-prey communities (e g. ‘{osenzwelg 1973; Paxker
1985; Abrams 1986 Brown and Vincent 1992) - T

Arms Baces

A number of biological issues are raised by the coevolution of predators and prey. Most
important is an instability inherent in their coevolution, since natural selection by the
prey on the predator favors predator phenotypes best able to consume the prey, whereas

selection by the predator on the prey favors prey phenotypes least likely to be killed.

This may lead to an escalation in traits affecting attack and defence, referred to as an
evolutionary rat race by Rosenzweig (1973) and an arms race by Dawkins -and Krebs
(1979). Abrams (1986) argued that an arms race does not exhaust the possibiiiﬁes;

for exampie contmumg evolutlon in one specms may occur even 1f the other remams
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Figure 8.1 "Well, in our country,” said Alice, still panting a little, “you’d generally get to somewhere
¢else — if you ran very fast for a long time as we've been doing.” “A slow sort of country!” said the Queen.
“Now, here, you see, it takes all the running you can do, to keep in the same place.” (afier Carroll 1871)
Since Van Valen (1973) the Red Queen serves as a metaphor for the deterioration of a species’ environment
owing to continual coevolution with other species. This process can give rise to Red Queen dynamics,

i.e. continnous evolitionary change in a commumity in the absence of external forcing,

Although evidence is hard to find, Bakker (1983) documented changes in mammalian
herbivores and carnivores during the Paleocene to Mid Eocene that could be of the kind
suggested by Dawkins and Krebs (1979). Those taxa characteristic of open habitats,
where pursuit and flight are critical features of predation, show similar speed-enhancing
changes in limb morphology; during this time the prey appear to have evolved faster
than predators, for more details see Section 1.2. Dawkins and Krebs (1979) argued that
an asymmeiry in the selection pressures would be expected, on the grounds that the

prey is running for its life whereas the predator “is only running for his dinner”.

The Red Quesn

Of some interest has thus been the general question as to whether the phenotypes of the

predator and prey evolve to an equilibrium asymptotic state such as an evolutionarily

stable strategy (Maynard Smith and Price 1973; Maynard Smith 1982).

Following Van Valen’s (1973) Red Queen’s hypothesis, the alternative — the interaction

between species prevents attainment of an equilibrium point such that there is continuous

i1
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17 R

evolutionary change in their phenotypes — has become known as Red Queen dynamics
(Stenseih and Maynard Smith 1984; Rosenzweig et al. 1987, Marrow et al. 1992).
Such dynamics are interpreted to indicate the continuous deterioration of a species’ |
environment owing to the continual evolution of other species (Futuyma 1986; Ebeling

and Feistel 1982). The name was inspired by the book “Through the Looking-Glass, :
and What Alice Found There” by Lewis Carroll (1871) where the Red Queen explains: "
“Now, here, you see, it takes all the running you can do, to keep in the same place.”
We refer to a Red Queen dynamic as any phenotypic dynamie that, in the absence of

external forcing, does not tend to an equilibrium state.

In the literature, it has been argued that a Red Queen dynamic would reguire the set of
feasible phenotypes to be unbounded, so that the phenotypes could evolve to ever more

extreme states. Rosenzweig et al. (1987) concluded that “the Red (Queen depends on the

existence of special phenotypic features, i.e. those which are independent, boundless,
and about which it may be said, the larger (or smailer, or denser, or furrier, or ...),
the better.” This requirement is unlikely to be met in reality, and calls into question

whether Red Queen dynamics could occur at all.

Qutline of Analysis

To investigate whether Red Queen dynamics are possible, prototypical coevolutionary
predator-prey communities have been devised (Marrow et al, 1992; Marrow and Can-
nings 1993). Analysis of these communities has been interpreted to suggested that, over
the course of evolution, the phenotypes could either tend to equilibrium or to nonequi-
librium asymptotic states. However, the models considered in these analyses were not
dynamical and the time-dependence owing to the processes of mutation and selection
was not incorporated. We have seen in Section 7.2 that under these circumstances pre-
diction of evolutionary outcomes generally is impossible; to determine the asymptotic
states of coevolving systems it is necessary to employ a dynamical framework. Conse-
quently, we here analyze the coevolutionary predator-prey community in terms of our

three dynamical models of coevolution.

Section 9.2 introduces the ecological interactions which define the predator-prey com-
munity. In Section 9.3 we illustrate different coevolutionary outcomes in this community
and demonstrate that these can be grouped into three classes: (i) the predator goes ex-
tinct, (i) coevolution leads to constant phenotypes in predator and prey, and (iii) the
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phenotypes in both species undergo coupled and sustained oscillations on a limit cycle
corresponding to Red Queen dynamics. Section 9.4 analyzes in detail the requirements
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for this evolutionary cycling. The depen
tion structure of the predator and prey is revealed, and we show that the phenomenon
is robust under changes in the modelling approach. We conclude that the conceptual
framework of evolutionary theory, with its current focus on fixed points (like evolution-
arily stable strategies) as the endpoints of evolution, needs to be expanded to encompass

more complex evolutionary attractors such as the limit cycies presented here.

8.2 Spacification of the Coevolutichary Community

According to the framework established in Section 4.1 we base cur dynamical models of
predator-prey coevolution on the ecological processes in the predator-prey community.
In doing so we ensure that the process of natural selection directing evolution is driven
explicitly by the ecology of predator-prey interactions, rather than by an external ad

hoc notion of relative “fitness” of different phenotypes.

Birth and Death Evenis

For simplicity, we focus on a single adaptive trait in each species; in view of the
importance of body size in determining interactions between predator and prey {(Cohen
et al. 1993), one might think of these traits as body sizes s and s2 of prey and predator

respectively.

Figure 9.2 provides a characterization of the coevolutionary predator-prey community
by specifying the fundamental birth and death processes. In particular, Figure 9.2a
describes the birth and death events that are dependent on phenotype, these being the
events that arise from encounters with other individuals, as opposed to the constant

birth and death events given in Figure 9.2b.
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2 Birth and death processes affected by phenotype

Target Encountered Birth/death event Probability of event per
individual individual encounter per unit time
pIey si prey §; death of prey s; a(s1)

prey si predator s; death of prey sy B(s1,82)

predator s prey--él birth predator s ¥(s1, 52)

b Birth and death processes independent of phenotype

Probability of event per

Target individual © -
S capita per unit time

Birth/death event

prey si birth of prey s o

predator sg death of predator sg 79

c Mutation processes

Birth event Mutation event Probability distribution

of event
(1—pa)-8(sy —s1) +
g - Mi(s} — s1)

(1= pa)- 8(sy — s2) +
pi2 - Ma(sh — s2)

birth of prey s; prey s1 — 8

birth of predator s, predator s; — s

Figure 9.2 Specification of birth, death and mutation processes for a prey individual with phenotype s;
and predator with phenotype sz in the coevolutionary predator-prey community.

fMutation

Evolutionary processes in the community require 2 mechanism for generating phenotypic
variation on which natural selection caused by the interaction between predator and prey
can operate. We assume that variation is created by a simple mutation process; in order
to keep the .émal_ysis_ fractable we envisage that the genetic systems of the species are

clonal.

Figure 9.2c shows that each birth event gives rise with probabilities p1 and iz to 2.

mutant 6ffspn’ng in the phenotypic traits s1 and s3 of prey and predator respectively.
The new phenotypes are chosen according to the mutation distributions M; and M, of
prey and predator respectively. These distributions are assumed to be Gaussian with

mean O and variances o7 and o3 respectively.

5
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Figure $.3 Specification of the interactions in the coevolutionary predator-prey community

as infroduced in Figure 9.2 The funciions used to describe the effect of phenotypes
on the birth and death probabilities arising from encouniers between individuals are: (a)
prey self-limitation «(s1) = u - {c1~eca-si+cs-s2}, (b) effect of predator on prey

B(s1,82) = u-exp{~62+2-cs-81 -6, — 62}, where 6, = (51 — e3)fes and 62 = (53 — ¢7)/cs.
u = 1072 is a constant that scales population sizes. Parameters iake the values: ¢; = 3.0, ¢; = 10.0,
ez = 10.0, es = 0.6, 5 = 0.5, ¢5 = 0.22, ¢7 = 0.5, ¢g = (.25. The function 7¥{s1, s2) is not shown
since it is related to 3(s;,s;) by the constant of proportionality k. The constant birth and death terms
are: rp = 0.5, ro = 0.05. Mutation parameiers used are: p; = 1073, py = 1073, 61 = 2. 1073,
oz = 2- 1073, The given parameter values are used throughout except where otherwise stated. .

SéEg@ﬁ@ﬁ

Natural selection arises from the dependence of the birth and death probabilities per unit
time @, 3, and «y on the phenotypes of the interacting individuals. Various functions

could be used for this purpose; we use functions as described in Figure 9.3.

The function o, which characterizes the ecological processes responsible for self-
limitation in the prey’s population size, is taken to be parabolic such that intermediate
phenotypes are favored in the absence of the predator '(Figure 9.3a). The function 8
déscribing the effect of é. predator on the probability of death of the prey is taken to
be __bivariéte Gaussian (Figure 9.3b), on the grounds that the predator is likely to show
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some degree of specialization in the size of prey it chooses relative to its own size
(Cohen et al. 1993). On the basis that what is bad for the prey is goed for the predator,
the function + is related to 8 by a constant of proportionality, v = h - 5. We call A
the harvesting efficiency.

Simple though this example is, it illusirates some features of a coevolving predator--

prey system. In particular, it shows the tension typical of predator-prey coevolution:
the predator gains its greatest benefit from the prey at the combination of adaptive trait

values s = 0.5, s; = 0.5 where in contrast the prey suffers its greatest loss.

Besume

The ecological community presented here extends the model of Marrow et al. (1992) by
(i) providing a full dynamical description of the birth, death and mutation processes. It
further generalizes the former account in the sense that (ii) it allows stochastic population
dynamics arising from individual-based encounters, and (iii) it permits the populations
to have polymorphic phenotypic distributions since multiple adaptive frait values may

be present simultaneously in each species.

As a special case of our description, we recover the well-known Lotka-Volierra equations

S =01 (+r1 — ofs1) - n1 — B(s1,82) - ma)
af 9.1)
=N (=12 +v(s1,82) - 1)

for the population sizes n; and ny of prey and predator, respectively, by assuming
no mutations, random encounters, deterministic population dynamics (the population
sizes of the species are large), and monomorphic phenotypic distributions (only one

phenotype is present within each species).

9.3 Investigation of Evolutionary Ouicomes

Here we describe the variety of possible evolutionary outcomes in a predator-prey
coﬁnnunity, using the monomorphic deterministic model as a starting point of our
investigation. Deterministic dynamics of this kind have been used elsewhere in the
literature (e.g. Hofbauer and Sigmund 1990; Vincent 1991; Abrams et al. 1993), but
have not previously been underpinned by a formal derivation.

g
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The Region of Coexistence

In the case of the monomorphic dynamics we can immediately infer from equations
(9.1) that there is a region §c in the monomorphic irait space S where both species can

~ coexist with positive population densities.

The boundary of this region is depicted by the oval discontinuous curves in Figures
9.4, 9.5 and 9.6. Only within this region can the predator population harvest the
prey sufficiently to survive; given a pair of phenotypes {s1,s2) outside this region,
the predator population is driven to extinction by the population dynamics (9.1).
Accordingly, coevolution of the predator and prey can only be cbserved within this
region of coexistence. It is possible for a sequence of traif substitutions in the prey to

lead to extinction of the predator, as illusirated e.g. in Figure 9.5.

On the other hand, there is in this example no evolutionary path in which the predator
can gain such an advantage over the prey that it destroys the prey and brings about
its own extinction, as there is no region of {rait space in which neither species has a

positive equilibrium population density.

Classification of Eveoluticnary Oulcomes In Predaior-Prey Cosvolution

By tuning the shape of the interaction functions depicted in Figure 9.3, the variety of
possible coevolutionary outcomes in this predator-prey community can be explored. A

survey is given in Marrow et al. (1992).

This diversity of different coevolutionary ouicomes can be grouped into a small number
of classes. For a coevolving predator-prey community starting with phenotypes in the
region of coexistence, there are eventuaily only three classes of possible outcomes. We

illustrate these classes in Figures 9.4 to 9.6 by means of typical instances.

1. Evoluiion to a fixed point. In Figure 9.4a, the adaptive trait values tend to an
equilibriuin point; once this is reached, no further evolution occurs. There are in
Tfact three fixed points at the intersection of the iscclines in this example, as can be

- seen from the accompanying phase portrait (Figure 9.4b); two of these are attractors
and they are separated by the unstable manifold of the third which is a saddle point.
- Notice that the coevolutionary process here is multistable with two atiractors having

' disjunct domains of attraction; thus there may be no more reason for a particular

BT e
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Fignre 8.4 Patierns of evolution of prey (s;) and predator (s1) phenotypes obtained from the monomor-
phic deterministic model. (a) Solution that tends to an equilibriam point over the course of time obtained
using the parameter values from Figure 9.3 with & = 1.0. (b) Phase porirait of the trait space from
which {2} is drawn with orbits siiown as continacus Hnes, The stariing point of the orbit shown in (a) is

-

indicated by an asterisk. The boundary of the region S, of coexistence of the predator and prey is given
as the discontinuous oval line. Isoclines are shown as dotted lines (straight line: predator; curved line:
prey); fixed points occur at the intersection of the isoclines.

observed asymptotic state than the more or less arbitrary initial conditions of the
adaptive process. |
2. Evolution to extinction. In Figure 9.5a the coevolutionary process drives the
phenotypic values towards the boundary of the region of coexistence (see Figure
9.5b). There the predator population goes exiinct and the predator phenotype is
no longer defined. The trait space of the community collapses from (sg,s2) to
the one-dimensional space s;, where the prey phenotype continues to evolve to its
own equilibrium point. Note here that the extinction of the predator is driven by
_the adaptive dynamics in (s1,s2) and not merely by the population dynamics in
;(”1.’ nz). | _ §
3. Evolutionary cycling. In Figure $.6a, the coevolutionary process in the predator-
| _prey community continues indefinitely; mutants replace residents in a cyclic manner
_Such that the phenotypes eventually return to their original values and do not reach
an equilibrium point. As can be seen from Figure 9.6b, the atiractor is a limit

T
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51,82 89

Figure 9.5 Patterns of evolution of prey (s, } and predator (s1) phenotypes obtained from the monomor-
phic determinisiic model. (a) Solution for a community that evolves to predator extinction at time
t = 1.3-10° After this time, the prey continues to evolve in the absence of the predator. Parameter
values as in Figure 9.3, excepi ¢; = 1.0, ¢z = 1.0, ¢3 = 15.0, and with 2 = 1.0. (b) Phase porirait of
the irait space from which solution (a) is drawn. The starting point of the orbit shown in (a) is indicated
by an asterisk. Isoclines are shown as dotted lines (straight line: predator; vertical line: prey). The prey
isocline lies outside the region S, of coexistence and orbits touch the boundary of this region, given as
the discontinuous oval line, at which point the predator goss extinct.

cycle, confirming the conjecture made by Marrow et al. (1992) that Red Queen

coevolution can occur in this predator-prey comimunity.

These three outcomes of coevolution correspond to the endpoints of evolutionary arms
races discussed qualitatively by Dawkins and Krebs (1979), namely: (i) equilibrium

endpoints, (i) one side wins, and (iii) cyclic endings. -

8.4 Analysis of Evolutionary Cveling

This section investigates the robustness of the phenomenon of evolutionary cycling.
We do this in two ways. First, a bifurcation analysis of the monomorphic deterministic
model is given; this aliows one to establish thie range of parameters in the model that
permit the incidence of evolutionary éycling. Sec_ond, we examine the monomorphic

stochastic ‘model and finally the polymorphic stochastic model to see hbw robust

s g
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Figure 9.6 Patterns of evolution of prey (s1} and predator (s;) phenotypes obtained from the monomor-
phic deterministic model. (2) Solution exhibiting evolutionary cycling of predator and prey phenotypes.
Parareter values for this case are as in Figure 9.3 with A = 0.14. The starting point of the orbit shown
in () is indicated by an asterisk. {b) Phase porirait corresponding to {a) illustrating the basin of atiraction
for cyclic solutions shown as continuous.lines. The boundary of the region S, of coexistence of the
predator and prey is given as the discontinuous oval line. Isoclines are shown as dotted lines (straight
line: predator; curved line: prey); an unstable fixed point is located at the intersection of the isoclines.

the phenomenon of evolutionary cycling is when the simplifying assumptions of the

monomorphic deterministic mode! are removed.

Bifurcation Anslysis of the Monomorphic Deterministic RModel

We focus attention on the effect of two quantities of particular interest from an ecological
viewpoint. These are firsily the predator’s efficiency in harvesting the prey as given

by the ratio

Y
and secondly the ratio of the evolutionary rate constants
r=8101 ©.3)

2
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The existence, number and location of fixed points of the monomorphic deterministic

model that lie within the region of coexistence S, can be obtained in first order from

A/ fi{3,8) =0 (9.4)

for i = 1,2, According to section 9.2 the per capita growth rates f;(sl,s) of rare

mutants s; in a comimunity of resident trait s are given by

Tfl (3’153) =4ry— a(sfl) : ﬁl(s) - 5(511732) : ﬁZ(S) 3

o , (9.5)
fZ (8213) = —rg -+ 7(31732) ' ﬁl(s) ’

where the equilibrium population sizes #(s) in §C from equations (9.1) are obtained as

f1(s) = T
! 7(31732) , (9.6)
fia(s) = r1 - y{(s1,82) — 72 - afsy) .

B(s1,82) - v(s1, 52)
The stability of the fixed points § can be checked by evaluating at these points the
Jacobian of the first order approximation of the monomorphic deterministic model.
This Jacobian J has been computed in Section 7.2, see equations (7.13,14). From the
conditions det J > 0 and tr J < 0 we infer that the fixed point § is stable if, and only if,
012 F1(31,8) + 0{&1 71 (31, 8)]
{52’2?2(32; 3) + 03827 2(52,8)] — 0.7
0182 f4(31,8) - 8,01 f4(32,8) > 0
and
fy(s)
fa(s)
[07F1(51,) + B{O1F1(81,8)] 69
[852F2(82,8) + 83827532, 8)] < 0.

From the first condition, inequality (8.7), we obtain those intervals of values 2 where

the fixed point 8 could be stable; within these intervals we then employ the second
condition, inequality (9.8), to determine those combinations (A, r) for which the fixed

point. actually is stable.

Since the adaptive dypamics in the predator-prey community are two-dimensional, the

only possible attraciors are fixed poinis and limit cycles. From the Poincaré-Bendixon

ey
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Figure .7 Results of the bifurcation analysis, showing the effect of the harvesting efficiency h, and
the ratio of the evolutionary rate constants » on the dynamics of the monomorphic deterministic model.
Regions are: (1) predator absem, (2) one fixed point, witch is an attractor, (3) three fixed points, two
of which are atiractors, (4) limit-cycle atiractor,

theorem, a sufficient condition for the existence of a stable limit cycle is the exisience
of a region in trait space that (i) a trajectory of the adaptive dynamics cannot leave and
that (i) contains no stable fixed point. Using the signs of the two selection derivatives
8/ F1(s1,3) and 8, f,(s2, s) between the isoclines, a region that cannot be left is easily
esiablished; the stability of the fixed point(s) in this region is then checked as described

above.

Requiremsnis for Evolutionary Cycling

The results of the bifurcation analysis are presented in Figure 9.7. Four distinct regions

within the parameter space can be seen:

1. Por h < 5% the two species cannot coexist, and therefore no coevolution can occur.
2.. For 3% < h < 9.8% there exists only one fixed point for the monomorphic
. deterministic model. This fixed point is an attractor; the system evolves fo this

point and there is no further coevolution once it is reached.
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3. For h > 14.8% there exist three fixed points of the dynamics. The two outer points
are stable, and which of these is reached depends on the phenotypes initially present.
4. For 9.8% < h < 14.8% and sufficiently high values of r (as indicated in Figure
9.7), the attractor turns into a limit cycle, giving rise to Red Queen dynamics. On
the other hand, for low values of r, the limit cycle breaks down and we recover the

dynamical behavior of cases 2 and 3 with the switch occurring at b = 12.6%.

In summary, we have revealed two types of local bifurcations in this system, both
being of codimension 1. The transition at & = 12.6%, where the number of fixed points
changes from one to three is called a pitchfork bifurcation. The transition across the
boundary of region 4, where a fixed point looses stability and gives rise to a stable Hmit

cycle, amounts to a Hopf bifurcation.

In completion of the local bifurcation analysis outlined so far, the potential for the
incidence of global bifurcations ought to be checked. Froin this it follows that the
boundary of region 4 is in fact slightly more complicated than the description above
suggests because two further kinds of dynamics can cccur here: (i) a limit-cycle attractor
around each of the two outer fixed points, and (ii) a Hmit-cycle atiractor around all
three fixed points with each of the outer fixed points also being an attractor. But the
parameter space permitting these dynamics is very small compared to the others and

they are therefore of less biological interest.

We conclude that evolutionary cycling requires an intermediate harvesting efficiency

plus prey evolution to occur sufficiently fast compared io predator evolution.

Evolutionary Cyeling In the Monomorphic Stochastic Modei

A realization of the monomorphic stochastic dynamics is given in Figures 9.8c and 9.8d.
The parameter values used are the same as those in Figures 9.8a and 9.8b where the
dynamics of the monomorphic deterministic model are depicted, and we see that the

cyclic behavior is still maintained. In addition, two major new effects should be noted.

First, it can be seen that the oscillations in phenotypic values do not all have the same
period. This phenomenon, which is well known in the theory of stochastic processes as
phase diffusion (Tomita et al. 1974) or dephasing (Schnakenberg 1993), comes about
because stochastic perturbations along the limit cycle are niot balanced by a counteracting

force, whereas those orthogonai to the limit cycle are.
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Figure 9.8 Evolutionary cycling as exhibited by the three models of coevolutionary dynamics. The
monomorphic deierministic model is used in (a) and (b), the monomorphic stochastic model in {¢) and
(d), and the polymorphic stochastic model in (¢} and (f). Graphs (a), (¢) and (e) show the resident
values of the prey (s1) and predator (s3) phenotypes as functions of time ¢. The corresponding orbits
are shown as continuous lines in the phase portraits given in graphs (b), (d) and (f). In the case of the
polymorphic stochastic model the displayed time series is made up of roughly 10 000 000 000 single
Dbirth and death events. The boundary of the region S, of coexistence of predator and prey is given as the
discontinuous oval line. Isoclines are shown as dotied lines (straight line; predator; curved Jine: prey).
Parameter values for these simulations are identical and ave set as given in Figure 9.3 with b = (.14,

except gy = pz = 1072

=
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Second, limit cycles whose extension in trait space is small relative to the typical

mutational step sizes (given by oy and o) will be obscured by the siochastic noise.

The boundaries of region 4, see Figure 9.7, will then be less sharp than those in the

monomorphic deterministic medel. Thus, if the evolutionary cycling is to be visible,

the mntational steps must not be too large.

Evoiutionary Cycling in the Pelymoerphic Stochastic Mode!

A realization of the polymorphic stochastic model is shown in Figures 9.8e and 9.8f,
using as before the parameter values of Figures 9.8a and 9.8b. The phenomenon
of evolutionary cycling siill persists despite the phenotypic distributions now being
polymorphic.

In addition, this model allows investigating the effects of demographic stochasticity not
only of the mutant but also of the resident phenotypes. Although this superimposes
more random variation to the solution, cycling is maintained. Provided that phenotypic
variance is not too large and population sizes are not too small, we thus can conclude
that evolutionary cycling is robust to relaxation of the simplifying assumptions of the

» e
monomorphic models.

§.5 Discussion

The main result of this analysis is that evolutionary limit cycles, in which the predator
and prey phenotypes continue to change indefinitely, are a natural outcome in a
coevolutionary community. The cyclic behavior is not an artefact of determinism
or monomorphisim, because the phenomenon can be observed both in the stochastic
monomorphic simulations and in the stochastic polymorphic ones. Clearly there is ne
general rule in nature to say that phenotypic evolution would lead to an equilibrium

point in the absence of external changes in the environment.

Interpretation of the Bequiremenis for Evelutionary Cysling

The resulis ‘from the bifurcation analysis are intuitive in that evolutionary cycling
requires: (i) the offect of selection by the predator on the prey to be great enough
to .d_r_ive.'the prey from the phenotypic equilibrium it would attain in the absence of

the predator (h not too low), (ii) sufficient pressure for the predator to track the prey’s

1B




Chapter 9 Predator-Prey Cosvolution 147

phenotypic change (% not too high), and (iii) in the resulting evolationary race the prey
must be fast enough not to be “caught up” by the predator (r not too low).

In view of the respiratory costs that the predators have to meet from consumption of prey
simply to stay alive, one would expect 2 to be substantially less than 1 and evolutionary

cycling to occur in a range of £ likely to be observed in reality.

Related Work

That cyclic phenotype dynamics can occur in coevolution is well known from theoretical
studies of genetic polymorphisms under frequency-dependent selection (e.g. Akin 19815
Seger 1992), and research into the dynamics of strategy frequencies (Nowak and
Sigmund 1989).

The system considered here is different in two respects. First, the trait values are con-
tinuous, whereas cyclic dynamics have typically been observed in polymorphic systems
with large qualitative differences between a small number of coexisting phenotypes.
Second, and more important, the underlying process here would be a sequence of gene
substitutions in which mutants keep replacing the resident types rather than one in
which the genes always coexist and undergo oscillations in frequency. Thus we are
here looking at a process operating on an altogether larger evolutionary scale, such that
the populations can undergo drastic changes in their phenotypic state, and still return

to some earlier value.

Revival of the Fed Queen
A simple classification of the outcomes of phenotypic evolution can be constructed from
two dichotomies. The first depends on whether an attractor exists, and the second on

whether the attractor is a fixed point.

This gives three classes of dynamics: (i) evolution to a fixed-point attractor with
stationary phenotypes, (ii) evolution to an attractor that is not a fixed point on which
the phenotypes continue to change indefinitely, and (iii) evolution without an attractor,

such that the phenotypes take more and more exireme values.

According to the definition in Section 9.1, Red Queen dynamics would encompass both
class (ii) and class (iii). Class (iii) is unrealistic for most kinds of phenotypes and, if

the Red Queen were to depend on the existence of such dynamics in nature, one could
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reasonably conclude that Red Queen dynamics would be very unusual (Rosenzweig et
al. 1987). But this would be to miss class (ii), and dynamics of this kind we have shown
here to be feasible. In fact, the limit cycle is but one of a number of nonequilibrium
attractors; for instance in systems with more than two coevolving species, chaotic

afiractors could be found.

Coneclusion

It seems therefore that there is a large variety of coevolutionary communities with
the potcntial for nonequilibrium evolutionary attractors. This needs to be emphasized
because the assumption that asymptotic states of evolution are fixed points underlies
much contemporary evolutionary thought. This assumption and the techniques that
go with it (in particular evolutionarily stable strategies) are clearly not appropriate for

dealing with nonequilibrium asymptotic states.

The prevailing view among evolutionary biologists, centered on equilibrium points,

needs to be extended to a dynamical framework to assimilate the Red Queen.




Summary and Conclusions

In this thesis we have presented first steps towards a dynamical theory of coevolution.
In contrast to evblutionary game theory, our approach is based on a dynamical frame-
work, thus incorporating th_e description 'of evolutionary transients and nonequilibrium
evolutionary aﬁ:racto_rs.f ?rﬂjke standard rephcafor avnarmc ounts for the con-
tinuous infroduction of new adaptive trai¢ values to the evoluuona.ry comimunity and
allows for arbitrary ecological interactions within the community, these interactions can
be specified at the Jevel of 1nd1v1duals Different to the canonical equation of adaptive
dynarmics, our tesulis. prov1de a stochastic treatment of the adaptwe process and higher

grder correction terms to the canomcal equatmn are derived.

Figure 1 summarizes the hierarchy of deauctions given in thiS thesis. Taking the general
replicator concept as a starting point, these deductions connect the three dynamical
models of coevolution presented in Chapters 4, 5 and 6. The necessary assumptions
are displayed to indicate the domain of validity of these models. We have recovered

the canonical equation of adaptive dynamics as a special case from our framework —

fact, from the results of Sections 5.3, 4.3 and 6.2 it is clear that the standard models

of evolutionary game theory, replicator dynamics and adaptive dynamics form a subset
of ‘our hierarchy. In particular, when we read the diagram in Figure.l from below,
we see that the limitations of the canomical equation of adaptive dynamics have been

relaxed to a substantial degree.

Il TR
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Deductions

The replicator concept

spatial homogeneity,
{cne tralt per species)

R

.

smail muiation ratios,

principle of mutual exclusien hoids,

resident populations largs,

{equilibrium resident population dynamics),
{no external time dependance of environment)

only first order resuif,
symmetric mutation distributions

The canonical equation of adapiive dynamics .

Figure 1 Assumptions and deductions in this thesis. The derivations connecting the three dynamical
models of coevolution given in Chapiers 4, 5 and 6 are depicted by arrows. The assumptions that enter
these derivations are mentioned, those in parentheses are relaxed in Chapter 8. With every additional
assumption analytic tractability of the models is increased while at the same time mteresung evolutionary
phenomena might be sacrificed.

i
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To conclude, we briefly summarize these extensions.

1.

To obtain the canonical equation of adaptive dynamics from a mutation-selection
process, symmetry properties of the mutation distributions are needed, see Section
6.2. Both our monomorphic deterministic model in Section 6.3 and the two
stochastic models remove this assumption.

We have recovered the canonical equation as an exact description of the coevo-
lutionary deterministic path, provided that the mutational steps are considered to

be infinitesimal. Although the canonical equation gives a good approximation for

small finite mutation variance, the approximation becomes inaccurate as the vari-

ance increases. In these circumstances consideration of higher order corrections, as
provided in Section 6.3, is recommended.

Due to such higher order corrections, there can arise new evolutionary phenomena
not described by the canonical equation, like shifting of evolutionary isoclines
and evolutionary slowing down. Conditions for such effects can be established
analytically, see Seciion 7.4.

Being a deterministic description of the adaptive dynamics, the canonical equation
can only describe the mean evolutionary path, as derived in Sections 5.5 and 6.1,
and thus does not cover the full richness of dynamical effects that can occur in sto-
chastic mutation-selection systems. In contrast, the monomorphic and polymorphic
stochastic models account for such features as splitting probabilities at evolution-
ary basin boundaries, multiple evolutionary pathways (see Section 6.5) and phase
diffusion (see Section 9.4).

The scope of the canonical eguation is confined to coevolutionary systems with
equilibrium population dynamics and a constant external environment. We have
demonstrated in Section 8.2 that this limitation can be partially overcome such that
more general ecological scenarios may be tackled.

The canonical eguation is restricted to describing the adaptive dynamics of the
community. Only when both adaptive dynamics and population dynamics are
derived from the joint coevolutionary dynamics of the comimunity, phenomena like
evolutionary extinciion, see Section 2.3, can be analyzed.

Coevolutionary stability cannot be determined by considering non-invadability. In
Section 7.2 we have established and illustrated this result; in order to gain a full

=]
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picture of coevolutionary stability, it is necessary to supplement the notion of non-
invadability (from evolutionary game theory) by that of dynamical stability (from
adaptive dynamics) and vice versa.

8. The canonical equation of adaptive dynamics does not permit interdependencies
between several fraits within one species. In Section 8.1 we have shown how the
stochastic approach naturally leads to the introduction of the variance-covariance
mairix for the mutation distributions. Off-diagonal terms of the latier can give rise
to altered pathways towards evolutionary attractors.

9. Even if one of the key assumptions for monomorphism, see Section 5.1, cannot be
taken for granted, still the polymorphic stochastic model can be utilized to obtain
a full description of the coevolutionary dynamics. Examples are the mutation
catastrophe discussed in Section 4.5 and the increased variation of the adaptive

process, see Section 9.4, when resident population sizes are not large.

Such relaxation of the restrictions of the canonical equation are variations on a single
theme: In modelling complex systems, like those exhibiting coevolutionary dynamics,
one can always trade descriptive capacity for mathematical simplicity. The canonical
equation might indeed be sufficient for specific goals, but this depends om what
assumptions can reasonably be made. We have shown in this thesis that new and distinct
evolutionary phenomena emerge by removing any of these assumptions. Conversely, if
the generalizations summarized above are not to be made, it is important to be aware

of the evolutionary phenomena that are then sacrificed.

) 7 R
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Developed Software

The software for the present work has been developed in ANSI C°. There are four
packages,

1. cosvolve def.c,

2. coevelve_sum.c,

3. coavolve det.c, and
4

coavolve_sto.c.
All four packages are integraied in the program cesvolve.e,

The first package, coevolve_def.c, contains the consiants and functions that
serve 1o specify a particular coevolutionary community. The second package, co-
evolve_aux.c, defines several functions commonly used in the other three pack-
ages. The third package, coevolve_det.c, contains functions for the investigation
of the monomorphic coevolutionary dynamics and.in particu_lar_._t"ne implementation of
the monomorphic deterministic model. The fourth package, coevelve_sto. ¢, com-

prises the implementation of the monomorphic and the polymorphic stechastic models.

The listings of the four packages and the integrating program are provided at the end of
this chapter, see Listings 1 to 4 and 5. No part of these packages may be used without

permission of the author. Below a command reference of the developed functions is

given.

*  For compilation the AT&T C++ Translator, version 2.1.03, datemark 08/31/90 has been used.
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Funetion bizth_mono() Package coevolve_def.c

Daseription
User-Gefined function. Emplementation of the per capita birth rate 5;(sf, 5).

Inptit

community size Number N of species making up the coevolutionary community.
speciss Species index 1.

8 Adaptive trait value st.

8_zes Vector s = (51,...,sx5) of the resident trait values.

Additienal functions and parameters may be supplied by the user within the package coevolve_def. o to facilitate the set-up
of the function bixth_mono().

& Output
Internal. Returss e{sh, 3).

Funciion deasth _mono() Package coevolve_def.c

B Dsserintlen
User-defined function. Implementation of the per capita death rate di{s!, s).

& input
See function birth_mono!).

Quiipart
Internal. Returns di(s!, s).

Function birth polysto() Package cosvolve_def.c

B BDescription
User-defined function. Implementation of the per capita birth rate 5;(s], p).

input

cmiﬂity_size © . -Number N of species making wp the cosvolutionary commumnity.

speclies Species index 1.

s Adaptive mait valee 5!,

£izstgroup? - Vector of IV pointers. Each is directed to a group of individuals in p; which all have the same

trait value si. These pointers determine one end of bidirectionally connected lists giving access to

all such groups in p;; elements of these lists are of type grouptype as defined in the package

coeveolve_aux.c. ] . )
Additional functions and parareters may be supplied by the user within the package coevolve_def .c to facilitate the set-up

of the function birth polysto(}.

Cuiput
Intesnal.  Returns b;(s}, p).
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=

Function death_polysto() Package coeveolve_def.c

T3 TS Bl

User-defined function. Implementation of the per capita death rate di(s!, p).

#H Dagerintian
i

Input
See function birth_polysto().

B Quiput
Intemal. Returns di(s},p).

Function n_hat () Package coevolve_def.c

B Description
User-defined fimction, Implementation of the equilibrium population size 7:(s).

communlty_size Nurnber N of species making up the coevolutionary community.
spscies Species index 4.
a Vector s = (53, ..., sx) of the resident trait values.

Additional functions and parameters may be supplied by the user within the package coavelve_def. c to facilitate the set-up
of the fuacton n_hat ().

Otpunt
Internal. Returns #g(s).

Function = () Package coevolve_def.c

& Descriptlon
User-defined funcéion. Implementation of the mutation distribution M;{s} ~ ).

# input
spacies Species index 1.
dalta 8 Difference s{ — 5; betwean the resident wait value and the mutant trait value.

Additional functions and parameters may be supplied by the user within the package cosvolve_def.c to facilitate the set-up
of the function (). In pariicular, providing the vector ¢ = {#1,...,0n) of mutation standard deviations can be useful.

B Quipui
Internal. Retums Mi(st — s:).

Function monodet{) Paclkage coevelve_det.c

Description
Implementation of the monomorphic deterministic model. -

2 nput

coz@:mity_size _ Number N of species making up the coevelutionary comimanity.

birth momo(} Function providing the per capita birth rates in the commusity, see above.
death_moap(). - Funciion providing the per capita death rates in the community, see gbove.
slegma Vector o = (41, ..., 0 ) of mutation standard deviations.

— S Vector = {1, ..., ppv) of mutation ratios.
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s_init Vector s = {81,...,5x5) of adaptive trait values that are resident initially.
t_ond Time £ at which simulation is to be aboried.

t_monodaet_step

moaodet_method
monodat _ordes
mozodat_legplot

s_fixedpoint
monodat_direction

extiaction
coatinuation

extinction_init

moaltozr level

run_pmonodet

& Cutput

Time step for numerical integration.

Time step for output to be written to the file monodet .dat,

Flag. When set to 0, the Euler method is used for numerical integration; when set to 1, the fourth
order Runge-Kutta method is employed.

Order in series expansion of the monomorphic deterministic model (can be 1, 2 or 3; when set to
0, no series expansion is made).

Flag. When set to 1, values log,q |si(t} ~ 3;] instead of s;(£) are writiea to the file moneo-
det.dat.

Vector of trait values at a fixed point 8, only used when monodet_logplot is set to 1.
Flag. When set to -1, direction of time is forward, when sei to -1, backward.

Flag. When set to 1, simulation of the monomorphic deterministic model continues after a species
has pone extinct, otherwise simulation is sborted.

Vector of flags. When the element comesponding to spacies 4 is set to 0, this species is present
initiaily, otherwise it is extinct.

Flag controlling the extent of information written to stdout (can be 1, 2, 3 or 0; corresponding
to basic, normal, detailed or no cuiput).

Flag. When set to 1, the function monodet () is executed.

To file monodet .dat. First column: time #; following columns: resident adaptive trait values s1(t} to sy ({t). In addition,
some information can be writien to stdout.

Function portrait{)

Package coevolve_dst.c

Z Deseriptlon

Construction of a phase portrait for the monomorphic deterministic model. Application is restricted to coevolutionary communities

with N =20a N = 3.

£ Input
community size
birth mono()
death neno()
gigmn

s

c_ead
t_smonodst step
t_monodet_out

mEonodst_method
monosdat_ordex
monodet_Jdirection
extincticn,
continuvation
extinction imnit

portralt _typa

portraitc grid

Number N of species making vp the coevolutionary community.

Function providing the per capita birth rates in the community, see above.

Fuanction providing the per capita death rates in the community, ses above.

Vector ¢ = {¢1,...,0x5) of muation standard deviations.

Vector g = {p3,..., 2N} of mutation ratios.

Time ¢ at which simulation is to be aborted.

Time step for nemerical integration.

Time step for owiput to be written 10 the file monodet .dat.

Flag. When set io 8, the Buler method is used for numerical integration; when set to 1, the fourth

order Runge-Kutta method is employed.

Order in series expansion of the monomorphic deterministic model (can be 1, 2 or 3; wien set to
@, no series expansion is made).

Flag. Whea set to 41, direction of time is forward, when set to —1, backward.

Flag. When set 10 1, simulation of the monomorphic deterministic model continues after a species
has gone extinct, otherwise simulation is aborted.

Vector of flags. When the element corresponding to species ¢ is set to 0, this species is present
initially, otherwise it is extinct.

Flag. When set to 1 starting points are distributed randomly, otherwise they are choosen to lay on
a two-dimensional rectangular grid.

Vector of incremental steps determining the density of starting points in the two directions.

SATET
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g

2_mindisplay Vector of lower bounds for s to be displayed, L

g_maxdiasplay Vector of upper bounds for s to be displayed.

random_sesd Seed for the random number generator. :

monitor level Flag controlling the extent of information written to stdout {can be 1, 2, 3 or 0; comresponding
o basic, normal, detailed or no output).

zun_portralt Flag. When set to 1, the function portrait () is executed. |

Qustput =

Fo file monodet . dat, First column: tme ¢; following columns: resident adaptive trait values s1(t) to sy {f). Trajectories from
different starting points are separated by blank lines. In additlon, some information can be writien to stdout.

Function sketeh() Package cosvelve _det.c

Bescriptlon
Coarse survey of the sign structure of 8,/ F; (21, 5) and #i; (s). Application is restricted 1o coevolutionary comsunities with N = 2,

B iInput .

coﬁ@iﬁihy_siz@ Number N of spscies making up the coevolutionary community.

bizth mono() Function providing the per capita birth rates in the community, see above.

daath mono{) Function providing the per capita death rates in the comnmunity, see above.

sketeh _grid Vector of increriental steps determining the density of cells in the two directions.

a_mindisplay Vector of lower bounds for s 10 be displayed.

B_maxdisplay Vecter of upper bounds for s to be displayed.

moniter_ leval Flag controlling the extent of information writien to stdout (can be 1, 2, 3 or 0; comesponding
to Basic, normal, detailed or no output).

zun_sketch Flag. When set to 1, the function sketch ()} is executed.

Ouipe

To file sketch. dat. Each cell comprises two digits {(in order to roughly conserve aspect ratio). Key:

11 8T 1{31,8) >0 BJfs(s2,8)> 0 A1(s) > 0 Az(s) > o

22 8Fi(s1,5) >0 8{F,(s2,5) <0 A(s} >0 fia(s) >0

33 8/F1(s1,8) <0 BTs(s2,5) <0 fii(s) >0 fie(s) >0

44 8'F1{s1,5) <0 & fa(s2,8)>0 fa{s) >0 dz{s) >0

55 Fi(s.s)>0 A{8) >0 dp(s)=0

66 81 F,(s1,8) <0 fufs) >0 Az(s)=0

77 8iFa(szs) >0 ) =0 dz(s) >0

88 8 Ta(s,8) <0 Auls) =0 (s> 0

99 A1) =0 FA2(s)=0

In addition, some information can be writien to stdout.

Function conteour(} Package coeveolve_det.c

Dascription
Fine survey of the sign structure of a‘%ss{s) and 7 (s). Application is resmicted to cosvolutionary communities with N = 2.

input
communily, size Number IV of species making up the coevolutionary community, '
bizth mono() Function providing the per capita birth raies in the community, see zbove.

death mono() Functior providing the per capita death rates in the comnunity, see above.
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contour_plot:: Flag contolling the function whose sign structure is to be depicted. Canbe 1, 2, 3 or 4 corresponding
fune to Ls1(s), f{sg (s}, R1(8) o1 Az(s).
comtour_plot:: The contous lises, where the surfaces -s:(s) and #;(s) have the height contour_height, are
contouz_hsigh®  written to the output files. Depiction of sign structure coresponds to setting this value to 0.
contour_plot:: Upper bound for the deviation of the height of the contour lines written to the output files from
dav_tol contour_height.
contour_plot:: Starting value s for search of contour lines.
21 init
contour_plot:s Starting value 52 for search of contour lines.
#2_dnit
contour_plob:: Direction in which to start search of contour lines.
dix imit
coatour_plot:: Incemental step between two successive points written to the output files.
8 _step
contour_vlots: Inciemental step for two succesive directions in which to geasch of countour lines,
diz_step
contonr plokti: Upper bound for the number of points written to the output files,
rax_volnts
s_mindisplay Vector of lower bounds for s to be displayed.
s_maxdlsplay Vector of upper bounds for s to be displayed.
monicor_lavsl Flag controlling the extent of information writtea to stdout {can be 1, 2, 3 or ; correspoading

to basic, normal, detailed or no cutput).
run,_coatour Fiag. When set to 1, the function contour () is executed,
Please note that due to the rnultitede of parameter choices which can be made for each individual contour line to be plotted, the

parameters above that start with contour_plot:: have to be specified in the source code of the package coevolve_det.c.
In order to depict two or more contour lines for a particular function, contour_plot () has to be called twice or more times.

E Quiout
To files contour_isol.dat, contour_iso2.dat and contour coex.dat. First columns: trait value s1, second

columas: irait valve s2. In addition, some information can be written 10 stdout.

Function isoctest () Package coevolve_det.c

2 Deserintlon
Classification of isoclines %s,‘(s) = 0 and 7;(s} according 10 the categories non-invadable or invadable, convergent or divergent,
rot mumally invadable or mutually invadable. Application is restricted to coevolutionary communities with ¥ = 2.

B input

contour_plot:: Amount of displacement of lines written to the output files relative to contour Hnes in the normal
isotest _dilsplace  direction of the coatour line.

run_isotast Filag. When set to 1, the function isotest {) is execuied,

For further inputs see function contour{).

Dutput

To files

isotestl.dat Non-invadable isochines.

igotestl.dat Invadable isoclines.

izotestl. dat Convergent isoclines,

isotest4.dat Divergent isoclines.

isotestS.dat Not mutaally invadable isoclines.

isotestf.dat Mutually invadable isoclines.

First columns: -frait valve 51, second columns: trait value s2. In addition, some information can be written to stdout.

EETL
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Function landsaaps()

Package cosvolve_det.c

F Dazerintion

EI sl ape s

Depiction of the variable adaptive landscapes corresponding to the monomorphic deterministic model. Application is restricted 10
coevolutionary communities with ¥ = 2,

B input
comunlty size
birth mono()
daath moene()
aigma

o

s _init

t_snd
t_meonsdst_a2tep
t_ponodet_out
mopocdet_mebhod

monedat oxdew

monodet _direction

extinction

comeinuation

axtinction_init
landscape_gzid

s_mindlsplay
g_paxdisplay

monltor_leval

run lsndscaps

B Quiput

Number N of species making up the cosvolutionary community.

Function providing the per capita birth rates ia the comrounity, see above,

Function providing the per capita death rafes in the community, se¢ above.

Vecior ¢ = {01,...,0x) of mutation standard deviations.

Vector # = {u1,...,4x) of muiation ratios.

Vector s = (s1,...,8n) of adapiive trait values that are resident initizlly.

Time £ at which simulation is to be aborted and the adaptive landseape is to be construcied.
Time step for numerical integration,

Time step for output to be writtea to the file monodet . dat.

Fiag. When sei to 0, the Euler method is used for numerical integration; when set to 1, the fourth
order Runge-Kutta method is employed.

Order in series expansion of the monomosphic deterministic model (can be I, 2 or 3; when set o
0, no series expansion is made).

Flag. When set to +1, direction of time is forward, when set to —1, backward.

Flag. When set to 1, simalation of the monomorphic deterministic model continues after a species
has gone extinct, otherwise simulation is eberted.

Vector of flags. When the element corresponding to species 1 is set to 0, this species is present
initially, otherwise it is extinct,

Vector of incremental steps determining the density of lines to be used in the two directions to
depict the surface of the adaptive landscape.

Vector of lower bounds for s to be displayed.
Vector of upper bounds for s to be displayed.

Flag controlling the extent of information written to stdout (can be 1, 2, 3 or 0; correspondiag
{0 basic, normal, detailed or no ocutput).

Flag. When set to 1, the fuaction landscape () is executed,

To file landscape.dat. First column: trait values s1, second column: wait values sp, third column: heights. In addidion,
some information can be written 10 stdout.

Funciion monosto()

Package coevolve_sto.c

2 Deseription

Implementation of the monomorphic stochastic model.

E Input
community sise

bilzth mono()
death _mono()
={)

ma

s_init

t_end

Number N of species making up the coevolutionary commuaity.

Function providing the per capita birth rates in the community, see above.

Funciion providing the per capita dsath rates in the community, see above.
Funciion providing the mutation disiributions in the community, see above.
Vector p = (pi, ..., 4N ) of mutasion ratios.

Vector s = (s1,...,5n) of adaptive trait valees that are resident inftially.
Time £ at which simulation is to be aborted.

=
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monosto_sanples

monosto_logplot

s_fixadpoint

noposto_grid

s_min

8_mas
s_mindisplay
s_maxdisplay
zandcom_ssed

monltor level
TUD_EOROETO

Output

Number of stochastic realization to be simulated. From these, a mean path is automatically
constiucted,

Flag. When set to 1, values logyg|s;(f) — & instead of s;(z) are written to the file
monosto.dat.

Vector of trait vatues af a fixed point 3, only used when monosto_logplot is set to 1.

Vector of incementat steps for the trait values s1 to sx according to which the master equation is
discretized for the purpose of simulation.

Vector of lower bounds for s to be used for discretizing the master equation.
Vector of upper bounds for s to be used for discretizing the master equation.
Vector of lower bounds for = to be displayed.

Vector of upper bounds for s to be displayed.

Seed for the random number generator.

Flag controlling the extent of information written to stdout {(cam be 1, 2, 3 or 0; cormesponding
to basic, normal, detailed or no output).

Flag. When set to I, the function monosto {) is execated.

To files monosto.dat and monosto_mean.dat, First column: time ¢; following columns: resident adaptive trait valnes
#1{t) to sy (t). Subsequent simuiations are scparated by blank lines in monosto.dat. In addition, some information can be

wriiten 10 stdout.

Function polyste ()}

Package coevolve_sto.c

B Descriptlen

Implementation of the polymorphic stochastic model.

input
consmunlcy size
blxrth_polyste()
death polysto()
=19

=

s_inde

t.end

polyvato ssmples

polysto_update
pPolysto_savaoem
ppem_color

v blung

Dps streteh
rpm margin
PPm_maxval
8_mindisplay
2 _maxdispiay
raadon_ssed

monitor_ lavel

mn_polysto

Number N of species making up the coevolutionary community.

Function providing the per capita birth rates in the community, see above.

Function providing the per capita death rates in the community, see above.

Function providing the mutation distributions in the community, see above.

Vector g = (p1,. .., ) of mutation ratios.

Vector s = (s1,...,8x) of adaptive trait values that are resident initially.

Time ¢ at which simulation is to be aborted.

Number of siochastic realization i0 be simulasted. From these, a mean path is sutomatically
constructed,

Number of birth or death events after which the birth end death rates of all individuals are updated.
Flag. Whes set to 1, .ppm files are produced.

Flag. When set t0 1, color .ppm files are produced, otherwise gray scaling is used.

Number of discrete bins to be used to display in the .ppm files the distributions of individuals
having coatinous irait values.

Nureber of pixels in the .ppm files to be associated with each bin.

Nutnber of pixels in the .ppm files to be used as a margin for the picture.

Number contolling the color or gray scale resolution for the .ppm files. Normally set to 255.

" Vector of lower bounds for s to be displayed.

.Vector of upper bounds for s o be displayed.
Seed for the random number generaior.

Flag controlling the extent of information writter to stdout (can be 1, 2, 3 or §; comesponding
to basic, rormal, detailed or no output).

Fiag. When set to 1, the fuaction polysto{) is executed.
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Guiput

To file polysto_mean.dat. First colums: dme t; following columns: populaiions sizes, mean values and standard deviations
of the phenotypic distributions distributions p; to py at time £ Optionally, output is genersted to polystol.ppm to
polystoN .ppm. These graphic files serve to display the timme evolution of the phenotypic distribations p; o py. In additien,
some information can be written t0 stdout.

CAER




164

Developed Software

Listing 1 The package coevolve_def.e for the coevolutionary predator-prey community described

in Chapter 9.

/ i
" »
/* gosTolve_def.a LY
L P — .y
" of
4® this packnge oemtalag the FEE znd faschi -t
F* foz tho pocheges ceavelva _€st.o end coxvolvo_eto.d. =
s .
/% &1 paremcbors cpoclfying tia cntpib of the progres cosvolwa, .
/' Br DEIAtATE EDealfld To tha lovestigutsd cosvelublicmssy system. .
f* & fomoticks specific to tha loveetigated cosvoloticsmeory cyotem. oy
I -’
£ = = f
Tioolnca caebB.n>
/ /!
4% a1 percestors mpeolfying the outgi of ths program ceevolva !
/ 4
oeusg fnt

Ten_semcdsto 2,

o partraita LH

A ehateha o,

rua_cemtonre 2,

R _isctests [

ren_lemdocapon Ll

Tn_menostom L2

man_polychos -}
semst ine

zealtor_laval= 2,

p2 ] 13,

catrinetion cexiirnsticos o,

memodot_pethods 1,

=modet_orderm 1,

meoadst_logmicte LH

mezoder _dizcoticsas 41,

portzait_typea Q.

D20t _teamledn 1,

fosacto_logplots o,

polysto wpdetoa 188,

FOLYTEO_REvIToas I.

polysee_prznlera i

P _colerz 4,

53 _binza 100,

53, marglies ir

Prm_strotohs 5,

pra_panvalo 3552
asnst Soubla

T_snds £s%,

t_palysto.ouee 1ed,

t_semaEsb_euvts e,

v menedat _Stepa 2e3r
comst &cubla

e isitils {9,0.45,0.651,

o_misii= {0,8.9,0.0),

s_xexiln (0,1.0,1.8},

s_pindisplay()e {0,0.2,0.2),

FEazdienlayle 10,0.8,0.8),

s_2imastpoink[le {0,0.270275,0.343368}
eemEz Gpahle

persrad_gridl)= {8,0.075,0.075),

Tretch _grid{)= {2,%.01,0.01},

le=fzcaps_grid[]z 16,0.01925, 8.0102D)

sozssto_gridlle {0,%3-5, So~2)7
z 7
/® br pagmmeters spoolfls to the lmmestisatad socTolutlouary eystes M
/ 7
coast int

commnity_slges 2
qunet fer

extincticn inft{)= {0,9,0}2
izt

erticeien{caynity stvaeils
coast dsudle

=ails (8, 18-3, 30-3},

figmatl= {0,343, 253}
oozt domblo

y= 16-3,

Ba a.14,

ole 3.5,

cam= 18.0,

a3 10.0,

= LEN

as= 4.5,

atm 9.22,

a7z o.s,

£rw 0.25,

rie 0.5,

2o 0.05;
F I
/* or fonctican epocifiz to tbs izvestigated coswoluticoasy eymteam 7
s /
double deltal(

£oudle =1}

TRERAR( (61~65) /93]
¥

;

!

Sahle Salba3{
dcable m2)
€

zotuza( (22-a%)ie) s

’ r
deublo slphan{
damile 91)
L
Taburn((si-cGvsicosvaleal) tu);
F /
gonhle bezal
denbla @1,
fochle 23}
i
roturm(axp (~Ssltal{el} *deltal(51) ¢Erolodaltnl (s1) vdaltad (ad) -
Geltald(o2]vdalenz (22)) ¥}y
}
1 srrecsroazas =t
Souble gomes(
&aklo a1,
docblie 23F
14
Farprn{hrerp{-deltal{sl) *ésltci{ol}+2%0d *Ealtal {c1) *éclta (23] -
€142 {62} *Ealtag(22) )45}
1
r 4
Gonhle o harl
izz spaqles,
Loubla slecsmumdcy sizsell)
{
Eomble Blonczuniby sixesl]s
2f{zpealazal)
£
ali]nr2/gam=(aill, a2}
al3ia{ri-als=x(s]1])*al2]] foeta{e£],0[2])
42(n12]36.0 B2 axrincedom[d)ect)
Ferurn(nlll);
algn
retozn(zifalpha{siil)ir
alljerdfpe=m={s{l),a{l]1};
Af3jw(rl-olpda(s[1]}*2[2) }/dakala[1},2(2])¢
12{a]1]>3.0 as axtinorfca|ije=d)
cetema(n(d] }r
slee
returm(e.g);
¥
¥
) i
&oublo bivih mesal
int spsoles,
&xchic &,
double 8 _tes[oemsundty sizedl])
{
1f(sppales=al)
Tereralrl)s
3
Foturn(cemma{e_res [1], 0} *positiva(n_ket{l, = _roz}}})
3}
7 r
doable daach monof
int apeciea,
dzmhla =,
double =_res[ccemunivy mizssi})
£
if{speoiseenl)
zotura (alphe{R) *posibive{n et (1, 8_ros})e
bsta{s,s_res|2])vsositiva(n kat (2,5 _Ta5}}))
it repaddepany)
Teruralizld}y
}
I3

!

Sreble DITEh_welystai

izt specden,

Acuhlise =,

BRERST —sizasd]}
{

BEIRCL EROWPLYDG SgeoapRy

double pusy

1f(sponicnml)
setern{zi}y

4 ({spacietung)

{
sam=g.8)
grocpRatizetarem? (231
rhils{grenpri=zvin)
{

oy L E)* (g )
TrospregTonpP-snewy,
¥
return (o) p

"L
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7

dzubla Esath polysiel
ing gpocies,

L _alEesl])

ILrRAT grONBLYRS YETOSpRE
donbla F=37

Lf(spacinzazl)
L4
kel
grocpretirseerorn2 i) ;
whils (FTeRp R | =ITLL)
{
suzsa-plpha(s) *{groopfshly
CTCTHIEEROSE P -YEARE DT
b
L2 (exednotienlzieat)
grompReLirataressi {211
w2d s (groupP t=NTLL)
1
Eossa-bata (¢, TECRDE-30) © (LronpR->al;
TRPTRgTORE > Raztyy

]

Taturoiesmaly
3
1€(=psalezcnd)

rotema(ed);
3

r
Eoxbie Al

izt spacies,

Acchla &slta_s)
{

&emble pimS.11852854;

erora 1.0/ (slema [epecisa] Yequr (2. 6%p1) )+
exD(-{dslea_s*&alts_a)/ (3-0%cigsalopecies] fsig=s{epacien) )y

) 1
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Listing 2 The package cosvolve_aus.e.

I
i

1* ocvolvo_sTx.o

L,

I

/= This packsgs coataips sevaral verlebles, typed ebd fumctioms
/* vhieh gre ured by the sackeges

{% cosvolvs_def.c, costoive_&st.q aod cogvolve_sto.o.

r

4

Simaluss «prdlid by
$inclnds cmath.h>

; *
7 glebal typos
/

LIV SROUDEYRS

1
i=t oy
Gocbls 0, BITTH TAte, Asath rate, ovent somy
struct grouptype fpoevR, YnaxtPy

1

2
J* fexciics positivs

s

&Eonxle positivae|
Louble x)

1f{=>2.0}
TaraTR(R) 7
alrs
retorn(d.o)
]

*
£ tunevdcas for randsa npombors
/

ick yanom ink(
int yemge)

€
F* Tamil) retuyms Frmbar from O o 2731-4 [ = 3147e32&47 ) 4
ToruTA{ (1ne) flaor (zend{) /215TADIELE, &7 (doubla) panae) ) 3

¥

s

Eouble ra~fsm unifern()
4

TeiuTn{rand() F3147423082.0};
b

!

double Zandea nareal(
dotble moas,
dosbia sigax)
i
const deudle opsilomole-1dy
Souble X, ¥, I7

Tol.0F
whiia{rr=l || resepziles)
<

Zo.64TazAon, nniform(}-1)
Fu3.0rendon_endforz() sl
TEIERSYY

b
Toturs (EatesdyoaTResort («2. 47102 (FI/2)

=

£l 3]
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Listing 3 The package cosvolve_det.e.

! !
" .
v cosvalve_gst.c -’
JP e ——maem— .
i .
J* Trdg peckegs sllovz the imvmstigaticn of ke b
i* pomemorphie detorministic -
= essmoluticozsy Sypanics in 2 cimomnity of imteracting cpaaled. -/
I .
" L= of ehs iiil rodal »
17 of ths coevolubicnery dypemics. s
J* portralt: phoss portralt of thae moocssrphte dotesxiniptic opdald b
1o of £ke ooewelutionary Synamiss. .
/v chatcls ooaree surTyy of the miph sEImoture of tRe seloctica .
v dorivaeive =s soll as tizt of the oquilibrivs dexsitles. .
#* qembour: fine dspdctica of the =igm Atruotura of £3s mmlosiien .
/% gezivative as voll ef rhat of tho squilibrivz demsitliea. *
v fectozti asalynis o3 bha 1psolings a5 To imvadadility, !
1+ oconwergenco &nd Extual imvedsbility. !
7t lexd t tcaof m labla afaptive thet yislas
J* 2 Gyneslc egaivalozt to ths Doncoerplic determibistis nodsl. o
" L
! I

$tuglude «stallb.h>
Firaluds «<string.hr
#inglufe <math.h>

7 !

reerodoty,
*oReteRF,
PoETECUE_GoanS,
+ossronr_LooR{a].
*izatestf 8],
*langsosbePy

faw
4* to=cticss dapived fox the A posvoliticmasy */
/ /

&suble £(
ine spociss,
demple &,
&suble a_ras[comsumivy, aizoel))

rerun{bizrth ponc{mpoaied, 5,5 g5 ~Soxth geno{spanlan, s, g_T20))

Aouabls s[oesemmdty sizcsil)

cenrt Ecuble apsilozsleni)
asubles £ plusepsilen;

2_plusepsilsmafiesoalen, siepeaies] sonullen, o)y
retusn(f_pletspoilonlepsilon)
H

I /

&oubla dimb{

izt species, &pudle ¢lcozmumiry pise+l])
{

coust &smble cpoileasie-%)

domble 1zb, izb plosepsilesy

1zbalag(birth_pooolpseales, olepediesl, £))2
1= _plusessilocslog (birth _nses{speoics, g lspeoies]sapsilen, 2} )
ropurnd (Izd_pivsspsilen-irm)fepsilen)p

?

4 d r

Asuble 43%(
int cpooles,
dpunlo ajecmmnzity_sizosd]

const &ouble spailemsle-Sp
donblo £ pluscpsilen, f mirzsepsilens

£_plusewailonz? (cpooise, 8 lepscies] sopillen,s);

£_pizmespiilonsf{spealed, sinpeaica]-cpsiten, =)

Tatura( (£ _plu dlene?, 1om) f (opzilearensiion) s
¥

£ ',

dable &322 red(
izt epecies,
dsebla k[¢@mmmity_sizé«l]}
13
eonss doudle opsilocwlc-5)
izt spacien_talp:
douvle £ pluzepsilen, I pirusepsilen;
deablo o_Tes{ooznpanity sizcells

forfpenlax_raloaly epseles_holpcaditiiuniry Gize; &pselas_balpse) -
12 {rpecied_Rslpinzpeciea} .
8_raos [spediss]iecicpavics)
elea
o_zes[spacics]los fapealaz] +epailcar
1 4 £ €5, 8[6pestonl, £ To5) 7
fer{cpsaion kolp=l; sprcies holswocemmnity_sife; Speoics telpee)
42(epeoles_kalpiezpaaiec)
s_reslEpeoles] ks [Epecisn]
elzs
&_wes [spocies]si[fpocics]-opsllen;
£_mivmscbsdlona? (Speoict, 6 [Spoaien) .o res}
Teturn({f_plusepsilon+f_mivvsepsilan)/(spsllea*epsilon) b

7 .

deanle imtorral(
izt apeciss,
Soxsle &losamondty cizedd]})

sonst domkle opsilczmale-§;
eohle muu, 2 _helps

ev=cty
fox(a_halp=o min[epacieslr o helpcsa pexiopecissl) o_tslp+mepiilem)
12{m{eDagies, 5 elp-n[=poataa] }»2.0)
sumen={spaaiesg, §_Polp-a [apraiea]}*
(e_Eolp-o [specien)) *pasitivo{l, 0-
dazth_pansicpesics, s Ralp, sH
bizth sotolepssiss, o_balp,s}r
rotern(seacspsiloa) s

»
Eanle & letamtnicy sifesl]}
4
sRlrel (Zrusdat_dxdax)
1

cusa 11
revErR{
¢ Sepor(cigmaiepesies] (2.0
e {epeaies, 2y
cass 2t
rovurn(
(o Srpor {sigmaiensnios] 3. 0)=
8. TITBES vpoar{pisma [epacian) B O) Y
lmh(sponies, 8] }e
&f(pppatea, sl
caza 3
Focurs{
{{o. Sepow(cignh [spacias], 2.0) -
©.797885%pew{oicma [604qtes). 3. 0}

&lan{rpooles, st} e
&F (cposica,slv
9.7578t5vpenr(shems{cpncien] 2. 00"
a.5e
&3f (specion 8l )}y
casa O
retuzh{
BArth_fads (spacica, o [¢peaies] ) ®
Arregral{spegies.o) 1)
}
¥
e i
Geuble she(
int gpoolss,
deuble 8jccmsuaity size+l])
i
Fetuzn(ci[Fpsalesiva_rat{specica, o}orks halpicpooles,s)) )
3
srenas !
J* fgnctions Fer meooSet aad portralt A4
avgusan)

1

Toid memodat Plet(

dsublo o_init[eommmmiby_size+i},

Aoabis £ esmd)
L4

irs spaclos;

Saple ey_gizzsl], wi _ofzoal], wiiccsemnity sicsei],

(5.3 Lr_tisesl], wil ty_ulze+l], s_Relpioce—mity size+13s

doubls 8[comanity sizeel]s €2

Lf{ron_poncdetxal &b monlter_lovelyel)

1{
priskd(*\ostareing ponodat at®)s
2oz (cpeeleral; 1 ty_siEay Loned)

pripes(* puichi.2f%, soeolcs, ¥ _Anit[spacias])y -

prizmg{m\=\n"

1

1f(run_portrzitenl 3& Somitsr levelre2}

prized(~ Iy

topel; spoal r_alzey epect
sriccs(* F¥Aeki. 22", spadies, o_init (epaqlanl);
sTizzi(M\n"}
H
ez {spealesals H 5 L size; spoaiess+}
motiss dnlt leneateody
fo% deanl ot ty_sizs) L
12{n_ret{speaics, (Souble*)s_indt)<d.0}
extisstica[pecias]els
exzizct fonfQlsta
for{spaciennl; spssias<coc=nuily £izs) spociofet}
1f (artinsticn(sperias]e=l)
extinccicaigielr

for || legedy specd r_oizar £poaiesee)
siepeoies]es_inltiepealas]; .
1f(exeinszicn|8loso || (extinctica[olwwd &4 -
extinctlen_gontimsticoeal)) .
t
BATsSstTefopen [ "EORAEIE LEES AT ). -
fprints{nctedet?, "y
2<loza{RonsdstT) 5

H
for(ted,0) Ciet_ond) teot_monsdst oted]
i

1f{extinoticoaiolmnd || (savizeticafo]wal &3
eRtinctica_eeEtinasticeul}}

{
SE{E=na[%eio-10,t_momodst i) <lo-8)
H

Bonodst Pa oDl [ Pnomadst ,Sote, "at )y
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fprinsf (manodoty, "N38g°, £}y
fer{zpeoicaal; spaclefcmoitmuiey pize; rpﬁc!.nzot)
31 (menedet legplotent §| rom _portraite:
£prisgs (uonodetF, = ‘hq’,a(lpeuﬂlﬂj

slan
fprizes (zocodekl, = 18zt
:o:xu(:r.bela Jeo_£4 & {opeciszlil
2prizte(soned
foloze (moncda
e g 24 mooitar lsvel»al}
{
prinz{ Eimpukilg~, iy
Zex{; i1 1y =peai _slior spoales+es)
PrictE{" shicks.32", speolen, slapaoion)) s
Frint{"\n*);
b
¥
1f{zsmolat_motiodaad)
{
fes{cpooincoly cpeel by _slkss cpect 1
wlrpaalez]agha (zpaoies, &)
T, ponsdet_steépe (Eochla}ronsdet dirsctieny
b3
L€ {monndet_matbodrol)
{
for _aize) spoalezes)
B.hﬂlnltpeﬂhsxﬂlrpeaaesh
fox 1 epoal _pizay spooles+e}

Wlleseoies]eike (Fpacies, p_kelp)®
t_moosdot_sbep® {Ssuble)monndat_dircationi
fox{speoleanly epoclen<oaormunity slie) epooioses)
&_kolplupsolac]ws{epeaies]+d.bowl [spacias]
fow{spaciessls d rF_slzey 1 )}
v lspooles]erhe (sp20les, 8_kelp)
_measist gen® (double)sonndat_ dizecktiony
for(zpaciozsl) epecl ty_size; speal ]
o_kelp[cpucicalralrpaatenl+s. sua lazealesls

1) mpoal _eiza; epacd 3
ﬂiwie:}u:ﬂ(mﬂim:,:m)-
_ceepe _Edraezicny
Tor i 1 opaod _sizar )
w_h:l;lspaﬁics]ﬂ:[mc az]ews[eposica}s
foz apecl —alzey spealeses)

welepzoles] nth: {epocian,s_kalp)e
:_;u:oént stw'(dﬂthlc)moﬂs: _direction;

z Lozl TF_¢AT3) Eenleses)
H’lmclhl!-mlmctesldzm:mo!.esjAz-rs;-pauzan-
wi [epaalet] ) /6.0
¥
fop(cpoajesaiy ty_oirar spooi )

L
Lf{extizchiex]rpeciss]==0)
a[epacien] +cw[snsalesl;
f{n vor(emaciza, =ie.0}
t
extinaticaldinis
eaxtizctienirpeolani=iz

¥oid menodak{}
i
( &ake, *uty; foloss 12
=onodet _plot{ (doudble*)c_init,b_es=d),
H

i

woid paryraic(}
€
int izit polnksy
Goulhile a{cemmnity size+df)

if(=cpitor levslsol)
prictf{\n=tarting portr2itin\n) s
31 (poreralt_typac=l}
srand [resden good) 2
42 (ocmerend by sizewnl)
4
Soccdztefopan {"mascot . 4385, W) s 2closs {SeaodstR} )
1f (portreit_typez=t)
fex(s[i]es mdzlily clil<as max{ily Flilevportreis_swidill}
Loz (#12)me. 2ini2]y 8[2)sms_mex[2]7 a[2)essporiyadt_gTid(2])
Booodst_plotim,t_sxd);
elze
for{init_pointeel; Inlt peirtscm(iuw)flooc{{s wexil]-s_min[i])®
(8_g2x2[2]=5_min|2])/ {poTtroit_gTi&[1) fpoztralt_owik|2] }J E
init_polntess) .
i
Flites nin(ilsrenden endfers() (e maz[1)-2 min[1])s
#[21=2_mi12)smonden_w=ifors() Y (s oax(21-5.840121 34
mesodst_plot{s,t_ond}y R
¥

¥
£2 [eem=ontey_aizesad)
{
BotodotPadopatt ("monolol .k, "w*}; Foloca (menodsty) s
if{portr=it_typoaabd)
for(alilaa BINtI)s S{II<=s. manill; sjlj+=portrelt_grid[1]}
2or(212)ws_tin[2]) £[2]<es_max{2); s[2}+wportralt_grid{a])
for{s{3|es_minid]; o[3j<=s_pex{3l; o[3f+mportreit grid[3]}
secodat _plet(s, t_snd);y
olca

te 13 izit_pol int) flooz((k_mexli]-z_min{i]}e

{6_mex[37-5_mAni2] }*{s_max[3]-2 min{d]}/ (poctrait_grid[13*. -

portrait grid[2] tpereralt _oridia]))s iniv_polnto+s)
4
S[11en _ndnialerendoy nuifora()* (s _mww[i]-s =i={1]}
B {2]ow_winl2lerandon wniform{)® (8 nax2]~-s_=iniZl}y
s{d]cs_minl¥}orendon uoiforn{)* (A_=axld -2 minialls.
BORRT Do (F, band) 7
3

?
4* fuzstien for skevah
I

ey
b

void rkatck(}
{

¢onsE Zeibla apailozalasler
Sxbls w _sizarii, ® BiRasdl,

E.'

1f (community eiscunl)
{

12 (momdtor_lowel»ai}
prived (\esineving sRsteh\BAR") s

skataiFefopen(®rkrtchidat®, v}y

fox{e{2)cs_peeiicplay[2]-skstch_crid[d) A{2)>s nindienlayials
c(3)-=oketoh geidizly

<
Tor{s{lles_pindisplay [L]+sketan_¢rdd[1]s @ [1)<s_moedtopluy(ll;
#11}ecokstoh gri&[11}

al13=di|(l, )

Al2]1=de{, 8);

nll]l=a_&at{i @)

afd)=r_kat{d, @)y

12{4[2]>0.0 &3 A[2]>0.8 as R{ll>apailen 33 niZl>eoailem)
fpringf (oketaRy, *11%}y

A2{d[1]1>0.0 &4 4[2]<0.0 &4 nli)>spcilon s nii)rop=ilon)
fprizts (sRatoRd, *327) 5

1£{d233¢0.0 22 4121<0.0 &8 n[lj>opoilen &5 m[2}>epsilom)
Zpintf{sketcly, ¥357);

12(af1140.0 &% A{2]>0.8 &z n[ilscpoilen & m[2]>epallen)
Springf{sketen?, "Ea0);

1£{EI1]>0.0 £2 n[i)>epeilon 42 niZicepeilon)

=inef{cheteRD, 9554} ¢

1£(4[L]<0.0 &8 nlidrepsilon 23 nlzi<epailen
priste(EkeTely, "))

4£(£12]>0.0 25 =[1[<cpailen 83 =[2]repsilen)
fpriaciieketels, =T7");

LF(d[2}0.6 25 n[l]<apailén &3 nl2)>cpsilen)
ZpzinkL{sXatcR?, "EET];

if (nfl]<epziton &a AlE)<capailon)
Ierintf{oXetell, *F9 )}y

¥

IpTirte{aracaky, M\av)y
}
folozs{ekatenl)y

b
}

_ElZoelis

I
/% fungticna for oontour amd fsorear

Eoubla -[emitr_n!ssol]r

u[ll=sl; m[2]m52s

1f{Punoeal || funcanl)

{
gpeolesalona
ToENTa(rRs belp (eDodies, 8} )2

1
if(Penomad | fumo=zd)
{

smpocicz=fomc-2;
Totwrn{n bzt (rpoclies,a});
b
H

7

vold esstour_plet{
int Zuro,
double seatour kelght,
daablo dov_tol,
doarle gI_dnit,
Exubla 82_init,
Souble Sir_dndw,
Sndls 5_ulem,
aguble &ir_crep,
Aing maw pednts,
FILE sconteur filsd)

const double Lsotest Slsplacerd.esl)

conse faphle epallenaie-Br

comst Soubla pivi.l41552634;

iet pezs, polmts, rorele, spoddes)

doadle el old, az_old, &I old, 8l mey, 82 xed, &l paw, &ov nmew,
B [oezzani by siseell,
81_loft, B2 left, dov left, =i right, a2 _yight. dsv_xicht,
si_iso, 23 _ise, azg fso, xad _isoy

1f (monitor_lovel>nl)
{

Af {centouy_£11¢PIaXTLL)

wrinkR{¥\nstarting cozstruotlicn of comtour for funckien Wiim\n®,funa)y

alza
priscfrminsrarcing lgotast for epocies %i\n\ne,func)r

}
toz{paszal; PRIL<wd} DARSBH+}
i
Sl _mewsp)_indt) md_nswssd inits Qly sivedir init; pelmte=gr
whila({(pl_tewre BIBRI1] £3 21 pever_mex(i]} || =3 bewe=3l isit) &2
{{e2_newes_min[2] &6 cZ_pow<o_msx(2)) || si_ncvmmal_init} 53
peintcoas polrsc) .
{
#1_old=0l _kowy 22_oldzsl_bewy Aiz_oldwSiT mew;
1 _lefemst oldsz_steptoos (R.00ple {dix eldedis etapl)s
82_loftwel_oldez_steptain(2.00ple{&ir_cldeiir_step}}y
Ea7_Jeltatehs {vonpous_fune{Dand, 81 _left, &2_leftjecdontdr haizhE) s

17771

I 1)
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#1_pavTal_olded, Stepicoos (2.0°pitdlr oldly

3 y_stepesin{l odpiraiy o3dl;

dav_ sz fedg [CantonT fuld (Fomd, BI_mow, $_now) ~combaiT_Ralgke)

ol Fightesl oldes_steptoos{2.07piw (£17_eld-dir stepl)s
e3_righrenl oldes srepesin(2.0°pit(dir_old=dir_stepd)y
Zow_rigtofabe {conteiln fung(fund, o1 _righs, o right)-conteur_podghb)s
Fasulealy

whils (rosaltr=l)

{
A2 (Ssv_lafbenday o 28 &7 _loftcdey Tight)

{
ix_pew=dir mose-Alr staps
s1_rightze) mewr $i_risitedl pmny Ssv_right=ds?_pexmy
£3_pewazi lofv) o2 _mow=gi_lelt; dov_powmdsv lofty
£1_laffaal_olles_gteprooa {2.0%p09 (i Dacecdlr mtep)) i
e2_lofewsd gldez ptoprpin(2.0°p1° (Aiv_mowediz_eben))z
da7_left=Zoba [pomtoer futo{fymo, sl 1eft, 52_laft)=

cettonr_height iy

H

olra

1f{&av_righr<cdey_pov s dov_pigktedav_leftr)

3

Al _nevedic nas-gir stopl

s1_lsfecsl_mew) ed_laftez3_xiwy dev lofiodsv now;
ol_rowssl Tiykty =2_mowrsd yicht; 4oV _tecmdsv righs;
81_Tightnsl_cléen_steptood{Z, brple (i newdir ptep));
22_oldes_sTenvrin(2.0vplit (Sir rnow=diy eeoD)})y
&a, i righe,s3_vichs)-

sles
if(faT_noucEov_Lloft a3 dov pesrcdav¥_Tigho}
<

rerRleed;

Tozuleel;

3
12 {z=2dror_levelrad)
siote{s funcshll pess=hll Polnfewisi rismlteiii A
B Pl_meekl0f gz _vowrkiof dip mowetf.if Sev_sewm=ultdiznt,
fung, pesg,Holnts, Tosult, £ _new, £3_Rew, S1E newe3L0. 0, dav_nowl )

1]
if tresult=ad 8% dev_nowkdsv _tel)
{
poluressy
iZ{pzsemat)
i
1f{pentour_filap1=¥TLL)

{
fprins[cextony_fllad, “%257 S1MMAR" 31 _Dew, £2_tew)s
¥

slae

i
opacissouzs;
Ted_iepalrctoot_displeca;
wig Leo=d. el _moeayt BEY

Bl iseosl_mesersd_teovees (bng doo)r

o2_ipeapl mowsidd Ascvain{eng iso);

H{11ms1_t5¥1 s]2]emd_Dewy

Af{azt (species, n)<epsiles)

{
fpoivgd (frctartP 1], *SI5y ®lFM\nt, 53 oo, 23 _icc)F
fprizes (footestR[2]. "\a*)y

b3

salza

3
fprine? (1eovest? [2], *%153 ni3a\n®, el §so0,23 iso)s
fprintfilecreatPii], "\a")s

¥

si_toomal sy

83_fcocsd_pery

AE{-821_res(spocien, s}+dii{spoaiod, &) cepallon)

1

gprincf {inotesrpld], *R1Sg %18Na", 52_L8e, 23 _Lnc)y
fpringf(foest?(4],%Va");

alcd

fpzizef(isozestP[4), "wily wiSNe", 51 izo,22 i80) 1
fpriztf{LzavestB[3], "\Bm))

)

Bl _iseas? meu-red tacvcos{exg isolr
£3_izosp2_pew-rod_fsotplibleng 120}
12(822_xas {cpeslen, =) «&28(cpeotas, 0) copailen)
{

fyoitt?{izctostP (5], 155 S1%MA*, 2l is0,pd o)y
Zprintf (LscrastP (8], "\n"}}

alra
{
Fizif {izoteatP{E], "B1%Y %155\n", 03 Lro,32 lec)y
gprizef (lsotens? 8], "\
1
b4
¥
¥

g
si_ipitmsl mew; S3 irdtesd ey ddx Sodgcdlr sewfded, 50ty

}

if{conoit §31sP|mETLL)
sprines (eontont filed, “\a®)r

olgs

L3
fprinkf {inotercP{l}, *\n");
sprined (Arorasrz (3], “\a¥);
fprinef(izctestP[3],%\n");
tprincf{ipotestirid], "\o") ;s
fpeinc? {icotostPi{S], "\
forinef (LeotestP 6],

¥

gontenr_iseplilafopet ("eontons_Asel.fatt, wv)r
coarear_iserizinfopen(tecaroar_izol. Sk, twt)r
SORESOT 4 {"ocatelr . daze, "Wy
gentons_ DT (5,0.8,0.605, 0.8, 0.6,0,75,0. 005, 0,005, 500, contous, L0e? (113 7
otutcar_plot(3,0.0,0.001,0.6,0.6,0.0,0,005,0.005,500, ccnbour_1csPil) s
conzaur_plot(d, 0.0,0.01,0.6,0.6,8.0,0.001,0.068%, 500, ceRtoqz_coaTr))
Zolose (pontenr_isoR{li)s
golosa{ountonr dec¥L21) 1
falcss (coster_soexR);

¥

¥, s
Told isetest(}
<
1% (esmmont by_SiEs=a2)
{
igobestP{d]slopan{"ingtestl A28, ")y /o ped ipwalsbla */
4 I 1 Lato, wdy [ invadehle 4/
testastl[3]nienend "Lectestd ,gate, *r?)y fr cosTomment *f
isoteatPiélafopra| *itorestd. dat", ")y /v Slvuroent */
1zotest? 15 efonon (" iectessbdats, “wt); /% poX smouslly lovasSable =)
1=otess? [§]rIepsn(Yisetant s dard, *u®)y /v Eatuslly impadzble */-
combony Blot{l, 0.0,0,081,0.6,0.5,0.8,0.005,0.683, 530, TLn) 1
contoar_Plet{ 0.0, 0.001,0.6,0.8,0.75, 6.605,0.005, 560,800}
canbeas_plos (2, ¢, 8, 0,001, 8. §, 0.5, 040, 0. 501, 0. 001, 500, R}
folose {teotestPIi}):
2olosa{iconert{2l
faloss (isotestPisldr
folota{izotestR (411
faloza{iEctcatP[5)) 7
foloss (fearese [§1)2
¥
H
7 I
7+ fezotien for lubdseape o

1

wold lamdzcspo(])

1

oozt Souble epsilonsls-ir
ixs spociers
ive gqrld_fndes <y olesel], finogrld_index t¥_sdzeelly
domtle sledsealty sizerl], s _Ralyisomsoaity sizs+il,
111 iy gizasd), B bao r_Bizosl) (2801,
B #wm, b oain, Bopsx, b tred, add, By

42 feomxenity_slze==2)
14
1€ (eamitor develral}

3
piztf{"\=stepriay landsotia E*);

fox 7 gl w_=izay
poizt(~ chlckd. i, opaciea, p_t=zitisgooiesl)y
Frinsf{* )y

prictf{\ostearting coastTuctien of trajectorviat);
}
far( 1 1 Yy sizs; Epacisses)
estinsticalrpsaien)caxtinsgion intt [cpsolsaly
fer(rpetioealy epovleciuocsmamity _ciser spaules+e)
AF{n_nat (vuales, (doubleo®}p _fndg) «0.4)
extinsticaiopicienlel;

exzinaticals)ns;
fexd 1 Pl r_size; 4 3
it {estizctimi[epeales] eal)
eszizatica{ojuly
fox igzal 1 £y _sizer cpacles+e}

s [epecies]vs_isit{specioex]r
for(t=0.9; T<ck_eads Léct_memodof_siep)
€
gor( lexsly 4 ty.mizs; €peCiecses)
£
12 (extirction[opooiss] wat)
wicpooiss]serha (ppodliss, 8}t _pocnodst Etopt
(Eoahla}anadat Eizeotlen;
LE(8 e rpoates, §) <0.0)
i
extinctienlbivl;
extinstioniopecisa)el;
1f (emsinazicn ccasimarclionm=0)
twt_sod;

H
H
¥

12 (mondtez lavelysl)
{

izt g o of ar*)y
fee{ppoaissaly Spsclescecczounlty_sisar £3e0iencs)
privcf(? oaiwnd, 22, cpocdes, sispscianl))
PELLELLTADND") 3
;ug( 1; soooi
{
a_palplileo[2]r s _helpi2les[2l,
b_rolplspeaiest {0)=0,07
Lor [rid_indszicpaaicajoly grid indsxispesiceal<a
{in%) floex{ {s_serdisplaylcpacien] -s_mintisplay l=gocies} )/
lentsgape grilvpasies])s geid lndsnispooics]eet
[
b _Reiplspooiost [CTid_Sndex[speciss]le
B_hslp [rpaaies] igrid dnfexmeniasi=1iy
for{finegrid_trieairpacieslnly finegrid fnfax(apecies]<s (Int)floor(
1fcpsilon)y flnegrid _inssxirpecles]+s)
4
= ralpirpeoien]sa_mindicplay[specias]s
(grid imdezicpecicn]=1} *landscapo_grid{cpsalas] e
{finngrid Anfaxispeaies]-1)*(landaceps sridiopoales]/
fneer(ilopsilenl) s
o5, 3 _ralg)veseilen
Lf(=_holplapacies]>zispecics] 2a & hslplepeqles}<slepecioo]+
lszdacepa_grid{cpeoies] *epelilen)
{

ty_olzar snsalesee)
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Blopocies]ad belpispovies) [orid_index[apecics]]+
add* (z|cpeqlieei~a Rolpfopeoles])s
(landzeaps srddfcpaoics) fepsilez);

H
B ralpiepsaies] [gxid_irdaniepooles] J+=ndds
s .

3

¥

1endsednsFulopon (*lendzcaps  dat9, ")) foloss{leniscrped);

Iendscapafufopa (" landscare  fak®, *x") 2

for{grid_indux[i]=dy cTid indexill<=[int)}ZiooT ({8 _hzeAfeplayll]-
BRlpaisplerlil }lendsasne orddll)); oxid sndex]ilve}

{

Tor(grid_indaxl2ien; grid tnten[2]<nlint}ficor{{s_maxiieplay[2]~
s.pingieplayid] }/lentzcape oTiG{2]) s oTEA AndsmiZ]+e)
fypincf(landrocpeR, W15y S15T BIENAS,

#_inddrplay (1145744 _indan[1]*landscans_gwid[L),
2_minficplay[1] «qrid_index[i]*lendacaps_geid(d].

(5 Balp[i] fewid_Ladox(1)1-h[1])+ (B 2215 [3) [erid indea[2]]~hi1)) s

fprinkf (taxizcape®, "\n\n" )
if{meniter lsvolxsd)
pointL(e ei=%d,. 21, his=x1sgiaT,
o_mindl eplay (i) sprld_izdex[1) *landacape oridll},
b kalp{i] {o=id_isdex{l})-Al1]}r

»
b p=8ra1610r b _powmeloll;
Zor (szid_inZax[2] w0y grid_indexi2?ce{int)floor({s_mamilenlaytis]=
s_Rlzdisplay[2)}/lensrospa ordldl) i GTid Endex(214e)
i
foretd indenilin0; guid iadex{lle={izt)flcon({s_pextteplay[1}-
s xinSicpiay{il}/dendscape_gridlif) s £uid indaxilies)
{
b gmse{h kel (1) [geid dndsx[L]1-BI1l1)+
ib_Baln[2] [oTis_Lndewtl) J-R[3]) 5
fprintf (Iaxdeczpal, "R1EF KIST RIFORS,
& pindlepl ey {1] +prid infonl}*ienducnpa_grid[i],
o_mindleplay (2] «grid_inlax{i}*iexdscans grid(2],h_sum) s
L1f{h_===<h_nin)
B _minahs susp
1f{h_romsh_mam)
b_meceed, sumsp
H
Eprint€(lesdscape?, “\RIn"};
if{moalter loaTolre2}
printd(e 23x%4.38, RaRiZoas,
o piedopiayI2lereld insex(2)*lenssoens crid[2],
B Ralpla] {gwid_indax[2]1-R{21}2

3
fprines (land ', "2 ebovar 1 baicw yAR\=\n") 7
#aloca{lenEscapell s
42 (menitoxr_levelral)
pelesd ("\Bsrariieg & of =) 7
B_trajel_mime (b sax-b_wdn)y
oz E 1t Foaak r_SiEdr opecleses)
epecios] Anit H
foz(l 1 epaai ty elzsy enadleses)
L2123 _Bet (speeies, (Stablet)s_fuik)<i.0)
astinatica(epecias]aly
exrinasionl¢y=es
for{theuieralr epoci ty_elss; 2 3
12 (exbinsticalpncclos]cal)
exvinction[t)nly
Loz (epaclesal) speel _olzéy ]

a{=peoles]ms_init[=pecien);
for (tob.0) toot_amdy toct_monodat_gter)

if{fond(tsla-10, b_soonlek_cot)<le-§}
€

1 . Exgn, o)y
for (epeaissal; 4  Bizey H }
fpriztt {lendscaped, " K1Sg*, slspacieal s

fprivt?{lesdscepsd, * WiEg\n*, b craili
folezo{lend=cupal)y
iZ(moaitos_lovelswd}
{
srissd(* SARGERLET", B) )
oz () L 1) wpoods ¥ siza; e ']
Trintf{® shi=wh.2f" epeciea,z(specien]}y
srimei{®\at)r
}

¥
for{spaciasal) sprolescroommunicy_sixs) cpeales+s)
4
1t{extizaticn(rpacics)e=n)
£ [opoaiss) eazha{epaaies, 1) *o_Eoasdat, SEopT
{eoublenensdst, dyoctienr
1r(m ket (rposies,sn)«d.0)
4
exzisorienio)=1r

aztizcticnirpoaistinly
Afremeineslan aestliostichasd)
tet_exdy
H
}
b
1 (=1 dage, =a")r

Lorrpagisterl; Cpediesdaoionity glza; cpoalcses)
£prizte(lonsscape?, * W55, 8 [spocles]))

fprintf{lenfroone?,  BISg\a=, 0.0)r

Eprintf{lavtvozza®, MITVRS Te %7 gle %G pi¢ ny\BARS,E.2ii),2121%

frzintl{innlircapa?, " minle NIEG hodix W13g \a%,
8_aindiopley (1}, x_mesdisplayil]}s

fpxint] {(irnldscazsl, =F Dindw H1SE DANDe RiTF VES.
s_pdnfloplayrz], s_mredd splay{2});

Spriztf{lsfzcope?, " mInde Y1ST £E=So SIS \2T,A_trei,d maw)i

felozs{lerdssanak)
}
H
/ i
/% fosctica cewrolve _det o/
i

wold eeevolve £et()
{

1g{run_pecsdatoxl}
oenedat{ls

1f(ren_porsredit=s=1}
portrait()s

1f (run ghetebssi}
cxatak{}s

Af{rma_centearenl}
coztouz{)y

if{rmn_leotestaal)
izotest()a

12({zun Innfsrasereal)
landscapally
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Listing 4 The package coevelve sto.c.

I* cosTRlve_Gto.c

L ——

J* golp packege ollews the izvestigatica of t24
/* pol. end
f* cosvolntismery Synsndiod i & xs=nziey of interseting spscias.

s+ polystor 4 of ths la o moadal
/*  of the coevelullissry dymomles.
* pemoztos irplementition of tha miwmcypaic stocdazklio medal
" af the cogToluticoery Spamics.

@incleds <sb&lib.2>
flroluse <prring.hs
FimcIugs cmzzh.h>

!

wold fractiamgrab(
deuble fractien,
aeshior P,
demblar gP,
esublor b3}

ecmst dsuble gammesl.B)
inx Zmagectoxy
foumle hee, kuetums, mdw wp, mixdo, ¥, @ B

A2{pos_cslerzmi}

Eusal.c~fractiens
12 (kne<d. Q)

kaend Oy
1¢{fmer1.0)

Eesl.ty
mopectots (Int)fleor (ERavs.0);
bustuneabug ey, Oukuanactory
Bix wpakmotuns)
wlw _fonl 0-RReTuRG ]
Bix_eoopaw (i o, 1.0/meena) )
=t domiiw (IR _&o, 3. 8fon=x}y
rrritek(dueiedtor)
{

cnga © 5 Fal.t pEeelm Gprbef.0 jhwcak; f¢ xed
¢sgc 1 1 realm dojgmi.0  7R=0.0
cais 2 ¢ Tw0.0 Eel.0 pheddm upbreak; /v pTedn €S SYEn
cese 3 ¢ T=0.0  sowniE_S07bal.®  rbresk; /v &yza to bles
cxee & ¢ Fwl.0 IgEO.0
4afavlks 0.9 IEEO.E

¥
¥
=128

1£20.0 bTeaks

4
el 0=fraceian)
gel.g-freesiony
bai,0-fractiear
}

SgFur) frR=gy bPeks
)

Ib=min_dopbresk®y /4 blue  to black

to yollewr =/
reeglky /v ysllew Bo gresa

s Te

int @ibini
int cpeciss,
Gezblie 3)
1
roturn ! (#-g_mindtsplaylspeatienlls

(8_mazAlpplay fepociea] s _tAnilcplay lopaolen] ) * (donkie)pem bizn))

3

7

doabhla binda{
ing gpoaisn,
izt bin)
<
yarora{s_nizdispley [species]+{Eoabla)bin
ey

(a_pesdicolayl 1 {65

¥

desl) 7 {eoia)pen blxe))

!

wold polyste_init{
[ i

4 _szmplea)

struct ey [1yiso_eaznles] fey_sizesll,
leag evestoeunt [polyzto_gerpleal,
it averL¥e e 241} [p7= Dinel.

dauble goeep_sitipelysto_serbles] focemmnlty sizssll,
doukles spocien_su=[poliysto_casples],
double *eamplo_guai}

SETUSE FTOmPLyRe "SYeSeR?
int speoles, bin, soobles
izt nfcemminity gdseel]s
shar couzter[2], Zilenaza[iOls

.-n,nd.(nwnd-) H

aize+l],

Fo dsiziali=s: growp list v/
1f (moniber la¥ly3l)
¢
priccf (*\nstareing polysto av®);
Zor(spociopaly speci _mlzey 4
pricsg(r shlchd.22%, cpodias, a_initi{cnoalerlds
prinz=f{"\n\nt};
prirmf(rinitin] pépunlaticax mizesria™)p

¥
fo7 (gpeaiesal) epooisscecomnity_sizo; spocias+e}
{
niepesiesin (Azt 2loan(n_kat (zpaalos, (doudler) s inde}e0.5)y
ig{=cuitor_Acvalsal}
princf(*si indlvicmels of cpaclem Sdvmt,mlepacica],ensries))
foricample=t) ReTRlepolyste camplos) rotmlort)
£

groupda (LIRSt qrotpiyerimlica(rizsel{Frrat gRoptyRal b
Tisscproco® [earplel [spaclerivgmonp?y

D mlapodlen] s
ER AtPepariosly
STR P~ DTETITEULLG

TTOPP- 2 RATE PRTULL)
1==zgzenn? {eemplo] {Fpacisn] soToapRt
H

¥
1f (memiter_levalrul}
srizEr(T\n*)y

Jv izizis3ize:r rmtes LT reba sz */

fox 3 3 P ty_sitos ppacless+)
ZoT{earplozvy EEELIC<EOlysra_Ss=ploxy 2smnleoss]
3

gromraiirtgreus? [campls] [epealaaly
peblrth po!

FrobE-rbirth_rab 1ysts (ERe01el, gTOTPPrE,
Eirstgropy LsaEplel)

grogpr-riaath shEezdssth polycte (Fposies, groedi-ra,
Lizesgroupd {eazpiel Hy

)
*eamgla_runiad. 0y
for (cespléesdt ssmplacpolyseo_gemplery eamolad+}
{
specics_momltammlo]wd.Of
for{spaclezml; rIeah
4
gronpPatizstgrocst [sienle] [peaton]y
R P-revant_puea {grospP-ablesh Tata) ¢ (group?-rdasth_tatelp
groy_£T= [sa=pls] [Epeaies)w{groupP-rn) * (FronpP-raTent_gma) s
epecics_wvm[ssuple] _eaniczwple] (Fpociesty

siza)

3
azazole_sumPisrpbalen_sus[sxsmblelr
H

Feinfbialiger cvazbocuzid */
pernlegnoivets EExnleo; zo=plitds)
ovoabepact [remplel =ty

= icitializes oversge arrey */
foz{ Lezal ty_size; epacicaes)
fox(bln=0; bin<pro pins; hinss)
avesags [epecian] [2iz)a0y
1 "

for ny_sizs; Logeo)

L

bimsgihin(xpeoies, g_ixlcizpaaleslly

averags [spacies] [bin) calrpacicaispolysto_zazplens
¥

4o Iziedslizes &xt and poa fils w/
_inoan, dne®, W) 1

o o {
Zeloza (pa)TEto_mosad)s

1if(polys=to_csvopomaal)

€
fox{; 1 cped " sizar Ledae)
B i

sprintflecunrer, *5i%, opaalas)

srzory [£1lexema, +polyots™ s

stret(filensms, couttez )

ctrent (fliszess, *.pgmt)y

polystoraicpen|{filensgs, "),

fprhect (Polyshod, "A3iall Sl\=Rivne,
Frm_PiRsopen, streteb+2epge parpin,
(Lat)£loor{t_czift_polyeto_cut)el,

proLnsavell
20loze{pelyzted);

g

¥
b
2
&oable polyste wals{
Acubieo sangle enm)
1
#e caleulater wndbing cima masdl pavh cwenk v/
oeturm{l.0/psEpls, pume (=10 (1.C-randen wlfor=i}il )
'

2

Toid polysto_svani{
SETuSty =i {polyste ca=ples] r_tizeells
EETUCt groRCYPS *lastgrep? [polysto_semples] (coxemity size+l].
lezg evestoount {Tolysto_coxpleal,
ips avarzgs{com—aiey aiseri] Ippc Bizsl,
acuble precp_pualpolysto_semples) [ossecnity_sizasll,
dogble pedics_suipelyato _sa=nlea],
deublo *se=gle EUnF)

SETRCR CRODEVDS SgroulE, CTRoRgrocyii
izt ppecied, bin, rezpler

i=zx birtk, ésitk, yutztion, eXtlestlon;
<ouble rea, ofd, », F_Re¥, cbangae




172

Developed Software

4% dsaldat peupls © wm. 1 ve. ... 0f
resersndce eatfora() = {YepnPle. fumr)y
edd=0. 87
zasplond;
wblls(eiplacpolysto_tasples 23 add<orany
t

efezzpoaios_comloanplel s

it (addsmran)

ZREDIcHer

3

£* devldar opecien 1 v, A V3. ... oF
rrowronize eelfora{}erpogler suslrE=plal;
BA2x0. 07
speolesaly
walle(cpeci _2irs as
{

eddecgroay_sunlrazsle] [eptaies] s

Af{adde=ran)

spocles ey

}

/* €satésy trait grecy 9/
rasyrandom_wmifogm{) *TEUP_sun[2emmle] {rpecies] §
8da9.07
se=plel tesiy

whlla(gEeusTI=ivll &8 o&dcaran)
{

E&Lew (EREERP-pa) @ [QUOTRP-2oTINE_Fan))

12{esdcazan)

P S e S

}

/o gegldor Blrth vs. ootk +/
0 [grosp U} §

2E85w0.01
birthadesths0y
addtrgroupP-sbirth_Tarat
12 {asd>rEn}

iTehely
oles

dzathaly

F* deeddor Hirsw with suietien vs. birth without sutatlen of
zrtzticnedy
1f(2drtieal)
i

Zotopacdon wadform(dy

add=malepeaionty

1f (sddbran)

pugssiensiy

¥

7t Suoidss mev traik o/

ERgTOURT->ey

12 (zateticzzal)

{
3_towsserandos rormal (9, cigom [epecies] )
/= phpozblea beunturies in fralt spess of
i2{p_rowco_zinispeeies] || a_moms_mswlepeciesi)

Sirsi=dy
b

/% ohacRr gToTp cxcinoticnr *f
extinetionay
g (deatk=al)
A1 {groupP-opunl)
extinsrions1y

/% update: proup st of
if(birehexl)
t

1f(zcnitor loval»zs)

Afizutetlions==0)
printf(
a Birth in ssmpic %, #Dovles %i wELR p=%S.3f\av,
ZuTple, Epecied, A} ;
=ics
s:.l.n:f{
Birch in camsle ui, speaies WL with m.u-;u.u\n'.
sm}e. epdedos, v, 5_zow) )

¥
iz {=mtaticne=i)
t

[ =allec{sizrecs {etrust 1
l=stgroup? !l:_'giez [sacios] ->—&=’sz
[EwgEourF->0ua_Rew)

DewgTotpl-daals
RERTICRR PPV Palad tyreos P {catple] [Ereales]

CeeEenp P> REREPETLE]
EToRpP-rbirth ratesbirth Tolyste (Fpediat. ovgToump 26,
Fizstgream? aamplally
& h th_polysto{speciaes, .

£irstoromp? [zaaple] } 7
L _grme BLrth oate)e ('ws-:ﬁmh_:na, 7
Anztround [eesple] [idecics) Wa
ARANS CR B CVTT TP - GTERE_RUB T

3
elag
{
{eroapE-rajees
CERRIGA PRI P aTanl_ STy
3
}
olca
Lf(Eearhunl)
13

ig{penivor_lovelral}
{

if{extizotica=an)
pri:.t!(
Sxard im pesple i, shecios u ith n-ﬁs.:!\:'
§35p1a, Fpeales el

alsa
prizeg(
- daach in gosplio %4, spocics Rd with s=&S5.3f->extinotin+,
teirple, rpociva,s))

1f{extizaticmxel)

[4
if{gromPantirsiyTocp? {eazple] [rReales]}
{

{eempla] {zpacies) 'y
A {grovsP-roaxtDInFTLL)
{TEORDP-IRATER) = bpTevReivILy
wlss
Af{zonttor_lovalx>ai)
prinsf{=warnien thecior & haa gose extinct in sasple %i\ne,
spocisa,saxpio) 1
}
sles
Lf (grtap@enloatoromps [2a5ple] (epoolen])
<
lastgronsd [eampis] {rporlas] eoteun P=sbrovey
{gICReP=2preyYR ) =ohent FRETLLY

#les
{
(qTomP-3D4REF) - 3D ISTPOGEEEDappTavE)
(STOULP-3poe¥R} > Dot Te TOUET - r2eRt Py
]
ChAngos-FroTHR-rovent _FosE)
Irea{{ahrrs)gTess?ts
H
eles
t
(gopPra)--1
CRATTE-FroNpR 2oVt _ETs)

J upEztat CYRRLQSTRt °f
CTGETCOOURE [£1pla] s eg

7% updzhan avsImgs arrEyt/
1f{dlrak=a1)

18 (Estaticnrnl)
{

Bipez2bin(epealen, s _aew)
averzyslepsolesy {bin)+vs

alza

4
biz=pihia(cpeales, 8}y
sverzga[speoies] [bin]es)

3
sles
ir{&satk=a1)

#ibdrbhast || doatbesi}

iz flege (o7 [ez=plal / {E=blo}polyito_wpd .8
(Eomble}polysto_tplatesaventoonst [remple] mel}
4
*parplo_srai-zspagies_owafzompls):
spoales_runlearnlel=2. 01
for (zpesicsel; Gpeoioscuco=mmnity mize; spodies+s}
{
quin_sumlsanglael [specices]=2r
gropiatisstgTony? [sample] [fpoales]s
while (groupli c¥ULL)

1
greupPrrbiveh tutesdlzrih golysto (spooies,grovgd->a,

firzegToser [:uslq) b
CremR-raanth, iy 4 Burz,
Zirsegroun? [sarpie] b2
STOTPP-GVRRE_ bizth_r & Laath_reto;
ereey.ows [ermle] {Erorp! BNy

H
rpooles_grm[cemmlaelecorony_smmisnmpls) [coacian]

3
Tazzple, sundeaspesles _sun [ueemnie]r
¥

slea

£
freitn_tialsomals] [oboatiey)esckangey
Epecien_gunjsawpla] sxchange;
garple cenBHecRIngo;

H

¥
}

A

vyold solysto_skow|
Etrust goenptipza *lirstoresplipolysto_caxples) [nm.l.ty_sssmu.
int oversgeloceaunlty. elee+l] [pos dlas),
<doukle t}

[ e S e

izt spacies, sazple, bim, 47

izt averago_maxp

dauble FunQ, cuml, SUBI, GVY. Yoo, sdy
éoublo T, gr by :
axer couster(2], filemama[201)




Developed Software

173

12 (eoziter develyad)
{
prisrg(matly
for(===plesd) sexpliecpalysto rnzples; sx=pless)
fo={tpeciszui; epoal ty_sifs) mpoad 3
13

princf(e dlerpireticn rewple 4i, rpocles wiin®, mexple,specisas)

g ir [ee=nle] [ iowl}
while (group® l=SLL)

priazf(® .35, S-RiNeT, g P H
I e = ]
;ﬂ-‘-“('\n');
¥
ol Lysto, e, athy

fprintf (polyzto_mosny, *kisy ", t)3
for(epadicesly gpsalec<sootiuaiey_sifa) EDsclasss)
{
suztumpunlescndet . oF
Loz (maxplest; cemplecholysto_s=plesy sampless)
{
ErompieliratoTocs? [caxple] (spaciea)r
whila{GTons Pl eIdLLy
£

#imter [Souble) (groupP-za) r
falea(Socdla) (FospR->2)* (WEwpd->a))
Ermden (Geabla) (RECuaT->2] ¥ (gTotpP->2) * (gToun?->E))
TR ITCRRY -2 DaRt Py
X

b
1t (0.0}
{

evyRruEl /el
TErTrosl feLRs- avg i avE;

adath.O;
fprinf(polysto_sanme, *%157 137 RISg °,sumd,avy, ed);
b}

)
gpristf(polysto_masc®, "\nf)7
2alons {polyeto meand)

12 (polyrio_cavermizel})
{
far(=psalerai) Aize) epeol )
i
SVeress newed;
for(biv=0; dlogea bizs) bizmes)
Af{everagaicpacion] kinlrevorsgs BEAT)
evorega_pRan=avarsse {mpeeies] [bin];
Ssprizes (cousteT, *%i”, rpeslans
steeoy{filenaas, "polysto®);
Rrzedt {filomome, Sennnex) ¥
eereat (Ellenans, *.p5am) )
Folystopatopen (f1lennea, San}y
foriied; i<ppa_marging ded)
foritkf {(DolyEtal, =0 ¢ SAnt}
tox{sin=0; Bincprs bins) Bizes)
3

frestionirgb( (dothle)averngo[ppacian] bia) / (£l
AT.Ed, 8B}
2or{iedy i<gpa strotch) le+)
{
forintf (polysted, "534 W31 %31AaT,
{int) Flecx (Fopra_mewvall s
t4os fleoxs (Fopom_nanval) .
(dzg) 2loox (Bhppn moxvel) )y
¥

}

Zex(ie0; i<pom meroing de+]
Lorint 2{SOlyTtol, =0 & O\m¥}[

foloas (polyste?) i

¥
¥

!

votd pelystel)
t

EEIROT = _pannles] Aty sizal].

o) _tzenles] [ ity _sizs+il;
st average jocemmmity_tize+l] [pra pizsl;
domhle greup, sumlpolyste ssmples] {esvoonity, sizosils
@suble speoles sTRipolyzte samplesly
&sehla sesple cusp
doudie E, & msTiovent, ¢ _EaXuouty

Loy _s==ples), Ty

polyste_iad 1  HTSL, eYSTRIS,
greup_Kum, spocies _sum, a5e=pla_gun) y

233,07

b_Demzootot.or

t_oaacaventepolyvio vl (saspla s=lT
CTEnEoSURT_EwEw0.d)

whila(b<t_snd)

{

e &8 ©_Rextoutest_ovd}
i
tot_raxtenty
12{mcnitor_level>ul}
prizei(® guEpE & e%I8.42, coumted svamia = Gilne.

(R s S
polysto_show{ fizstarenp?, avezase, £y
£_pastoubent_polytto_ouby
H
A1 [t_zexsevankomt RAxBOLt 53 b ToRTONR<EL_end)
£
QTeRECTIRE_TTmes

tet _DExbevanIi
1fimonitor_leval>md)
pricte(” Brazs LR $ AT LR S F
palysto_swest (21 1 () averaga,

gTeUD_FTR, spoaies FUE,asanple sum)y

£_zexteTesEerpolyste_wale (cemple_ewm);

}
S£{e_memeoutrt_oud}

rer_oad;
12 {pemibos_Lovslr=2)
prteng(” =34 t a%1g.4f, counted gvemta w siymwes,

b, eTosTeennt_sua)r
)

7

3
¥
! )
e Porszicms Lof moRSSTe -y
4
i2t oospare_tizes(
cotey void vl
con=i Fold tvRd}
€
cengt Soaudle °plc{foudle”)vEl, “tisl{dommleviveiy
returnlivrl-*zd}s
bl
4

7

vold pemcate_piot(
Somble #_initlcomzasiry_cizsel],
Sable b_end)
<
izt gpasicn, foecies_jorp, sexple, sventocunl, sTEREs)
Zzable b ty_slzeel], ty_oizsedl,
estalosmmalcy_sizerl), sfcemmusity_size+ily
dueubio €, t_eeir, prod_sum, o 3w, Tem, adds
Comble §usp (1003201 (31t

exand (¥apien_sond) g
42 (menitor_levslyel}
1{
puinzf("\noiareing memcato 8"}
for(ppecicsel; cheslescoocmmuity siza; epecitges}
prictf(® whiwes. 2" soeales, a_iniclaneolest)y
prinef{"\z\a"}s
H
SrAStoouming)
for(saxplesl) SATPLOCFOoniG b camplesy zixslavs)
€

if{ztairer_levels=z)
priste(® saxpls nivET, zexplse)
"

ol i _oizar L )
zLspeeies] oo _indy [spacies]s
Ead. 0y

meacctobefopes( “Bmoste.dat®, "2 )7

fpriate (2onoated, “RISGT, 0.0

£er( £ ] =i ey _sizay 4 1
Zprizef (monsskbe?, * WISgY, sIspecias])y

Spxinef (sancato®, "\n'ls

Zoloza {BXaeaEor) §

while(tot_snE}

L

1 osiculztor intermsdiste guastitiss

for{spocles Jopal) spsclss_Susporossponity_siszsy cpealez_jopsd)

1
prebiepacicn jeonicd.og
for (f Sumpos_min[iDsaies_femn]s
2_dwmp«es_gpex[cpecios_demp];
o _dmepesaensite oridiepeoies, doxp])
i
Fata{=peaien_Jurpes (6Dpeaiss_jusp,
b_duspesispsales dusplla
L8 1ma [spacied_Juwmpl»0.0)

pred[cpsalen_jenp]emturalorecion_Susn]tpooltive (1.0-

Lazty_pona(Tpeoles_juup, 8 _Jm=D, #)/
bired moco(fheales_ fe=p, 8 3w=p, 51 )7

¥
torp [epesles, Jm=plvem[opeolos_juem] *n, ket lepeoios_dump, 5}

Bireks mowo(specion_juEp, s Jveo, =} vicooste_gTidlspocled _fu=ply

prob(rpesies_iusniv=toenplapanies_suxdl,
¥

/* calaularc: saiting tiss cmtil mewt swemt °F
soch sTm=0. 0r

for{cpecies_susnals spocles_jumpemccmsanliy slzer spacles_dm=pe+)

prob, GReepred [chosles ST0l
t_waltel, o preb_pumt{-lod (1. G-remicn teifosal)));

/* &30l8sr cavied 3 Wa. 2 Wo. ae.v
Taz=rarden cmifora()Tprob_TTx;

&8820.07

cpaaler drmmely

waliel das 3 r_size &5 Rl )]

addrTozoh [epadias _Jmmpl
12{sddcazan}
spooles, fomgeer
b

1o Eacida: mateted trzit volus o/

Tamsrindca waifomm()epTeb[spocies_Swpl /o fepoales Jumzl;

a85520.01
&_Juepes_min[spscies Jom=pls
valle (zdderen)

Exta[opociss_jumpl=a(rpesisa_smnm,
e_Jumgen [opscies_dwml)y
Ag{mta{speoisa_Jurp]»0.8)
4 L doa_d=wl fi.0—
deatd_pdng {(fpoeles om0 _jum, 8}/
birth_poon fossolen_teso,s Juep,c})y
1f {edScyen)
a_Jpesnanceto_gTidlspeales_Sz=pl)

¥

I* wpiztor wima ¥/

Test_walty

12(rat_end)
xt_endy




174

Developed Software

/% wpdater jusp list 7/

J=pleventacunt] (31t

JusplerTeatesst] [17 s {Souble) rpeaies_Jrups
JempleTentosunt] (2l ws_juipesfapooles_Jump))

4% updage: tralr salus W/
= [cpoaler Jmxm]ms_jv=pr

4% vpdtter gyestogmmt Uf
eavsstocuntee;

Af (mandrar lavalsed)
€
prizta(s w1527ty
LT 1y s#poel ty_size; cpaolemes)
prictf{® w1s.$f", z{epaaispl))
prizef(=\a");
3

EiasbaPufcpenl fucnoobd o, Td) ;

LpzintE(Bomosto?, "S55, £) T

Zor( 1 13 opaad _siza) 1]
fprintf {peocatol, * RIbg", rispoolsas])z

fprinc(ensdter, "\E");

falésd (monoctol) 1

}
Eotastetafopats ("zonosta. ERE", "B"))
Zpointf (moecsto?, "t}
2oR0ss (BenaseoP}
H
STERLATEVAREIIRE T

12 Lez>d || _Legpletaal)
i

If(e=niter_levelrsl)

i

i (Eomeate logplatosd)

princf{"\n=garsiry comsrguarion of pann RATEARADT) 2
slss

Friees(M\msterting ccozirestica of log pletiniat}y

3
grortiiu=p, evezta, *sizecd (&ukle)  compaTe_tinea) s
foT 1t 5188 < ]
slepscios]rs intt[spaaias)y
(

azeh, dyely

T 1 1 }

-t

t=jr=p[evaztocont] (017
8 {ing) Jump [eventoomnt] 1] 142
Easld 131/ {Soc2l _Bo=ples]
if (exzosto_legplotcsd)
Lprintf (manoato_msand, wkIsgT, k) )

olss
£32ERYS (momosto_mean?, Sw1E7%, logig{s]) b7
for{speciozal) cpool ty_cixa; epeod )

12 (ronesto_logplots=0)
fprints (pomocto_me=nd, ® K157%,n[epocien])s
alea
Fprintf imoansio_gosed, ¥ G1EFY,
logao | {sispaaies] -3 Fixng ie£1) )
InTincE (2anssia_peodtd, ®\n%);

b
Zoloza(esoozio_meand) )
H
}

7

void msasstel)
1

ez ( dai, twtyy 2ol i
nozcsta_plot({donblet) s_inds, t_ond))
}

/
I fumetion essvalve_sto

4
Toid soevslve_sto()
€

1f (ren _polystozwl)
polysee(hr

A {=o=_pomostess]l)
monomral) )




Developed Software

175

Listing 5 The progiam cosgvolva.c.

wey
L7
7
=
o/
v s ellewa tis 4 H L o2 b !
7% cosvolutisnary dymmwias im a commusity of inSeTaciing speales. -t
IAd *
/% cosvolva_asxt anwllliary typas oud functicsg used by ths otkes .
v peokRess. .
7+ cosvolve def! parsmsters for specihiyimg thism profzea’s ostput, -
F*  parcmstels ARd fursticss fos the 1, "
7 to ba investigmied. ot
7= mosvolva_gsts fazchl goz ths Lovastigotiss of the *
7%  mocemorphic dstermindstia bodsl. *
/* cosvolvs_ther functions for ths Lxwestigacicm of txs s
il da =4 po. 2ic proctortio =xfels. LFs
" .’
I i
Sinclnde "posvolve_gux.a®
gincluds *sosmolve_cef.c®
Eincinda “oosvolva_dst.o”
gincinds "eosTalwa_ELo.o"
FAd !
#® mais fozction -
t 24
void s=ind)

i
eoeTolve_Gat(lz
soamelve_sto()s
}







B

memn
EEEERR G

bliography

[1]

[2]

[3]

[8]

9]

Abrams, P. A.: Adaptive responses of predators to prey and prey to predators:
the failure of the arms-race analogy. Evolution 40, 1229-1247 (1986)

Abrams, P. A.: The importance of intraspecific frequency-dependent selection
in modelling competitive coevolution. Evol. Ecol. 3, 215-220 {1989)
Abrams, P, A.: Adaprive foreaging by predators as a cause of predator-prey
cycles. Evol. Ecol. 6, 56-72 (1992)

Abrams, P. A., Matsuda, H., Harada, Y.. Evolutionarily unstable fitness maxima
and stable fitness minima of continuous fraits. Evol. Ecol, 7, 465-487 (1993)

Akin, E.: Cycling in simple genetic systems. J. Math, Biol. 13, 305-324 (1981)

Bailey, The elemenis of stochastic prqcesse_s. New York: John Wiley and Sons

1964

Baker, G. L., Gollub, 1. P.: Chaotic dynamics: an introduction. Cambridge:

Cambridge University Press 1990,

._Ba_?_kker, R. T.: The deer flees, the wolf pursues: inconcruncies in predator-prey

coevolution. In: Futuyma, D. I., Slatkin, M. (eds.) Coevolution, pp. 350-382.

Sunderland Massachusetts: Sinauer Associaies 1983

Bates, H. W.. Contributions of an insect fauna bf the Amazon Valley. Trans.

Linn. Soc. Lond. 23, 495-566 (1862)

BERE B | 1 AR TN R I e




Bibliography

[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]
[20]

[21]

[22]

[23]
' Akademie-Verlag 1982

Brown, J. S., Vincent, T. L.: Coevolution as an evolutionary game. Evolution
41, 66-79 (1987a)

Brown, J. S., Vincent, T. L.: Predator-prey coevolution as an evolutionary
game. In: Cohen, Y. (ed) Applications of Control Theory in Ecology, pp.
83-101. Lecture Notes in Biomathematics 73. Berlin: Springer Verlag 1987b

Brown, J. S., Vincent, T. L.: Organization of predator-prey communities as an
evolutionary game. Evolution 46, 1269-1283 (1992)

Bulmer, M. G.: The mathematical theory of quantitative genetics. New York:
Oxford University Press 1980

Carroll, L.: Through the looking glass and what Alice found there. London:
Macmillan 1871 (Harmondsworth Middlesex: Penguin Books 1970)

Christiansen, F. B.: On condiiions for evolutionary siability for a continuously
varying character. Amer. Natwr. 138, 37-50. (1991)

Cohen, I. E., Pimm, S. L., Yodzis, P., Saldan, I.: Body sizes of animal predators
and animal prey in food webs. J. Anim Ecol. 62, 67-78 (1993)

Crawley, M. J. (ed.): Natural enemies: the population biology of predaiors,
parasites and diseases. Oxford: Blackwell Scientific (1992)

Darwin, C. R.: The origin of species by means of natural selection. John Muiray
1859 (Harmondsworth Middlesex: Penguin Books 1968)

Dawkins, R.: The selfish gene. Oxford: Oxford University Press 1976

Dawkins, R., Kiebs, J. R.: Arms races between and within species. Proc. R.
Soc. Lond, B 205, 489-511 (1979)

Dieckmann, U., Marrow, P., Law, R.: Evolutionary cycles in predator-prey

interactions. Submitted for publication (1994)

Dieckmann, U., Law, R.: The dynamical theory of coevolution: a derivation
Jfrom stochastic ecological processes. Accepted for publication, J. Math. Biol.

(1994
Ebeﬁng,w.__, Feistel, R.: Physik der Selbstorga_nisaijion und Evolution. Berlin:

I




Bibliography 179

[24]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Eckmann, J.-P., Ruelle, D.: Ergodic theory of chaos and strange atiractors.
Rev. Mod. Phys. 57, 617-656 (1985)

Ehrlich, P. R., Raven, P. H.: Butterflies and planis: a study in coevolution.
Evolution 18, 586-608 (1964)

Eigen, M., Schuster, P.. The hypercycle. Berlin: Springer-Verlag 1979

Eltringham, H.: On specific and mimetic relationships in the genus Heliconius.

Trans. Ent. Soc. Lond., 101-155 (i%16)

Emlen, J. M.: Evolutionary ecology and the optimality assumption. In: Dupre,
J. (ed.) The latest on the best, pp. 163-177, Cambridge: MIT Press 1987

Eshel, L: Evolutionary and continuous stability. J. theor. Biol. 103, 99-111
(1983)

Eshel, L, Motro, U.: Kin selection and strong stability of mutual help. Theor.
Pop. Biol. 19, 420-433 (1981)

Falconer, D. S.: Introduction to quantitative genetics. 3rd Edition. Harlow:
Longman 1985

Feistel, R.: Betrachtung der Realisierung stochastischer Prozesse aus automa-
tentheoretischer Sicht. Wiss., Z. WPU Rostock 26, 663-670 (1977}

Fenner, F., Raicliffe, F. N.: Myxomatosis. Cambridge: Cambridge University
Press 1965

Fenner, F., Ross, J.: Myxomatosis. In: Thompson, H. V., King, C. M.
(eds.) The European rabbit: history and biology of a successful colonizer, pp.
205-239. Oxford: Oxford University Press 1994

Fisher, R. A.: The genetical theory of natural selection. New York: Dover
Publications 1958

Frank, S. A., Slatkin, M.: Fisher’s fundamental theorem of natural selection.
Trends Ecol. Evol. 7, 92-95 (1992)

Fricke T., Schnakenberg J.. Monte-Carlo simulation of an inhomogeneous
. reaction-diffusion system in the biophysics of receptor cells. Z. Phys. B 83,
277 (19921)

ST

T

I | 1 Rt



180

Bibliography

[38]

—
L
O

[}

[40]

[41]

[42]

[43]

[45]

[46]

[47]
[48]

[49]
(50]

[51]

[52]

Futuyma, D. J.: Evolutionary biology. Sunderland Massachusetts: Sinauer
Asscciates 1986

Futuyma, D. J., Slatkin, M.: Introduction. In: Futuyma, D. J., Slatkin, M. (eds.)
Coevolution, pp. 1-13. Sunderland Massachusetts: Sinauer Associates 1983

Gardiner, C. W.: Handbook of stochastic methods, Berlin: Springer-Verlag
1985

Gilbert, L. E.: Cozvolurion and mimicry. In: Futuyma, D. 1., Slatkin, M. (eds.)

Coevolution, pp. 263-281. Sunderland Massachusetts: Sinauer Associates 1983

Gillespie, D. T.: A general method for numerically simulating the stochastic
time evolution of coupled chemical reactions. J. Comp. Phys. 22, 403-434
(1976)

Goel, N. S., Richter-Dyn, N.: Stochastic models in biology. New York:
Academic Press 1974

Hofbauer, 1., Sigmund, K.: Theory of evolution and dynamical systems. New

York: Cambridge University Press 1988

Hofbaver, J., Sigmund, XK.: Adaptive dynamics and evolutionary stability. Appl.
Math. Leit. 3, 75-79 (1990)

Hornby, A. S.: Oxford advanced learner’s dictionary of current English. Ox-
ford: Oxford University Press 1974

Huang, K.: Siatistical mechanics. New York: john Wiley and Sons 1587

Iwasa, Y., Pomiankowski, A., Nee, S.: The evolution of costly mate preferences.

II. The “handicap” principle. Evolution 45, 1431-1442 (1991)
Janzen, D. H.: When is if coevolution? Evolution 34, 611-612 (1980)

Kimura, M.: The neutral theory of molecular evolution. Cambridge: Cambridge

University Press 1983

Kubo, R., Matsuo, K., Kitahara, K.: Fluctuarion and relaxation of macrovari-

‘ables. ‘1. Stat. Phys. 9, 51-96 {1973}

Lande, R.: Quantitative genetic analysis of multivariate evolution, applied to

brain: body size allomerry. Evolution 33, 402-416 (1979)




Bibliography 181

[53]

[54]

[55]

[56]

[60]
[61]

[62]

{631

[64]

Lawlor, L. R,, Maynard Smith, I.: The coevolution and stability of competing
species. Amer. Natur, 110, 79-99 (1976)

Levin, S. A.: Some approaches to the modelling of coevolutionary interactions.
In: Nitecki, M, H. (ed.) Coevolution, pp. 21-65. University of Chicago Press
1983

Lewontin, R. C.: Fiiness, survival, and optimality. In: Horn, D. J., Stairs, G.
R., Miichell, R. D. (eds.) Analysis of Ecological Sysiems, pp. 3-21. Ohjo State
University Press 1979

Lewontin, R. C.. Gene, organism and environment. In: Bendall, D. S. {ed.)
Evolution from molecules to men, pp. 273-285. Cambridge: Cambridge

University Press 1983

Lewontin, R. C.: The shape of optimality. In: Dupre, J. (ed.) The latest on the
best, pp. 151-159. Cambridge: MIT Press 1987

Loeschke, V. (ed.): Genetic constraints on adaptive evelution. Berlin: Springer-
Verlag 1987

Mackay, T. F. C.: Distribution of effecis of new mutations affecting quantitative
traizs. In: Hill, W. G., Thompson, R., Woolliams, J. A. {eds.) Proc. 4th world
congress on genetics applied to livestock production, pp. 219-228. 1980

Malthus, T. R.: Essay on the principle of population. 1798

Marrow, P., Cannings, C.. Evolutionary instability in predator-prey systems. .

theor. Biol. 160, 135-150 (1993)

Marrow, P., Dieckmann, U., Law, R.: Evolutionary dynamics of predaior-prey
systems: an ecological perspective. Accepted for publication, J. Math., Biol.
(1994}

Marrow, P., Law, R., Cannings, C.: The coevolution of predator-prey interac-
tions: ESSs and Red Queen dynamics. Proc. R. Soc. Lond. B 250, 133-141

(1992)
Maynard Smith, J.: Evolution and the theory of games. Cambridge: Cambridge

" University Press 1982

“pees

e 1l B



182

Bibliography

[65]

[68]

[69]

[70]

[71]
[72]

[73]
[74]

[75]

™=
3
A
1

{771

(78]

Maynard Smith, J.: Evolutionary genetics. Oxford: Oxford University Press
1989

Maynard Sinith, J., Burian, R., Kauffman, S., Alberch, P., Campbell, I,
Goodwin, B., Lande, R., Raup, D., Wolpert, L.: Developmental constraints
and evolution. Q. Rev. Biol. 60, 265-287 (1985)

Maynard Smith, J., Price, G. R.: The logic of animal conflict. Nature Lond.
246, 15-18 (1973)

Metz, J. A. J, Nisbet, R. M., Geritz, S. A. H.: How should we define “fitness”
Jor general ecological scenarios? Trends Ecol. Evol. 7, 198-202 (1992)

Metz, J. A. J, Geritz, 8. A. H,, Iwasa, Y: On the dynamical classification of
evolutionarily singular strategies. Submitted for publication, J. Math. Biol.
(1994)

Miiller, F.: Ituna and Tyridis: a remarkable case of mimicry in burterflies. Proc.
Ent. Soc. Lond., 20-29 (1879)

Nicolis, I. S.: Dynamics of hierarchical systems. Berlin: Springer-Verlag 1986

Nowak, M., Sigmund, K.: Oscillations in the evolution of reciprocity. J. theor.
Biol. 137, 21-26 (1989)

Oseledec, V. L: Trudy Mosk, Mat. ObgZ. 19, 179 (1968)

Ott, E.: Chaos in dynamical systems. Cambridge: Cambridge University Press
1593

Parker, G. A.: Population consequences of evolutionarily stable strategies. In:
Sibly, R. M., Smith, R.H. (eds.) Behavioural ecology: ecological conseguences
of adaptive behaviour, pp. 35-58. Oxford: Blackwell Scientific 1985
Pimentel, D.: Population regulation and genetic feedback. Science 159,
1432-1437 (1968) '

Prout, T.: Sufficient conditions for multiple niche polymorphism. Amer. Natur.
102, 493496 (1968)

'Rand, D. A., Wilson, H. B.: Evolutionary catastrophes, punctuated equilibria

and gradualism in ecosystem evolution. University of Warwick Preprint (1993)

L 1)




Bibliography 183

[79]

[80]

[81]

[84]

L]
[0
L

[k}

[86]
[87]

(88]
[8%]

[90]

{91]

Rand, D. A., Wilson, H. B., McGlade, J. M.: Dynamics and evolution: evo-
lutionarily stable attractors, invasion exponents and phenotype dynamics, Phil.

Trans. Roy. Soc. B (1993)

Reed, J., Stenseth, N. C.. On evolutionarily stable sirategies. J. theor. Biol.
108, 491-508 (1984)

Rosenzweig, M. L.: Evolution of the predator isocline. Evolution 27, 84-94
(1973)
Rosenzweig, M. L., Brown, JI. S., Vincent, T. L.: Red Queens and ESS: the

coevolution of evolutionary rates. Evol. Ecol. 1, 58-94 (1987)

Roughgarden, J.: The theory of coevolution. In: Futuyma, D. J., Slatkin, M.
(eds.) Coevolution, pp. 33-64. Sunderland Massachusetts: Sinauer Associates

1983.

Saloniemi, I.: A coevolutionary predator-prey model with quantitative charac-
fers. Amer. Natur. 141, 880-8%96 (1993)

Sbordoni, V., Bullini, L., Scarpelli, G., Forestiero, S., Rampini, M.: Mimicry
in the burnet moth Zygaena ephialtes: population studies and evidencve of a
Baiesian-Miillerian situation, Ecol. Entomol. 4, 83-93 (1979)

Schnakenberg, I.: Stochastische Prozesse. Aachen: Lecture RWTH 1991

Schnakenberg, J.. Algorithmen in Quantenmechanik und statistischer Physik.
Aachen: Lecture RWTH 1693

Schrédinger. B.: What is life? Cambridge: Cambridge University Press 1944

Schuster, H. G.: Deterministic chaos: an mtroduciion. Weinheim: VCH
Verlagsgesellschaft 1989

Schuster, P., Sigmund, K.: Replicator dynamics. I. theor. Biol. 100, 533-538
{1983)

Seger, 1.: Evolution of exploiter-victim relationships. In: Crawley, M. 1. (ed.)
Natural enemies: the populaiion biology of predators, parasites and diseases,
pp. 3-25. Oxford: Blackwell Scientific 1992

TUTTIRET




184

Bibliography

[92]

[93]

[941

[953]

[99]

[100]

[161]

{102]

[103]

[104]

Serra, R., Andretta, M., Compiani, M., Zanarini, G.: Introduction to the physics
of complex systems. Oxford: Pergamon Press 1986

Stearns, S. C.: The evolution of life histories. Oxford: Oxford University Press
1992

Stenseth, N. C., Maynard Smith, I.: Coevolution in ecosystems: Red Queen
evolution or siasis? Evolution 38, 870-880 (1984)

Takada, T., Kigami, J.: The dynamical attainability of ESS in evolutionary
games. J. Math. Biol. 29, 513-529 (i15991)

Taper, M. L., Case, T. I.: Models of character displacement and the theoretical

robustness of taxon cycles. Evolution 46, 317-333 (1992)

Taylor P. D.: Evolutionary stability in one-parameter models under weak selec-
tion. Theor. Pop. Biol. 36, 125-143 (1989)

Taylor P. D., Jonker L. B.: Evolutionarily stable strategies and game dynamics.

Math. Biosc. 40, 145-156 (1978)

Tomita, T., Ohta, T., Tomita, H.: Irreversible circulation and orbital revolution.

Prog. Theor. Phys. 52, 1744-1765 (1974)

Turner J. R. G.: Studies of Miillerian mimicry and iis evolution in burnet moths
and heliconid butterflies. In: Creed, R. (ed.) Ecological genetics and evolution,
Oxford: Blackwell Scientific 1971

Tumner, J. R. G, Johnson, M. S., Eanes, W. F.. Contrasted modes of evolution
in the same genome: allozymes and adaptive changes in Heliconius. Proc. Nat.
Acad. Sci. USA 76, 19241928 (1979)

van Kampen, N, G.: Fundamental problems in statistical mechanics of irre-
versible processes. In: Cohen, E. G. D. (ed.) Fundamental problems in siatis-
tical mechanics, pp. 173-202. Amsterdam: North Holland 1962

van Kampen, N. G.: Stochastic processes in physics and chemistry. Amsterdaim:
North Holland 1981

Van Valen, L.: A new evolutionary law. Evol. Theory 1, 1-30 (1973)

[ e Y




Bibliography 185

[105]

[106]

[107]

[108]

[109]

Vincent, T. L.: Strafegy dynamics and the ESS. In: Vincent, T. L., Mees, A. I,
Jennings, L. S. (eds.) Dynamics of complex interconnected biological systems,

pp. 236-262. Basel: Birkhauser 1991

Vincent, T. L., Cohen, Y., Brown, J. S.. Evolution via strategy dynamics.

Theor. Pop. Biol. 44, 149-176 (1993)

Wilson, D. S.: The group selection controversy: history and current status.
Annu. Rev. Ecol. Syst. 14, 159-187 (1983)

Wissel, C., Sticker, S.: Extinction of populations by random influences. Theor.

Pop. Biol. 39, 315-328 (19%1)
Wright, S.: Evolution in Mendelian populations. Genetics 16, 97-159 (1931)

B R 1 R







