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The conformational and dynamical properties of semiflexible active Brownian ring polymers are investigated
analytically. A ring is described by the Gaussian semiflexible polymer model accounting for the finite con-
tour length. Activity is implemented by a Gaussian, non-Markovian stochastic process resembling either an
external nonthermal force or a local self-propulsion velocity as for an active Ornstein-Uhlenbeck particle.
Specifically, the fluctuation spectrum of normal-mode amplitudes is analyzed. At elevated activities, flex-
ible (tension) modes dominate over bending modes even for semiflexible rings, corresponding to enhanced
conformational fluctuations. The fluctuation spectrum exhibits a crossover from a quadratic to a quartic
dependence on the mode number with increasing mode number, originating from intramolecular tension, but
the relaxation behavior is either dominated by intra-polymer processes or the active stochastic process. A
further increase in activity enhances fluctuations at large lengths scales at the expense of reduced fluctuations
at small scales. Conformationally, the mean square ring diameter exhibits swelling qualitatively comparable
to liner polymers. The ring’s diffusive dynamics is enhanced, and the mean square displacement shows distinct
activity-determined regimes, consecutively, a ballistic, a subdiffusive, and a diffusive regime. The subdiffusive
regime disappears gradually with increasing activity.
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I. INTRODUCTION

Living matter, or more general, active matter is inher-
ently out of equilibrium1–7. By converting either internal
energy into directed motion or utilizing energy from the
environment, active matter agents maintain a nonequilib-
rium steady state, which is associated with a persistent
active stress8–11. Such stresses are particularly interest-
ing, since there is no equilibrium counterpart and, thus,
they usually cannot be described by equilibrium thermo-
dynamics. Active stresses emerge in ensembles of individ-
ual active objects, e.g., in form of swim stress8,11–13, but
also in tightly linked objects such as active polymers14–22

or membranes23–25, which are either active themselves
or are exposed to an active environment, as internal
stress/tension, i.e., bond forces or membrane tension.
The latter tensions are associated with nonthermal, ac-
tive fluctuations. Such fluctuations affect the structural,
conformational, and dynamical properties of soft matter
systems, e.g., comprised of filaments, polymers, or vesi-
cles/cells, which renders active soft matter a promising
new class of materials6. The connectivity of active parti-
cles, as in linear chains14,15,17,20,21,26–39 or other arrange-
ments, e.g., triangles or squares40, gives rise to particular
interesting conformational and dynamical features due to
the intimate coupling between conformation and activity.
Nature provides a wide range of active agents or phe-

nomena, where activity governs the nonequilibrium dy-
namics of polymer-like structures. Linear polymers,
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such as filamentous actin or microtubules of the cell
cytoskeleton are propelled by tread-milling and mo-
tor proteins41–43. Similarly, in motility assays, fil-
aments are propelled on carpets of motor proteins
anchored on a substrate21,44–52. Moreover, the ac-
tive dynamics of microtubules53 or actin-filaments54

enhances the dynamics of chromosomal loci55,56 and
chromatin57–59. Here, computer simulations16–18,29 and
theoretical studies14,15,20–22,37,38,60 confirm the decisive
influence of activity on the polymer properties.

Less attention has been paid to active cyclic polymer
structures, despite their relevance in biological systems.
ATP-dependent enzymatic activity-induced mechanical
fluctuations drive molecular motion in the cytoplasm of
bacteria and eukaryotic cells55 and affect the properties
of cyclic DNA molecules61,62. In a more abstract sense, in
two dimensions, a ring polymer is also a model of a vesi-
cle or cell membrane63–67. As mentioned above, active
processes in cells lead to active fluctuations24,25. Hence,
studies of active circular polymers shed light onto the
properties of a range of biologically relevant systems.

In this article, we analytically analyze the conforma-
tional and dynamical characteristics of active semiflex-
ible ring polymers (ABRPs), including activity-induced
shape fluctuations. We describe the ring by the contin-
uous Gaussian semiflexible-polymer model with the con-
straint of a unit mean square tangent vector68–70. Activ-
ity is taking into account as colored noise, i.e., by a Gaus-
sian but non-Markovian stochastic process18,20,37–39,60,71.
Studies of the properties of linear polymers by the same
model20,38,39 yield substantial conformational changes
with varying activity. Flexible linear polymers exhibit
a monotonic swelling with increasing activity, which
saturates in the asymptotic limit of very large activ-
ity. Semiflexible linear polymers shrink for moderate
activities16,18,20 and swell similar to flexible ones for large
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By the ring nature, the polymer properties are transla-
tionally invariant along its contour, hence, the constraint
and the Lagrangian multiplier ν are independent of the
contour coordinate s. Omission of this polymer property,
as in approximation often used in theoretical analyses of
Rouse models of active polymers, leads to wrong results
especially at moderate and large activities.

B. Eigenfunction expansion

The solution of the linear inhomogeneous partial dif-
ferential equation (1) follows by the expansion

r(s, t) =

∞
∑

n=−∞

χn(t)ϕn(s) (5)

in terms of the eigenfunctions ϕn(s) of the equation

ǫkBT
d4

ds4
ϕn(s)− 2νkBT

d2

ds2
ϕn(s) = ξnϕn(s). (6)

The periodic boundary condition r(s, t) = r(s+L, t) for
a ring yields

ϕn(s) =
1√
L
eiζns, ϕ0 =

1√
L
, (7)

with the wave numbers ζn = 2nπ/L, n ∈ Z\0, and the
eigenvalues ξn = kBT (ǫζ

4
n+2νζ2n). The wave numbers are

independent of activity, in contrast to linear polymers,
which somewhat simplifies the analytical treatment38.
Yet, the eigenvalues, ξn, depend on activity via the
stretching coefficient ν. Inserting the eigenfunction ex-
pansion (5) into Eq. (1) yields the equation of motion for
the mode amplitudes χn(t),

d

dt
χn(t) = − 1

τn
χn(t) +

1

γ
Γn(t) + vn(t), n 6= 0, (8)

d

dt
χ0(t) =

1

γ
Γ0(t) + v(0)(t), (9)

with the relaxation times77

τn =
γ

ξn
=

γ

kBT (ǫζ4n + 2νζ2n)
. (10)

In analogy to χn(t), vn(t) and Γn(t) are the normal-
mode amplitudes of the active velocity and stochas-
tic force, respectively. The stationary-state solution of
Eq. (8) and the solution of Eq. (9) are

χn(t) =

∫ t

−∞

e−(t−t′)/τn [vn(t
′) + Γn(t

′)] dt′, (11)

χ0(t) = χ0(0) +

∫ t

0

[

v(0)(t
′) + Γ0(t

′)
]

dt′. (12)

C. Correlation functions

The correlation functions of the amplitudes Γn(t) and
vn(t) of the thermal and active noise are given by

〈vn(t) · vm(t′)〉 = v20le
−γR|t−t′|δmn, (13)

〈Γn(t) · Γm(t′)〉 = 6γkBTδ(t− t′)δmn. (14)

With them, we obtain for the correlations of the mode
amplitudes χn,

〈χn(t) · χm(t′)〉 = δnm

(

3kBTτn
γ

e−|t−t′|/τn

+
v20lτ

2
n

1− (γRτn)2

[

e−γR|t−t′| − γRτne
−|t−t′|/τn

]

)

,

(15)

as basis for further calculations of second-order correla-
tions and moments.

III. CONFORMATIONAL PROPERTIES

A. Lagrangian multiplier: Stretching coefficient

In terms of the eigenfunction expansion (5) and the
mode-correlation functions (15), the constraint (4) be-
comes

∞
∑

n=−∞

(

3kBT

γ
τn +

v20l

1 + γRτn
τ2n

)
∣

∣

∣

∣

dϕn(s)

ds

∣

∣

∣

∣

2

= 1. (16)

In order to introduce dimensionless quantities, we define
the Péclet number Pe, characterizing activity, and the
ratio ∆ between the translation, DT = kBT/(γl), and
rotational, DR = 2γR (in three dimensions), diffusion
coefficient as

Pe =
v0
DRl

, ∆ =
DT

DRl2
(17)

in analogy to an ABP/AOUP74. This choice is motivated
by a bead-spring polymer model as used in simulations of
active polymers17,18,73, where l corresponds to the bead
diameter (bond length). In the following, we set ∆ = 1/3,
the value of a passive colloid in solution. Then, we obtain
the nonlinear relation

∞
∑

n=1

(

1

ξ̂n
+

Pe2

3∆(3∆l3ξ̂2n + 2ξ̂n)

)

ζ2n =
L

2
(18)

to determine the stretching coefficient ν. Here, the ab-
breviation

ξ̂n =
ξn

3kBT
=

4π2pµ

L2

(

n2 +
π2n4

µ(pL)2

)

(19)

and the scaled stretching coefficient µ = 2ν/(3p) are in-
troduced. The sum over the mode numbers in Eq. (18)
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provided in the supplementary material for s = 0 and
s′ = L/2. Here, we analyze properties for long polymers,
pL ≫ 1, and/or large Péclet numbers, Pe ≫ 1, in more
detail. Then, the relaxation times (26) are dominated by
flexible modes (entropy) as long as n ≪ √

µpL/π, and
we obtain

〈

r2d
〉

/L2 =
1

4pLµ
− 1

2(pL)2µ3/2
tanh

(

pL

2

√
µ

)

+ Pe2

[

1

24µpL∆
− 1

2
√

6µpLN3∆
tanh

( √
N3

2
√
6µpL∆

)]

.

(36)

The choice N = L/l = pL (pL → ∞) and 1 ≪ Pe < ∞,
then yields

〈

r2d
〉

=
L2Pe2/3

4pL
, (37)

with µ of Eq. (24). Hence, the mean square ring diame-
ter increases in a power-law fashion over a large rang of
Péclet numbers for long and flexible polymers. This is
in agreement with the full numerical solution displayed
Fig. 4. The mean square end-to-end distance of linear
polymers exhibits the same power-law dependence20.
In the asymptotic limit Pe → ∞ and pL < ∞, we find

〈

r2d
〉

=
L2

16
(38)

independent of stiffness, again in agreement with the full
solution.
The mean square radius of gyration exhibits qualita-

tively the same behavior as
〈

r2d
〉

. Thus, we will not dis-
cuss it in detail, except for its asymptotic behavior:

〈

r2g
〉

=



















L2Pe2/3

12pL
=

〈

r2d
〉

3
, 1 ≪ Pe < ∞; pL → ∞

L2

60
=

16
〈

r2d
〉

60
, Pe → ∞

.

(39)

Hence, for flexible rings (pL → ∞) the same ratio is
obtained for passive and active rings. Even the ratio
〈r2g〉/〈r2d〉 is close to the passive value in the limit Pe → ∞
.
Activity causes swelling of rings, similar to linear poly-

mers. Yet, even in the asymptotic limit of large Péclet
numbers, no perfect circular shape is assumed. The ac-
tive fluctuations rather result in distorted structures with
large fluctuations.
We like to emphasize that theories on swelling of

Rouse-type active polymers, which ignore the constraint
on the tangent vector, predict a quadratic dependence
of 〈r2d〉 and 〈r2g〉 on the Peclet number up to infinitely
large Pe, and no saturation of the deformation occurs.
Hence, such models predict a different Péclet-number de-
pendence than that derived by our approach even at mod-
erate Pe. Note that our analytical results for linear poly-
mers nearly quantitatively agree with simulation results

of ABP polymers73, confirming the derived dependence
on Pe and the saturation.

IV. NONEQUILIBRIUM SHAPE FLUCTUATIONS

The shape fluctuations are characterized by the mean
square mode amplitudes of Eq. (30) in the stationary
state. The fluctuations are nonlinear functions of relax-
ation times and Péclet number. The linear equation of
motion of the polymer, with independent stochastic pro-
cesses for the translational motion (thermal noise) and
active velocity, yields two additive contributions to 〈χ2

n〉,
〈χ2

n〉th and 〈χ2
n〉a. The amplitudes

〈

χ2
n

〉

th
=

3kBTτn
γ

=
L3

4π2pLµn2(1 + π2n2/[µ(pL)2])
(40)

originate from thermal fluctuations. In absence of ac-
tivity (µ = 1), Eq. 40 formally reflects equipartition
of energy, although we have to keep in mind that the
flexible contribution represents the conformational free-
dom of the ring (entropy). However, in the nonequilib-
rium state, the relaxation times are functions of activity
via the stretching parameter µ, i.e., the tension in the
ring, which increases with increasing activity. The active
forces γv(s, t) amplify fluctuations. This is particularly
evident for a semiflexible ring (pL < 1), where the ac-
tive forces enhance preferentially transverse fluctuations
and additionally imply small length-scale undulations,
i.e., flexible modes. The same applies to flexible poly-
mers, where 〈χ2

n〉th/L3 = 1/(4π2pLµn2) ∼ 1/(µpL) ∼
lp/(µL). Hence, µ reduces the persistence length (lp/µ)
and, thus, the larger length-scale fluctuations. As a con-
sequence, the fluctuations 〈χ2

n〉th decrease for all modes
with increasing activity (cf. Fig. 3) to an extent that
they are negligible compared to the active fluctuations

〈

χ2
n

〉

a
=

v20l

1 + γRτn
τ2n =

Pe2l3

4

γ2
Rτ

2
n

1 + γRτn
, (41)

where τ−1
n ∼ n2(1 + π2n2/[µ(pL)2]). Figure 5 illus-

trates the decreasing fluctuations 〈χ2
n〉th with increas-

ing Pe, and 〈χ2
n〉th is significantly smaller than 〈χ2

n〉a
over an increasing range of mode numbers. Only at large
mode numbers the thermal contribution to the fluctua-
tions dominates, since it decreases slower (1/n2) than the
active contribution (1/n4) (see discussion below).
The active fluctuations (41) are determined by two

competing factors as Pe increases, the increasing Péclet
number itself and the decreasing relaxation times τn.
The quadratic dependence on Pe originates from the
dependence of the mode-amplitude fluctuations on the
mean square correlation function of the active noise (cf.
Eqs. (11) , (12)). Figure 5 depicts the variation of
the fluctuations with Péclet number. Since the ther-
mal contribution decreases with increasing Pe, 〈χ2

n〉 is
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the activity-modified equilibrium internal-dynamics con-
tribution

〈

∆r20(t)
〉

=

∞
∑

n=1

12kBTτn
γL

(

1− e−t/τn
)

, (46)

and the active contribution

〈

∆r2a(t)
〉

=

∞
∑

n=1

4v20lτ
2
n

L(1 + γRτn)

(

1− e−γRt − γRτne
−t/τn

1− γRτn

)

.

(47)

The center-of-mass MSD is identical with that of a lin-
ear polymer20,38, where activity yields a ballistic mo-
tion 〈∆r2cm(t)〉 = v20lt

2/L for γRt ≪ 1, and diffusive
behavior 〈∆r2cm(t)〉 = 2v20lt/(γRL) for γRt ≫ 1. No-
tably, the center-of-mass MSD strongly depends on the
contour length L/l = N , since 〈∆r2cm(t)〉/L2 ∼ 1/N3.
The 〈∆r2cm(t)〉 is identical with the MSD of an active
Brownian particle aside from the factor 1/L. For the
passive contribution, the factor γL simply represents the
total friction coefficient. For the active contribution to
the MSD, the factor N of the independent ABPs, with
Gaussian distributed velocities, accounts for the excess
of monomers pointing in a particular direction.

The active contribution 〈∆r2a(t)〉 is determined by two
independent relaxation processes—the decay of the ac-
tive velocity characterized by γR, and the internal poly-
mer dynamics with the relaxation times τn.

Figure 6 depicts MSDs for flexible ((a), pL = 102) and
semiflexible ((b), pL = 10−1) rings for various Péclet
numbers. Four time regimes for flexible, five for semiflex-
ible polymers can be identified in the presence of activity,
determined by different processes:

• t → ∞ — The MSD (44) is given by the linear center-
of-mass diffusion with the diffusion coefficient

D =
kBT

γL
+

v20l

3γRL
. (48)

Eqs. (46) and (47) together approach the stationary-
state value 2〈r2g〉.

• t/τ1 ≪ 1 ≪ γRt — For Pe ≫ 1, the active contribution
is dominated by (γRτ1 ≫ 1)

〈

∆r2a(t)
〉

=
4v20l

γRL

∞
∑

n=1

τn

(

1− e−t/τn
)

. (49)

With the relaxation times of flexible polymers (pL ≫
1), Eq. (27), and by replacing the sum by an integral,
we obtain

〈

∆r2a(t)
〉

≈ 2v20l

γRL

√

τR
µ
I2
√
t, (50)

where τR = γL2/(3π2kBTp) is the Rouse relaxation
time79 and In =

∫∞

0

(

1− e−xn)

/xndx. Even in the
presence of activity, there is a flexible-polymer-specific

subdiffusive time regime. The predicted regime is
clearly visible in Fig. 6(a) for Pe = 10 and, to a less
extent, for Pe = 30. The regime decreases with in-
creasing activity, because τ1 decreases with increasing
Pe.

In case of semiflexible polymers, pL ≪ 1, Eq. (26)
yields τn = τR(pL)

2/(4π2n4) (n > 1), and the inte-
gral approximation gives

〈

∆r2a(t)
〉

≈ 4v20l

γRL

(

τ1

(

1− e−t/τ1
)

(51)

+
4

√

τR(pL)2

64π2
I4t

3/4

)

.

The first term on the right-hand side describes the av-
erage rotational motion of the ring, with the relax-
ation time (28) as long as Pe . 5. This is reflected
in Fig. 6(b) for t/τ1 ≈ 1. Here, the rotational mo-
tion dominates the internal dynamics, because contri-
butions from higher order modes are small and decrease
linearly with decreasing pL. For large Pe, τ1 follows
from Eq. (27) and decreases with increasing Pe. In ad-
dition, Eq. (51) shows a subdiffusive time regime, now
typical for passive semiflexible polymers80. This is vis-
ible in Fig. 6(b) for 0 < Pe . 5. As in Fig. 8(a), the
regime shortens with increasing activity and decreasing
τ1.

• 0 ≪ t/τ1, γRt ≪ 1 — Taylor expansion of the expo-
nential functions in Eq. (47) yields

〈

∆r2a(t)
〉

=
2v20lγR

L

∞
∑

n=1

τn
1 + γRτn

t2, (52)

in agreement with the ballistic regimes of Fig. 6 .

• 0 ≪ t/τ1 ≪ 1 — The thermal contribution (46) yields
for pL ≫ 1

〈

∆r20(t)
〉

=
6kBT

γL

√

τRt

µ
I2, (53)

and for pL ≪ 1

〈

∆r20(t)
〉

=
6kBT

γL

(

τ1

(

1− et/τ1
)

(54)

+2
4

√

τR(pL)2

4π2
I4t

3/4

)

in analogy to Eqs. (50), (51). The latter is displayed
in Fig. 6(b).

• t → 0, 0 < pL,Pe < ∞ — Independent of stiffness and
activity, the dynamics is dominated by the relaxation
times τn = τR(pL)

2/(4π2n4). Hence, the mean square
displacement is given by the second term of Eq. (54),
since this term dominates over the active contribution
(52) in the limit t → 0.
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VI. SUMMARY AND CONCLUSIONS

We have analyzed the conformational and dynamical
properties of active Brownian ring polymers, emphasiz-
ing the influence of active processes on the normal-mode
fluctuations. The ring is described as a Gaussian semi-
flexible polymer, taking its inextensibility into account
in a mean-field manner by the constraint of a unit mean
square tangent vector68,69. Activity is modeled as a col-
ored noise force with an exponential temporal correla-
tion. The linearity of the intramolecular forces allows
for an analytical solution of the equations of motion
(Ornstein-Uhlenbeck process)74,81.

In general, rings exhibit similar features as linear poly-
mers. Flexible rings monotonically swell with increasing
activity, whereas semiflexible rings shrink at moderate
activities and swell again at large Péclet numbers. In the
asymptotic limit of large Pe, rings swell similarly and
assume the same ring-specific finite size, independent of
stiffness, however, not a circular shape. Their dynam-
ics is enhanced, with a ballistic activity-determined time
regime. However, for moderate Péclet numbers Pe . 50,
a regime governed by the intramolecular polymer dynam-
ics is present, with a power-law MSD characteristic for
flexible polymers, pL ≫ 1 (Rouse dynamics), or for semi-
flexible polymers, pL ≪ 1. The later regimes gradually
disappear with increasing Pe, since the relaxation times
simultaneously decrease. The latter is a consequence of
the inextensibility of the ring’s contour length.

Yet, there are several quantitative and qualitative dif-
ferences between linear and ring polymers. On the one
hand, the wave-number spectrum is distinctly different.
The periodic boundary conditions of rings imply activity-
and stiffness-independent wave numbers, in contrast to
linear polymers, with strongly Pe-dependent ζn

38. This
affects the relaxation-time spectrum. On the other hand,
the intramolecular tension, µ, of rings becomes negative
below a certain stiffness (pL . 3 for passive rings). This
regime extends to larger Pe with decreasing pL. Active
and thermal fluctuations attempt to shrink and crum-
ple a ring-like structure, which is opposed by a negative
internal tension. Qualitatively, conformational and dy-
namical properties of ring and linear polymers at large
Péclet numbers are similar, with comparable scaling re-
lations for the pL and Pe dependencies, as a consequence
of the dominance of the tension modes.
The fluctuation spectrum is dominated by activity al-

ready for moderate Péclet numbers, Pe & 10 forN = 102,
and thermal fluctuations matter only for large mode
numbers, i.e., at very small scales. Notably, the major
part of the spectrum is determined by tension, with a
crossover from a 1/n2 to a 1/n4 decrease with increasing
mode number n. Hence, conclusions on underlying fluc-
tuation mechanisms have to be drawn with care, and a
1/n4 dependence is not necessarily a sign of dominating
bending modes. For the considered rings, the bending-
mode-type spectrum appears for γRτn ≪ 1, which is
fulfilled for sufficiently large n. Here, the dynamics is

dominated by the slow relaxation of the active process
compared to the fast relaxation of the polymer degrees
of freedom.

Our findings on fluctuations are in qualitative agree-
ment with experiments on membranes78 and analytical
calculations based on the Helfrich free energy extended
by active membrane fluctuations24. The latter calcula-
tions, comparable with ours, show a similar increase of
large-length-scale fluctuations at the expense of reduced
small-scale fluctuations. A ring polymer can be consid-
ered as a model for a living membrane or a vesicle in
two dimensions. A quantitative comparison with two-
dimensional closed structures requires, however, a suit-
able adjustment of the bending and stretching parame-
ters, ǫ, ν80.

Our consideration of linear and ring polymers, also in
comparison with other, analogues models for membranes,
reveal various generic features of activity and active fluc-
tuations. Activity dominates the conformational and dy-
namical properties for Pe ≫

√

6l2DR/DT . Large-scale
fluctuations increase at the expense of small-scale fluc-
tuations. However, dynamical quantities, in particular
for t/τ1 ≪ 1, involve a wide spectrum of modes, hence,
active-modulations of fluctuations are hardly visible and
discernible, let alone their quantitative characterization
via conformational or dynamical quantities.

An interesting aspect is the shrinkage of semiflexible
rings by active noise, which should result in an enhanced
packing in dense melts of rings, and might be impor-
tant for DNA organization within the cell nucleus82–84.
The actual mechanism of DNA packing is unresolved so
far; however, DNA transcription or other enzymatic pro-
cesses, e.g., active-loop extrusion84,85, provide a continu-
ous local energy influx, and, hence, a source of nonther-
mal active noise. A melt of rings as a model system to an-
alyze chromosome territories has explicitly been consid-
ered in Ref.84. Here, extensions accounting for nonequi-
librium processes will enhance the understanding on pos-
sible mechanisms for DNA packing. In this context, we
would like to mention the influence of hydrodynamic in-
teractions on the conformational properties of linear ac-
tive polymers, which predicted a substantial shrinkage
due to hydrodynamic interactions86. Against this back-
ground, we will study collective effects in suspension of
active polymers and mixtures with passive polymers to
resolve the influence of athermal processes on their struc-
tural and dynamical properties in the future.

Experimentally, the impact of active noise on polymer
properties can be studied by immersing either biologi-
cal microswimmers87,88, such as bacteria, e.g., E. coli, or
synthetic microswimmer89,90 in a polymer solution. Typ-
ically, the modifications of the microswimmer dynamical
properties by the polymer solution have been studied,
but not the reverse effect on the polymer characteris-
tics. However, theoretical studies of active polymers ex-
posed to shear flow predict an activity-depending shear
thinning37,39. The latter could also play a role in swim-
ming of bacteria87. Dedicated experiments to character-
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ize the polymer properties are feasible and interesting
and would yield direct evidence for activity-induced fea-
tures.
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for helpful discussions. Financial support by the
Deutsche Forschungsgemeinschaft (DFG) within the pri-
ority program SPP 1726 “Microswimmers – from Single
Particle Motion to Collective Behaviour” is gratefully ac-
knowledged.

SUPPLEMENTARY MATERIAL

See supplementary material for analytical expressions
for the equation of the stretching coefficient (Eq. 16) as
well as a general expression for the mean square distance
between two points on the ring contour.
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7É. Fodor and M. C. Marchetti, “The statistical physics of active
matter: From self-catalytic colloids to living cells,” Physica A
504, 106 (2018).

8S. C. Takatori, W. Yan, and J. F. Brady, “Swim pressure:
Stress generation in active matter,” Phys. Rev. Lett. 113, 028103
(2014).

9X. Yang, M. L. Manning, and M. C. Marchetti, “Aggregation
and segregation of confined active particles,” Soft Matter 10,
6477 (2014).

10A. P. Solon, J. Stenhammar, R. Wittkowski, M. Kardar, Y. Kafri,
M. E. Cates, and J. Tailleur, “Pressure and phase equilibria
in interacting active Brownian spheres,” Phys. Rev. Lett. 114,
198301 (2015).

11S. Das, G. Gompper, and R. G. Winkler, “Local stress and pres-
sure in an inhomogeneous system of spherical active Brownian
particles,” Sci. Rep., submitted (2018).

12R. G. Winkler, A. Wysocki, and G. Gompper, “Virial pressure
in systems of spherical active Brownian particles,” Soft Matter
11, 6680 (2015).

13M. C. Marchetti, Y. Fily, S. Henkes, A. Patch, and D. Yllanes,
“Minimal model of active colloids highlights the role of mechan-
ical interactions in controlling the emergent behavior of active
matter,” Curr. Opin. Colloid Interface Sci. 21, 34 (2016).

14T. B. Liverpool, A. C. Maggs, and A. Ajdari, “Viscoelasticity of
solutions of motile polymers,” Phys. Rev. Lett. 86, 4171 (2001).

15A. Ghosh and N. S. Gov, “Dynamics of active semiflexible poly-
mers,” Biophys. J. 107, 1065 (2014).

16J. Harder, C. Valeriani, and A. Cacciuto, “Activity-induced
collapse and reexpansion of rigid polymers,” Phys. Rev. E 90,
062312 (2014).
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34S. Babel, H. Löwen, and A. M. Menzel, “Dynamics of a linear
magnetic “microswimmer molecule”,” EPL 113, 58003 (2016).

35C. Valeriani, M. Li, J. Novosel, J. Arlt, and D. Marenduzzo,
“Colloids in a bacterial bath: simulations and experiments,” Soft
Matter 7, 5228 (2011).

36L. F. Cugliandolo, G. Gonnella, and A. Suma, “Rotational and
translational diffusion in an interacting active dumbbell system,”
Phys. Rev. E 91, 062124 (2015).

37R. G. Winkler, “Dynamics of flexible active Brownian dumbbells
in the absence and the presence of shear flow,” Soft Matter 12,
3737 (2016).

38T. Eisenstecken, G. Gompper, and R. G. Winkler, “Internal
dynamics of semiflexible polymers with active noise,” J. Chem.
Phys. 146, 154903 (2017).
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