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Preface 

What kind of element is hydrogen? Its deceptively simple composition of elec­
trons and protons contrasts with a miscellany of displayed phenomena and a 
protean versatility. Its special role among the elements continues to fascinate a 
large community of physicists. On one hand hydrogen is only one electron short 
of having a closed shell and ranks with fluorine, chlorine and the halogens as 
group VII elements. Similar to those elements it forms tightly bound moleeules 
under normal conditions, the bond being mediated by the sharing of electrons 
(covalency). On the other hand one can regard hydrogen as a group I element. 
Like the alkali metals it has one (outer) electron at its disposal for chemical in­
teractions. However it is a "reluctant alkali" [9] and the analogy only holds at 
high pressures. In the Mbar pressure range the H moleeules give up their identity 
and the pressure transforms molecular, insulating hydrogen into an atomic metal. 
Since the required pressures are at the limit of or beyond current experimental 
capabilities (rv 2.5 Mbar), much of our knowledge about the high pressure phases 
of hydrogen relies on theoretical investigations. It has been pointed out that the 
complex behavior of hydrogen in the molecular-atomic transition region defies 
treatment with simple, empirical models. Instead, accurate simulations require 
the fuH quantum mechanical determination of the interaction, e.g. in the frame­
work of density functional theory [12]. Here we apply a combination of molecular 
dynamics and density functional theory (Car-Parrinello method) to study the 
high pressure behavior of hydrogen. This method allows us to investigate hy­
drogen in a wide pressure range (rv 1 - 100 Mbar). We examine the gradual 
dissociation of the hydrogen molecules, the change in the ground state structure, 
and the on set of metallization. At the highest pressure we enter the domain of 
plasma physics. 
In the uni verse the high press ure phases of hydrogen are realized e.g. in the gi­
ant planets, Jupiter and Saturn, which consist mainly of hydrogen and a smaller 
amount of helium. Presently Jupiter is in the focus of attention through "the 
Galileo Mission" [89], Le. the investigation of the planetary atmosphere by the 
Galileo spacecraft. For the interpretation of the collected data, knowledge of the 
physics of the interior in these planets is indispensable. For example, the large 
magnetosphere of Jupiter is due to the metallization of hydrogen in the inner en­
velope of Jupiter. Its high pressure properties, e.g. the conductivities of metallic 
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hydrogen, are needed as input to models of the external magnetic field. 
Another experimental observation that requires a theoretical explanation is the 
large excess energy radiation of the giant planets. For example, Jupiter radiates 
almost twice the amount of energy it receives from the sun. To explain the ex­
cess energy output, R. Smoluchowski [173] invoked phase separation of hydrogen 
and helium in the interior of Jupiter. Helium droplets nucleate from the heavier 
phase and sink to the center of the planet releasing gravitational energy. Phase 
separation is desirable as an explanation for the excess energy radiation of Saturn 
but not Jupiter. In view of its astrophysical importance, the study of hydrogen 
at high press ures is one of the key problems in modern physics and astrophysics 
[61]. For a quantitative understanding of the physics in the interiors of the giant 
planets it is crucial to go beyond the study of the pure phase. We investigate 
an astrophysical H-He mixture at Mbar pressures. The inert helium atoms are 
a major perturbation to the hydrogen system, leading to significantly different 
structural and electronic properties. We also compute the demixing temperatures 
for high pressure H-He mixtures and discuss the implications for the interiors of 
the giant planets. 
In the following we introduce the reader to a small part of the "Hydrogen World" 
[149] and the disturbance of this world by helium "intruders" , and we hope to 
capture some of the fascinating complexity of two "simple" systems. 



Chapter 1 

Review of Hydrogen and 
Hydrogen-Helium Mixtures 

1.1 Hydrogen 

1.1.1 Introduction 

Hydrogen (H), with only one eleetron and one proton, is the simplest atomie 
speeies that exists and eomprises 90 % of the universe. In spite of its (appar­
ent) simplieity, H displays a miseellany of interesting physieal phenomena that 
have been studied extensively. Under normal eonditions (P = 1.013 bar, room 
temperature ), H forms a tenuous light gas eonsisting of diatomie H2 moleeules. 
At T = 14 K and P = 1.013 bar H erystallizes in moleeular form in an hexago­
nal dose paeked (hep) solid with nearly ideal paeking (c/a = (8/3)1/2) and the 
moleeules rotating freely around their positions. In the H2 moleeule the proton 
spins add up to either 1=0 (para-H2 ) or 1=1 (ortho-H2). Sinee the total wave 
function has to be antisymmetrie, the antisymmetrie spin singlet state of para-H2 

requires asymmetrie spatial wave function and the symmetrie spin triplet states 
of ortho-H2 an antisymmetrie spatial wave funetion. The rotor eigenfunetions 
y;n(r) with even total angular moment um are even under inversion r --+ -r 
and odd total angular momentum implies odd symmetry with respect to inver­
sion. It follows that the possible rotational states for para-H2 are J = 0,2,4, ... 
and for ortho-H J = 1,3,5, ... At low enough temperatures only the energetieally 
lowest rotational states are oeeupied. Para-H2 is rotationally symmetrie (J = 0), 
and no preferred orientation of the moleeules exists in either the free moleeule 
or the solid. In solid ortho-H2 with J = 1 the eleetrie quadrupole-quadrupole 
(EQQ) interactions drive a phase transition at T = 4 K to an ordered strueture. 
The favored strueture eonsists of moleeules on the positions of a faee eentered 
eubie (fee) lattiee with the four moleeules in the eonventional unit eell aligned 
along the different body-diagonals ([111], [111], [111], and [IllJ in the erystallo­
graphie notation; see figure 1.1). This strueture minimizes the most important 
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6 CHAPTER 1. HYDROGEN AND HYDROGEN-HELIUM MIXTURES 

Figure 1.1: The Pa3 strueture (left). The centers of the moleeules form a fee 
lattiee. The four erystallographically different moleeules are aligned along the 
different body-diagonals [111], [111], [111], and [111]. On the right side a fee 
lattiee with the all moleeules aligned along the [111] axis is shown. 

eontribution to the anisotropie interactions (the EQQ) and plays an important 
role in the seareh for the ground state structure at higher pressures. Heneeforth 
we will refer to this strueture by its erystallographie name, Pa3. At T = 0 K 
ortho-H2 is metastable and slowly transforms to para-H2 . Distinguishing both 
species is crucial at low pressures where the composition of the sam pIe exerts a 
strong influenee on the low temperature properties. In the high pressure range 
the molecular wave functions overlap, J ceases to be a good quantum number, 
and the distinetion between ortho- and para-H2 is no longer meaningful. Below 
Para-H2 is implied when the prefix para/ortho is omitted. 
Hydrogen has two isotopes, Deuterium (D) and Tritium (T). Radioactive T is 
inconvenient to investigate, but D has been treated for the same pressure range as 
H. The comparison of the experimental high-P results of Hand D is very impor­
tant, because it allows to leam about the mass-dependenee of physical properties. 
The molecular solid at low press ures is now weIl characterized [171, 193]. The 
moleeules in the hcp solid have the same bond length as free molecules (1.40 
a.u.). The intermolecular distance is much larger (7.18 a.u.). In many respects 
the H solid resembles rare-gas solids. For example, the charge distribution of the 
H2 molecules is nearly spherieal, the individual molecules interact via induced 
dipole-dipole interaction, and the solid is an insulator with a band gap of 16 eV. 
Pressurized H has attracted attention for a long time. As early as 1926 Fowler 
[52] found that H will form a den se plasma for extreme press ures and temper­
atures. In a seminal paper 1935 Wigner and Huntington [196] predicted H to 
metallize at apressure of 25 GPa, far beyond the experimental capabilities at 
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that time. For the regime of the insulator-metal transition a variety of exotic 
properties have been proposed. In 1968 Ashcroft [6] suggested metallic H to be 
a high-Tc superconductor. Barbee et al. [15, 13] used density functional theory 
(DFT, see section 2.1.2) and the frozen-phonon method to calculate the super­
conductivity transition temperature for different structures of atomic H at high 
pressures. They predicted the transition to occur between 120 and 230 K at T s = 

1.3 (P = 4 Mbar). (Density is often measured in terms of the electronic spacing 
parameter T s , defined by 47r/3(fsfb)3 l/n, where n is the average density of 
electrons and fb is Bohr's radius (0.529177 .10-8 cm)). 
The mechanism of the insulator-metal transition has drawn a lot of attention. 
Excitonic behavior could delay the metallization. Insulating molecular H has 
electronic excitons with intermediate binding in the forbidden gap between the 
valence and conduction band [87]. As discussed in [88, 63], at the semiconductor­
semimetall transition electrons and holes can combine to form a non-conducting 
phase. The ordinary Bloch wave ground state of the crystal could become unsta­
ble against the spontaneous formation of excitons if the exciton binding energy 
exceeded the energy gap. This instability is expected to occur in any crystal that 
can be made to change continuously at low temperature from asemimetal to an 
indirect gap semiconductor by varying the lattice constant under pressure. As 
will be discussed later, H was proposed to exhibit an indirect band gap closure 
under pressure [154, 55]. Another possible mechanism deferring metallization 
is Anderson-type localization arising from rotational disorder of the molecules 
rather than static disorder [7]. 
In 1972 Brovman et al. [27] suggested that H might exist in a metallic state at 
atmospheric pressure. It would have an energy much higher than the molecular 
state and a nearly one order of magnitude higher density and therefore would be 
metastable. The same authors also proposed H to have a liquid ground state in 
the metallic phase driven by quantum fluctuations [28]. Oliva and Ashcroft [140] 
showed that a liquid metallic phase would constitute a two-component Fermi liq­
uid with a specific heat and thermal expansion coefficient much greater than in 
the corresponding solid due to the presence of proton quasiparticle excitations in 
the liquid [140]. 

1.1.2 Experimental Techniques 

The metallization of H has been subject of popular presentations. The newspa­
per "The Economist" published an article about this problem [187] and Physics 
World devoted an entire issue "in celebration of H" [149]. Metallizing H is not 
as simple as The Economist suggests (see figure 1.2) and it is appropriate to say 
a few words about how to "really" do it. There are two experimental ways to 
pressurize a material, dynamical high pressure (shock compression) and static 
high pressure. Shock waves are generated either by high explosives or gas guns 
[201]. For the investigation of H a method to attain static high pressures, the 
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Figure 1.2: The metallization of H as seen from the newspaper "The Economist". 
The actual procedure is not quite as simple as the newspaper suggests. The figure 
was taken from [187]. 

diamond-anvil cell, is of great importance. Although it is described in many 
monographs [168, 170, 201, 169, 115, 116] it is worthwhile to give abrief outline 
to describe the opportunities and restrictions of this experimental approach to 
H under high pressure. A schematic drawing of a diamond-anvil ceH is given in 
figure 1.3. The sampie is confined between the tips of the anvils. Because of the 
enormous stress on the anvils they are made of flawless diamonds. Since pressure 
is force divided by area the pressure will be the stronger the smaller the anvil 
tips are. For high pressures the tips are very small (20 ... 600 p,m in diameter) 
leading to a severe limitation of the method, thesmall sampie volume. There is 
a tradeoff between sampie volume and maximum pressure. For example, at 50 
GPa, the volume can be as large as a nanoliterj in the multimegabar range it is 
subpicoliter. Therefore the minimum sampie volume (and correspondingly the 
wave length of the probing radiation) for a given type of measurement limits the 
attainable pressure. 
Dynamical high pressure has played an important role in the investigation of H, 
too. The highest pressures in shock compression experiments on H were gener­
ated by a group from Livermore [133, 76, 195]. Their apparatus, a gas gun, is 
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Figure 1.3: Schematic drawing of a diamond-anvil cello The size of the device is 
extremely smalI. The tip B is 20 to 600 J-lm in diameter. The entire apparatus is 
a tabletop (or even laptop) device. The figure was taken from [116]. 

sketched in figure 1.4. Strong shocks are generated in liquid Hand D sampIes 
by impact of projecti1es driven by a two-stage light-gas gun. When the shock 
reaches the 2nd window of higher shock impedance than the fluid sampIes, the 
shock is reflected and the sampIe is reshocked to a new state of higher pressure 
and temperature. The shock reverberates between baseplate and window, even­
tually reaching a quasi-constant state. The shock temperatures are measured 
optically using a multi-channel fiber-optic-coupled optical pyrometer. The shock 
press ure can be determined from the measured impactor velocity and the known 
Hugoniot equations of state of the impactor. With this method a maximum pres­
sure of 180 GPa was reached [195]. 
In the next section the most important experimental results at high pressures 
and low temperatures will be outlined. The higher temperature investigations 
via shock compression will be addressed in section 1.1.5, which treats the finite 
temperature properties of high press ure H. 
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impactor 

baseplate 

fluid sampie 

fiber optic 
bundle . 

Figure 1.4: Schematic drawing of the apparatus used by [76, 195J. The impactor 
generates a strong shock wave on impact with the baseplate. The shock traverses 
the baseplate and then the liquid Hand is reflected when it reaches the 2nd 
window. The sampIe is reshocked from the reflected shock. The first and the 
second shock are observed as sharp rises in the luminosity. Luminosities are 
measured versus time with a multi-channel photomultiplier array coupled with 
fiber optics to the sampIe holder. 

1.1.3 Experimental Results 

Among the experimental probing techniques applied to Hand D at moderate 
pressures (P ~ 50 GPa) are [116] 

• x-ray diffraction for structure analysis 

• neutron scattering for structure analysis 

• Brillouin spectroscopy for probing the elasticity of H. 

These techniques fail at high er pressures, because of the small sampIe volume. At 
higher pressures spectroscopy is applied for probing the excitations of the dense 
solid, especially the vibrational excitations such as intramolecular stretches (vi­
brons), rotations (rotons), and lattice vibrations (phonons). For the investigation 
of the low temperature phase diagram at P 2: 50 GPa 
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• Raman spectroscopy and 

• infrared (IR) vibrational spectroscopy 

are of special importance. Raman spectroscopy can be applied to study the 
intramolecular bonds. Infrared dipole absorption is forbidden in the free hydrogen 
molecule but becomes allowed as a result of intermolecular interactions in the 
dense solid and provides a means to probe the interactions between the individual 
molecules. The diamond anvil cell measurements identified three different phases 
in the high press ure regime (P ~ 100 GPa) 

1. Phase I 
Although H is a bad scatterer of x-rays (the scattering intensity is pro­
portional to Z2), experiments have been performed on H up to 42 GPa 
exploiting synchrotron radiation and improved detection systems. Mao, 
Hemley, and coworkers [118, 71, 78] found an orientationally disordered 
hcp lattice with the cl a ratio decreasing from its ideal value of cl a = 1.63 
to 1.61 at P = 42 GPa indicating increased anisotropy of the crystal. For 
the detection of the other phases Raman and IR spectra were decisive (see 
figure 1. 5 ) . 
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Figure 1.5: Pressure de­
pendences of the Ra­
man and infrared vibron 
frequencies [Ql (J)Raman] 
and [Ql(J)IR] at 85 K 
showing the I-II phase 
transition at 110 GPa 
and the II-III phase tran­
sition at 150 GPa. The 
295-K data (Phase I) 
are given by the dashed 
curves. The figure was 
taken from [116]. 
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2. Phase lI: The broken symmetry phase (BSP) 
Lorenzana, Silvera and Goettel [110J deteeted a diseontinuity of 15 em-1 in 
the frequeney of the Raman vibron at 110 GPa and T = 8 K (whieh is not 
seen in figure 1.5 beeause of the high er temperature ) and a new peak in the 
IR vibron 45 em-1 below the prineipal vibron. The splitting of the vibron 
may indieate that the orientationally ordered strueture has a lower sym­
metry than hep (therefore the name "broken symmetry phase"). If so, one 
of the mueh studied struetures, an hep lattiee with the moleeules aligned 
along the e-axes (mhep-e, see figure 1.8) is ruled out as a eandidate, be­
eause it has the same point symmetry as the moleeular lattiee with random 
orientation. 

3. Phase IlI: H-A phase 

250 
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150 

100 

50 

0 

Phase III was detected in 1988 when Hemley and Mao [69J diseovered a 
diseontinuity of about 100 cm-1 in the Raman vibron of an ortho/para 
H2 mixt ure at 150 GPa and 77 K. Hanfiand et al. [65J found in 1993 that 
the IR vibron exhibits a discontinuity coinciding with that in the Raman 
speetrum. Reeent measurements showed the existenee of a tripie point at 
about T = 125 K and P = 155 GPa [70J (see figure 1.6). Lorenzana, Goettel 
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Figure 1.6: Phase I-lI-IlI tripie points of H2 and D2 eonstrueted from experimen­
tal data. The figure was taken from [70J. 

and Silvera [110J investigated the temperature and ortho/para eomposition 
dependenee of the phase line and ealled phase III "H-A phase". It has 
been proposed that phase III is the long sought after "metallic" phase 
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of hydrogen [116], and that the indirect band gap closes in a molecular 
structure. Further experimental studies of the optical reflectivity have not 
confirmed this proposition [42]. The complex structure of the vibronic 
peaks seems to suggest a low-symmetry structure of this phase with at 
least 8 molecules (16 atoms) per unit cell. 

4. Beyond phase III: 
Mao and Hemley [119] performed optical studies on H up to more than 250 
GPa. The Raman vibron does not disappear up to this pressure. Thus 250 
GPa constitutes a lower limit for the transition to an atomic state for which 
excitations of molecules do no Ion ger exist. Although a sudden increase in 
optical opacity around 250 GPa would suggest that the sampie becomes 
metallic, no conclusive experimental evidence for metallization exists in 
this pressure range [115]. 

The experimental situation für Hand D is summarized in figure 1.7. Note that 
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Figure 1.7: A phase diagram for Hand D. Dotted lines indicate expected behav­
ior. The critical point of the H-A line of H is probably a tripie point (see figure 
1.6). The figure is taken from [42]. 
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no definitive structure information can be derived from the scarce experimental 
data in phases II and III. 

1.1.4 Theoretical Results in the Mbar Range for Low Tem­
peratures 

The first prediction of the metallization pressure by Wigner and Huntington 
was 25 GPa, much too low as we know today. Since then numerous calculations 
treated H in the molecular-atomic transition regime. The main uncertainty sterns 
from the fact that the true ground state structure is unknown. Its knowledge is 
indispensable for the prediction of the physical properties. Most calculations rely 
on guesses. As will be seen (chapter 6), the Car-Parrinello scherne, a dynamical 
method, provides a systematic improvement over static computations for search­
ing and testing possible candidates for the ground state structure. 
In 1975 Ramarker, Kumar, and Harris [154] used the Hartree-Fock method to 
search for metallization. They performed calculations on a simple cubic (sc) 
molecular structure and a body centered cubic (bcc) atomie structure. More 
important than their value for the transition pressure, 210 GPa, was their ob­
servation that metallization oceurs by band gap closure in the moleeular phase. 
Their work suggested the idea that the transition to an atomic structure and 
the metallization of H are two different transitions, the metallization oecurring 
at lower press ure in the moleeular phase by indireet band gap closure (The same 
mechanism was found in molecular iodine, which is gradually metallized between 
4 and 17 GPa. The dissociation of the iodine moleeules does not take place until 
the substantially higher press ure of rv 70 GPa [122]). This idea was corroborated 
by Friedli and Ashcroft [55] and Wood and Ashcroft [197] who used a more realis­
tic strueture for the molecular phase, Pa3. On the decrease of the intermolecular 
distances anisotropie interactions come into play, the EQQ being the most im­
portant one. The structure that minimizes the EQQ is Pa3, the ground state 
structure of ortho-H. Thus Pa3 is a better guess than sc (but still not the correet 
one). 
In 1981 Chakravarty et al. [198] used DFT to compute a metallization press ure 
of 200 GPa. They also pointed out (as earlier Strauss and Ashcroft [183]) that 
the energy differences between different structures in the Mbar regime are much 
smaller than the energy in the zero point motion of the protons. 
Min, Jansen, and Freeman [125] used a full-potentiallinearized augmented plane 
wave (LAPW) method (i.e.,a mixed basis set for the expansion of the wave func­
tions with the electronic many-body problem being treated in the framework of 
DFT) to study the high pressure phases of H [125]. Performing computations 
on a Pa3 structure in the molecular phase and a sc lattice in the atomie phase 
they found a metallization pressure of 170 ± 20 G Pa and apressure of 400 ± 
100 GPa for the transition to the atomie state. When in 1988 Mao and Hemley 
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detected the transition to the H-A phase at 150 GPa these results gave rise to 
the assumption that finally the metallic, moleeular phase had been found. Yet 
up to now there is no clear experimental evidenee for metallization [42]. The 
pressure dependenee of the band gap in the moleeular H solid eannot be studied 
direetly in a diamond anvil eell due to the strong UV absorption of diamond. 
However, the pressure dependenee of the electronic absorption edge in hydrogen 
ean be determined indirectly by measuring the dispersion of the refractive index 
in the visible (see e.g. [48]). From the experimental data one ean extrapolate 
that direet band gap closure requires pressures above 300 GPa [116]. The study 
of the Drude absorption eurve was not eonclusive with regard to indireet band 
gap closure (see e.g. [42]) and furt her investigations must be awaited. 
The experimental sueeesses inspired some sophistieated theoretieal investigations. 
Ceperley and Alder [31], Natoli, Martin, and Ceperley [129, 130] and Natoli [128] 
used quantum Monte Carlo (MC) methods ineorporating the zero point motion of 
protons. Ceperley and Alder studied isotropie fee (i.e., random orientation of the 
moleeules on fee lattiee sites), Pa3, hep with the moleeules aligned along the [111] 
direetion and I'-nitrogen lattices in the moleeular phase and eubic lattices in the 
atomie phase and found an ordering transition at 100 GPa and a transformation 
from moleeular Pa3 to a fee or bee atomie phase at apressure of 300 ± 40 GPa. 
They also reported the effeet of the zero point motion to be signifieant (I"V 0.3 
e V / atom, mueh larger than the energy differenees between different ground state 
struetures). Natoli et al. studied mhep-e and mhep-o (see figures 1.8 and 1.9) 

Figure 1.8: The mhep-e strueture. 
The moleeules are on hep lattiee 
sites with the moleeules aligned 
along the e-axis. 

Figure 1.9: The mhep-o strue­
ture. The moleeules are on hep lat­
tiee sites and form 60° angles with 
the e-axis and 60° angles with the 
moleeules of the next layers. 
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in the molecular [130] and a variety of structures (see figure 1.10) in the atomie 
phase [129]. They predicted the molecular-atomic transition to be from a molecu-
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Figure 1.10: Qantum MC results for the enthalpy differences of different atomic 
structures. The reference structure is bcc, which in the high pressure limit bcc 
will be the favored structure due to the lowest Madelung energy. The figure was 
taken from [128]. 

lar mhcp-o lattice to an atomic diamond structure at apressure of 230 ± 25 GPa. 
The relevant energy differences are smalI. Ar T s = 1.45 the mhcp-o structure was 
preferred by 0.07 eV /atom over the diamond structure, whereas at T s = 1.31 the 
diamond structure is more stable by 0.16 eV /atom. Natoli [128] also showed the 
importance of the inclusion of the zero point motion, which has to be treated 
beyond the harmonie approximation ("frozen phonon") because of anharmonic 
effects. For example his diffusion Monte Carlo calculations without zero point 
contribution for the simple hexagonal (sh) structure at T s =1.31 resulted in a 
total energy of -1.0325 Ry / atom, whereas diamond had a higher energy, -1.0235 
Ry/atom. The inclusion of the zero point energy changed the energetical order 
of the structures. The total energy of the sh structure became -0.988 Ry /atom 
versus an energy of -0.993 Ry/atom for the diamond structure. Natoli pointed 
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out that although LDA is good in providing the correct trend for the ordering 
of structures, it may fail in giving the correct details where two structures lie 
energetieally very dose together. However, statistieal and systematical errors in 
his quantum Monte Carlo calculations are comparable in size to the energy dif­
ferences sought. 
Path-integral Monte Carlo calculations were used to study the molecular order­
ing of H2 in the pressure range of 50-200 GPa [114, 96J. These studies reported 
ordering transitions, but could not dearly identify them with the experimentally 
observed phase transitions. 
Extensive studies of H under high pressure were performed with density func­
tional theory (also see chapter 6). Barbee et al. [16J studied several structures 
with DFT /LDA and induded the zero point motion via an estimation of the 
harmonie part of the zero point motion energy (quasiharmonie approximation). 
They proposed a phase transition to a low co ordinate phase built up of layers 
and filaments at 380 ± 50 GPa and to a dose packed structure (bcc) at 860 ± 
100 GPa (see figure 1.11). An extended study [14J confirmed this trend. Garcia 
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Figure 1.11: The enthalpy differences of different atomic and molecular structures 
computed via DFT /LDA and the quasiharmonie approximation for the zero point 
motion energy [16J. The reference configuration is the simple-hexagonal phase 
(ph). 
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et al. [59] computed the metallization press ure for H2 molecules on a hcp lat­
tice. They found the pressure to be extremely sensitive to the orientation of the 
molecules in the solid. The metallization press ure changed more than 100 GPa 
for different orientations. The orientation of the moleeules on a hcp lattice was 
optimized by Kaxiras, Broughton, and Hemley [95] and Kaxiras and Broughton 
[94] in the pressure range ofthe transition to the H-A phase (I"V 150 GPa). They 
found mhcp-o to be the best candidate for the ground state structure. Nagara and 
Nakamura [127] extended the search to structures with 4 molecules per unit cell 
and showed a structure called Pca21 to be favored over mhcp-o. They predicted 
molecular dissociation to occur at 600 GPa. The most recent calculations on the 
metallization pressure of H were performed by Chacham and Louie [34] and Suhr, 
Barbee, and Mailhiot [184]. Chacham and Louie applied a first-principle quasi­
particle method to avoid the errors stemming from the commonly applied local 
density approximation (LDA, see section 2.1.2). The LDA provides a good de­
scription of ground-state properties of solids, but fails in quantitatively describing 
the excitation spectra, giving band gaps that are typically too small by a factor 
of two. For a quantitative study of metallization by band overlap, the inclusion 
of many-electron effects in calculating the quasiparticle band gap is necessary. 
Chacham and Louie computed quasiparticle energies in the framework of Hedin's 
GW approximation, in which the electronic self-energy is approximated by a 
convolution of the one-electron Green's function and the dynamically screened 
Coulomb interaction. They treated H2 molecules on a hcp lattice with random 
orientation and aligned along the c-axis (mhcp-c), and found metallization pres­
sures of 300 and 151 GPa, respectively. Although the metallization pressure of 
the mhcp-c structure is suggestively dose to the H-A line (149 GPa) , the ex­
perimental result certainly corresponds to a different transition, because other 
structures, such as mhcp-o and Pca21 , are more stable. The big discrepancy in 
the transition pressure for the two different orientations confirms the high sensi­
tivity of the metallization pressure to the molecular orientation found by Garcia 
et al. [59]. Suhr, Barbee, and Mailhiot [184] studied different molecular orienta­
tions on a Pca21 lattice. They proposed the observed H-A transition to be an 
insulator-metal transition plus orientational transition. Using a frozen phonon 
approximation they demonstrated that the zero point energy can be substantially 
lower (up to 50 meV/dimer) in metallic structures than in insulating ones. Thus 
in calculating the metallization pressure the inclusion of the proton zero point 
motion is crucial. It is also important to point out the high energy resolution 
needed. For comparing the total energies of different structures the inclusion of 
many k-points (or alternatively many atoms in the unit cell) is mandatory. For 
example, Suhr, Barbee and Mailhiot used 768 k-points in their computations. 
Simulated annealing studies of the ground state structures [75, 191] showed that 
the ground state structure probably is more complicated than those structures 
considered. 
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The following tentative scenario of the pressure dependence of the ground state 
structure summarizes the most important results: 

• For low pressures, P :::; 42 GPa, experiments prove the ground state struc­
ture to be hcp, the molecules are disordered and the solid is insulating. For 
higher press ures reliable structure experiments are not feasible and the de­
termination of the ground state structure relies on theoretical investigations 
in combination with indirect experimental methods. 

• Between 42 and rv 300 G Pa a molecular or nearly molecular ground state 
structure is favored. Experimentally two transitions have been observed, at 
110 GPa (BSP) and 150 GPa (H-A). Quantum Me calculations ([114, 96)) 
suggest an ordering transition in this press ure regime. Thus the BSP transi­
tion could be an ordering transition from a randomly oriented hcp lattice to 
possibly mhcp-o, Pac21 , or mhcp-c. If the ground state structure is mhcp­
c then it does not prevail up to 150 GPa, i.e., another transition occurs 
between 110 and 150 GPa, because other structures such as mhcp-o and 
Pac21 are more stable around 150 GPa (see section 6 and [128, 130)). At 
higher pressures more complex unit cells are favored (see [127, 75, 191] and 
section 6). Therefore the H-A transition could be a transition to a more 
complex structure, possibly the string-like structure discussed in chapter 6. 
In this pressure regime geometrically very different structures lie energeti­
cally dose together. For this reason it is likely that other transitions occur 
between 150 and 300 GPa. 

• At rv 300 GPa the moleeules dissociate and a low coordinate atomic struc­
ture is favored, possibly a diamond, filamentary simple-hexagonal or rhom­
bohedral structure (see figure 1.10, figure 1.11 and [14]). 

• Between rv 300 and rv 1000 GPa other transitions to probably higher co­
ordinate structures may occur. Possible candidates for structures are the 
ß-Sn and the simple cubic structure. 

• At rv 1000 GPa bcc finally becomes the most stable structure [16, 14, 128]. 
bcc is the expected end point, because at high pressures the Madelung 
energy dominates and the bcc lattice has the largest Madelung constant. 
Thus in the high pressure limit H crystallizes in an atomic, dose packed 
lattice, bcc, which has one atom per primitive unit cell and is metallic. 

• At much higher pressures, P 2 1010 GPa, the quantum fluctuations cause 
the ground state to be liquid. 

Thus in the low (P :::; 42 GPa) and very high (P 2 1000 GPa) pressure range 
the ground state structures are well established but in the intermediate pressure 
range from 42 - 1000 GPa only tentative phase diagrams can be constructed 
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and structural trends given. The exact metallization pressure is a matter of 
uncertainty, too. The lower bound, 150 GPa, is set by experiment. However, 
whether the H-A transition is an insulator-metal transition remains unelear. Also, 
whether the metallization occurs by indirect band gap elosure in the molecular 
phase is an open question. In alllikelihood the atomic phase is metallic, although 
there is no trivial evidence.(Some of the proposed structures in the atomic phase 
(e.g., diamond) have an even number of electrons in the primitive unit cell and 
may be insulators.) 150 and 300 GPa. 
A elarification of the situation is difficult, because 

• in the 50-1000 GPa regime several structures lie energetically elose together, 
requiring an electronic structure method with 

• high energy resolution, i.e., the inelusion of a large number of k-points. 

• The energetically favored structures are possibly more complex than those 
one can describe with two or four molecules per unit cello The shape of 
the unit cell may be complicated and should be ineluded in the optimiza­
tion. The introduction of the cell parameters in the dynamics is a standard 
technique in elassical molecular dynamics ("Parrinello-Rahman method"). 
This technique was introduced into first principles MD only recently [51]. 

• The zero point motion of protons plays a decisive role. Anharmonic effects 
are not negligible. Frozen phonon calculations can be wrong by up to 100 % 
[128]. 

To solve all these problems together is far beyond current feasibility. The only 
practical approach is to study the crucial physical contributions piece by piece and 
to try to put the individual pieces together. On the way to a complete picture the 
treatment of high pressure H with the Car-Parrinello method plays an important 
role. It allows us to study trends by dynamical optimization of structures, to 
perform simulated annealing runs to find new structures, and to test the stability 
of structures by heating the system. In addition the Car-Parrinello extends the 
scope of electronic structure methods to the exploration of finite temperature 
properties. 

1.1.5 H at Elevated Temperatures 

The investigation of the finite temperature properties of hydrogen is crucial for 
an understanding of the physics of the giant planets (see section 1.2) and the 
phenomena associated with nuelear fusion. On the experimental side shock­
compression experiments [133, 76, 195] are important, because they can probe 
hydrogen at higher T (93-180 GPa and T = 2200-4400 K in the latter publi­
cation). The experiments in diamond anvil cells presently are limited to about 
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1500 K [201]. Another advantage of these experiments is the larger sampie vol­
urne. Conductivity measurements can be performed. The implications of these 
experiments for hydrogen will be discussed in chapter 10. It will be seen that in 
many respects high pressure hydrogen resembles an alkali metal (see also [72]). 
Another important result of this work is the observation that the effective inter­
actions between atoms in the monatomic state are much less repulsive than in 
the molecular one. In consequence, the dissociation energy is a function of pr es­
sure. It decreases monotonically with increasing density from 4.8 e V at ambient 
pressure to zero at the molecular-atomic transition pressure where the molecular­
atomic transition takes place. A naive extrapolation of an equation of state from 
the low density range will give a curve too stiff in the high-P regime, because 
it does not account for the energy that goes into the gradual dissociation of the 
molecules. 
For finite temperatures many less first principles calculations were performed 
than for the study of the ground state structure. Hohl et al. [75] investigated 
H for T s = 1.78-1.31 (35-350 GPa) and for temperatures up to 3000 K. They 
observed the weakening of the intramolecular bonds with increasing press ure and 
the decrease of the dissociation energy for molecular H. Furthermore they dem on­
strated the inaccuracy of simple models for dense H, such as the treatment of 
high pressure H as a mixture of H2 molecules and H atoms. The dissociation 
of the molecules is a continuous process and in the transition regime even more 
complex entities form, consisting of two or more H atoms aligned in filaments. 
The definition of bonds between H atoms and the identification of molecules is far 
from being clear, because at finite temperature dissociation occurs continuously 
across a wide pressure range. 
Theilhaber treated H in the molecular and in the metallic regime [188, 189]. For 
T s = 1.0 he found the one component plasma (OCP) model (see section 7) to 
overestimate the melting temperature by at least a factor of two. Kohanoff and 
Hansen [100] investigated H in the metallic regime (Ta = 0.5 and 1.0) and com­
pared their results with OCP and a perturbative method that treats the coupling 
between electrons and ions within linear screening theory. Kwon et al. [105], 
Kwon, Kress, and Collins [106], and Collins et al. [41, 40] investigated H over 
a wide density (0.1-3 g/cm2

) and temperature (1-5 eV) range using ab initio 
molecular dynamics and tight binding methods. They showed that in the limit 
of high T and/or high P the OCP model provides a good description; but for a 
wide P- and T-range the electron-ion interaction has to be incorporated in the 
treatment. An interesting extension ofthe Car-Parrinello method was introduced 
by Alavi et al. [2, 3]. These authors applied finite temperature density functional 
theory to H in the pressure range where metallization occurs. (They replaced the 
functional for the total energy of the electronic system by a functional for the 
Heimholtz free energy. The new functional incorporates the effects of thermal 
electronic excitations.) 
The accuracy of theoretical descriptions strongly rely on the method used. At 
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lower press ures (P ::; 2.5 GPa) pair-potentials can be applied to model the in­
termolecular interaction (see [171]). In the GPa range the attractive many-body 
forces become important, and the equation of state computed with pair poten­
tials tends to be too stiff [71]. Hemley et al. [71] introduced an additional ad-hoc 
short-range term to account for the many-body forces and fitted their experi­
mental data to the modified two-body potential. In this way they obtained a 
theoretical equation of state that agrees weIl with the experimental data (see 
chapter 5). Besides from being unsystematic this procedure suffers from the dis­
advantage that it will fail at higher pressures, because an additional two-body 
term does not provide a mathematically correct description of many-body inter­
actions (see the discussion in chapter 5). Also, such a simple description treats 
the molecules as rigid entities and will be inapplicable in the press ure regime 
where the molecules dissociate. Holmes, Ross, and Nellis [76] and Saurnon and 
Chabrier [160] constructed models where a fraction of the molecules is dissoci­
ated, i.e., two species coexist, Hand H2 • Although these models provide a better 
equation of state for high pressure than treatments restricted to molecules, the 
picture of a mixt ure of Hand H2 is far too simple. As mentioned before and 
discussed in section 7.1, the definition of molecules in the pressure range of dis­
sociation is somewhat arbitrary and more complex entities arise. Even a model 
with H-H, H-H2 and H2-H2 two-body interactions will fail in describing many 
physical processes, such as the forming and breaking of bonds. 
Thus for an adequate description of the properties of H at Mbar pressures the 
explicit inclusion of the electronic structure is mandatory. As K won, Kress, and 
Collins [106] demonstrated, the tight-binding approach provides a useful tool. An­
other approximation is provided by the Thomas-Fermi model. Zerah, Clerouin, 
and Pollock [204, 37] used a combination of the Thomas-Fermi method and molec­
ular dynamics to simulate H plasmas [204, 37] and to compute the equation of 
state at high press ures (r s = 1.0 and 2.0) [144]. The most complete and precise 
treatment of the interactions (and the electronic structure) so far is provided by 
ab initio molecular dynamics (section 2.2). 
For a wide pressure range in the metallic regime none of the contributions to 
the interactions is small enough to be treated as a small perturbation (the ion­
ion interaction, the electron-ion interaction and the electron-electron interaction). 
Only at very high pressures and/or temperatures the electron-ion interaction may 
be treated perturbationally, and finally, for even higher pressures/temperatures, 
electrons and ions can be simulated as two separate systems via the jellium model 
and OCP, respectively. 
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1.2 Hydrogen-Helium Mixtures - An Excursion 
to Astrophysics 

The collisibn of comet Shoemaker-Levy 9 with Jupiter in 1993 (e.g. see [108]) 
aroused much interest in the largest planet of our solar system. The present space 
probe "Galileo" had quite a few predecessors (Voyager I, Voyager II, Pioneer 10, 
Pioneer 11 and some others) probing the outer envelope of Jupiter. Much is 
known about Jupiter. In 1980 Stevenson even stated [179]: "In many respects, 
the interior of Jupiter is better understood than the interior of any other planet, 
ineluding the earth" . 
The good understanding is a consequence of the simplicity of the composition. A 
comparison ofthe mass-radius relationship for zero temperature spheres ofvarious 
composition [179] shows that the radii of Jupiter (:::::: 71500 km) and Saturn (:::::: 
60300 km) are elose to the maximum radius (:::::: 80000 km for a pure H sphere) 
for a gravity stabilized zero-temperature body. Since the thermal heat content 
of a planet is much less than the gravitational energy the zero-temperature data 
provide a reasonable approximation and specify the composition of the giant 
plants as predominantly hydrogen. 
Information about the state of matter deep within these planets can be obtained 
from observational data, such as 

1. Chemical composition of the atmosphere 

2. Heat radiation 

3. Magnetic fields 

4. Response of the planet to rotational perturbations (gravitational multipole 
moments) 

5. Free oscillation frequencies of the planet 

These observational data provide constraints for planetary models. Jupiter and 
Saturn are believed to consist of a central rock core surrounded by an envelope of 
fluid H, He, and a small contribution of heavier elements. UsuaIly, the envelope 
is modelled by a fluid H-He mixture where a He contribution of 7-10 atomic per 
cent is assumed [179, 80, 33]. The temperature profile in these planets is believed 
to be adiabatic, the adiabats ranging from about 1 bar and 100 K at the outer 
atmosphere to 45 Mbar and 20000 K for Jupiter and 10 Mbar and 10000 K for 
Saturn at the core (see figure 1.12). The main uncertainties stern from 

- the equation of state of H. Usually the equation of state for the planetary 
interior is constructed from equations of state for Hand He. He is weIl 
tractable in the relevant pressure range (see section 1.3) but H is difficult 
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Figure 1.12: Section of Saturn without and with phase separation. The interior 
of Jupiter probably looks like the left drawing (not differentiating) with about a 
12000 km larger radius and a larger fraction of the envelope being in the metallic 
phase. The figure was taken from [179J. 

to treat in the range of the plasma phase transition (PPT, as the astro­
physicists call the transition of H from an insulating to a conducting state). 
This transition may be first order for temperatures relevant for Jupiter and 
Saturn [161, 33J. 

- composition of the planets. The true fraction of He is unknown and still 
subject to some speculations. Duffy et al. [47J even claimed that the He 
fraction has to be much larger than hitherto assumed (15 instead of 7-10 
atomic per cent for models with a homogeneous envelope) for the models 
to be compatible with measured sound velocities of H und er high pressures. 
The effect of the contribution of heavier elements is not weIl investigated. 

- inhomogeneities in the distribution of the elements. The suggestion that 
phase separation between Hand He might occur in the envelope of the giant 
plants is of major importance [173, 159J. 

The last item presents the motivation far part of this work. In the following it is 
discussed in more detail. Both planets exhibit a large excess heat radiation, i.e., 
they radiate much more energy than they absorb from the sun. The measured 
heat radiation can be used to estimate the age of the planets. Following the 
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account of [177] we present a simple way to perform this estimation: 
We assume that the planetary envelopes are homogeneous and adiabatic, and 
the energy source of the excess heat radiation is assumed to be the radiation of 
internal heat stored during the formation of the planets, Le., radiative cooling. 
Then the excess luminosity L is equal to the rate of change of internal thermal 
energy: 

L = 47fR (J(T - T. ) = -- -7fR C T.-2 4 4 d (4 3 - ) 
e 0 dt 3 v ~ , (1.1) 

where R is the radius, (J is the Stefan-Boltzmann constant, Te is the actual 
effective temperature, To is the effective temperature in the absence of an internal 
heat source, Cv is the average specific heat per unit volume, and Ti is some average 
internal temperature. The interior is assumed to be adiabatic, and Ti and Te can 
be related by 

(1.2) 

where Pi is a characteristic internal temperature, Pe is the effective pressure (i.e., 
the pressure at optical depth unity in the atmosphere) and n ~ 0.25 is the average 
adiabatic index. It can be argued ([177]) that Pi and Pe change much more slowly 
then Ti and Te and can be regarded as constant during most of the evolution. 
Thus Ti is approximately proportional to Te. Furthermore, it can be shown that 
Ti changes much more rapidly than R or Cv . Then 1.1 is to a good approximation 
an ordinary differential equation that can be solved by separation of the variables 

(1.3) 

where the indices i and f refer to the initial and final state. Let t i be the time 
when cooling sets in and t, our present time. Then the age of the planet can be 
obtained by 

present heat content 
to a . present excess luminosity 

/,

xm dx 
(1 - q4) 4 4' 

1 X - q 
a 

where q = To/Te", x = Te/Te,! and Xm = Te,i/Te,!. This crude model gives 

t o ~ (4 ± 1) . 109 years for Jupiter and 

t o ~ (2 ± 1) . 109 years for Saturn. 

(1.4) 

Refined calculatians do not differ substantially from the above crude analysis. 
Both planets are expected to have the age of aur solar system, 4.5 billion years. 
Within error bars the models assuming a homogeneous H-He mixt ure give this 
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Figure 1.13: The inhomogeneous 
evolution of a H-He planet at 
three different stages of the evo­
lution. The dashed line is the he­
lium number fraction as a func­
tion of the pressure within the 
planet. The region of immiscibil­
ity is shaded. The center of the 
planet (or the surface of a small 
rocky core) is P = Pe. In (a)(top), 
the planet is homogeneous, but 
phase separation is about to be­
gin at P = Po. In (b) (middle), the 
planet has cooled down more, and 
the region of immiscibility has ex­
panded somewhat. An in homo­
geneous layer forms, but the He­
enriched central region is still pre­
dominantly H. In (c)(bottom), the 
planet is cooler still, and now the 
inner region is predominantly He. 
The figure was taken from [177]. 

age for Jupiter, but the result for Saturn is too small by a factor of two. 
A possible solution to this dilemma is the inclusion of phase separation in the 
model for Saturn leading to an inhomogeneous He distribution [179, 80, 33]. 
As discussed below, if there was phase separation then it would occur in the 
regime of atomic, metallic H, probably ne ar the molecular-metallic transition. 
Figure 1.13 shows different stages in the evolution of a planetary model that 
includes immiscibility. In the early phase of the evolution of the giant planets it 
is likely that the temperatures were too high for phase separation. The envelope 
was homogeneous, and the He contribution corresponded to the primordial solar 
abundance Xo ~ 0.1. In the course of the evolution the planet cooled and at 
some time phase separation set in (see figure 1.13 (top)). For later stages of the 
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evolution three regions with different compositions exist: 

1. A homogeneous, fully convective region where the pressure is too sm all for 
phase separation to occur, Le., P ::; Po, where Po is the pressure when 
immiscibility sets in. In this region the He is depleted with respect to the 
primordial abundance, Xl < Xo. 

2. The inhomogeneous region of demixing with Po ::; P ::; P l , where Pl is the 
upper pressure bound for demixing. This region consists of a supercooled 
H-He mixt ure out of which helium-rich droplets nucleate, which can grow 
up to ab out 1 cm in diameter [177J. These droplets wander to the center 
of the planet, drawn by gravitation. In this inhomogeneous region the He 
contribution changes from Xl < Xo to X2 > Xo. 

3. Near the core a third region (P > Pl ) prevails that is homogeneous and 
convective. The He abundance is enhanced with respect to the primordial 
one, i.e., X = X2 > Xo. 

For the nucleation of the helium-droplets two different stages in the evolution 
can be distinguished (see figure 1.13). At the earlier stage the droplets wander 
along the right-hand-boundary of the immiscibility region. When they reach the 
third homogeneous region for pressures P > Pl they continue to follow the phase 
boundary until they either reach the critical point X = Xc or the center of the 
planet. The first scenario (the more likely one) is shown in the middle part of 
figure 1.13. The droplets evaporate when they have reached the critical point Xc. 
Later in the evolution, the He contribution of the third region exceeds the critical 
value X2 > Xc. Then the innermost region has the same He abundance as the 
He-rich droplets when they enter the region. A composition discontinuity occurs 
at P = Pl , the boundary of region 3 (see figure 1.13 (bottom)). A predominantly 
helium core forms. 
It can be shown that the energy release from differentiation can be approximated 
by 

QGrav ~ (d:) He gH, (1.5) 

where (dM/dt)He is the rate at which a helium mass is moved down a distance H 
in a gravity field 9 [177J. Furthermore, it can be shown that the released gravi­
tational energy predominantly contributes to the energy radiation of the planet 
and is to a smaller fraction bound up in thermal energy by heating the inner 
envelope. Models that include a gravitational energy contribution available for 
additional radiations, or equivalently a higher excess luminosity, require a 4 or 
5 times slower cooling rate for the present era than models assuming a homoge­
neous mixing [177J. The possible first-order character of the molecular-metallic 
transition and a possible energy contribution from the natural radioactivity of 
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carbonaceous chondrites are additional complications not considered so far. How­
ever, both can be shown to be lower order effects in the amount of energy radiated 
[80, 33]. More refined models that indude phase separation in the envelope of 
Saturn (and partly the possible first order character of the molecular-metallic 
transition) account for the missing factor of two, giving roughly the expected 
age of 4.5 billion years [179, 80, 33]. Thus phase separation seems to be a good 
candidate to explain the enhanced energy flow of Saturn. It is also corroborated 
by measurements of the He contribution in the atmosphere of Saturn, which is 
depleted of He in comparison with Jupiter, Saturn and the primordial sun (see 
figure 1.14). However, if demixing in H-He mixtures under astrophysical condi-
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Figure 1.14: The abundance of helium relative to hydrogen in the atmospheres of 
Jupiter, Saturn, Uranus, and the primordial sun. The overall ratio helium to free 
hydrogen in the J ovian planets is assumed to be the same as that in the primordial 
sun. Therefore deviations from the primordial ratio in the atmosphere indicate 
internal differentiation of helium from hydrogen. The figure is taken from [80]. 

tions is the correct explanation for the too large excess energy radiation from 
Saturn is still an unsolved question. Stevenson and Salpeter [178, 177] assumed 
the critical temperature for phase separation dose to the PPT to be about 10000 



1.2. HYDROGEN-HELIUM MIXTURES 29 

K. This result lies in the range of the adiabats describing Jupiter and Saturn. 
Stevenson and Salpeter provided a crude approximation for these adiabats. They 
proposed the Jovian adiabat to be T ~ 10.000 p~ K, where p is the density in 
g/cm3

, and the Saturnian adiabat to have the same form but 10-20 % colder. 
In their paper they propose the PPT to take place at ab out 3 Mbar, where the 
densities are roughly 0.9 g/cm3 for the molecular phase and 1.1 g/cm3 far the 
atomic, metallic phase. Assuming the Saturnian adiabat to be 15 % colder, the 
temperatures for Jupiter and Saturn in the metallic phase at 3 Mbar are about 
10500 K for Jupiter and 9000 K for Saturn. The critical temperature (10000 K) 
just falls between these two numbers and suggests phase separation far Saturn, 
but no demixing in Jupiter. This result is consistent with the fact that the mod­
els assuming homogeneous H-He mixtures give the correct age for Jupiter, while 
phase separation is needed for Saturn to explain the excess heat radiation, and is 
consistent with the experimental results mentioned above. However, Stevenson 
and Salpeter's findings show the delicacy of the problem rather than solve it. 
An error of 1000 K in the adiabats or the critical temperature can change the 
situation altogether (no demixing or demixing in both planets). Here we will 
concentrate on the materials science aspects of the question of demixing rather 
than on the astrophysical aspects. That means, the problem of fitting the correct 
adiabats to the observational constraints will not be addressed. We just want to 
mention that the uncertainties in the physical composition of the envelope or the 
assumption that the envelope is really fully convective (a radiative zone would 
lead to substantially lower temperatures [32]) lead to errors larger than needed 
to overturn Stevenson and Salpeter's results. 
We will address only one input of the astrophysical models, the computation of 
the critical temperature for demixing in an astrophysical H-He mixture. To com­
plete the picture of the giant planets given in Stevenson and Salpeter's paper it 
is important to mention their conclusions for the molecular phase. They pointed 
out that the critical temperature in the molecular phase is at least a factor of 
two lower than in the metallic one, certainly too low to play any role in the 
physics of the giant plants. This result is corroborated by experimental inves­
tigations of the critical temperature via the diamond anvil cell [167, 165, 166] 
up to 75 kbar, which lies substantially below the adiabats describing the giant 
planets. The experimental results have been extrapolated to the Mbar regime 
[192] demonstrating that the critical temperature for 1 Mbar is about 2500 K, far 
below the temperature of astrophysical relevance. The possible scenario proposed 
by Stevenson and Salpeter is summed up in figure 1.15, where the solubility of He 
in H as a function of pressure and the adiabats of Jupiter and Saturn are shown. 

Stevenson and Salpeter pointed out that their (and many of the subsequent) 
calculations suffer from the inadequate description of the electronic structure, 
namely by the perturbative treatment of the electronic response to the ionic ar­
rangement. Helium is pressure ionized at a much higher press ure than H (P rv 

11 TPa, see section 1.3) ,and, as analyzed quantitatively by Klepeis et al. [99] 
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Figure 1.15: Helium saturation for a cosmic mixt ure and several Saturn adiabats 
for different evolutionary ages. In the metallic regime three different theoretical 
curves are shown. The cross es are experiments. The figure was taken from [179]. 

the He admixing leads to low-Iying, tightly-bound energy levels that prohibit a 
nearly-free electron approach. Nevertheless, most of the quantitative treatments 
of astrophysical H-He mixtures so far deal with fully pressure-ionized systems, 
Le., H+ -He++, and use perturbative methods to include the electron-ion interac­
tion. 
The years after the proposition of phase separation spawned quite a few theoreti­
cal investigations of astrophysical H-He mixtures. With the exception of Klepeis 
et al. [99] (who included only ideal finite temperature terms for the free energy) 
all computations of critical temperatures for demixing proceeded in three steps: 

1. A model for the Heimholtz free energy is constructed. 

2. The difference of the Gibbs free energy between the mixt ure and the pure 
phases is obtained from the Heimholtz free energy results, 

!::::.G(P, T, x) = G(P, T, x) - xG(P, T, 1) - (1- x)G(P, T, 0). (1.6) 
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3. The regions in the (P, T, x)-space where [PGjox2 (P, T, x) < 0 are unstable 
towards phase separation. For an astrophysical composition, x ~ 0.1, a 
double tangent construction leads to the phase separation curve (see section 
9.1). 

The first quantitative investigation was launched by Stevenson [175]. Since his 
results served as a reference calculation for the following on es it is worth dis­
cussing his proceeding in more detail. He considered a fully pressure-ionized 
H-He mixt ure and computed perturbative corrections. His model free energy 
had the form F = Feg + Fhs + EM + E BS + tlFint + FQ . The first terms, Feg 

and Fhs + EM , are the free energies of the unperturbed systems, i.e., of free 
electrons and ions. He approximated the free energy of a homogeneous electron 
gas, Feg , by the well-known term of the zero-temperature contribution plus a 
finite-temperature correction. The finite-temperature correction is small for as­
trophysical temperatures and was left out in most of the subsequent calculations. 
The ions were regarded as hard spheres and included in the model free energy 
via the term for an equivalent neutral hard sphere liquid, Fhs ,and the Madelung 
energy, EM , which accounts for the long-range Coulomb repulsion of the ions. 
The electron-ion interaction was treated perturbatively through EBS and tlFint . 

The "band-structure energy" E BS describes the polarization of the electrons by 
the ions, i.e., the inhomogeneity of the electronic system, within the framework 
of linear response, and tlFint is a correction to the ionic contribution due to the 
fact that screened particles interact rather than protons and a-particles. Finally, 
FQ is the lowest order high-temperature quantum correction, which is typically 
small and left out in most of the consecutive calculations. Stevenson constructed 
from his free energy the Gibbs free energy and obtained phase separation for 
temperatures smaller than 8000 K and pressures typical of the metallic regime 
(4-40 Mbar for Jupiter). 
Hansen, Torrie, and Vieillefosse's calculations [147] substantially differ from Steven­
son's approach only in so far as they computed the Heimholtz free energy of the 
classical H+ -He++ two component-plasma within the hypernetted-chain frame­
work. Comparing their results with Stevenson's they concluded that "the overall 
agreement between his and our results is satisfactory considering the very differ­
ent approach". Their critical temperatures are somewhat lower. 
Extensive studies on H-He mixtures were performed with the Monte Carlo (MC) 
method. Hubbard [79] and de Witt and Hubbard [81] used MC methods to 
study dense H-He mixtures and applied a model free energy to compute ther­
modynamical quantities. Electron screening effects were also described by linear 
response theory treating the He atoms as a-particles with a cloud of screening 
electrons. Hubbard and de Witt [82] addressed the demixing problem in 1985. 
They used an effective screened potential between the ions where the screening 
of the ions was included via the dielectric function obtained by linear response 
theory. Their MC simulations provided the statistical averages of several physical 
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observables. Then they approximated the HeImholtz free energy by three terms, 
F = Fo + E eg + FI , where Fo is the free energy of an ideal gas of Hand He 
nuclei, E eg is the ground state energy of a homogeneous electron gas, and FI is 
the term due to the interaction of the charges in the system. The first two terms 
are well-known from theoretical considerations. For the interaction term they 
assumed a functional expression derived from the OCP model and theoretical 
considerations. The expression for the free energy served them to derive analyt­
ical expressions for physical observables, such as the internal energy, pressure, 
and heat capacity, which directly are amenable to the MC method. Hubbard 
and de Witt fitted the analytical expression to their simulation results, and that 
way determined the free parameters in their free energy model. Within this free 
energy model they computed a critical temperature of 7500 K at 8 Mbar. 
The molecular H-He mixture was treated via Me, too. Marley and Hubbard [120J 
used effective intermolecular potentials derived from shock compression and other 
experiments in Monte Carlo simulations of mixtures of molecular Hand He. They 
derived a model free energy and compared their results with those of Hubbard 
and de Witt for the metallic regime. Equating the chemical potentials of the 
molecular H-He and the metallic H-He mixt ure they predicted the transition to 
a metallic mixture to occur at P = 5 Mbar for the temperatures prevailing in 
the interiors of the giant planets. This pressure is probably too high, as will be 
discussed later (section 7). Limitations of Marley and Hubbard's approach stern 
from the application of He-He and H2-H2 potentials that were fitted to experi­
mental data for pressures of a few hundred kbar in the Mbar regime and a H2-He 
potential that has not been tested for the high pressure range. For H this descrip­
tion fails to account for the softening of the potentials elose to the dissociation 
of the molecules due to many-body effects (see chapter 5). 
A very similar approach to Hubbard and de Witt's calculations [82J was applied 
by Pollock and Alder [151]. It is surprising that they obtained considerably higher 
critical temperatures (~ 12000 K at 10 Mbar for an astrophysical mixt ure) , be­
cause technically the two computations only differ in the fit formula assumed 
for the free energy and the screening function. Pollock and Alder pointed out 
that their results should not be applied to the demixing problem in the giant 
planets, because a screened H+ -He++ mixt ure is not an adequate model in this 
press ure regime. Instead they claimed a H+ -He+ mixture to be a better model 
for astrophysical pressures. Since the pressure ionization of He only occurs at 
apressure one order of magnitude high er it is more realistic to assume He to 
be partly ionized. The screened H+ -He+ mixt ure gave substantially lower phase 
separation temperatures. At apressure of 10 Mbar and a temperature of T ~ 
5500 K they found no indications for demixing. 
Thus perturbation theory is inadequate for the description of the strong screen­
ing of the He atoms at astrophysical pressures. A more complete, however crude 
treatment of the electron distribution around the He atoms is provided by the 
Thomas-Fermi-Dirac theory. Mac Farlane and Hubbard [50] applied the Thomas-
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Fermi-Dirac method and perturbation theory to compute the Gibbs free energies 
of mixing for bcc and fee lattices of Hand He to examine the effect stemming from 
the strong screening of the He atoms. They predicted that the correct treatment 
of the electronic structure will lead to lower critical temperatures than computed 
with perturbative methods. Their results were confirmed by Mac Farlane [49], 
who used the Thomas-Fermi-Dirac method to compute the critical temperature 
for demixing for astrophysical H-He mixtures in the metallic phase at pressures 
of 10, 100, and 1000 Mbar obtaining temperatures of ~ 0 K, 500 K, and 1500 K, 
respectively. He concluded that phase separation does not occur in the interiors 
of the giant planets. The results of Pollock and Alder, Mac Farlane and Hub­
bard, and Mac Farlane suggest that a more elaborate treatment of the electron 
distribution around the He atoms would lead to lower critical temperatures than 
those obtained for a screened H+-He++ mixture (~ 7000 - 12000 K). 
However, this notion was contradicted by the results of Klepeis et al. [99], who 
applied the DFT /LDA framework, the best description of the electronic struc­
ture in computing phase separation for H-He mixtures so far, to metallic H-He 
mixtures in the Mbar range. They computed a critical temperature of 15000 ± 
2000 K and found the critical temperature to be nearly independent of pressure 
in the range of 5 - 20 Mbar. They concluded that phase separation is an ongo­
ing process in both giant planets and suggested arevision of the Jupiter models 
according to their result. However, in their approach they performed zero tem­
perature computations including the T!:J..S term only via the ideal part. As will 
be discussed in section 9.1, more crucial is the neglect of relaxation effects: They 
substituted He atoms for H pairs and computed the enthalpy differences but did 
not account for the stronger repulsion of the He atoms. 
Thus the situation remains unclear. Demixing temperatures from 0 K to 15000 
K have been proposed. Every scenario is possible from demixing in both plan­
ets to no phase separation at all in astrophysical H-He mixtures. In addition 
there are the error bars on the adiabats describing the giant planets. But before 
comparing with the internal temperatures of the giant planets the situation con­
cerning the critical temperatures of H-He mixtures in the Mbar range has to be 
clarified. More refined approaches are needed to diminish the uncertainty in the 
temperature (presently 15000 K !) as much as possible. An attempt to improve 
the situation is made in section 9.1. Another promising approach is provided by 
the method of Alavi, Parrinello, and Frenkel [3], which is presently applied to 
H-He mixtures in the high pressure range [1]. 

1.3 Helium 

The emphasis of our studies of He lies on the effect of He alloying on pure H rather 
than on pure He itself, which serves us only as a reference point. Therefore, the 
survey of the He phase diagram will be kept brief. Helium has been studied 
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extensively [43, 201] and exhibits a variety of interesting physical properties. It 
is the only element that is not solid at T = 0 K and ambient pressure due to 
the large effeet of the zero-point motion. Landau's theory is used to study both 
isotopes He4 and He3 at low temperatures and pressures. In the following only He4 
will be addressed, beeause it is the isotope prevalent in nature and investigated in 
our simulations. He4 erystallizes at 2.5 K in an hep solid. The erystal strueture 
has been studied up to apressure of 58 GPa [117, 112] and found to remain hep 
for T = 0 K. At zero temperature theory predicts a sequenee hep ~ fee ~ 
hep -+ bee [201]. Like hydrogen helium ean be treated within the OCP model 
at very high pressure (P ;:::: 100 TPa) and erystallizes in a bee lattice. In the 
pressure range where we study He and H-He mixtures (1-25 GPa) He is likely 
to erystallize in an hep solid (possibly fee). Contrary to H He is still a good 
insulator in this pressure regime (see the density of states of He in section 5). 
Young, MeMahan, and Ross [202] eomputed the metallization pressure using the 
linear-muffin-tin-orbitals (LMTO) eleetron-band-theory method and found He to 
beeome metallic only at 112 Mbar. It has been pointed out that many-body 
effeets playa erueial role at elevated pressures [111, 112] and demonstrated that 
pair potentials give a too stiff equation of motion in the range of about 20 GPa, 
beeause they fail to include the softening by many-body forees [107] (also see the 
diseussion in section 5). A tentative phase diagram is provided by [111] (figure 
1.16). The properties of the highly eompressed pure phase will be diseussed in 
ehapter 8. 
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Chapter 2 

The Car-Parrinello Method 

2.1 The Car-Parrinello Method and Density Func­
tional Theory 

When Car and Parrinello published their seminal paper [29] ten years aga they 
started a new branch of computer simulations extending the range of conven­
tional electronic structure calculations and the scope of molecular dynamics as 
weIl. Since then their scheme has been applied to many problems, for example 
the determination of the physical properties of disordered systems, processes rel­
evant to semiconductor technology, the diffusion of H in Si, the study of surface 
reconstruction, atomic clusters, ion conductivity, fullerenes and plasma physics. 
The method and their applications have been described in several review articles 
[30, 155, 57, 139, 143, 58] and are addressed here only to the extent that is rele­
vant to our work. 
The key to the understanding ofthe Car-Parrinello (CP) scheme is that it merges 
two different fields, density functional theory (DFT) and molecular dynamics 
(MD). Dependent on the field of interest two different points of view of the 
method are assumed: 
The central application of DFT is the total energy calculation of complex sys­
tems. The comparison of the total energy for different geometries provides the 
energetically favored configurations that dominate their physical properties. To 
achieve the optimization of the geometries of complex systems in space the Car­
Parrinello scheme can be successfully applied in combination with simulated an­
nealing. However, the scope of the method extends to the investigation of the 
finite temperature properties of condensed matter, too. It can be used as a 
method to perform MD with an ab initio, i.e., parameter-free, potential. 
Below both approaches are presented. First (section 2.1.1) conventional DFT 
is extended to a simulated annealing method for electronic and ionic degrees of 
freedom. A special case is the optimization of the electronic degrees of freedom 
only, which is an example for modern iterative techniques to minimize the energy 

37 
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functional. These techniques were developed in the wake of the Car-Parrinello 
method. Some of them are described in section 2.1.4. 
In the second part of this chapter (section 2.2) we will start with conventional 
MD and introduce the DFT expression for the total energy as potential into the 
MD Lagrangian. 

2.1.1 Introduction 

Since its development in 1964 [74] DFT has become one of the most important 
computational techniques in condensed matter physics. When in 1985 Car and 
Parrinello proposed their method, DFT had already a wide range of applications 
in structural studies of molecules, solids, surfaces and interfaces, point defects, 
phonons, calculation of forces and stresses, dielectrical theory, and linear response 
theory (for reviews see [174, 85, 93, 150], an introduction is provided by [60)). 
There is an extensive literature covering the theoretical aspects of DFT, too (see 
for example [93, 46, 62)). Therefore, this chapter will be restricted to the ingre­
dients necessary for the CP scheme. The first section describes the fundamentals 
of DFT. Crucial for an efficient implement at ion of the CP scheme is an adequate 
treatment of both, the electron-electron interaction and the electron-ion inter­
action. Whereas the tractability of the electron-electron interaction relies on a 
physical concept, DFT, the treatment of the electron-ion interaction is a mere 
technical problem. A solution to this problem is described in the second section 
(2.1.3), pseudopotentials. In the third section (2.1.4) the minimization of the 
electronic degrees of freedom will be addressed, and finally in the fourth section 
(2.1.5) the ionic degrees of freedom will be included. In the following we use 
atomic units (a.u.), i.e., 11, = m = e = 1. 

2.1.2 Density Functional Theory 

DFT goes back to a theorem of Hohenberg and Kohn [74]. Here it is presented 
in a more elegant and general version of Levy [109]. 
For simplicity the electronic ground state is assumed to be non-degenerate (exten­
sion for degenerate ground-state [101)). We consider N electrons in an external 
potential Vext (r'), i.e., the many-particle Hamiltonian is 

N:;;!2 N N N 

11. = L P; + ~ L Vee(fi, fj) + L Vext(fi) T + Vee + L Vext(fi). (2.1) 
i=l i,j=l i=l i=l 

T is the kinetic energy operator and Vee represents the electron-electron inter ac­
tion. Levy introduced the functional 

F[n] = min'if;_+n (~IT + Veel~)· (2.2) 
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The minimum is taken over all antisymmetric wave functions 'ljJ(fi, ... , iN) that 
give the one-particle density n(T) 

n(T) = 1 di2 ... diN'ljJ*(i, f2, ... , iN )'ljJ(i, f2, ... , iN). (2.3) 

It is easy to show that for all densities n 

E[n] = 1 diVext(r')n(T) + F[n] 2: EGs , (2.4) 

where EGS is the ground state energy. The equality holds if and only if n = nGS, 

i.e., for the ground state density. The proof is elementary and makes use of the 
Ritz variational principle [123]. 
Kohn and Sham [102] cast the problem into a form that allows the practical 
calculation of ground state properties like E[n] 

1 11 -> -fn(T)n(f') 
E[n] = To[n] + diVext(T)n(i) + 2" drär Ir _ i'1 + Exc[n]. (2.5) 

To denotes the kinetic energy of the non-interacting system, i.e., Vee = 0, and Exc , 
the exchange- and correlation-contribution, comprises all other contributions in 
addition to the first three terms. 
Variation for the density with the constraint of constant particle number N (Jl is 
the corresponding Lagrangian multipliers) 

Ii~ (E[n]- Jl (1 n(i)di- N)) = 0 (2.6) 

gives 

öE[n] öTo 

lin(T) = lin(T) + Vs(i) = Jl, (2.7) 

where Vs represents an effective one-particle potential 

Vs(i) 
;;'\ 1 -f n(f') öExc[n] 

Vext(r) + dr Ii - i'1 + ön(T) 

Vext(i) + VHt(i) + Yxc(T). (2.8) 

In this form the problem is equivalent to a system of non-interacting particles 
in an external potential Vs, leading to a system of Schrödinger-like differential 
equations, the Kohn-Sham equations 
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The problem is weIl suited for practical calculations, because the individual equa­
tions are only coupled via Vs. The Kohn-Sham orbitals, 'ljJi (r) , are auxiliary 
quantities, which readily provide the one-particle density 

N 

n(r) = L l'ljJi(r') 12 • (2.10) 
i=l 

In principle this scheme leads to the ground state density and via the density 
to the ground state energy. In practice E xc has to be approximated, because a 
practical expression for the exact quantity is unknown. Then the Kohn-Sham 
equations can be solved self-consistently, i.e., by the iteration scheme 

start with a guess for the 'ljJi,in 

1. construct the density n from (2.10) 

2. set up the potential Vs using 'ljJi and n 

3. solve the Kohn-Sham equations (2.9) far 'ljJi,out 

4. use 'ljJi,out as input far step 1. 

stop when 'ljJi,out = 'ljJi,in 

The success of DFT is partly due to the existence of a simple and very practical 
approximation for Exc , the local density approximation (LDA) , wh ich has the 
form of E xc for the homogeneous electron gas 

(2.11) 

In this way the problem of solving for the functional E~cDA[n(r)] reduces to the 
evaluation of the function Exc (n( r)) which has been calculated and parametrized 
several times. In our calculations we used the parameterization by S. H. Vosko, 
L. Wilk, and M. Nusair [194]. 
Many ground state properties calculated with DFT /LDA have accuracies typi­
cally in the range of 10-3 ... 10-1, for example cohesive energies and ground state 
geometries. Whereas the absolute value of the total energy is overestimated by 
up to 1 e V/atom energy differences can be computed with chemical accuracy 
of 0.1 eV /atoms. The reason is that the contributions where LDA does worst, 
namely the total energy of the individual constituent atoms, cancel. An example 
for ground state geometries are the lattice constants of regular solids. Thus, for 
example, the agreement between the calculated and experimental equilibrium lat­
tice constants is within 1% for covalent (Group IV) semiconductors, and within 
2% for partially ionic (Ill-V) semiconductors. The agreement of theoretical and 
experimentallattice constants worsens for increasing ionicity [174]. For many 
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systems improvements in the accuracies by a factor of typically 3 - 5 have been 
achieved by using gradient corrections, i.e., including the gradient of the density 
in the functional form of Exc 

Exc = J df!(n(i) , IVn(i)I)· (2.12) 

The form of the function ! is obtained by formal gradient expansion or a com­
bination of physical principles and phenomenological fitting (see for example the 
contributions of Geldart and Perdew in [62]). 

2.1.3 Pseudopotentials 

For most calculations of physical properties via DFT, the electronic wave func­
tions are expanded in a set of basis functions. The most elementary choice for 
the basis functions are plane waves, which render the evaluation of all occurring 
matrix elements comparatively easy. (For a local pseudopotential they can even 
be computed analytically.) However, the expansion of the real wave functions in 
plane waves does not converge fast. The core wave functions are localized and 
the orthogonality of the valence wave functions leads to rapid oscillations in the 
core region, wh ich preclude the representation by a manageable number of plane 
waves. 
The pseudopotential approach overcomes these difficulties. It relies on the obser­
vation that the chemical and physical properties of matter are largely determined 
by the behavior of the valence electrons whereas the core states remain inert. 
Moreover outside the core region the variation of the potential is small and the 
valence wave functions are often free-electron like. In pseudopotential theory the 
potential feIt by the valence electrons in the core region is modified. The mod­
ification is made in such a way as to eliminate the rapid oscillations in the core 
region, while preserving as exactly as possible the valence band structure, i.e., 
reproducing the energy eigenvalue spectrum. Thus an expansion in plane waves 
becomes feasible. The modified potential ("pseudopotential") is used instead of 
the real potential Vext to describe the interaction between electrons and ions. 
The first pseudopotentials were constructed by J. C. Phillips and L. Kleinmann 
[148] who derived from the OPW method an effective potential (pseudopoten­
tial) acting on the valence orbitals only. In the beginning pseudopotentials were 
mostly fitted to experimental data and used for the perturbative calculation of 
screening effects and total energies. Nowadays the potentials reproduce the va­
lence eigenvalue spectrum of atomic ab initio calculations and are employed for 
the direct, numerical solution of Schrödinger's equation. 
Besides their accuracy, transferability is the main criterion for the quality of 
pseudopotentials. The potentials are constructed to reproduce the eigenvalue 
spectrum of a reference configuration. They are called transferable if the same 
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ionic pseudopotential can be used for different atomic arrangements. In mod­
ern pseudopotential applications high transferability was obtained by introduc­
ing norm-conserving pseudopotentials [64, 10J. Besides norm conservation most 
modern pseudopotentials obey three other general conditions. The restrictions 
are 

1. The pseudo wave function generated from the pseudopotential contains no 
nodes. 

2. The radial pseudo wave function is equal to the true-potential wave function 
beyond a chosen cutoff rc, i.e., 'ljJ{P(r) = 'ljJz(r) for r 2:: rc. 

3. The charge enclosed within r c must be equal for the two wave functions 
(norm conservation) 

4. The valence eigenvalue spectra are equal, Le., EfP = EI. 

The cutoff radius rc defines the core region (r :::; rc). Its choice requires to 
compromise between transferability and computational efforts. Reducing the 
value of r c improves the transferability but at the same time increases the number 
of plane waves needed for convergence. Criterion (1.) sets a lower limit on the 
size of rc, because rc must lie outside the outer node of the fuIl-potential wave 
function. It is necessary to obtain a smooth pseudopotential that allows the 
expansion in plane waves. The norm conservation (criterion 3.) ensures via 
Gauss' theorem that the real and pseudo wave function, 'ljJz(r) and 'ljJ{P(r), yield 
the same integrated charge inside a sphere of radius R (R 2:: rc). This criterion 
is important to obtain a good transferability. Assuming a spherical screening 
approximation (which will be specified below) one can prove the following identity 
for the radial part of the pseudo wave function 'ljJPP(r) [10J 

(2.13) 

Because of criteria (2.) and (3.) the right hand side of (2.13) is equal for 'ljJ{P 
and 'ljJI if Rz(r) 2:: rc. Apart from normalization d/drlnRI uniquely specifies the 
solution of a linear second order differential equation as the radial Schrödinger 
equation. The atomic valence eigenvalues EZ will be shifted when the atom takes 
part in chemical bonding. Equation (2.13) ensures that the change in real and 
pseudo wave functions have the same energy variation to first order at r = rc. 
Presently, most pseudopotentials are generated from atomic all electron calcu­
lations. Within the framework of DFT /LDA (see section 2.1.2) we start by 
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constructing the radial pseudo wave function R~t and inverting the radial Kohn­
Sham equation 

[ 
1 d2 1 (l + 1) ] PP PP --d2 + 2 + V[n,r] rRnl (r) = EnlrRnl (r), 
2 r 2r 

(2.14) 

where 

V[n, r] = -~ + VH[n, r] + Vx~DA(n(r)). 
r 

(2.15) 

We obtain the screened pseudopotential 

PP( ) l(l + 1) 1 d
2 

[ PP()] 
~cr,l r = EI - 2r2 + 2rRTP (r) dr 2 rRI r . (2.16) 

From equation 2.16 it is clear that the pseudo wave functions have to be nodeless 
(criterion 1.) in order to avoid singularities outside the origin. Furthermore, the 
pseudopotential will depend on the angular momentum l. To obtain the ionic 
pseudopotential, ~~:z has to be unscreened , 

V PP vPP TTPP v PP 
ion I = scr I - v H - xc • , , (2.17) 

Because of the l-dependence each angular moment um component of the wave 
function will see a different potential and an ionic pseudopotential operator has 
to be introduced 

~ pp pp ""' ~ 
Vion,1 (r) = Vion,local (r) + ~ Vnonlocal,1 (r ) PI, 

I 

where PI projects out the l-th angular momentum component and 

Vnonlocal,l(r) = Vi~:I(r) - Vi~local(r). 

(2.18) 

(2.19) 

Criteria (1.-4.) and the procedure described above are far from specifying the 
pseudopotential uniquely. In our simulations we generated pseudopotentials using 
a scheme by Troullier and Martins [190] who exploited this freedom of choice to 
optimize the smoothness of their pseudopotentials. Their scheme is sketched 
below: 
In order to avoid a singularity at r = 0 that could not be wen described by 
plane waves, the pseudo wave functions are constrained to have the following 
asymptotic behavior 

(see equation 2.16). 

A possible form of the pseudo wave function that satisfies the condition is 

(2.20) 
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where p( r) is some suitably chosen polynomial. Troullier and Martins used 

(2.21) 

For V PP to be eontinuous, RfP(r) and its first two derivatives have to be eon­
tinuous at r = rc (see equation 2.16). The norm eonservation provides another 
eonstraint. Three parameters of freedom are left and three eonstraints may be 
introdueed to optimize the smoothness of the potential. Troullier and Martins 
chose the eontinuity of the third and fourth derivative at r = r c and they required 
zero eurvature of the sereened pseudopotential at the origin, i.e., V:~r 1(0) = O. 
Onee we have eonstrueted the pseudo wave functions we proeeed a~ deseribed 
above by inverting the Sehrödinger equation and unscreening the resulting pseu­
dopotential. An example for a pseudopotential with s- and p-angular momentum 
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Figure 2.1: Illustration: Troullier-Martins pseudopotential of Ar with loeal s­
eomponent (Vs) and non-Ioeal p-eomponent (Vp). r c was 1.2 a.u. 

eomponent is shown in figure 2.1. 
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2.1.4 Modern Iterative Methods for Energy Minimization 

The conventional way to solve the Kohn-Sham equations is to diagonalize the 
Hamiltonian matrix self-consistently. Since the cost of a standard diagonaliza­
tion grows as O(M3 ), where M is the number of functions in the basis set ex­
pansion, this procedure becomes very expensive for large systems (and especially 
for a plane wave basis). More modern techniques exploit the fact that only the 
N occupied Kohn-Sham orbitals are required to obtain the ground state energy 
within DFT. The partial diagonalization of only the N lowest orbitals reduces 
the cost to O(N2 M) [143J. 
One can map the matrix eigenvalue equations onto a multidimensional mini­
mization problem.· Instead of solving the Kohn-Sham equations we insert the 
Kohn~Sham orbitals via (in the following we sum over all occupied orbitals, and 
it is assumed that each orbital is occupied by two electrons) 

N 

n(r') = 2 L I'l/Ji(r') 1
2 (2.22) 

i=l 

and 

Ta = ~ J 'I/J;(r') ( _~V2) 'l/Ji(r')dr 
t 

(2.23) 

into the expression for the total energy 

E[{ 'l/Ji}J = 2p, ~ J 'I/J;(r') ( -~ \72) 'l/Ji(r')dr + J drVext(r')n(r') 
t 

1 J n( r')n( r') ->-f + - 1-> ;;'/1 dr'dr + Exc[n(r')J. 2 r - r 
(2.24) 

One way to solve this problem is to perform simulated annealing for electrons only, 
as described in the following section. A more efficient way than using Newton's 
dynamics is to employ first order equations of motion as realized in the steepest 
descent algorithm: 
A fictitious dynamics is introduced in the space of wave functions and the gradient 
with respect to the Kohn-Sham orbitals is computed 

. -> 1 8Etat 
'l/Ji(r, t) = -"2 8'I/Ji(r, t)· (2.25) 

The dot denotes the time derivative and the functional derivative is computed by 

8Etat (-» H·I. (-> ) 8'I/Ji r, t = 2 'Pi r, t . (2.26) 

It is necessary to add the constraints 

J 'I/J;(r, t)'l/Jj(r, t)dr = 8ij (2.27) 



46 CHAPTER 2. THE CAR-PARRINELLO METHOD 

to ensure orthogonality during the minimization. The "time" -dependence is fic­
titious, since in the steepest descent procedure only the end product matters and 
the time is just a parameter used to label different configurations in the space 
of the {'lfJJ. Equation 2.25 defines a trajectory in the {'lfJi}-space that leads to 
the minimum value of Etot [{ 'lfJi}]. At the minimum the gradient becomes zero, 
-J;i(f', t) = 0, and (2.26) becomes (where A is the matrix of the Lagrange param­
eters corresponding to the constraints 2.27) 

(2.28) 

Equation 2.28 is identical within a unitary transformation to the Kohn-Sham 
equations, and the eigenvalues of the matrix A coincide with the occupied Kohn­
Sham eigenvalues. This technique to minimize a function is called steepest de­
scent algorithm. 
Surprisingly, the fastest way to minimize the function Etot['lfJ] is not achieved by 
moving in the direction of the negative gradient, in which the function decreases 
most rapidly. For the static computations in our simulations a more efficient 
scheme for dynamical minimization of the electrons was used, the conjugate gra­
dient technique [182, 143, 152]. The main idea is instead of optimizing each move 
individually (as for steepest descent ) to optimize each move with regard to all 
previous moves, i.e., to choose the moves conjugate to each other. In the follow­
ing the concept is described in more detail: 
Let x be a vector in a multidimensional space and F(x) the objective function to 
be minimized. It is assumed that F can be approximated by a multidimensional 
quadratic form around some point Xl taken as the origin of the coordinates, i.e., 

where 

1 1 F(x)';:::Jc-g .x+"2x.C.x, (2.29) 

(2.30) 

The aim is to find a path (Xl, x 2 , ... , x N ) that needs as few steps as possible to 
minimize F, i.e., to find minxF(x) = F(xN ). Obviously, the best choice for the 
first step is to move in the direction 

d1 = -VF(x)lx=xl = L 
I-VF(x)lx=xll Ig1 1· 

Moving in the direction d1 the minimum will occur at 

x 2 = Xl + b1 
• d\ 

where b1 satisfies 

(2.31) 

(2.32) 

(2.33) 
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In the steepest descent algorithm the second direction is chosen to be 

d2 = -\7 F(x) IX=X2 

1-\7 F (x) I x=x21' 

Starting from x 2 in the direction d2 yields 

where b2 satisfies 
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(2.34) 

(2.35) 

(2.36) 

However, 2.34 is not the best choice for d2
• The minimum of F in the two 

dimensional subspace defined by dl and d2 requires b2 to obey 

and 
6F 
6b

2 
(x3

) = _gI. d2 + (Xl + bl 
• dl + b2 

• d2
) • G . d2 = O. 

The comparison with equations 2.33 and 2.36 leads to the requirement 

i.e., to choose the directions dl and d2 conjugate to each other. 
This condition is generalized to 

dn . G· dm = 0 for n =1= m 

This requirement leads to the conjugate gradient algorithm [182, 152] 

where 

(n) _ { g(O) , n = 0 
d - g(n) + ')'(n-l) . d(n-l) , n = 1,2, .. , 

g(n) = _ \7 F(xn) 

(n) _ (g(n+l) Ig(n+l)) 

')' - (g(n) Ig(n)) . 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

It can be shown that 2.40 holds [152]. The conjugate gradient algorithm con­
verges considerably fast er then the steepest descent scheme (see figure 2.2 and 
[182, 186, 143]). We applied the conjugate gradient scheme for almost all our 
static electronic structure computations. Only in a few cases where the scheme 
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Figure 2.2: Comparison of the convergence of the steepest descent (dashed line) 
and the conjugate gradient (solid line) algorithm. The system investigated was a 
H2 molecule. !1E represents the energy difference between partly and completely 
converged total energies. The scale of the figure suggests an underestimation of 
the difference in performance, because the required convergence is much higher 
than can be resolved by the curves. Thus an energy resolution of 1 meV was 
achieved in 14 steps by conjugate gradient whereas the steepest descent algorithm 
needed about 390 steps. Even taking into account the higher computational 
cost (roughly a factor of 2) of conjugate gradient it vastly outperforms steepest 
descent. In practice, it is recommendable to have a simple, robust convergence 
method at hand, because in some situations the conjugate gradient runs into 
difficulties. 

did not work properly we resorted to steepest descent. 
A refinement of the conjugate gradient algorithm can be achieved by precondi­
tioning [186, 143]. Comparable performance rates are reached by iterative di­
agonalization schemes as Davidson's scheme [44] or Lanczos' method [141] and 
iterative minimization by direct inversion in the iterative subspace (DIIS) devel­
oped by Hutter, Lüthi, and Parrinello [83]. 
It is important to note that the techniques described in this chapter work only if 

E[ {1Pd] has only one minimum. Experience has shown that this condition holds 
for the minimization oft he electronic structure only. However, the energy surface 
of the coupled spaces of ionic and electronic coordinates exhibits local minima, 
and aglobai minimization has to be performed. The state of the art technique 
to deal with this formidable problem is described in the following section. 
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2.1.5 Simulated Annealing and the Car-Parrinello Method 

In principle, the ground state geometry of a set of atoms can be determined by 
computing the total energy for all possible arrangements of atoms and selecting 
the geometry with the lowest energy. However, the point by point scanning of the 
energy surface is feasible only for systems with very few degrees of freedom. A 
more refined approach is to start with some guess for the structure and to follow 
the forces to the next local minimum (as discussed for electrons in the previous 
chapter). The number of local minima increases exponentially with the number 
of atoms N and in practice this straightforward way to compute the minimum- _ 
energy configuration becomes not feasible for already a few atoms. Probably, 
the determination of the ground state structure in condensed matter physics be­
longs to the NP-complete (nondeterministic polynomial time complete) dass. No 
method for an exact solution with a computing effort bounded by apower of N 
has been found for any of these problems [91, 92J. 
In a seminal paper Kirkpatrick et al. [98J addressed this dass of problems and 
pointed out a useful connection between statistical mechanics and the optimiza­
tion of a given function depending on many parameters. They treated various 
problems, such as the travelling salesman problem or the optimization of the 
physical design of computers with the Metropolis algorithm [124J. Four ingredi­
ents are needed for their scherne: 

1. A concise description of the configurations of the system 

2. A random generator of "moves" or rearrangements of the elements in a 
configuration 

3. A quantitative objective function E whose minimization is the goal of the 
procedure 

4. A control parameter T that governs the annealing process 

During the minimization process aseries of configurations are generated. A new 
configuration (n+1 will be accepted if the objective function at this configuration 
E( (n+1) is smaller than its value at the previous configuration E( (n). Other­
wise, the move is accepted with a prob ability of exp (-[E((n+1) - E((n)J/kBT). 
During the simulation T is slowly decreased from a high starting value to zero. 
Experience has shown that the procedure leads to either the global or an energet­
ically low-Iying local minimum. In the literat ure this procedure has been called 
"simulated annealing". Contrary to Kirkpatrick et al. who applied simulated an­
nealing in the framework of Monte Carlo simulations, Car and Parrinello's scheme 
allows us to perform dynamical simulated annealing, i.e., simulated annealing in 
connection with molecular dynamics. The objective function in their scheme is 
Etat [{ 7PJ, {BI}], the total energy. A temperature T is introduced via the kinetic 
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energy of the ions 
1 N :..,2 3 
"2 LM1R1 = "2 NkBT. (2.44) 

[=1 

The dynamics is generated as described in section (2.2.2). Within this scheme 
local relaxation is feasible for a few hundred atoms (see, e.g., chapter 6) and 
simulated annealing has been successfully performed for clusters up to 10 atoms 
[91, 92]. In chapter 6 we use this method to search for structures of hydrogen at 
high pressures. 

2.2 The Car-Parrinello Method and Molecular 
Dynamics 

The use of computational devices for solving problems in Statistical Mechanics 
goes back to Enrico Fermi. In his book "From x-rays to Quarks" Segre re­
lates (cited from [199]):" ... I know that Fermi had invented, but of course not 
named, the present Monte Carlo method when he was studying the moderation 
of neutrons in Rome. He did not publish anything on the subject, but he used 
the method to solve many problems with whatever calculating facilities he had, 
chiefly a sm all mechanical adding machine." The development oft he Monte Carlo 
(MC) scheme was catalyzed by the war efforts, when von Neumann, Ulam, and 
Metropolis employed stochastic numerical methods on neutron diffusion prob­
lems in Los Alarnos. A seminal paper was published in 1953 by Metropolis 
et al. , which treated computations on a hard-sphere liquid via the Metropolis 
Monte Carlo method. The next major step was taken in 1957. B. J. Alder and 
T. E. Wainwright published the first results obtained by molecular dynamics, 
also on a hard-sphere liquid [4], and W. W. Wood and F. R. Parker introduced 
continuous potentials, treating a Lennard-Jones fluid with MC [200]. 
The following years brought about a rapid development of computer simulations 
in Statistical Mechanics [5, 66]. The key to the correct representation of areal 
physical system proved to be the adequate parametrization of the energy sur­
face, i.e., the construction of a realistic interaction potential. In the beginning 
molecular dynamics simulations were mainly concerned with static and dynamic 
bulk properties of simple monoatomic fluids or solids, where particles interact 
with radial, short-range forces. The comparison with approximate theories was 
of major importance, i.e., molecular dynamics was frequently applied as a tool 
of statistical mechanics. When the art of constructing potentials developed more 
and more the simulation of more complex materials became feasible and MD ex­
tended its applicability into materials science. 
The most sophisticated potentials used so far are constructed from quantum me­
chanical calculations (DFT) and were introduced by R. Car and M. Parrinello 
[29]. In the next section (2.2.1) some basic concepts of MD are presented. The 
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central role of the potential is outlined and it is motivated why a quantum me­
chanical potential extends the scope of MD. How we use a potential constructed 
from DFT in a MD scheme is described in the following three sections (2.2.2-
2.2.5), and the last section (2.2.6) informs about some technical aspects. 

2.2.1 Molecular Dynarnics 

Molecular Dynamics (and Monte Carlo) methods have been described in many 
monographs (see for example [21,36,5,103]). Therefore, we will restrict ourselves 
to the basic ideas of molecular dynamics for a microcanonical ensemble (in section 
2.2.4 canonical molecular dynamics via CP is explained). 
For simplicity we consider an isolated system of N identical interacting particles 
with 3N degrees of freedom. The classical dynamics of this system is described 
by the Lagrangian 

C=T-V, (2.45) 

where T is the kinetic energy and V the potential energy. We assurne T to have 
the form T = L.:~=l qJ/2 and V not to depend on the velocities {qd. Furthermore, 
we introduce Cartesian coordinates {RI }. Then the equations of motion 

d (OC) 
dt Oqi 

(2.46) 

assurne the form 

(2.47) 

In this form the equations of motion are readily integrated by one of the numerical 
schemes described in [20, 5]. 
We assurne the system to be ergodic. Performing simulations on mostly liquid 
or disordered systems one obtains the expectation values of a physical observable 
Aobs by way of Liouville's theorem 

1 l tobs 

Aobs = (A)time = lim - A(f(t))dt, 
tobs-tOO tobs 0 

(2.48) 

where f(t) denotes the trajectory in the 6N-dimensional phase space. That 
way we can compute not only static quantities like the primary thermodynamic 
variables (E, V, T, P, N), the heat-capacity cv , the isothermic compressibility X 
and the radial distribution function g(r) as in Monte Carlo methods, but also 
transport properties, such as the self-diffusion constant D, the shear-viscosity 'TI 
(and bulk-viscosity (), the thermal conductivity AT, and the dynamical structure­
factor S(k, w). 
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The key to an accurate description ofthe system is the set-up of the "right" poten­
tial, i.e., a potential that reproduces the physical properties of the system under 
investigation. The first simulations were performed on hard-sphere systems, i.e., 

VHS(r) = {oo (r < 0") 
o (O":S;r) , (2.49) 

where Cf defines the radii of the spheres. A major improvement was achieved by 
the introduction of continuous potentials. The best-known is the Lennard-Jones 
potential 

(2.50) 

which provides a good description of many atomic system, like for ex am pie noble 
gases and polymers. More general, the first two or three terms of the expansion 

(2.51) 
i j>i i j>i k>j>i 

already provide an adequate description for most atomic systems. For ionic sys­
tems, induction interaction must be taken into account: the ionic charge induces 
a dipole on a neighbouring ion. Some simple models have been developed to deal 
with the problem [5]. For binary systems the intramolecular distance is kept fixed 
and the molecule can be described as two hard spheres or two Lennard-Jonesians 
bound together [5]. However, these simple models rely on the assumption of 
pairwise additivity of the interaction between atoms, ions or molecules. Thus 
they fail to describe the breaking and forming of bonds of molecules as weIl as 
aIl other physical phenomena where many-body forces are crucial. For example, 
covalent bonding cannot be described by pairwise interactions, because it leads 
to highly directional forces between particles and an ensuing tendency towards 
bond-network formation, which, e.g., may be of tetrahedral symmetry (as in sil­
icon). An adequate description of the system must explicitly take into account 
the electronic structure, which causes the directional forces (in silicon it is the 
p-orbitals in the outer sheIl that have non-spherical densities and lead to the di­
rectional bonds). For that reason the construction of a realistic potential requires 
quantum mechanical calculations. 

2.2.2 Ab initio Molecular Dynamics 

In principle, the discussion of how to construct the potential is superfluous, be­
cause the "true" potential is wen known: Just solve the many-body Schrödinger 
equation. Let us assume that the Born-Oppenheimer approximation holds. Then 
the potential can be constructed by solving the instantaneous electronic problem, 
i.e., for some ionic configuration {R1 } the potential V ( {Rd) is just the ground 
state expectation value of the Hamiltonian 

(2.52) 
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where Wo is the ground-state many-particle wave function. Car and Parrinello 
applied DFT to calculate (wo l1-llwo)' The total energy Etod{7/Ji} , {RI }] is put 
together from the DFT expression for the energy of the electronic system, 2.24, 
and the potential energy of the ions, 

(2.53) 

Then the potential is computed via 

(2.54) 

.-

where{ 7/Ji} are the Kohn-Sham orbitals. In principle, you could set up a La-
grangian 

N 1 ,,",:.,2 -> 

12 = T - V = 2, L..JMIR - V[{RI }] (2.55) 
1=1 

and perform MD by 

2. compute \7 RV( {Rd) (Hellman-Feynman forces) 

3. move ions -+ {RI(t + .bot)} -+ 1 

for each step of MD. Unfortunately, the computational effort for the first step, 
which consists of many iterations of one of the methods described in 2.1.4, is 
very high. To avoid this time consuming minimization Car and Parrinello used 
a trick: 
They introduced a fictitious dynamics for electrons by inserting a kinetic energy 
term for the electrons, 

Te = 2/k ~ J l~i(T.Wdr, 
t 

(2.56) 

into the Lagrangian 2.45. It is necessary to add constraints to ensure the or­
thonormality of the wave functions. With these changes the Car-Parrinello La­
gran gi an reads 

C = 
OCC

J 
1 ·2 

2/k~ l~ldr+2,~MIR -Etod{7/Ji},{Rd] 

+ 2 L. Aij (J dr7/J;(T)~h(T) - 6ij ) , 
tJ 

(2.57) 
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where Aij are the Lagrangian multipliers belonging to the orthonormality con­
straints. The corresponding equations of motion are 

(2.58) 

and 

(2.59) 

The dynamics is performed in the following way: 

1. compute V({R1(t)}) for ionic coordinates {R1(t)} 

2. compute forces on electrons and ions \7 Rle, &'1/J;e 

3. move electronic wave functions and ions simultaneously. 

The costly minimization of the energy functional is replaced by one step of MD 
for the electronic wave functions. 

2.2.3 The Separation of Electronic and Ionic Time Scales 

For the following discussion it is assumed that in the beginning of the simula­
tion the electrons are converged to their ground state. The crucial point in the 
treatment of the electrons is to introduce two different time scales by choosing 
f-t « MI, Le., by setting the electronic mass much sm aller than the ionic one. 
Pastore, Samargassi, and Buda [142] showed that for small deviations from the 
ground state the dynamics of the orbitals is described by a superposition of har­
monie mo des with frequencies equal to 

(2.60) 

where Ei denotes an unoccupied and Ej an occupied state. The smallest electronic 
frequency is 

[
2E ] ~ 

Wmin = f-t g , (2.61) 

where Eg is the Fermi energy gap. With a convenient choice of f-t the condition 
Wmin ~ Omax (where Omax is the maximum of the ionic frequencies) may be 
satisfied, i.e., aseparation of time scales can be achieved. 
The adiabatic theorem of classical mechanics states that for a time governed 
by the ratio Wmin/Omax the trajectory of the ions in a slow-fast system is weIl 
approximated by the trajectory one obtains by averaging over the fast degrees 
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of freedom [131].1 Since the electronic motion is determined by a second order 
equation of motion the electrons oscillate around their ground state and to a 
very good approximation the average wave functions coincide with the ground 
state wave functions, i.e., the average forces coincide with the Hellman-Feynman 
forces. In short: 
trajectory of slow-fast system 

~ trajectory averaged over fast degrees of freedom 
~ trajectory with electrons in ground state 

physical trajectory on Born-Oppenheimer surface. 
The separation of time scales keeps the system in a metastable state with a small 
kinetic energy of electrons. For small Wmin/Omax equipartition of the system is 
reached only in a time much longer than the the usual simulation times (rv ps) . 

• 2 

The choice of the electronic mass leads to Te ~ Ti ~ LI MIR and, because of 
Te + Ti + V = constant, Ti + V is nearly constant, i.e., the dynamics can be used 
to sam pie the ionic microcanonical ensemble. 
In practice, one has to compromise between the length of the simulation time step 
!:1t and the size of Te, because there is a maximum value of stability of !:1t2 

/ f.J, 

in the Verlet algorithm (see equation 2.76), Le., a sm aller electronic mass (and 
sm aller kinetic energy of electrons) leads to a shorter time step !:1t. 
It is important to note that the Newtonian dynamics of electron wave functions 
really jictitious. There is no physical meaning in the quantity f.J, and in the 
fast time scale. Only the time scale of ions has physical relevance; the small 
oscillations of the electrons around their (on the ionic time scale) instantaneous 
ground state is not a physical phenomenon. 

2.2.4 The Treatment of Metallic Systems and the Nose 
Thermostat 

For metallic systems the Fermi energy gap Eg doses and in formula 2.61 it is no 
longer possible to achieve the separation of time scales by choosing f.J, small. To 
keep the electrons dose to their ground state Blöchl and Parrinello [26J introduced 
the Nose thermostat [135, 136, 77, 137, 138J into the CP scheme. The main idea 
is presented in the following: 
For simplicity we confine ourself to a simple system governed by the equation of 
motion 

MR = -VV (2.62) 

1 Although Schrödinger's equation has to be solved to set up the potential, the dynamics 
generated is elassical for the electronic degrees of freedom, also. It is Newton's equation of 
motion (equation 2.58) that is integrated. The elassical adiabatic theorem only holds for a 
certain elass of systems to which the slow-fast systems under consideration belong, because the 
fast degrees of freedom are elose to their (instantaneous) minimum, i.e. ground state. It is not 
our aim to go into the details of this complicated mathematical problem. A more satisfactory 
account can be found in [142]. 
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The aim is to keep the system dose to a fixed average temperature Tav • In Nose's 
"extended system method" an additional degree of freedom s(t) is introduced. 
For a canonical formulation it is necessary to introduce virtual variables (qi,Pi,t) 
that are related to the real variables (q:,p~,t') by 

(2.63) 

The virtual variable formulation allows us to retain the canonical treatment via 
the Hamilton formalism. Within the real variable formalism additional force 
terms (friction terms) appear that evade an elegant treatment [136]. Nose pos­
tulated a Hamiltonian for the extended system of particles 

(2.64) 

where Tav is the externally set temperature and 9 will be explained below. From 
this Hamiltonian the equations of motion can be derived in the canonical way 
as it is described in [136]. Replacing the virtual variables by the real ones the 
equations of motion in their Lagrangian formulation become: 

(2.65) 

Using Cartesian coordinates {RI } and introducing x == Ins, the equations of 
motion assume a form in which they are easily interpreted 

.. . 
MIRI = -\7 Hf V - MlxRI (2.66) 

and 

[ 
1 :.,2 1 1 Qx = 2 ~ 2MIRI - 2gkbTav . (2.67) 

From 2.66 it is dear that x plays the role of a friction coefficient. Equation 2.67 
ensures that the kinetic energy of the ions oscillates around a set value ~gkbTav 
consistent with a temperature Tav when 9 is set equal to the number of degrees of 
freedom ofthe system, Le., 9 = 3N.2 Inserting real variables into the Hamiltonian 

2The total number of degrees of freedom is 3N + 1, because x constitutes an additional 
degree of freedom. That is the reason why the method is called "extended system method". 
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2.64 with x = Ins and noting that Ps = Qds / sdt' = Qdlns / dt' = Qx one easily 
sees that the energy 

(2.68) 

is conserved. 
The first simulations of metallic systems via CP used the thermostat for the ions 
and quenched the electrons back to their ground state after a certain amount of 
steps. A more systematic approach was introduced by Blöchl and Parrinello [26] 
who added a thermostat for the electrons, too. The electrons are kept dose to 
an energy Ekin,O. The proper choice of Ekin,O is discussed in [26]. If its value is 
too large, the electronic wave functions will depart from the Born-Oppenheimer 
surface and if itis too small, the electrons will be hindered in following the atomic 
motion and the motion will be retarded. 
The generalisation of the formalism to two heat baths is straightforward, the 
equations of motion become 

(2.69) 

and 
. .:. öE :., 

MIRI = - __ - MIX -RI. 
öRI(t) R 

(2.70) 

The last term of each equation is the friction term which couples wave functions 
and atom dynamics to the Nose thermostats for electrons and ions respectively. 
Together with the friction terms dynamical variables Xe and Xii were introduced 
which obey the equations of motion 

(2.71) 

and 

[ 
1 :.,2 3 1 

Qiixii = 2 ~ 2MIRI - 2NkbT , (2.72) 

where Ekin,O is the average kinetic energy of the electronic wave functions and 
~ NkbT is the average kinetic energy of the ionic degrees of freedom. The thermal 
fluctuations are governed by the masses Qe and Qk The conserved quantity 
corresponding to the equations of motion is 

Etot = ~"J~' (f', t)~( f', t )df' + ~ ~ MI 14 + Etot ( {1j)i}, {lII} ) 

+ ~QeX; + 2Ekin ,OXe + ~QRX:n2 + jkbTxk (2.73) 
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It can be shown that both the fictitious dynamics of the wave functions and of 
the ionic degrees of freedom are canonical with different, pre-set temperatures 
[26]. 

2.2.5 Applicability and Lirnitations of the Car-Parrinello 
Method 

As mentioned in section 2.2.1, CP dynamics will provide an improvement over 
classical MD for systems with highly directional, covalent bonding. Therefore, 
especially the liquid and amorphous phases of semiconductors as Si (see for ex­
am pIe [181, 153, 180]), Ge ([104, 185]) and GaAs ([205]) or covalently bonded 
systems as C ([56]) were investigated with this method. All these simulations not 
only demonstrate the usefulness but also show the limitations of the method. In 
the applications cited above the system sizes were small (54-64 atoms) and the 
simulation times short (:::; 10 ps). They show that the method is computationally 
very expensive, because 

1. the computation of the forces on the electrons is expensive 

2. the separation of the time scales leads to a small time step, typically 
10-17 ... 10-16 s 

3. the method scales as O(N3 ), N number of atoms, whereas classical MD 
scales as O(N1

) or O(N2
). 

These drawbacks lead to some limitations. The system sizes are very small com­
pared with classical MD. In the simulations presented in chapter 7 and 8 systems 
of 64-250 atoms have been treated. However, the systems with more than 100 
atoms are only tractable, because we can use local pseudopotentials (see 3). The 
sm all system sizes lead to finite size effects which are most substantial in metal­
lic systems where k-point sampling would be desirable (see following section). 
The short simulation times (ps range) preclude the method for the study of a 
wide range of chemical and biological systems where longer relaxation times are 
essential. 

2.2.6 Some Technicalities 

Since the details of the implementation oft he CP scheme are described in [29, 155] 
and the formalism for computing the total energy in [86, 85] we will rest riet 
ourselves to the most important points, the use of periodic boundary conditions, 
the integration scheme, and the orthogonalization. 
In our simulations the atoms are confined in a box. To avoid surface effects at 
the boundaries of the box periodic boundary conditions are used, i.e., the box 
is replicated throughout space. This replication of cells also is necessary for an 
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expansion of the Kohn-Sham orbitals {'l/Ji} and the electronic density in a discrete 
sum of plane waves. For a cubic box of length a the periodic boundary conditions 
restrict the wave vectors 9 to 

(2.74) 

For metallic systems where the electronic states are delocalized, one should allow 
for the wave function to extend over several replica of the box by introducing 
k-points. In general, the index i counting the orbitals 'l/Ji is a multi-index (m, k), 
where m numbers the solutions of Schrödinger's equation for fixed ki . The com­
putation of the electronic density n and the total energy Etot requires an integral 
over the Brillouin zone3 and the expansion of the orbital with index k is 

'l/Ji(f') = eik;.r'L Ci (g)ei9i ·r. 
9 

(2.75) 

Since the CP method is very time consuming and its applicability limited to 
small systems and short relaxation times (see section 2.2.5), most ab initio com­
putations restrict k-point sampling to the f-point only. This restriction imposes 
limitations, which are discussed in detail in chapter 7. 
For the integration of the equations of motion the Ver let algorithm is used 

'l/J(r, t + ßt) -'l/Ji(r, t - ßt) + 2'l/Ji(r, t) + (ßt? (-~ o'l/J~~ )) (2.76) 
M 2 i r,t 

R1(t + ßt) -R1(t - ßt) + 2R(t) - (ßMt? ~E . (2.77) 
1 oR1(t) 

One obtains these equations by writing the second derivative in Newtons's equa­
tions as second order differential quotient and solving for the quantity at time 
t + ßt. It is convenient to use a low order formula such as the Verlet algorithm, 
because it saves computer memory which is important with respect to the large 
number of plane waves (typically several thousands) in the expansion of the wave 
functions and the electronic density. 
The orthogonalization of the wave functions succeeds the integration 2.76. For 
the iterative minimization described in 2.1.4 usually the Gram-Schmidt algorithm 
is used in which a set of orthonormal wave functions 'l/J~ is obtained by 

j<i 

(2.78) 

3In principle, one has to include k-dependent weights in the individual terms of the fictitious 
kinetic energy. However, for a set of k-points with equal weights you can hide the weights in 
the electronic mass jl, and expression 2.57 is still correct. 
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The Gram-Schmidt scheme brings about a unitary transformation in the space 
of the occupied orbitals which leaves E tot ( { 'l/J }) unchanged; yet is not compatible 
with the kinetic energy term Te of the electronic degrees of freedom. To keep 
Te + Ti + V = constant another orthogonalization scheme must be used. Car 
and Parrinello applied the iterative scheme by Ryckaert, Ciccotti, and Berendsen 
[158], which is also described in [30, 57, 58]: Let 1[;i(f, t + flt) be the orbitals 
computed by the Verlet algorithm 2.76. Comparison with 2.58 shows that the 
application of the orthonormality constraints leads to 

'l/Ji(f, t + flt) = 1[;i(f, t + flt) + fl;2 ~ Ai,j'l/Jj(f, t). 
J 

(2.79) 

The orthonormality conditions ('l/Ji(f, t + flt)l'l/Jj(f, t + flt)) = Oi,j lead to the fol­
lowing matrix equation for the Lagrange parameters Ai,j 

XX+ +XB+B+X+ = 1-A, (2.80) 

where Xi,j = t5t2 
/ /lAi,j' Ai,j = \ 1[;i(f, t + flt)l1[;j(f', t + ßt)), and 

Bi,j = \ 'l/Ji(f, t)l1[;j(f, t + flt)). Then equation 2.80 is solved iteratively 

~ [1 - A + x(n-l) (1 - B) + (1 + B) x(n-l) _ x(n-l)2] 

1 "2 (1 - A) . (2.81) 
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Figure 2.3: Flow Chart of an ab initio MD run 
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Chapter 3 

Pseudopotentials for Hydrogen 
and Helium 

As described in section 2.1.3, the major advantage ofthe pseudopotential method 
is to avoid the explicit treatment of the core electrons and to allow for an expan­
sion into a manageable number of plane waves. However, the elements Hand He 
only have valence electrons. In the following we justify the use of pseudopotentials 
for these elements and discuss the peculiarities involved. Our pseudopotentials for 
Hand He are shown in figure 3.1. The cutoff Tc beyond which the pseudopotential 
and the true Coulomb potential coincide was 0.3 a.u. for Hand 0.6 a.u. for He. 
The pseudopotentials shown were applied for a maximum density of T s = 1.0. 
(For our simulations at T s = 0.5 we generated a H pseudopotential with Tc = 
0.25.) It is instructive to compare these values with the minimum distances be­
tween the individual atoms occurring in our simulations. The statistical measure 
for interatomic distances is the pair correlation function (see section 7.1). Since 
we are interested in the lower bound for the distance between atoms the relevant 
pair correlation functions are those for the highest temperature where the kinetic 
energy allows the atoms to come doser together than for lower temperatures. 
The H-H pair correlation function is zero for distances smaller than about 0.85 
a.u., i.e., the probability to find two H atoms with a sm aller distance vanishes 
(figure 7.2). The corresponding values for the H-He pair correlation function 
of the mixture and the He-He pair correlation function of the pure system are 
roughly 1.2 a.u. and 1.6 a.u. (figures 8.1 and 8.2). These values are significantly 
larger than the cutoff radius, i.e., Tc is chosen small enough with a vengeance for 
the atoms to feel the "true" Coulomb potential. The pseudopotential provides 
an adequate description, because configurations of the system where two atoms 
come dose enough for the pseudopotential to differ from the Coulomb potential 
have virtually zero probability in phase space. 
An obvious alternative to the use of pseudopotentials for Hand He is the direct 
application of the Coulomb potential. It has been used in several computations, 
for example in [100J. Pseudopotentials have two advantages in combination with 
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Figure 3.1: The pseudopotentials V ofH (solid line) and He (dashed line) together . 
with the "true" Coulomb potentials (dash-dotted and dotted line). The cut off 
radii for the pseudopotentials were r c = 0.3 a.u. for Hand Tc = 0.6 a.u. for He. 

plane wave codes: Because of the singularity at the origin it is impossible in 
a plane wave expansion to achieve complete convergence for the solutions of 
a Schrödinger equation with a (1fr)-potential. Thus the expansion has to be 
truncated. For the bare Coulomb potential the truncation consists of choosing 
an energy cutoff for the expansion in plane waves whereas in the pseudopotential 
approach a cutoff radius r c is defined beyond which pseudopotential and Coulomb 
potential are identical (see section 2.1.3). The truncation in the pseudopotential 
method is better controlled than for a 1fr-potential: 

• A pseudopotential can be converged with a manageable number of plane 
waves. Usually, the expansion comprises all plane waves with a kinetic 
energy smaller than a chosen energy cut off. For a pseudopotential the 
physical quantities will not change with a further increase of the number of 
plane waves if the cutoff is high enough. The energy cutoff where complete 
convergence is achieved represents an upper bound for the number of basis 
functions needed in the simulation. With a 1fT-potential this strict criterion 
is missing. 



Table 3.1: Binding energy Eb (eV), bond distance req 
(a.u.) and vibration frequency veq (cm- I ) for H2. Two 
LDA pseudopotential ca1culations are compared with 
the experimental numbers. The plane wave cutoff en­
ergy for the electronic wave functions in this work was 
50 Ry (Martins-Troullier pseudopotential), in [75]60 Ry 
(Bachelet-Hamann-Schlüter pseudopotential). The ex­
perimental value was taken from [93]. 

Eb(eV) 
req(a.u.) 
veq(cm- I

) 

TM 
4.83 
1.46 
4100 

BHS 
4.82 
1.46 
3980 

Expt. 
4.78 
1.40 
4395 
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• The pseudopotentials were constructed to be norm conserving, i.e., pseudo 
and "true" wave function give the same charge when integrated over the 
region where the pseudo wave function differs from the true one. However 
in a truncated Coulomb potential norm conservation is not explicitly built 
in and errors will be induced into the norm of the wave function due to the 
expansion into a finite number of plane waves. 

Thus the use of a pseudopotential seems to be preferable over a 1fr-potential. 
Because of the missing core the pseudopotentials of Hand He are comparatively 
stiff and require a high cutoff energy. We tested the pseudopotentials by com­
puting bond distances and bond energies of the H2- and He2-dimers and found 
50 Ry to be sufficient (see tables 3.1 and 3.2). With an energy cutoff of 50 
Ry we are able to reproduce (within reasonable accuracy) previous ca1culations 
performed in the framework of DFT fLDA. The comparison with the experimen­
tal data shows that the model (LDA) does not provide a good description for 
the He dimer whereas the results for the H dimer compare weH with experiment. 
The reason for this discrepancy in the theoretical and experimental results for 
the He dimer is the inadequate treatment of the exchange correlation term. The 
two electrons of a He atom fiH the ls-orbital, i.e., He has a closed-sheH struc­
ture. The He atoms interact merely via induced dipole-dipole (van-der-Waals) 
interaction which are intrinsicaHy non-local and evade a local approximation for 
the exchange-correlation term. A more complete quantum chemical appro~ch is 
provided by configuration interaction (CI) ca1culations which compare weH with 
experiment but are prohibitively expensive [93]. It is a generic feature of the local 
density approximation that interactions between closed-sheH systems are not weH 
described. One special case is the H2-H2 interaction at ambient pressure. Thus 
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Table 3.2: Binding energy Eb (i.e., potential weIl depth) 
(eV) and bond distance req (a.u.) for He2. The LMTO 
result and the experimental value were taken from [90]. 
Any purely local approximation in DFT describes van 
der Waals-interaction and therefore the He dimer poorly. 
The interest in the present study lies with the repulsive 
branch of the potential, and a faithful description of the 
shallow binding region is performed for test purposes 
only. 

TM 
0.01 
4.45 

LMTO 
0.01 
4.55 

Expt. 
0.001 
5.86 

Hand He are difficult to treat within DFT /LDA. However, the situation changes 
substantially in the high-pressure regime. The applicability of the method is 
drastically better for high densities (see chapter 5). 



Chapter 4 

Molecular Dissociation in a One 
Dimensional System 

In this short chapter a simple model is presented to provide a qualitative in­
troduction to the more sophisticated (and quantitative) simulations later. Here 
we consider a linear, one-dimensional chain of H atoms and compute the ground 
state geometry. For low densities the ground state arrangement consists of aligned 
molecules with an intermolecular distance too large for the molecules to influence 
each other, Le., a chain of free molecules. When the density increases the charge 
distributions of the individual molecules overlap. Two lengths, the inter- and 
the intramolecular distance, change as a function of density. The ground state 
configuration is completely characterized by these two lengths. FinaIly, for high 
densities the repulsive part of the H potential dominates and the H atoms will 
be equidistantly distributed, i.e., at some point a phase transition from a molec­
ular to an atomic system occurs. It will be seen that this phase transition shows 
some qualitative features of the "real" H system. Of course other characteristics, 
especially the orient at ion of the molecules, are not represented. 
The state ofthe system is defined by the density, which is measured in atoms/(a.u.). 
Within DFT /LDA we computed the bond length of the free molecule. The LDA 
result is 1.46 a.u. (see table 4.1), somewhat larger than the experimental result 
of 1.40 a.u. If the intramolecular distance remained rigid for increasing den­
sity the transition to an atomic chain would occur at a density of 1/1.46 ~ 0.68 
atoms/a.u. In the molecular solid at ambient pressure the intermolecular distance 
is 7.18 a. u. As mentioned in chapter 1.1, the charge distributions of the molecules 
in the solid hardly overlap and the molecules are essentially free. Therefore, 0.68 
atoms/(a.u.) and 2/7.18 ~ 0.28 atoms/(a.u.) provide two extremes between 
which the dissociation is likely to take place. We performed short static and dy­
namic computations with 5 molecules per unit cell (and r-point only) for densities 
of 0.4, 0.5, 0.56, 0.57, 0.59, 0.63, 0.71, and 0.83 atoms/(a.u.) and investigated 
the dissociation of the molecules. 
A good starting point for the following discussion are the inter- and intramolecu-

67 



68 CHAPTER 4. DISSOCIATION IN A ONE-DIMENSIONAL SYSTEM 

lar distances as a function of density (see table 4.1). In the first column the values 

Table 4.1: Calculated intramolecular (dB ) and intermolecular (dI ) distances 
for a variety of densities p. 

p (atoms/(a.u.)) o. 0.4 0.5 0.56 0.57 0.59 
dB (a.u.) 1.46 1.47 1.49 1.55 1.60 1.70 
dI (a.u.) 00 3.53 2.51 2.05 1.90 1.70 

for the free molecule are shown. It is not surprising that intermolecular distances 
decrease with increasing density. The result for the intramolecular distances de­
fies intuition. The molecules do not stay rigid, nor does the higher density (and 
pressure ) reduce their bond length. The intramolecular distance increases, first 
slightly, but eloser to the dissociation density the expansion of the molecules ac­
celerates. At 0.59 atoms/(a.u.) (and for the higher densities that are not shown) 
inter- and intramolecular distances are equal, i.e., the system is atomic at a den­
sity substantially smaller than our first estimate of 0.68 atomsj(a.u.). Clearly, 
this trend is not readily explained and it is instructive to examine the changes in 
the electronic density. 
In figure 4.1 the charge density of an individual hydrogen atom, of a free hydro­
gen molecule, and the molecule with the atomic charge densities subtracted are 
shown. Let us examine the change of the charge difference density under pres­
sure. In figure 4.2 the charge densities for p = 0.4, 0.57, and 0.59 atoms/(a.u.) 
are plotted. The atomic densities were subtracted. For the smallest density, 
0.4 atomsj(a.u.), the charge peaks corresponding to the individual molecules are 
elose to the charge density of the free molecule. They are weIl separated, exhibit 
a small cusp and the (slightly depleted) charge density between the individual 
peaks is nearly constant. When p increases the cusp becomes more pronounced 
and the peaks widen (corresponding to the increased bond distance) and overlap. 
Between p = 0.57 and 0.59 atomsj(a.u.) the charge density changes drasticaIly, 
the molecular peaks split in two and the system becomes atomic. For p ;::: 0.59 
the charge density oscillates with peaks at the positions of the atoms. 
Obviously, elose to the transition to an atomic system small changes in the den­

sity result in large changes in the electronic properties and ionic arrangement. To 
understand this effect it is helpful to investigate the potential surface elose to the 
minimum energy configuration. For the quantitative description we introduce the 
displacement x from the fully symmetrical geometry, i.e., a linear chain of equally 
spaced atoms (see figure 4.3). When the intramolecular distance is increased 
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Figure 4.1: Electronic charge densities of the hydrogen atom, the hydrogen 
moleeule and the moleeule with the atomic eh arges subtracted. The atoms are 
represented as open cireles. 

the potential rises until all atoms are equally spaced (open cireles in figure 4.3). 
At that point the constituent atoms in the moleeules change partner to form new 
molecules. For this simple model the potential curves are symmetrie with respect 
to equal spacing, i.e., x = 0, because the different minima merely correspond to 
an exchange of the bonding partners. The curves were fitted to the leading terms 
in a Taylor expansion j (x) = a + ß . x2 + 'Y . x4

, where the origin is the reRection 
symmetry point of the potentials (Le., x = 0 in figure 4.4). Glose to dissociation 
the simple model exhibits two features that are also typical of the 3-dimensional 
simulations (figure 4.4): 

1. The potential curves have a Rat region elose to x = O. Only a small energy 
barrier has to be overcome to reach a new minimum. It is specific to this 
model that the geometries and the energies of the different minima are 
identical. As will be seen in chapter 6, in the regime of the dissociation 
of the moleeules energy minima exist with comparable energies, but very 
different geometries. We believe the situation to be qualitatively similar to 
this model, i.e., very Rat regions of the energy surface exist and only small 
energies are needed to change the geometries significantly. 

2. In the regime of the dissociation of the moleeules the potential is very 
anharmonic. The ratio of'Y to ß in the fit formula j(x) = a + ß· x2 + 
'Y' x4 is about 10:1 for p = 0.56 atoms/(a.u.) and about 25:1 for p = 0.57 
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Figure 4.2: Electronic charge densities of a linear chain of hydrogen molecules at 
density p = 004, 0.57, and 0.59 atoms/(a.u.). The atoms are represented as open 
cirdes. 

atoms/(a.u.) and 0.59 atoms/(a.u.), Le., the quartic term will dominate 
over the quadratic one already at small x. This anharmonicity is due to 
many-body effects that are responsible for the fact that simple models, 
such as the pair potential approach, fail to provide a good description in 
this regime (see the discussion in chapter 5). 

In figure 4.5 the potential is shown for p = 0.63, 0.71, and 0.83 atoms/(a.u.). 
With increasing density the potential grows stiffer and less anharmonic. In the 
high density limit the repulsive part of the potentials dominate. 

The fiattening of the potential is refiected by a weakening of the vibrational 
frequencies. In table 4.2 the vibrational frequencies for some densities are shown. 
Contrary to p = 004 atoms/(a.u.) where the frequency is only little lower than 
in the free molecule the weakening is substantial dose to the dissociation. This 
result is easily understood with regard to the softer potential and the increased 
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X displaeement from symmetrie arrangement 

o intramoleeular distanee = intermoleeular distanee 

x 

O~'----'~O O~'----'~O 
Figure 4.3: Definition of displaeement x. The open eirdes denote the symmetrie 
arrangement where intramoleeular and intermoleeular distanees are equal. The 
length x is the displaeement from the fully symmetrie geometry. 

bond length dose to the moleeular-atomie transition. 
This trend of deereasing frequeneies with inereasing density is eonsistent with 

Table 4.2: Vibrational frequeneies A (ern-I) as a function of density p 

(atoms/a.u.). 

p o. 0.4 0.5 0.56 0.57 
4120 3980 3390 2260 1420 

the experimental picture (see figure 1.5 in ehapter 1.1). 
Finally, it is interesting to note that the energy gap between the highest oeeupied 
and lowest unoeeupied eleetronie state deereases from 10.1 eV at p = 0.4 to 4.3 
eV at p = 0.83 atoms/(a.u.). The deerease of the gap indieates the density 
dependenee of the eleetronie structure. We will address the pressure dependenee 
of the eleetronie strueture in ehapter 7 and demonstrate there that H metallizes 
in the regime of the moleeular-atomie transition. 
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Figure 4.4: Potential curve V(x) for p = 0.56 (solid line), 0.57 (dashed line), and 
0.59 (dotted line) atoms/a.u. The abscissa shows the intramolecular distance 
for x sm aller than zero. For x = 0 all the atoms are equally spaced. Negative 
and positive x values correspond to different pairing of the atoms. (Of course 
the situation is different for p = 0.59 where the moleeules no longer exist. The 
abscissa simply denotes the deviation from the minimum.) 
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Figure 4.5: Potential curve V(x) for p = 0.63 (solid line) , 0.71 (dashed line) , 
and 0.83 (dotted line) atoms/(a.u.). The abscissa shows the deviation from the 
minimum. The figure demonstrates the growing stiffness of the potential with 
increasing density. 
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Chapter 5 

Equations of State at High 
Pressures 

As argued in the previous chapter, DFT/LDA cannot provide a good description 
of the He-He and H2-H2 interactions for low pressures. In chapter 4 a qualitative 
picture of a pressurized H2 system was presented. When the pressure increases 
the wave functions overlap and the nature of the bonding gradually changes from 
van-der-Waals type to covalent. A furt her increase in the pressure ionizes the 
atoms and the system becomes metallic. Finally, in the limit of infinite pres­
sure the electronic and ionic systems decouple, i.e., the electron-ion interaction 
becomes negligible in comparison with the electron-electron and ion-ion interac­
tion. Thus for very high pressures the electrons are virtually free and the LDA 
(which assurnes the functional form of a homogeneous electron system) becomes 
exact. The same qualitative picture is true for He. Hence the errors stemming 
from the LDA, which are the cause for the inadequate treatment of van-der-Waals 
interactions eventually decrease to zero, and it is reasonable to expect DFT /LDA 
to provide a better description for Hand He at high pressures. The aim of this 
chapter is twofold. On one hand we investigate quantitatively the accuracy of 
LDA for elevated pressures and justify the application of this approximation in 
the density range we studied (T s = 1.5 - 0.5 for Hand Ts = 1.31 - 1.0 for He and 
H-He). On the other hand we show that it is necessary to apply an ab initio po­
tential. Simpler, empirical potentials will not provide a quantitative description 
at high pressures if they are fitted to experimental pressure data. Our gauges are 
the equations of state for Hand He. 
For low press ures H2 and He two-body interaction potentials are often fitted to 
experimental and/or theoretical data. For a crystal lattice the internal energy is 
readily obtained from the potentials via 

1 L --- ---U= - V(H -H) 2 1 J , 

RiepRj 

(5.1) 
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where {Ri } are the lattice sites in the crystal and V(Ri -Rj ) is the interatomic (or 
intermolecular) pair potential. For our computations with empirical potentials 
we used hcp, fcc, and bcc lattices. The differences in the equations of state are 
very small, except for the very high pressure range where bcc is favored. A simple 
form for V is the Lennard-Jones potential (see 2.50). For H2 a Lennard-Jones 
potential (and some other simple, empirical potentials) can be found in [171] 
(Lennard-Jones parameters: E/kb = 36.7 K and (J = 2.96 A) and for He in [73] 
(Lennard-Jones parameters: E/kb = 10.22 K and (J = 2.556 A). These potentials 
were fitted to experimental data at low pressures. The Lennard-Jones form for 
the potential is known to be far too inflexible in fitting both low- and high­
pressure data [171, 71]. Nevertheless, we applied these Lennard-Jones potentials 
to compute the equations of state of Hand He at high pressures. Our intention 
was to learn what a "naive" application of a simple, empirical potential amounts 
to. We find that at pressures of about 20 GPa where experimental data are 
still available the pressure computed with Lennard-Jones potentials is too high 
by a factor of 2-3 and for the Mbar pressures they give at least an order of 
magnitude higher pressures than more realistic potentials. The reason is easy to 
see. In the limit of very high pressures the electronic and the ionic degrees of 
freedom decouple. Then the total energy is the sum of the energies of the free 
electron gas and a ion lattice within a homogeneous background. The leading 
terms of the free electron gas in the high press ure limit are the kinetic (1.105/r; 
a.u.) and the exchange contribution (-0.458/rs a.u.). The energy of the ion 
lattice is CiM • e2 /roa.u., where ro is the next neighbor spacing and CiM is the 
Madelung constant. Therefore, the leading contributions of the total energy 
scale as E rv a .1/rs + b .1/r; in the high pressure limit. Obviously, the repulsive 
part of the Lennard-Jones potential rv 1/r12 is far too stiff for high pressures and 
doomed to overestimate the press ure enormously. 
For higher pressures more realistic empirical potentials were designed (see [171] 
and especially [71], where a detailed discussion of empirical potentials for high 
pressure molecular H can be found). We chose the simplest of these potentials to 
compare with our ab initio results, the exponential-six (EXP-6) potential 

For H we used the parameters E/kb = 36.4 K, R = 3.43 A and Ci = 11.1 [157] 
and for He the parameters E/kb = 10.8 K, R = 2.9673 A and Ci = 13.1 [202]. 
In these EXP-6 potentials the parameters E and R were determined from exper­
imental results at low pressures (see [157, 17] for Hand [202] for He) whereas Ci 

was chosen to give good results at high pressures (for H Ci was derived from ab 
initio calculations of the repulsive H2-H2 interactions and for He Ci was fitted to 
experimental data up to 10 GPa). 
As mentioned in section 2.1.2, gradient corrections provide in many cases an im-
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provement over the LDA. In LDA the mutual influence of density fluctuations at 
different places are neglected. The gradient of the density contains some informa­
tion about the density fluctuation of spatially elose regions (gradient corrections 
are sometimes referred to as semilocal approximations). We expect them to pro­
vide a better description where the interactions of the chemical units have a 
van-der-Waals contribution. Therefore, we have computed the equation of state 
with gradient corrections in addition to the LDA calculations. For the exchange 
part we used the gradient corrections by Becke [18, 19] and for the correlation 
contribution an expression developed by Perdew [145]. 
For our calculations on H in the molecular phase we used an orthorhombic unit 
cell with two H2 molecules on the positions of an hcp lattice sites and optimized 
orientation andbond lengths ofthe molecules. The c/a ratio was kept at the ideal 
value of -f873. For the atomic phase a bcc lattice was assumed. The Brillouin 
zone was sampled with 10 Chadi-Cohen points [35]. Convergence tests performed 
by increasing the number of k-points show that the error in the estimate of P is 
10 % up to about 100 GPa for Hand 1000 GPa for He. Close to the metalliza­

tion pressure the accuracy of our computation decreases rapidly as more k-points 
become necessary to sampIe the complex Fermi surface of a metal. Experimental 
data are available up to the GPa regime. The computed equations of state are 
compared with x-ray data of [71] in figure 5.1. The LDA curve is a bit too soft. 
The semilocal gradient corrections provide a better description. The EXP-6 po­
tential agrees weIl being only slightly too stiff. As discussed in [71], attractive 
many-body forces (corresponding to a softening of the intramolecular potential) 
begin to playa role in this pressure range. For this reason two-body poten­
tials are expected to overestimate the stiffness of the equation of state. Hemley 
et al. [71] added to another potential for high pressures, the Silvera-Goldman 
potential [172], an ad hoc attractive term to account for the many-body forces. 
This corrected potential reduced the overestimat~on by the EXP-6 potential. It is 
not our aim to discuss the different empirical forms for a H2 potential. Indeed it 
is not surprising that one can improve the description by adding some fit param­
eter in a reasonable way (the Lennard-J on es potential has 2 fit parameters, the 
EXP-6 potential 3, the Silvera-Goldman potential 7, and the corrected form of 
[71] 9). Despite their correction terms all these potentials fail at higher pressures, 
because they cannot describe the dissociation of the molecules properly and are 
not suited for the atomic phase. At press ures beyond which experimental data 
are available the gradient correction curve is a benchmark for the quality of the 
LDA computations. Figure 5.2 extends the equation of state to high er pressures. 
Equations of state computed with LDA (solid line) , gradient corrections (dashed 
line), EXP-6 potential (dotted line) , and Lennard-Jones potential (dashed-dotted 
line) are presented. In the Mbar press ure range the deviations of the gradient 
correction and LDA curve is smaller than the finite-size error by the k-point sam­
pling. Therefore, we believe that the LDA allows a quantitative treatment of H 
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Figure 5.1: The equation of state of H2 computed with LDA (solid line) , the 
gradient corrections of [18, 19J (exchange) and [145J (correlation) (dashed line) , 
and the empirical EXP-6 potential of [157J (dotted line) compared with the ex­
perimental results of [71 J (diamonds ). 

in the high pressure regime. The EXP-6 is substantially stiffer than the ab initio 
curves (about 50 GPa or 20 % of the LDA curve at 2 cm3/mol) in the molecular 
range. This softening is due to a change in chemical bonding of the molecules 
that is lacking in the EXP-6 curve. For higher pressures in the atomic regime 
the trend is reversed. The EXP-6 potential was fitted to reproduce the repulsion 
between H2-molecules and does not describe the stronger repulsion of H-atoms 
properly. The Lennard-Jones form (dashed-dotted line) proves to be completely 
inadequate. The two experimental points at low pressure indicate where the pres­
sure range accessible to reliable structure experiments, such as x-ray or neutron 
scattering ends. 
We fitted the P-V data for H to a phenomenological equation of state, the Birch­
Murnaghan equation [23, 24, 25J 

(5.3) 
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Figure 5.2: The equation of state of H in the high-pressure regime computed 
with LDA (solid line) , gradient corrections (dashed line) , empirical EXP-6 po­
tential (dotted line) , and the Lennard-J ones potential of [171] (dashed-dotted). 
Experimental data are represented by diamonds. Hemley et al. [71] fitted their 
experimental data to a Birch-Murnaghan equation of state (long dashes). 

where f is the Eulerian strain, f = ~[(Vo/V)2/3 - 1], and 

a ~ (K' - 4) 2 0 , 

b 3 [ 11 , (' ) 143 ] "2 KoKo + K o Ko - 7 + 9 . (5.4) 

The fit can be used to obtain the bulk modulus K~ and its pressure derivatives 
K~ and K~. If the equation of state is truncated at third order (b = 0), K~ 
is constrained by KoK~ = _(K~)2 + 7 K~ - 143/9. Hemley et al. [71] investi­
gated the quality of several phenomenological equations of state in fitting their 
experimental high pressure H data. We compare their fit to a third order Birch­
Murnaghan equation of state in the pressure regime of 5.4-26.5 GPa with a fit 
to our LDA results from 10-100 GPa. (We restrict ourselves to apressure range 
where H is unambiguously molecular. Phenomenological equations of state like 
the Birch-Murnaghan equation are not suited to account for the dissociation of 



80 CHAPTER 5. EQUATIONS OF STATE AT HIGH PRESS URES 

molecules.) The result is shown in table 5.1. With regard to the error induced 

Table 5.1: Bulk modulus K o and its derivatives K~ and K~ obtained from 
theoretical LDA computations in comparison with a fit to experimental results 
of [71]. 

Va (cm3/mol) 
LDA 23.00 
Expt. 23.00 

K o (GPa) 
0.182 
0.362 

K' o 

5.35 
4.71 

K Kif o 0 

-7.06 
-5.1 

Pressure range (GPa) 
10-100 

5.4-26.5 

by LDA in the low pressure regime the fit parameter obtained by the fit to the 
experimental data agree reasonably weIl with our result. Since our fit is poor 
the agreement is fortuitous. The third order Birch-Murnaghan equation is too 
inflexible to provide an accurate fit across this wide pressure range (see also figure 
5.2 where the Birch-Murnaghan equation of [71] is applied to pressures above the 
experimental values). Using the fourth order form ofthe Birch-Murnaghan equa­
tion we found unphysical results for the bulk modulus and its derivatives. This 
corroborates the conclusions we drew from the comparison of different equations 
of state (figures 5.1 and 5.2). Empirical fit expressions are not flexible enough to 
be applied to H across a wide pressure range. For the Birch-Murnaghan equation 
the limited applicability is comfirmed by Hemley et al. [71]. They combined their 
high pressure data with experimental low-pressure data and found the P - V 
data to be not weIl represented by a third-order Birch-Murnaghan equation. The 
fourth-order parametrization led to unphysical results. 
The static computations on Hand He in this chapter lend credibility to our be­
lief that the main error source of DFT /LDA computations at In our ab initio 
computations for He we considered the conventional unit cells with four atoms 
and hcp and fcc structures. The Brillouin zone was sampled with 10 Chadi­
Cohen points [35]. In figure 5.3 computed equations of state are compared with 
the experimental data of [117]. The LDA curve (dashed) is too soft as for H2 

in the same pressure regime. The error due to the local approximation of the 
exchange-correlation part is mostly corrected by the gradient correction curve, 
which underestimates the pressure only slightly. The empirical EXP-6 calculation 
[202] provides a good equation of state at this pressure. For the determination of 
the fit parameters of the EXP-6 potential experimental data up to 10 GPa were 
used. Therefore, it is not surprising that at the somewhat higher pressures in fig­
ure 5.3 the description is still good. The last curve (dash-dot-dot) was computed 
by Young, McMahan, and Ross [202] with a DFT scheme, the linear-muffin-tin-
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Figure 5.3: The equation of state of He in the high-pressure regime computed 
with LDA (solid line) , gradient corrections (dashed line) , the empirical EXP-
6 potential of [202J (dotted line) , and a DFT calculation [202] where the X-a 
approximation was used for the exchange contribution (dash-dot-dot). Experi­
mental data are represented by triangles. 

orbital (LMTO) method. The exchange contribution is represented by Slater's 
X-a term, 

E;-a = -~aC J din(f)4/3, (5.5) 

where n(f) is the one-particle density and C = 3(3/471")(1/3). For a = 2/3 the 
exchange density at a point i is equal to that one of a homogeneous system of den­
sity nhom = n(f). Usually, ais chosen dose to this value. Correlation is neglected. 
The X-a computations of Young, McMahan, and Ross were complementary to 
their EXP-6 calculations and published in the same paper [202J. The free param­
eter a was fitted to reproduce the EXP-6 equation of state at about 10 GPa (the 
EXP-6 potential for its part was fitted to experimental data at pressures up to 
10 GPa). The chosen value for a was 0.6105. The correlation contribution scales 
only with lnTs in the high pressure limit whereas the exchange part has a I/Ts 

scaling. Thus the exchange contribution dominates in the exchange-correlation 
part and the LMTO calculations of Young, McMahan, and Ross provide a good 
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description in the high pressure limit, because their value for a (0.6105) is not 
far from 2/3. Figure 5.4 shows the equation of state of He for higher pressures. 
In the Mbar regime the LDA, gradient corrections, and LMTO curves are very 
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Figure 5.4: The equation of state of He in the very high pressure regime com­
puted with LDA (solid line), gradient corrections (dashed line), empirical EXP-6 
potential (dotted line), a DFT calculation with the X-a approximation for the 
exchange contribution (dash-dot-dot), and the Lennard-Jones potential of [73J 
(dashed-dotted line). Experimental data are represented by triangles. 

elose. The differences are smaller than the error induced by the k-point sampling 
(10 %). In this pressure range a local description is adequate. From the good 
agreement with the X-a we deduce that the exchange part dominates the corre­
lation contribution and we believe that all three ab initio computations provide 
an accurate description. However, the EXP-6 curve is too stiff for high pressures, 
because it does not account for the increase of attractive many-body forces at 
high pressures. It is an example that the predictive power of empirical potentials 
is very limited (concerning accuracy and reliability) for conditions different from 
those under which the fit data were obtained. Young, McMahan, and Ross [202J 
provide a correction term to their EXP-6 potential that allows them to reproduce 
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their LMTO data at high pressures. Their work nicely demonstrates the differ­
ence between ab initio and empirical potentials. A simple empirical potential 
can be determined only aposteriori, Le., when experimental or ab initio data 
are available as a data base for fitting. Finally, an equation of state computed 
with the Lennard-Jones potential for He is presented. This potential was fitted 
to data at much lower pressures. It is not surprising that it fails completely to 
provide a reasonable agreement with the other results. 
The static computations on Hand He in this chapter lend credibility to our be­
lief that the main error source of DFT /LDA computations at ambient pressure, 
the local approximation of the exchange-correlation contribution (LDA), in duces 
only a small error at high pressures. Aside from the LDA there are three other 
sources for errors, namely (in the order of decreasing importance) 

• the finite size of our system and the restricted k-point sampling (only the 
f-point was used for the finite temperature calculations), 

• the treatment of the ions as classical particles, 

• and the adiabatic approximation, i.e., the assumption that the electrons 
are in their instantaneous ground state. 

The first, in particular, but also the second source for errors mean by far more 
substantiallimitations for the high-pressure regime than the LDA, as is discussed 
in chapter 7. 
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Chapter 6 

Structures of Hydrogen at High 
Pressures and Low Temperatures 

As discussed in seetion 1.1.4, the ground state structure of H in the pressure 
range from 42-1000 GPa is a much investigated, yet unsolved problem. It is of 
major importance to solve this problem in order to find the low temperature met­
allization pressure of Hand the pressure of the molecular-atomic transition. Both 
strongly depend on the assumed ground state structure (see our introductory dis­
cussion in 1.1.4). In this section our results are presented for T s = 1.5, 1.31, 1.2, 
1.0 and 0.5 corresponding to pressures of P = 1.5, 4, 6, 24, and 110 Mbar. In all 
our computations we treated the ions as dassical partides, i.e., their zero point 
motion was neglected. In addition the energy resolution of our computations is 
not high enough for a quantitative energetic ordering of very dose structures (less 
than 0.01 e V I atom apart). Therefore, some of our results represent suggestions 
or trends rather than definitive answers. 
In the discussion we stick not to the logicalorder but start with T s = 1.31 and 
then proceed to T s = 1.5, 1.2, 1.0 and 0.5, because our proposition for a ground 
state structure at T s = 1.5 is derived from the result at Ts = 1.31. The result at 
the lower pressure will be better motivated if it succeeds the higher one. 
Our starting point for calculations on pure H at T s = 1.31 was a molecular hcp 
lattice with ideal cl a ratio. The orientation and the intramolecular distance was 
taken from the hcp-like structure found by Hohl et al. [75]. Local relaxation of 
the starting structure produced a new structure, which - as will be seen below 
- proved to be our best suggestion for the ground state structures of H at T s 

= 1.31. The structure is built up of strings of atoms. We introduce a coordi­
nate system to describe the structure. Let the x-axis be aligned parallel to the 
strings. A schematic sketch of the y-z plane is given in figure 6.1. The strings 
are represented as open and filled squares. They form a triangular lattice. The 
next neighbor distance between strings is drawn with solid lines. The average 
value for this distance is 2.673 a.u. As will be argued below, the strings can be 
viewed as composed of "molecules" with identical orientations. Thus the strings 
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Figure 6.1: Schematic diagram of the string structure at T s=1.31. The strings 
(filled and open squares) run perpendicular to the diagram. The strings rep­
resented by filled squares are displaced by 1.495 a. u. with respect to the other 
strings. The next neighbor distance between different strings (solid lines) is 2.673 
a.u. 

are symmetrie with regard to a translation in the x-direction by the center of 
mass distance between two neighboring "molecules". The average of this dis­
tance was 2.99 a.u. The strings represented by solid squares are displaced by 
half this length (Le., 1.495 a.u.) with respect to the other strings. In figure 6.2 
a physical picture (Le.,the circles correspond to real atomic coordinates in our 
simulation) of the x-y plane is given. The main characteristic of this structure 
is that the next neighbor distance (the average is 1.58 a.u.) is very close to the 
second next neighbor distance (average 1.60 a.u.). In figure 6.2 this has been 
emphasized by choosing the cutoff for drawing the bonds larger than the second 
next neighbor distance distance. In spite of the small difference of 0.02 a.u. next 
and second next neighbor distance can be unambiguously distinguished. Across 
the density range of T s = 1.31 to 1.5 the molecules are gradually dissolving. Both 
the string structure and the other, sh-like structure we found at T s = 1.31 (fig-
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Figure 6.2: Physical picture of one x-y plane of the string structure at T s = 

1.31. First and second next neighbors are connected with bonds. The difference 
between first and second next neighbor distances are very small (0.02 a.u.). Thus 
the entities of which the structure is composed are elassified as "strings". 

ure 6.8) are characterized by two different lengths, the shorter corresponding to 
the dissolving molecules. In spite of the remnants of moleeules these structures 
should be referred to as "atomic" rather than "molecular". As will be seen be­
low, these structures are qualitatively different from "true" molecular structures 
(see the comparison of the string-structure and mhcp-o for T s = 1.5). The first 
and second neighbor distances are very elose so that at low temperatures the two 
distances are indistinguishable. (For example, in the pair correlation function 
of the string structure at T s = 1.5 and 50 K first and second neighbor distances 
have completely merged.) For simplicity we will address next neighbor pairs of 
these structures as "molecules" where the apostrophes signalize that the struc­
tures should rather be elassified as atomic. Figure 6.3 demonstrates the existence 
of "molecules" in the string structure at T s = 1.31. The electronic density of five 
atoms belonging to one of these strings is shown in a plane that intersects their 
centers of masses. It can be seen that slightly stronger and weaker bonds al­
ternate. The stronger bonds can be identified as "intramolecular" bonds. The 
strings and the composing "molecules" form an angle of 20.1° and the angle of 
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Figure 6.3: Electronic density p of five atoms belonging to one string in a plane 
intersecting the string. It can be seen that (slightly) stronger and weaker bonds 
alternate. 

the "molecules" with the z-axis is 78.2° (average values; the standard deviations 
are 1.2° and 0.9°, respectively). 
In figure 6.4 the entire cell with 128 atoms is shown. As mentioned above, this 
structure was a product of a local relaxation and its stability has to be verified be­
fore it may be regarded as a reasonable candidate for the ground state structure. 
Therefore, we performed an extended MD simulation (rv 2 ps) at finite temper­
atures (up to 1000 K) and quenched down to 0 K. The quench was performed in 
small temperature steps to give the atoms time to find their energetically favored 
positions ("simulated annealing"). The resulting configuration at 0 K is shown 
is figure 6.5. The structure has a lot of defects but some tendencies are obvious. 
It consists of 5 layers. In figure 6.6 the middle layer is shown in which the atoms 
are symmetrically arranged. From figure 6.6 it is easy to see that the structure 
within the layer is characterized by two, slightly different lengths. We idealized 
the positions of the "molecular" centers and optimized the "molecular" orienta­
tion and the "intramolecular" distance. As seen in figure 6.5, the structure is 
built up of individual planes. The distance between two neighboring planes is 
about 2.3 a.u. The planes consist of equilateral parallelograms where the lateral 
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Figure 6.4: Physical picture of the string structure at r s =1.31. The triangular 
arrangement of the individual strings can be seen. The structure also served us 
as a starting structure for a simulated annealing investigation. 

axes form an angle of 52° (figure 6.7). 
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Figure 6.5: Quenched structure after simulated annealing at r s =1.31. Although 
a lot of defects are present the composition of layers can be clearly identified. 
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Figure 6.6: The middle layer of the quenched structure at r s = 1.31. Next and 
second next neighbor distances are drawn. The distances have comparable length; 
the structure is atomic. 
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Schematic Diagram of x-y Plane 
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Figure 6.7: Schematic diagram of the idealized structure in the planes at T s = 
1.31. It consists of equilateral parallelograms with laterallength of 3.22 a.u. The 
sharp angle of the parallelogram is about 52°. Atoms represented by open circles 
and "molecules" connected by solid lines. The "molecules" form an angle of 18° 
with the plane and are symmetrically aligned with respect to the lateral axis. 
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The next neighbor distance of the "molecular" centers is 3.22 a.u. The "in­
tramolecular" distance is 1.65 a.u. and the second next neighbor distance of the 
H atoms is 2.0 a.u. The molecules form an angle of about 18° with the plane and 
31.5° with the line that connects two neighboring "molecular" centers. A physi­
cal picture of the structure is given in figure 6.8. This picture is rotated by 90° 

Figure 6.8: The second (idealized) structure at T s =1.31. The picture is rotated 
by 90° with respect to the schematic representation in figure 6.7. 

with respect to the schematic diagram in the previous figure, i.e., the planes are 
seen sideways. It is instructive to compare the structure with two other similar 
structures: 

• The positions of the "molecules" lie on a distorted simple hexagonallattice 
with a cl a ratio of 0.71. In the ideal simple hexagonal lattice the (sharp) 
angle of the parallelogram of figure 6.7 is 60° instead of 52°. 

• The structure is very elose to the structure of D. Hohl et al. [75]. The 
two main differences are that the parallelogram in [75] has two different 
laterallengths instead of one (a #- b in figure 6.7) and that their structure 
consists of alternating planes, the molecules of the next plane lying in the 
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centers of the paralleiograms. In our structure we shifted every other plane 
to reproduce the layering in [75] and found the energy of the structure to 
be practically unchanged (the energy difference is about 0.001 eV /atom). 
Thus qualitatively the structures are related, whereas the details depend 
too strongly on the form of the simulation cell and the sam pie size for a 
reasonable quantitative comparison. 

The string-structure presented first is by about 0.002 eV /atom more stable than 
the structure obtained by simulated annealing. This energy difference is smaller 
than the energy resolution of our method (about 0.05-0.1 eV /atom). Obviously, 
structures with very different geometries lie energetically very dose together in 
the molecular-atomic transition regime. The energy surface is comparatively flat. 
For a reliable quantitative treatment many k-points and zero point motion have 
to be included. 
Nevertheless, especially the string-structure is intriguing. On one hand the 
molecules have virtually given up their identity. Thus the structure corresponds 
to the final stage of a continuous transition to an atomic structure. The situation 
is similar to that one in the simple picture presented in section 4, because the 
angle between the "molecules" and the string axis is not large. On the other 
hand strings were predicted by Brovman, Kagan, and Kholas [27] for metallic H 
at ambient pressure. The most stable structure in their calculations is a "tri an­
gular family" of strings that corresponds precisely to what is shown in figure 6.1. 
In a consecutive paper, Brovman, Kagan, and Kholas [28] addressed the struc­
ture of metallic H at higher pressures. They predicted the filamentary structures 
formed by strings to become unstable at about 0.25 Mbar, substantially below 
the press ure at r s =1.31 (4 Mbar). Their computation was based on crude ap­
proximations and it is weIl possible that the string structure we found is the true 
ground state structure in the range of 1.5 - 4 Mbar (concerning 1.5 Mbar see be­
low). The trend to anisotropie structures is confirmed by the structure found by 
Tse and Klug [191], which, however, is only a local minimum at these pressures 
[146]. 
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For T s = 1.5 (1.5 Mbar) we expanded and locally relaxed the string structure 
found at T s = 1.31. The relaxation proved the structure to be (at least locally) 
stable. Again intra- and intermolecular distances are elose (1.69 a.u. and 1.82 
a.u.) and the charge distributions of the atoms within one string strongly over­
lap (figure 6.9). The angle of the "molecules" within the string has decreased to 
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Figure 6.9: Electronic density of five atoms belonging to one string in a plane 
intersecting the string at T s =1.5. The structure is atomic, but (slightly) stronger 
and weaker bonds alternate. The charge density is considerably enhanced be­
tween the atoms. 

about 12°. We compared the string structure with two other structures, mhcp-c 
and mhcp-o (see figures 1.8 and 1.9). For the comparison we use the same cell 
(ideal c/a ratio, 64 molecules). We optimized the intramolecular distance, which 
was found to be 1.36 a.u. for mhcp-c and 1.41 a.u. for mhcp-o. The correspond­
ing second next neighbor distances are 2.40 a.u. and 2.54 a.u. The total energies 
are shown in table 6.1. To reduce the finite size effects we also computed the 
energy differences at the Baldereschi-point [11], which provides a better k-space 
integration than the r-point. The energetical order of the three structures is not 
changed by the different sampling. In agreement with the studies of [130J and 
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Table 6.1: Total energies E tot (eV /atom) of three 
different structures, mhcp-c, mhcp-o, and string 
structure, at Ts =1.5. The calculation was per­
formed with 128 atoms at the f-point and at the 
Baldereschi-point. 

f-point 
B-point 

mhcp-c 
-1.74 
-1.72 

mhcp-o strings 
-1.83 -1.94 
-1.79 -1.85 

[94], we found the mhcp-o structure to be favored over the mhcp-c structure at 
T s = 1.5. Our computed energy difference at the f-point is the same Natoli, 
Martin, and Ceperley [130] found in their LDA computations at T s = 1.45 with 
a similar system (96 atoms, f-point, c/a =1.58 instead ofthe ideal ratio). In our 
computations mhcp-c lies not only energetically higher than mhcp-o but is not 
even a local minimum (but a saddle point of the energy surface). The mhcp-c 
structure relaxes without barrier to the mhcp-o structure. However, our best 
candidate for the absolute minimum is not the mhcp-o structure but the string 
structure wh ich is favored by 0.06 eV /atom (0.11 eV /atom with f-point) over 
the mhcp-o structure. 
In the spirit of chapter 4 the differences especially in the first and second neighbor 
distances between the different structures can be explained in a simple model. 
Imagine the interaction with the first and second neighbors represented by two 
different springs with spring constants k1 and k2 • At ambient pressure the in­
tramolecular bond is much stronger, i.e., k1 »k2 • When the system is pressurized 
both springs are compressed, i.e., first and second next neighbor decrease. How­
ever, the relative size of the spring constants is a highly nonlinear function of 
the interatomic distances (in principle of all distances, but especially of the first 
and second neighbor distance). When the charge distributions overlap sufficiently 
charge transfer takes place, i.e., the electrons delocalize and partially are shared 
by neighboring molecules. In the picture of the spring constants this behavior is 
expressed by a rapid decrease of k1 with respect to k2 (and a deceleration of the 
growth of k2 with increasing pressure, which is expressed by attractive many-body 
forces in the language of the em pirical potentials discussed in section 5). Finally, 
(at the molecular-atomic transition) both spring constants will are equal. Thus 
(assuming a suitable functional dependence of k1 and k2 on pressure ) it is plau­
sible that the intramolecular distance increases until a "critical charge overlap" 
of the neighboring molecules is reached where the distance begins to diminish. 
Above the critical pressure the attractive many-body forces dominate the (at high 
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density) repulsive two-body forces between the molecules. The scenario is dearly 
different from a physical situation where the molecules are too far apart for the 
critical overlap to occur. Usually, the structure is dominated by the repulsion of 
the molecules, Le., the tendency to be as far as possible separated from the other 
molecules. Yet, above the "critical density" the molecules tend to bind together 
in strings when they come dose enough together. Under normal circumstances 
this critical distance is practically never reached (except for very high tempera­
tures where the entropy destroys the aggregation of molecules immediately). At 
high pressures it is not only seen in our candidate for the ground state structure 
but also in the formation of strings at higher temperatures (see chapter 7). In 
both the mhcp-c and mhcp-o structure the molecular repulsion plays the major 
role. The molecular densities barely overlap. This feature is underlined by fig­
ure 6.10 where the charge density of three neighboring molecules in the mhcp-o 
structure are shown (compare with figure 6.9). The difference in the density in 
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Figure 6.10: Electronic density p of three neighboring molecules in the mhcp-o 
structure ar Ts = 1.5. The plane shown is defined by the molecular centers. The 
molecules are well defined units that barely overlap. 

between neighboring molecules in the string structure and the mhcp-o structure is 
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striking. In the language of the simple spring picture the spring constants k1 and 
k2 are barely affected by charge transfer (but by the compression of the system 
which leads to a reduced intramolecular distance) and the molecules repel each 
other. Now it is easy to understand why the mhcp-o structure is favored over the 
mhcp-c structure. In both structures the repulsion between the atoms dominate, 
however, in the mhcp-c structure the molecules are doser together. The second 
next neighbor distance is smaller (2.40 a.u. versus 2.54 a.u.). Therefore, the 
repulsion in the mhcp-c structure is stronger, the molecules are compressed to 
1.36 a.u., and the system relaxes to a higher second neighbor distance of 2.54 a.u. 
and higher first neighbor distance of 1.41 a.u., realized in the mhcp-o lattice. In 
both structures the molecules are compressed with respect to the free molecule 
(1.46 a.u. within LDA). If the molecules came dose enough together to reach the 
critical overlap the molecules would attract each other and bind together. This 
is realized in the string structure where enough charge transfer has taken place 
for the intramolecular distance to increase considerably (1.69 a.u.) with respect 
to the free molecule and the second next neighbor distance to shrink to 1.82 a. u. 
Thus the hcp structures are simply separated by an energetical barrier from the 
more favorable strings. This weakening of the intramolecular bond may be the 
reason for the decrease of the experimental Raman vibron frequency as a function 
of pressure (see figure 1.5). 
To check the influence of the zero point motion of protons on the string structure 
S. Biermann, D. Hohl, and D. Marx [22] have started ab initio DFT path integral 
molecular dynamics calculations on this structure. These computations indicate 
that the strings are stable for T s = 1.5 and 1.31 even if the protons are treated 
quantum mechanically. 

Upon compression to T s = 1.2 (7 Mbar calculated pressure) we observe a 
phase transition to yet another qualitatively different structure. To the best of 
our knowledge, no systematic search for stable structures in hydrogen at this den­
sity has been reported thus far. Natoli et al. [129] reported the results of LDA 
calculations on a few prominent atomic structures, and they find the bcc, sc, ß-Sn 
and diamond structures all degenerate within 0.05 e V/atom. Such small energy 
differences are beyond the resolution of our 128-atom, r-point only calculations 
(estimated to be 0.1-0.2 eV /atom), but it is possible that other, qualitatively 
different candidate structures were "missed" in all previous studies. Therefore, 
we have performed an unbiased simulated annealing search. Starting from a com­
pressed structure with 64 H2 molecules on fcc lattice sites in a simple cubic unit 
cell we heat the sam pie to 3000 K and cool to 200 K in about 1 ps. At the end of 
this procedure we obtain a 4-fold coordinated structure resembling the structure 
of ß-Sn (see Fig. 6.11 and the description in [45]). This distorted structure still 
contains a significant number of coordination defects (only 50 % of all atoms are 
indeed 4-fold coordinated) because of the fast quenching procedure. Energeti­
cally, it is 0.18 eV /atom more stable than any other structure we have explicitly 



Table 6.2: Relative total energies Etot (eV latom) 
of four different atomic structures, bcc, diamond, 
ß-Sn (with ideal cl a ratio of 0.9129) and the struc­
ture from a simulated annealing (SA) run, at r s 

=1.2. The calculations were performed with 128 
(108 for ß-Sn) atoms at the r-point. CN is the 
coordination number. d is the next-neighbor dis­
tance in a.u. (an average in case of the disordered 
SA structure). 

Etot CN d 
diamond 0.00 4 1.67 
ß-Sn -0.04 4 1.75 
SA -0.22 4 1.70 
bcc 0.00 8 2.12 
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tested (see Table 6.2), but distortions from more symmetrie structures are often 
a consequence of Jahn-Teller-like effects. In our calculations, too, incompletely 
occupied free-electron bands (see chapter 7) occur at the Fermi energy and will 
distort structures with degenerate space-group representations such as bcc and 
diamond (both with triply degenerate representations). 

Still, it is interesting that hydrogen at r s=1.2 unequivocally prefers higher 
coordinated structures (4- and 8-fold, see Table 6.2) than at r s=1.31 and 1.5 
(2-fold coordination). Only subsequent, more detailed calculations with many k­
points and a better treatment of exchange and correlation will be able to decide 
what the "true" structure of hydrogen at and around rs=1.2 iso Our results 
indieate that isotropic structures with intermediate coordination numbers such as 
diamond and ß-Sn are good candidates. We have not encountered new, complex 
and uncommon, structures in our dynamical geometry searches at r s=1.2 as we 
have at r s=1.31 and 1.5. 
At r s = 1.0 (24 GPa) the ground structure is commonly believed to be bcc 
[16, 14, 128]. We performed computations on two structures, bcc and fcc. We 
tried to compensate the poor k-space sampling represented by the restriction to 
the r-point by large unit cells with 256 atoms in the fcc and 250 atoms in the 
bcc cello In our computations we found the bcc structure to be more stable by 
0.04 eV latom. 
For r s = 0.5 we confimed the local and global stability of the bcc structure, the 
commonly believed ground state structure at this density. 
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Figure 6.11: Comparison of the structure obtained by simulated annealing (Zeft) 
and the ß-Sn structure (right) at rs = 1.2 (see text). 



Chapter 7 

Hydrogen at Elevated 
Temperatures 

In the previous chapter the ground state properties of H as a function of pressure 
were described. For a complete picture of the phase diagram of Hit is necessary 
to include the third variable of the phase diagram, the temperature T. As dis­
cussed in the introductory section 1.1.5, less theoretical investigations deal with 
finite temperatures in the press ure range of the phase transition(s) to an atomic, 
conducting system than at 0 K, mainly because an adequate treatment is more 
difficult. The inadequacy of the pair potential approach was demonstrated in 
chapter 5. For H far in the metallic regime the system can be treated as ions 
embedded into a negative background. The polarization of the electrons by the 
ions can be approximated by a screening function that screens the bare Coulomb 
potential. However, this description is no longer valid when the polarization of 
the electrons (i.e., the electron-ion interaction) ceases to be a small perturba­
tion of the homogeneous system. This is the case for H in the regime of the 
molecular-atomic transition. Figure 7.1 demonstrates this point. The pair cor­
relation function (for the definition see below) of ab initio simulations for H at 
a density of T s = 1.31 (4 Mbar) and a temperature of 1500 K is compared with 
a pair potential simulation [38]. The pair potential describes the interaction of 
screened protons, where screening is based on the Thomas-Fermi screening func­
tion. This kind of potential is known as Moliere potential and was successfully 
applied to H at substantially higher pressure and temperatures [40]. The ionic 
pair potential gives the g(T) of an atomic system (compare with the pair cor­
relation functions at T s = 0.5, figure 7.5). In the ab initio model the system 
is far from being a simple atomic liquid. In this intermediate pressure regime 
the molecular-atomic transition takes place, and the system consists not only of 
atoms and molecules but also of more complex entities, strings of three or more 
atoms. To explore the complex behavior of the system in this pressure range we 
performed dynamical simulations at Ts = 1.5, 1.31, 1.2, 1.0, and 0.5. In the fol­
lowing the simulations for the first four densities are used to provide some insight 
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Figure 7.1: Pair correlation functions g(r) of H at rs = 1.31 and T = 1500 
K obtained with DFT/LDA (solid line) and an ionic pair potential (Moliere 
potential) based on the Thomas-Fermi screening function (dashed line). The 
DFT /LDA curve is shapeless whereas the ionic potential pro duces a common 
atomic g(r). The figure shows that a simple treatment fails when the system is 
composed of several species (i.e., atoms, molecules, and strings). 

into the physical processes in the transition regime. At r s = 1.0 the transition 
to an atomic, conducting system is complete. The density r s = 0.5 is far in the 
metallic regime and addresses a different question from the other simulations. In 
the high pressure limit (r s ---+ 0) the electrons are barely polarized and they can 
be regarded as free, or, at lower pressures, the polarization can be treated per­
turbatively. The description worsens when r s is increased. The simulations at r s 

= 0.5 examine the role of the polarization, i.e., the strength of the perturbation 
by the electron-ion interaction. To pose this problem in a more quantitative form 
it is helpful to introduce three parameters from plasma physics [84]. The first is 
the Coulomb coupling constant of a classical ion system 

_ (Ze)2 
r = akbT' 

(7.1) 

where a is the Wigner-Seitz radius of the ion system (a = (3/47rni)1/3) and 
measures the average volume occupied by one ion. For H a = r s . rb and Z = 1. 
Therefore, r = (rskbT)-l with kbT in a.u. The value of this parameter measures 
the ratio of the Coulomb energy of a pair of ions separated by a and the mean 
kinetic (thermal) energy kbT. In our computations r is just another way to label 
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our results in order to make the comparison with the results of plasma physics 
more transparent. It is also suitable to introduce a similar parameter for the 
electrons, the Fermi degeneracy parameter 

() = kbT (7.2) 
- Ep ' 

where E p is the Fermi energy of a homogeneous electron gas. It is useful to write 
E p in terms of a temperature [8J 

E p = 58.2 .104K. (7.3) 
kb T; 

For () « 1 the electrons have to be treated as a (Fermi) quantum gas whereas for 
() ~ 1 they can be treated classically. The highest temperature in our simulations 
for T s = 0.5 was 10000 K, i.e., () = 0.004 ~ 1. If there was no electron-ion 
interaction we could describe H as two different systems, a classical ion system, 
interacting by Coulomb forces, usually called one-component plasma (OCP), and 
adegenerate electron gas, that is conventionally referred to as jellium model or 
free electron gas. The importance of the polarization of the electrons by the ions 
can be estimated in a simple model for screening, the Thomas-Fermi model [8J. 
In this model the bare Coulomb interaction is replaced by a screened interionie 
potential V(T) = (Ze)2exp(-T/ATF)/T. The Thomas-Fermi screening length, 
wh ich can be expressed as (in a.u.) 

( 
1r )i (l)t (l)t ATF = 12Z . T

s 
= 0.64 T

s 
' (7.4) 

where the last equation is only true for H (Z =1), plays a central role in this 
model. If the screening length is much smaller than the average spacing a of 
the ions, they will practically interact via the bare Coulomb potentials, and the 
polarization of the electrons is negligible. For densities as small as T s = 0.5 the 
Fermi screening length (ATF = 0.45) is of the same order as the ionic spacing 
(a = T s = 0.5) and the polarization is expected to be important. This is quanti­
tatively shown for the ion dynamics in the following section and for the electronic 
structure in the second part of this chapter. 
The system size of our simulations was 96 atoms for T s = 1.5, 128 atoms for T s 

= 1.31, 1.2, and 1.0, and 250 atoms for T s=0.5. The systems were equilibrated 
at each temperature for at least 1000 steps of molecular dynamics. The length 
of the molecular dynamics runs was mostly about 0.5 ps, in some cases longer. 
In comparing these simulation times with ab initio simulations of other systems 
it is important to keep in mind that H (and He) have small masses that lead to 
sm aller time scales in the evolution of the system than for heavier elements, e.g., 
VH-H ~ 4000 ern-I. 
This chapter is divided into two parts. First the structural properties of the H 
system are discussed and the second part is devoted to electronic properties. 
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7.1 Ionic Properties 

One of the most common tools in molecular dynamics in describing the structural 
properties of liquid systems is the pair-correlation junction g(r). It measures the 
probability to find two atoms at a distance r. Let (nij(r, r + bor)) represent the 
average number of pairs of atoms of species i and j with a distance larger or equal 
than rand smaller than r + bor. Then the pair-correlation function is computed 
via 

V 
g(r) = N.(N.N _ o .. )41rr2bor (nij(r, r + .bor)) , (7.5) 

~ J ~J 

where V is the sampie volume, Ni the total number of atoms of species i, Nj 

the total number of atoms of species j, and Oij Kronecker's delta function. In 
the form of equation 7.5 the pair-correlation function of a homogeneous system 
is normalized to ghom (r) = 1. For systems with no long range order (like liquids, 
gases, and amorphous solids) g( r) will tend to one for large distances, Le. it is 
"normalized to one". Since this chapter deals only with pure H we have i = j. 
In chapter 8 where H-He mixtures are treated, the pair-correlation function of 
unequal species is examined, too (i = H, j = He). In figure 7.2 the pair correla­
tion functions of H at r s = 1.5, 1.31, 1.2, and 1.0 for two temperatures (800 K 
and 3000 K) are shown. Only the sampie at r s = 1.5 and T = 800 K displays 
unequivocally molecular nature: A narrow intramolecular peak at 1.47 a.u. and 
a broad intermolecular signal around 3.3 a.u. show that the vast majority of 
atoms (95 %) exists in the form of H2 molecules, Le., are onefold coordinated. 
Occasionally molecules collide and stay in contact for several vibrational periods 
(3 fs), so that on average 5 % of the atoms are threefold coordinated. We count 
all atoms within the coordination sphere of radius 1.9 a.u. (first minimum in 
g(r)) of an atom to calculate its "co ordination number". This is only a mean­
ingful convention if there is a clearly defined minimum in g( r) separating first 
and higher neighbors. At 3000 K inter- and intramolecular distances "overlap" 
completely, and H2 molecules have such a short average lifetime (8 fs) that the 
sampie cannot be described as molecular in nature any more. The featureless 
shape of g(r) has been observed by many other workers in the hydrogen plasma 
near this density and temperature [204, 105, 106] and is caused by the coexistence 
of molecules, atoms, and strings of atoms in the same sampie. Using - somewhat 
arbitrarily - again a co ordination radius of 1.9 a.u., only 60 % of all atoms are on 
average onefold coordinated, and 20 % each are either isolated atoms or threefold 
coordinated. This can be compared with the free energy model calculations of 
Nellis et al. who list a dissociation fraction of only 15% of all moleeules at the 
same density and '"'-'3800 K[134]. 



7.1. IONIC PROPERTIES 

2.0r---...,----,....----,-----, 

ger) 

r s = 1.5 
1.5 

1.0 

0.5 

1.0 
ger) 

0.5 

4 

O~----~----~------~----~ 
o 2 

r/r s 

3 4 

1.5 r------.--------,.------~----. 

1.0 
ger) 

0.5 

O~----~----~------~----~ 
o 2 

r/r s 

3 4 

2.0 r-------.--------,.----~-----, 

1.5 
ger) 

1.0 

0.5 

r =1 s 

- 800K 
--- 3000 K 

O~----~L---~------~----~ 

o 2 
r/r s 

3 4 

105 

Figure 7.2: Pair correlation 
functions g(r) at T s = 1.5, 1.31, 
1.2, and 1.0 a.u. At T s = 1.5 
and 800 K the system is clearly 
molecular exhibiting a narrow 
intramolecular peak at 1.47 a.u. 
At 3000 K the molecules are 
largely dissociated. 
For T s = 1.31 and 800 K there 
is a small molecular shoulder 
left. The system is more com­
plex than a simple mixt ure of 
atoms and molecules. Strings of 
3 or more atoms form that smear 
out the valley between the intra­
and intermolecular peak seen for 
T s = 1.5. At the higher temper­
ature the pair correlation is even 
more shapeless. 
At r s = 1.2 the situation is sim­
ilar as for T s = 1.31. The ten­
dency to string and cluster for­
mation has even increased. 
Finally, at T s = 1.0 the tran­
sition to a an atomic system 
is complete. The pair corre­
lation function shows the typi­
cal broad atomic peak which de­
creases with increasing tempera­
ture but has no clear minimum. 
Over the density range from T s = 
1.5 to 1.0 a.u. the first peak has 
not only considerably broadened 
(expressed in an increase of the 
co ordination number from 2 to 
~ 13) but also shifted from T/Ts 

~ 1.0 to T /Ts ~ 1.6. 
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The pair correlation functions at r s = 1.31 and 1.2 show the same shapeless 
form as for r s = 1.5 and 3000 K indicating varying co ordination numbers. This is 
underlined by figure 7.3 that shows a snapshot of Hat r s = 1.31 and 1500 K. We 

o 

o 

Figure 7.3: A snapshot of the system at r s = 1.31 and T = 1500 K. The atoms 
line up to form strings. This geometry is typical of the samples at rs = 1.5 and 
T = 3000 K, r s = 1.31 and r s = 1.2. Bonds were drawn between atoms less than 
1.78 a.u. apart, the maximum bond stretch in a free molecule at comparable 
internal thermal energy. 

investigate astring of three atoms more dosely in figure 7.4, where the charge 
density in the plane formed by these atoms is presented. Two of the atoms are 
more strongly bound and the third is attached to the pair. The picture is similar 
to that one of the string ground structure in figure 6.3. The charge density is 
strongly enhanced along the filament. This tendency of H to form twofold co­
ordinated strings in the regime where the molecules dissociate was also reported 
by [75, 105, 3]. At rs = 1.0 the pair correlation function exhibits a peak more 
typical of atomic liquids. The change is most notable in the first peak. The 
slender molecular peak with a co ordination number dose to 1 has shifted from 
r Ir s = 1 to about r I r s = 1.6 and broadened substantially (from less than 0.4 to 
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Figure 7.4: The charge density p of three atoms forming astring at T s = 1.31 
and T = 1500 K is presented. The charge is enhanced along the string. 

more than 1.0). The coordination number has increased to more than 12. 
For T s = 0.5 the pair correlation function at 8000 K is compared with the OCP 
result in figure 7.5 (r = 80, [113]). The comparison shows that there are still con­
siderable differences in the dynamics of the system. The lower peaks and partly 
smeared out valleys in the DFT /LDA pair correlation function correspond to a 
softer interaction potential, i.e., the strong Coulomb interactions are screened. In 
the framework of the Thomas-Fermi approximation this corresponds to a mod­
eration (screening) of the potential by an exponential exp( -T / ATF). 
Another important characteristic of the system where the effect of screening 
should be conspicuous is diffusion. We computed diffusion coefficients for several 
temperatures with the Einstein relation (see e.g. [5]) 

(7.6) 

where (If(T) - f(O)I) is the average mean square displacement of an atom after 
the simulation time t. The computed diffusion coefficients are presented in figure 
7.6. As expected, diffusion decreases with density. The more tightly packed the 
system is, the more restrained are the ions from moving. It is instructive to 
compare with the diffusion coefficients obtained from the OCP model. Hansen, 
McDonald, and Pollock [67] performed molecular dynamics simulations of the 
OCP and provided a simple fit formula for their results 

(7.7) 
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Figure 7.5: DFT/LDA pair correlation function g(T) compared with the OCP 
result at T s = 0.5 and T = 8000 K (r = 80). The conspicuous softening in the 
ab initio curve demonstrates the importance of screening effects at this density. 

where rand the Wigner-Seitz radius a were defined above and the plasma fre­
quency wp can be expressed via the ion mass M, w; = (47rZe)2a3/3M. This 
fit formula was used for figure 7.7. Subsequent computations showed that this 
simple fit formula tends to overestimate diffusion in the OCP model [84]. For 
T s = 1.5 to 1.0 the diffusion coefficients computed via DFT/LDA are at least a 
factor of 3 larger than the OCP results and even at T s = 0.5 where the OCP is 
a better approximation the difference is still a factor of 2 (figures 7.6 and 7.7). 
Intuitively the trend to lower diffusion at higher densities can be explained by 
the stronger (repulsive Coulomb) forces that prevent the ions from changing their 
places. Using this picture the OCP model underestimates the diffusion, because 
the stiff, bare Coulomb potential leads to stronger forces than the screened ab 
initio potential. Of course this intuitive picture is only valid at T s = 1.0 and 0.5, 
where H is an atomic system and the dynamics is dominated by the repulsive 
part and not at the lower densities where the chemical composition is different. 
Naively, one would expect this trend of the OCP to prevent diffusion also to 
be visible in the melting temperatuTe. A stiffer (unscreened) potential should 
stabilize the lattice, i.e., the barriers for the ions to change their places are over­
estimated. The OCP is well-known to melt at r In = 178 [84], i.e., for T s = 1.5, 
1.31, 1.0, and 0.5 at temperatures of 1180, 1360, 1770, and 3550 K. We tried to 
obtain the melting temperatures for T s = 1.5, 1.31, and 1.0. For several tempera­
tures we performed molecular dynamics runs and computed the average internal 
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Figure 7.6: Diffusion coefficients D at T s = 1.5, 1.3, 1.0, and 0.5. D decreases 
with increasing density. 

energies. The internal energy differences were fitted to a specific heat of the form 

c" = ,,+ {ß· 8(To - T) + 1" 8(T - To)} • exp [- (T ~ To
) '] , (7.8) 

where (x, ß, " To, and 8 are parameters to be determined by the fit. The 
exponential is to account for finite size effects and ß and , allow for a change 
in the slope of the internal energies across the melting transition. In principle 
there should be a sharp discontinuity in Cv for a first order phase transition. It 
is well-known that in (comparatively) sm all systems as ours the region of the 
transition is broadened [164]. We ensured that our procedure is reversible by 
computing selected internal energy averages two times where we approached the 
temperature both from high er and lower temperatures. In figures 7.8, 7.9, and 
7.10 the fits are shown together with the statistical error bars. For T s = 1.5 
we obtained a melting temperature of 1125 K. It is certainly fortuitous that it is 
so dose to the OCP value (1180 K), because at this comparatively low density 
and temperature we expect the OCP to provide a very poor description of the 
system. A more reasonable comparison is with melting temperatures computed 
within the pair potential approach. Ross, Graboske, and Nellis [156] used a 
Silvera-Goldmann type pair potential to compute the demixing temperatures. At 
150 GPa they find an about 200 K high er melting temperature. The agreement 
is reasonable, especially because we expect the pair potential to be too stiff and 
therefore to overestimate the melting temperature (see the discussion of empirical 
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Figure 7.7: Diffusion coefficients D at rs = 1.5, 1.31, 1.0, and 0.5 computed 
with equation 7.7. The OCP gives much lower diffusion coefficients than the ab 
initio simulations. This effect is due to the softening of the ab initio potential by 
screening. 

pair potentials in chapter 5). At the higher pressures this procedure proved to be 
very difficult for H. The discontinuity of the specific heat is known to decrease 
with increasing metallic character of the system and is too small at r s = 1.0 for 
a reliable fit (see figure 7.10). The result for r s = 1.31 has a large error bar due 
to the small discontinuity, too. These curves should be compared with figures 
8.6 and 8.7 for He in chapter 8 where the fits are much better, because He -
an insulator in this press ure range - has a much larger discontinuity in cv . Our 
calculated melting temperatures were 1150 K at r s = 1.31 and 1840 K at r s = 
1.0. Our results suggest that the OCP does weIl in approximating the melting 
temperatures in the metallic regime at still comparatively low densities. Much 
lower melting temperatures were found in other ab initio computations. Kohanoff 
and Hansen [100] used Lindemann's criterion to estimate melting temperatures of 
350 K at rs = 1.0 and 2200 K at rs = 0.5. Theilhaber [189] used a similar criterion 
and found T = 900 K to be an upper bound for the melting temperature at r s = 
1.0. Our approach suffers from the uncertainties in the fit whereas the simple rules 
applied by [100] and [189] are uncertain to work in such a complex system like H 
in the transition regime. One possible reason for the lower melting temperatures 
in the other ab initio calculations can be proposed. In both computations the 
system size was sm all (54 atoms). They started with a bcc lattice in a cubic cello 
It is possible that at finite temperatures a phase transition to a fcc (of hcp) lattice 
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Figure 7.8: Fit of the internal energies U(T) U versus T at T s = 1.5. The fit 
formula was chosen to give a (finite-size) broadened diseontinuity in the specifie 
heat. Statistical error bars were added. The fit gives a melting temperature of 
1125 K. 

takes plaee. For the OCP model simulations have been performed that suggest a 
crystallization to a fee lattiee to oeeur at r = 196 [84](the melting temperatures 
given above eorrespond to the melting of the bee lattiee at r = 178). It has 
been eoncluded that the bee lattiee is more stable than the fee lattiee in the 
OCP. The situation may change when the bare Coulomb interaction is sereened. 
It is well possible that at higher temperatures the bee-erystalline phase may 
beeome unstable, beeause entropy favors the more close-paeked fee lattiee. This 
hypothesis is lent some eredibility by the small energy differenee between both 
struetures at T s = 1.0 (0.04 eV /atom, see ehapter 6). A eubie eell with 54 atoms 
is not well eompatible with an fee lattiee (32, 108, or 256 atoms on a fee lattiee 
would fit into a eubie eell). For our larger system (128 atoms) the eonstraints 
imposed by the eell shape and size ean be expeeted to be smaller. 
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Figure 7.9: Fit of the internal energies U versus T at T s = 1.31. Statistical error 
bars were added. The fit gives a melting temperature of 1150 K. 
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Figure 7.10: Fit of the internal energies U versus T at T s = 1.0. The fit gives 
a melting temperature of 1840 K. The error bars are too large for the fit to be 
reliable. The temperature is probably an overestimation. 



7.2. ELECTRONIC PROPERTIES 113 

7.2 Electronic Properties 

Before discussing the "true" electronic properties, we investigate the coupling 
of the electrons and ions. A quantitative measure is provided by the spherical 
average of the electron-ion pair correlation junction gei(r) (see appendix B). In 
the previous section the ion-ion pair correlation functions were presented (figure 
7.2). At r s = 1.5 they indicated a fundamental change in the structure of the 
system, from molecular (800 K) to a more complex state, where atoms, molecules, 
and strings occur (3000 K). We wondered whether this trend is discernible from 
the electron-ion correlation. In figure 7.11 the gei(r) for H at rs = 1.5, T = 800 
K and 3000 Kare shown together with the gei(r) of the possible ground state 
structures at r s = 1.5, mhcp-o and string structure. These were compared in 
chapter 6. The four curves are very similar. The correlation between electrons 

4 mhcp-o 

800 K 
'C' -.!!! 
0) 2 strings 

_._._.. 3000 K 
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3 

Figure 7.11: Spherical part of the electron-ion pair correlation functions gei (r) of 
the mhcp-o lattice (solid line), the H sample at r s = 1.5 and T = 800 K (dashed 
line), the string structure (dotted line), and the H sample at r s = 1.5 and 3000 
K (dashed-dotted). The curves of the mhcp-o lattice and the sample at 800 K 
show the strongest correlation, whereas for the string structure and the sampIe 
at 3000 K the first peak is slightly high er . 

and ions decreases slightly with T and in the mhcp-o lattice electrons and ions are 
a bit more correlated than in the string structure. Thus the gei(r) of 800 K might 
be paired with that of the mhcp-o structure and the gei (r) at 3000 K is closer to 
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the gei(r) of the string structure. However, the curves are too similar to establish 
a reliable connection. As can be seen in figure 7.14, too, the sphericalized average 
of the electron-ion pair correlation function changes only little with temperature 
and serves us mainly as a measure to investigate the density dependence of the 
electron-ion correlation rather than the temperature dependence. A better tool 
to investigate the temperature induced changes at r s = 1.5 is the average over 
the first momenta in the expansion of the correlation function into spherical 
harmonics (the 91(r) are defined in appendix B) 

1 

g;i(r) L 191(r)1
2

, (7.9) 
m=-l 

which includes information about the anisotropy in the electron-ion distribution 
around the ions. In the following g;i(r) will be referred to as the p-component 
of the electron-ion pair correlation function. The forming of bonds is accompa­
nied by an accumulation of charge between the bonding atoms, a change in the 
bonding behavior should lead to a different angular dependence of the charge 
around the atoms. In figure 7.13 g;i(r) is shown for 800 K, 3000 K, the mhcp-o 
structure and the string-structure. What we guessed from the spherical averaged 
contribution is confirmed by the g;i(r). The averaged first momentum is drasti­
cally different for the two structures from chapter 6. The mhcp-o structure was 
characterized by a density distribution that peaked at the sites of the molecules 
and decreased to almost zero between the molecules (figure 6.10). There is a 
very strong directional dependence of the charge density for distances sm aller 
than the intramolecular stretching. This leads to sharp, pronounced peak in 
g;i(r), which decline fast when r exceeds the bonding distance. The distribution 
of the electronic charge in the string structure is substantially different (figure 
6.9). The charge is enhanced along the "ridges" formed by the strings. The next 
neighbor spacing of the atoms is considerably larger than in the molecules of the 
mhcp-o structure (1.69 to 1.41 a.u.). Consequently, the accumulation of charge 
between next neighbor atoms is considerably smaller far the string structure. It 
follows that on a sphere with a radius r smaller than the next neighbor distance 
the variation of the charge density as a function of the angular degrees of free­
dom is much stronger in the mhcp-o lattice. The first peak of the g;i (r) in the 
string structure is much lower and - because of the larger next neighbor distance -
broader. The average of the first momentum is a kind of signature of the bonding 
characteristics of the studied systems. Thus figure 7.12 indeed corrobarates the 
trend seen in the ion-ion pair correlation functions: The g;i(r) wanders from a 
form similar to the "molecular" g;i (r) of the mhcp-o structure to a g;i (r ), that 
indicates an anisotropy of the charge distribution and resembles the g;i (r) of the 
twofold coordinated string-structure. Thus the temperature dependence of the 
structural properties at r s = 1.5 is conspicuously non-linear. At zero tempera­
ture the internal energy favors strings with overlapping charge distributions and 
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Figure 7.12: The averaged first moment um of the electron-ion pair correlation 
functions g;i(r) ofthe mhcp-o lattice (solid line), the H sampie at rs = 1.5 and T 
= 800 K (dashed line), the string structure (dotted line), and the H sampie at r s 

= 1.5 and 3000 K (dashed-dotted). The first momentum serves as a quantitative 
tool to measure the anisotropy of the electron-ion correlation. Obviously, there 
is a temperature induced change in the H sampie. The curve for 800 K resembles 
the g;i(r) of the mhcp-o structure, whereas at 3000 K the g;i(r) of the H sampie 
is close to the string structure. This trend indicates a change in the bonding 
char acteristics. 

comparable first and second next neighbor distances, Le., a co ordination number 
of two. At sm all temperatures the strings are broken up. The entropy stabilizes 
well-defined molecules. At high er T the electron-ion correlation has decreased, 
the molecular bonds are weakened and partial dissociation takes place. On the 
other hand conglomerates of more than two atoms (strings) form that share their 
electrons (charge transfer). The characteristics of the system at 3000 Kare much 
closer to those of the ground state structure (string structure) than those at 800 
K. 
In figure 7.13 the g;i(r) at 800 K (1000 K for rs = 0.5) for all rs are shown. As 
expected, the correlation decreases with increasing density, corresponding to a 
reduction of the screening (also seen in the spherical average, figure 7.14). Again 
the g;i (r) of the string structure is presented. It resembles closely the g;i (r) of 
the system at r s = 1.31, corroborating the conclusions of the previous section: 
The sampie at r s = 1.31 is characterized by string formation (see figures 7.3 and 
7.4). 
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Figure 7.13: The p-component of the electron-ion pair correlation function g;i(r) 
at 800 K for rs = 1.5 (solid line), rs = 1.31 (dashed line) , rs = 1.0 (dashed­
dotted), rs = 0.5 (long dashes), and the string structure (dotted). The g;i(r) 
decreases considerably with increasing density. The g;i(r) for rs = 1.31 is very 
elose to that one of the string structure, indicating similar structural properties. 

It instructive to examine gei(r) as a function of density, also (figure 7.14). Obviously 
the coupling between electrons and ions weakens with increasing density. (The 
gei(r) is normalized to one far a homogeneous system.) An interesting feature is 
the revers al of the temperature trend of gei(r). At rs = 1.5 it decreases with T. 
This decrease is easily understood with the help of figure 7.11. The structural 
changes induced by the higher temperature lead to arearrangement of the elec­
tron levels. As figure 7.15 shows in more detail, the temperature dependence at 
rs = 0.5 is different. The gei(r) increases with higher temperatures, i.e, the cor­
relation rises. This phenomenon can be related to the temperature dependence 
of the electronic density of states (see figure 7.25 and the discussion at the end 
of this section). A possible explanation is a tendency of the electronic states to 
localize at high T due to increased geometrical disorder. 
In many respects figur es 7.16 to 7.19 that present the electronic density in a ran­
domly chosen section in a plane at r s = 1.5 to r s = 0.5 and T = 800 K (1000 K 
for rs = 0.5) confirm the tendencies seen in the. gei(r) and g;i(r). Figure 7.16 
demonstrates that at r s = 1.5 the charge is strongly concentrated at the units 
(here still molecules) of which the system is composed. At rs = 1.31 (figure 7.17) 
the character of the H sampIe has changed. The tight-bound moleeules have 
broken up. From time to time H atoms aggregate to form short-lived entities 
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Figure 7.14: The density dependence of the sphericalized electron-ion pair cor­
relation function gei(T) at two temperatures, 800 K and 3000 K. The correla­
tion function substantially decreases with pressure, indicating the decrease of the 
strength of the electron-ion interaction. 

like pairs or strings. While the density has increased the average next neighbor 
distance has decreased considerably. Figures 7.18 (Ts = 1.0) and 7.19 (Ts = 0.5) 
show the trend to increasing uniformity of the charge distribution with increasing 
density. This corresponds to a decreasing relative importance of the electron-ion 
interaction or a weaker screening, respectively. At T s = 0.5 the inhomogeneities 
caused by the atoms are much smaller than the (in comparison with the previous 
densities strongly) enhanced average density. The electronic part of the system 
approaches the jellium. The figures showing the electronic charge distribution 
may be compared with the (instructive) density plots of Clerouin, Pollock, and 
Zerah [37], who show the polarization of the electronic system at T s = 1.0, 0.5, 
0.1, and 0.01. Their plots suggest that while at T s = 0.5 the ions still mean a 
major perturbation to the electron gas, the perturbation is small at T s = 0.1 and 
has practically disappeared at T s = 0.01. Thus the jellium model will provide a 
reasonable description at densities high er than T s = 0.1. The absence of oscilla­
tions of the charge density around the ions in their figures is due to the simplified 
treatment of the screening (Thomas-Fermi method). 
The trend of the electrons to a homogeneous distribution far increasing charge 
density is accompanied by a delocalization of the Kohn-Sham orbitals, which in 
the limit of infinite density will tend to plane waves, the eigenfunctions of the 
homogeneous (free) electron gas. We introduced a measure of delocalization, the 
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Figure 7.15: The temperature dependence of the sphericalized electron-ion pair 
correlation function geier) at rs = 0.5. Three temperatures, 1000 K (solid line) , 
4000 K (dashed line) and 10000 K (dotted line) are shown. The correlation 
function decreases with temperature, possibly due to localization of the electron 
levels. 

inverse participation ratio, which for a Kohn-Sham orbital decomposed in plane 
waves ('l/JKS(T) = 'L:i CiexP( -gT)) is obtained by summing up the squared moduli 
of the expansion coefficients ('L:i ICiI4). Since the number of coefficients Ci that 
contribute with an essential weight will decrease with increasing delocalization 
(for r s -----+ 0 only one remains) the inverse participation ratio will be the larger, 
the more delocalized the system is (and equal to one in the high density limit). In 
figure 7.20 the inverse participation ratios at 800 K (1000 K for r s = 0.5) for rs = 

1.31, 1.0, and 0.5 are presented. The inverse participation ratio increases roughly 
by a factor of 5 between r s = 1.5 and r s = 1.0 and a factor of 20 from r s = 1.0 
to r s = 0.5. The trend of the orbitals to delocalization is obvious. The decrease 
of the delocalization of the Kohn-Sham orbitals with the size of the eigenvalue in 
figure 7.20 is an artifact of the expansion into one-particle orbitals. 
Although the wave functions in DFT are constructed to give the electronic den­
sity that minimizes the total energy and not to provide good approximations to 
the "true" many-body wave functions numerous previous computations (see the 
list of review articles on DFT given at the beginning of chapter 2.1) have shown 
that the Kohn-Sham eigenvalues and eigenstates are good indicators of many 
physical properties of the system under investigation. For example, they allow a 
quantitative description of the band structure of solids. A quantitatively bad, but 
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Figure 7.16: The density p in a randomly chosen plane of a sampie configuration 
at T s = 1.5 and T = 800 K. The molecules are clearly discernible as sharp, pro­
nounced peaks. The charge density falls off to almost zero between the molecules. 

qualitatively mostly correct indicator is the band gap in insulators and semicon­
ductors of which LDA systematically underestimates the size by about a factor of 
2. Therefore, in the following the electTonic densities of state (EDOS) of H for Ts 

= 1.5, 1.31, 1.0, and 0.5 are presented. Figure 7.21 shows the EDOS for the lowest 
density. The Fermi energy (which we simply define to lie in the middle between 
highest occupied and lowest unoccupied state) is represented by a vertical solid 
line and the faint, dotted lines indicate the eigenvalues of an equivalent (Le., with 
identical periodic boundary conditions) free electron gas. The presented EDOS 
are averages over a few sam pies at the investigated temperatures. At T = 800 K 
there is a clear gap in the eigenvalue spectrum that indicates the system to be 
insulating. This agrees wen with the notion of weIl separated, hardly overlapping 
molecules, which was mediated by the earlier discussion (see e.g. figure 7.19). At 
the higher temperature we found a change in the structure expressed by overlap­
ping charge distributions and the occurrence of different co ordination numbers in 
the bonding of the atoms. Figure 7.19 suggests that these structural changes are 
accompanied by the closing of the band gap, Le., the metallization of the system. 
This trend is also seen in the computed conductivities at T s = 1.5 (chapter 10). 
So far the EDOS fit weIl into the earlier considerations. However, at the higher 
density T s = 1.31 the Fermi gap at 800 K is somewhat surprising (figure 7.22). 
As we argued before, the physical properties of the system at T s = 1.31 and 800 
K should be close to those at T s = 1.5 and T = 3000 K. The pressure at T s = 
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Figure 7.17: The electronic density p in a randomly chosen plane of a sampie 
geometry at T s = 1.31 and T = 800 K. The atomic charge distributions tend to 
overlap and to form strings of two, three, and more atoms. With respect to the 
charge density for T s = 1.5 the peaks have shrunken, whereas the average charge 
density (and the charge density between the strings) has increased. 

1.31 is about 3.5 Mbar and practically all of the more recent zero temperature 
computations of the metallization press ure obtain pressures equal or smaller than 
3 Mbar (see section 1.1.4). It is necessary to comment on our treatment of the 
electronic structure before the subsequent EDOS can be explained properly. For 
our simulations we used boxes with a diameter of typically 12 a. u. of diameter 
together with periodic boundary conditions. For the electronic structure this re­
sults in a good description as long as the electronic wave functions extend over 
a spatial range considerably less than the box diameter. This seems to be the 
case for T s = 1.5 and 800 K where the electrons are still strongly localized around 
the moleeules (figure 7.16). However, in the metallization regime the electronic 
properties change swiftly. The wave functions of a metal are characterized by 
delocalization which proceeds with increasing metallic character (in our study 
equivalent with increasing density). As so on as the orbitals extend over a spatial 
range exceeding the cell dimensions, they are forced into a spurious symmetry, 
the symmetry of the cello In the language of band-structure calculations we are 
performing simulations on only one k-point, the r-point, however, with a large 
unit cell. In the metallic regime a much better approximation is to perform the 
simulation with a (as large as possible) set of k-points. This would provide a 
more realistic representation of the electronic structure. Following Bloch's the-



7.2. ELECTRONIC PROPERTIES 

-:::i 0.4 ~ 
0. 

~ 
IJ) 
c 
CI) 0.2 c 
Cl 
'2 
0 ... 
1:) 
CI) 

0 w 

r s = 1.0 

T= 800 K 

121 

Figure 7.18: The density p in a randomly chosen plane of a sampIe geometry at 
T s = 1.0 and T = 800 K. The system is atomic at this density. Nevertheless, 
the atoms show still the trend to conglomerate (also expressed in the absence 
of second next neighbor correlation in the ion-ion pair correlation function (fig­
ure 7.2)). The average density is higher than for the smaller densities, yet the 
inhomogeneity has diminished. 

orem a wave function with wave vector k has the form 'lPJ;,(T) = exp(ikT)ujJT), 
where uf(T) has the symmetry of the unit cello The restriction of uf(T) to the 
same symmetry as the unit cell is not severe, because for metallic systems uf is 
only weakly dependent on T and approaches 1 for complete delocalization of the 
orbitals (jellium). Therefore, in the high pressure limit the description is exact 
apart from the finite number of k-points. However, the indusion of k-points in 
the CP scheme is prohibitively expensive. For technical reasons (complex wave 
functions instead of real ones) the computation time increases by ab out a factor 
of 2 for k-points different from the r-point. Thus a simulation with 10 k-points is 
computationally 20 times more expensive than the "conventional" computations. 
To our knowledge no one has performed CP simulations with indusion of k-points 
in a realistic computation. 
Most of the gaps in the EDOS at Ts = 1.31 and T = 800 Kare due to finite-size 
effects (Le., the restriction to the r-point). To test the influence of finite-size 
effects on the gap at the Fermi edge, we recomputed the EDOS induding an­
other k-point (1/4,1/4,1/4). The result is shown in figure 7.23. The finite-size 
gaps dose. The dosing of the gap between the highest occupied and the lowest 
unoccupied states indicates that the system is metallic and that the gap at the 
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Figure 7.19: The density p in a randomly chosen plane of a sampie geometry at T s 

= 0.5 and T = 1000 K. The average density is much high er than for all other T s . 

The peaks caused by the ions have decreased considerably, indicating a relative 
weakening of the electron-ion interaction compared with the lower densities. 

Fermi edge is a finite-size artifact. Figures 7.24 and 7.25 show the EDOS at T s = 

1.0 and T s = 0.5. They demonstrate how the peaks in the EDOS approach the 
values of the homogeneous electron gas. It is interesting that the peaks in figure 
7.25 broaden with increasing T. Possibly this behavior indicates localization of 
orbitals at higher temperatures due to increasing disorder. This would explain 
the temperature trend in the electron-ion pair correlation function at r s = 0.5 
(figure 7.15). In figure 7.26 the average inverse participation ratio over a few 
configurations at T s = 0.5 for T = 1000 K and T = 10000 K is presented. The 
orbitals dose to the Fermi energy show the tendency to localize at the high er 
temperature. The effect is more clearly seen in figure 7.27 where we plotted the 
charge density of the 96th occupied orbital of two configurations at 1000 K and 
10000 K. 
It should be emphasized that the EDOS at higher pressures, e.g. figure 7.25, are 
unsatisfactory. The EDOS of the highest density, in particular, should mirror 
the form of the free-electron EDOS which is a continuous curve that increases 
proportional to the square root of the energy. However, this shape is completely 
lost in the finite-size splitting. This poor EDOS points to one of the most severe 
limitations of the method when applied to high pressure H: 

• The electronic structure is only inadequately represented in ar-point sim­
ulation. Especially for systems with metallic character the inclusion of k-
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Figure 7.20: The inverse participation ratios p-l of the Kohn-Sham orbitals for 
rs = 1.31 and rs = 1.0 at 800 K and for rs = 0.5 at 1000 K plotted versus the 
value of the corresponding Kohn-Sham eigenvalue. The orbitals are considerably 
delocalized with increasing density. The inverse participation ratios at r s = 0.5 
are still much smaIler than the inverse participation ratio of a free electron gas, 
which is equal to one. 

points is mandatory when the increase of computer power aIlows to afford 
them . 

• The classical treatment of the ions is not weIl justified. A classical treat­
ment is in order as long as the Wigner radius is much larger than the de 
Broglie wavelength, i.e., a::?> h(MkB T)-1/2. For Ts = 0.5 and T = 1000 K, 
our worst case at finite temperatures, the ratio is ajh(MkBT)-1/2 ~ 1.2. 
Quantum effects can be expected to be not negligible. As mentioned before, 
a quantum path integral CP scheme exists [121]. However, its applicability 
is limited by the computational expenses. 

Nevertheless, even at T s = 0.5 and low T, where the two shortcomings are most 
severe, the CP approach represents a major improvement over the "conventional" 
MD methods as OCP or screened OCP. It was demonstrated in this chapter that 
the interplay of electrons and ions is crucial for an understanding of this system. 
Only in the very high P (or T) limit two separate species exist, electron and ions. 
Unless for densities substantiaIly higher than those treated here the not ion of two 
systems that are perturbed by the (weak) reciprocal interaction is not correct. In 
general we have a system of two species, electrons and ions, that cannot be treated 
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Figure 7.21: Electronic density of states D(E) for T s = 1.5 at T = 800 K and 
T = 3000 K. The Fermi energy is represented by asolid line. The faint, dotted 
lines indicate the values of an equivalent (same periodic boundary conditions) 
free electron gas. The gap at the Fermi energy at 800 K closes at 3000 K. At the 
higher temperature the system is a metal. 

separately. The distinction of ionic and electronic properties made in this chapter 
is misleading in so far as electronic and ionic properties strongly influence each 
other. The properties of one species cannot be understood without the inclusion 
of the properties of the other species, such as the dynamics of the ions without 
screening or the electronic properties without studying the influence of the ionic 
temperature or the geometrical arrangement of the ions. 
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Figure 7.22: Electronic density of states D(E) for T s = 1.31 at T = 800 K and 
T = 3000 K. The Fermi energy is represented by a vertical line (solid). The 
faint, dotted lines indicate the values of an equivalent (same periodic boundary 
conditions) free electron gas. The gap at the Fermi energy at 800 K closes at 
3000 K. The EDOS at 800 K displays a substantial finite-size discretization. 
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Figure 7.23: Electronic density of states D(E) for T s = 1.31 at T = 800 K 
computed at the f-point only (lower curve) and with inclusion of another k­
point (upper curve). The Fermi energy is represented by a vertical line (solid). 
The better k-point sampling leads to a EDOS in which the finite size gaps are 
closed, including the gap at the Fermi edge. The gap at the Fermi energy of the 
f-point simulation is an artifact of the incomplete treatment of the electronic 
structure. 
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Figure 7.24: Electronic density of states D(E) for r s = 1.0 at T = 800 K and 
T = 3000 K. The Fermi energy is represented by a vertical line (solid). The 
faint, dotted lines indjcate the values of an equivalent (same periodic boundary 
conditions) free electron gas. The density of states displays a considerable finite­
size splitting into individual peaks. These peaks are centered at the positions of 
the equivalent free electron system. 
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Figure 7.25: Electronic density of states D(E) for rs = 0.5 at T = 800 K and T 
= 3000 K. The Fermi energy is represented by a verticalline (solid). The faint, 
dotted lines indicate the values of an equivalent (same periodic boundary condi­
tions) free electron gas. The EDOS exhibits sharp, narrow peaks at the positions 
of the equivalent free electron gas. Obviously, the eigenstates are considerably 
free-electron like. The broadening of the peaks at the higher temperature may 
indicate a trend of the orbitals to localize at higher temperature. 
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Figure 7.26: Inverse participation ratio p-l of the Kohn-Sham orbitals at T s = 
0.5 for T = 1000 K and T = 10000 K. The inverse participation ratio of the 
first eigenvalue is not shown. The orbitals dose to the Fermi energy exhibit a 
tendency to localize. 
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Figure 7.27: The density of one orbital p (the 96th occupied) for two configura­
tions at 1000 K and 10000 K for T s = 0.5. The orbital is more localized at the 
higher temperature. 



Chapter 8 

Helium and Hydrogen-Helium 
Mixtures at Elevated 
Temperatures 

In chapter 5 we discussed the equations of state of Hand He in the high pressure 
regime. Figure 5.3 showed that in the Mbar pressure regime many-body effects 
lead to large deviations from equations of state computed with pair potentials. 
The importance of many-body effects in high press ure He are well-known from 
previous investigations, too. For example, Loubeyre [l11J investigated the three­
body exchange interactions in pressurized He, and Younger [203J explored the 
effect of many-atom screening on diffusion in dense He (1.5 ... 8 g/cm3

) at high 
temperature (5 eV). Similar to H (see the discussion in the previous chapter), 
the many-body forces result in a softening of the effective potential. For He this 
softening in the intraatomar potential was experimentally observed in the two­
stage gas-gun experiments of Nellis et al. [132J. The theoretical study of high­
pressure He requires to include the effect of electronic screening in an adequate 
way. Thus the investigation of He under high pressures, especially in the pressure 
regime elose to metallization (112 GPa, the highest metallization pressure of any 
element [202]), would be arewarding objective for an ab initio investigation. 
However, this is not our aim. To us He mainly serves as a reference system in 
the study of a H-He mixture. We intend to understand the impact of He alloying 
on pure H. Especially with regard to the composition of astrophysical objects, 
such as the giant planets Jupiter and Saturn, it is interesting to perturb the H 
system by a smaller amount of He (7-10 atomic per cent). We treated a mixt ure 
of ab out 90 % Hand 10 % He. The study was performed for significantly 
lower temperatures than those prevailing in Jupiter and Saturn at comparable 
densities (rv 10000 K). In the temperature range we treated in our studies the 
mixt ure is metastable, demixing in H-rich and He-rich phases. Nevertheless, for 
many properties our investigations contribute to the understanding of the state 
of matter deep within the giant planets (e.g., the ion-electron pair correlation 
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function is quite insensitive to temperature ehanges of a few thousand K). The 
stability bounds of the mixture will be addressed in the next ehapter. 
For He and H-He we performed simulations for two densities, r s = 1.31 and r s = 
1.0. In our simulations we kept the number of eleetrons eonstant, Le., our system 
sizes were 64 and 116 (104 Hand 12 He) atoms for He and H-He, respeetively. 
Analogous to the previous ehapter this ehapter is divided into two parts about 
the ionic and eleetronie properties. Beeause of its simplicity pure He is diseussed 
first, followed by the mixture. 

8.1 Ionic Properties 

In figure 8.1 the pair correlation junctions g(r) for He at rs = 1.31 and r s = 1.0 
and temperatures of T = 800 K and 3000 Kare presented. The first peaks of 

4 
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the g(r) at 800 Kare nearly identieal for the two densities. The integral over 
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the pair correlation function at T s = 1.31 and 800 K is about 12 at its first mini­
mum and 18 at its second minimum, corresponding to 12 next and 6 second next 
neighbors. As will be seen soon, He at 800 K is asolid for both densities. Thus 
the underlying structure is a elose packed lattice, i.e., hcp or fee (consistent with 
the phase diagram 1.16). The reason why the second peak is missing at T s = 1.0 
and 800 K is insufficient equilibration. At 3000 K and T s = 1.31 the first peak 
is significantly broader and lower than at T s = 1.0. Helium is barely melted at 
T s = 1.0 and 3000 K whereas the melting temperature at T s = 1.31 is nearly a 
factor of two lower (Tm ~ 1630 K for T s = 1.31 and Tm ~ 3120 K for T s = 1.0, 
see below). 
In figure 8.2 the H-H, H-He, and He-He pair correlation functions of the mixt ure 
are shown far T s = 1.31 and T s = 1.0, and two temperatures for each density, T = 
800 K and 3000 K. In all four figures the first peak of the H-He pair correlation 
function does not lie in the middle between the first peaks of the pure elements, 
but instead elose to the He-He peak. Thus H-He is not an ideal mixture, where 
the position of the first peak can be obtained by interpolating between the peaks 
of the constituents. The H-H pair correlation functions are elose to those of the 
pure systems (figure 7.2). Apart from two peculiarities the He-He pair correlation 
functions elosely resemble those of pure He, too. We believe the strange shape 
of the first peak in the He-He pair correlation function at T s = 1.31 and 3000 K 
to be due to bad statistics. The MD run that produced the corresponding data 
was comparatively short for technical reasons. (For consistency all runs at T s = 

1.31 were performed without Nose thermostat.) At 3000 K the system is metallic 
enough for the electrons to take up too much energy only after few thousands of 
steps.) In addition the number of He atoms in the sampIe is small (12), giving 
rise to poor statistics. The shift of the first peak at 800 K from about 2.2 (pure 
He) to 2.0 (mixture) is not an artifact. It is easy to understand. Pure He forms 
a fee or hcp lattice. For H we found bcc to be most stable at T s = 1.0. Since the 
mixt ure is predominantly H it can be imagined (in the solid phase) as a H lattice 
with point defects consisting of the replacement of two H atoms by one He atom. 
The resulting lattice is distorted. The lattice constants in the alloyed system 
will reflect the fact that the lattice constant of pure H is significantly smaller 
than that of pure He.1 Obviously, the same argument applies for T s = 1.31, also, 
apart from the fact that at this density the H lattice is more complicated than bcc. 

1 With the help of the conventional unit cells the difference in the lattice constants of the pure 
systems are easily computed. As the number of atoms is constant, it holds that an.n. (fee, He) = 
V2/2alat(fee, He) = V2/2{/4. alat{bee, H) = V2/2{/4. 2/-/3an.n.{bee, H) ~ 1.3· an.n.{bee, H). 
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Figure 8.2: H-H, H-He, and 
He-He pair correlation functions 
g(T) ofthe mixt ure at Ts = 1.31 
and 1.0 and two temperatures, 
800 K and 3000 K. The He­
He pair correlation function was 
scaled by a factor 1/2 to fit into 
the figure. The H-H pair corre­
lation functions closely resemble 
those of the pure H system. 
The same is true for He except 
for the first peak at 800 K to 
have wandered inwards In the 
mixt ure. (The curious shape of 
the He-He peak at T s = 1.31 and 
3000 K is an artifact of the lim­
ited statistics.) 
The first peak of the H-He 
pair correlation function indi­
cates that H-He is not an ideal 
mixt ure, because it lies nearly 
at the same position as the He­
He peak instead of being in the 
middle of the peaks of the con­
stituents. 
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In figures 8.3 and 8.4 we compare the seif-diffusion coefficients of Hand He 
in the mixture and in the pure phases. The overall decrease of the diffusion 
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Figure 8.3: Self-diffusion coefficients D of Hin the pure system and in the mixt ure 
with 10% He for T s = 1.31 and 1.0 and temperatures of 800, 1500, 2200, and 3000 
K. The self-diffusion coefficients in the mixt ure are slightly sm aller than in the 
pure system. The decrease with increasing density is due to exeluded volume 
effects and reduced screening. 

coefficient with density is a well-known effect, partly due to the reduced screening, 
i.e., stronger effective forces at higher density. Partly, it represents structural 
effects in the medium, i.e., volume exelusion by nearest neighbors (the only effect 
in models that do not inelude screening such as OCP). The trend from the pure 
phases to the mixt ure is different for Hand He. As will be seen below, H is 
solid or elose to the melting temperature at 800 K and 1500 K for T s = 1.31 
and at all temperatures smaller or equal 3000 K at T s = 1.0. (The diffusion 
coefficient for 4000 K was only added to underline the increase of diffusion in the 
fluid phase.) Obviously, for the solid phase the diffusion coefficient has to come 
out very smalI. The present values are overestimations due to the finite lengths 
of our trajectories. For T s = 1.31 it is more rewarding to compare the diffusion 
coefficients at 2200 K and 3000 K than those in the solid phase. Interestingly, 
the self-diffusion coefficients for He increase in the mixture. For a consistent 
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Figure 8.4: The self-diffusion coefficients D of He in the pure system and in the 
mixture with 10% He for r s = 1.31 and 1.0 and temperatures of 800, 1500, 2200, 
and 3000 K. For r s = 1.0 and pure He we have added the diffusion coefficient at 
T = 4000 K to illustrate the increase in the fluid phase (the melting temperature 
is about 3120 K). The diffusion coefficients of the fluid phase are larger in the 
mixture than in pure He. The strong increase of the diffusion coefficient at r s = 
1.0 and 3000 K is owing to the fact that the mixt ure is in the fluid phase whereas 
the pure system is elose to melting. 

picture of diffusion it would be necessary to compute the interdiffusion, too. We 
attempted to do so but found that the trajectory length required for sufficient 
convergence it is too long for an ab initio simulation. The drastic increase in 
the diffusion coefficient at r s = 1.0 and 3000 K is easy to understand. It reflects 
the fact that the mixture is liquid at this temperature whereas He is elose to 
the melting temperature (see figure 8.7). For H the diffusion coefficient decreases 
moderately with respect to the pure phase. Possibly the reason is a strengthening 
of the H bonds between pairs of H atoms elose to the He atoms. 
In figure 8.5 we plotted the H-H distance in isolated pairs of H atoms (i.e., within 
the distance of the two atoms they are onefold coordinated) versus the distance 
to the elosest He atom. There is a strong tendency for pairs separated by a small 
distance to be elose to a He atom. In particular the smallest distances will occur 
next to a He atom. The He atoms seem to strengthen the H bonds of the H atoms 
surrounding them. It is interesting to compare the smallest H-H distance at 800 
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K in figure 8.5 with the free H molecule. To reach a comparable distance in the 
free molecule it would require an excitation energy of more than 10000 K. The 
small H-H distances occurring reflect the weakening of the intramolecular bonds 
with pressure, which was mentioned in the introductory chapter. The grouping 
ofthe H atoms around He atoms is illustrated by figure 8.11 (next section), which 
shows the density distribution around a He atom. 
We also tried to compute the melting temperature of these systems with the 
method proposed in the previous chapter, i.e., by a fit of the internal energies 
to a finite-size broadened specific heat expression. The results for He are shown 
in figures 8.6 and 8.7. He is a good insulator at the densities treated (see the 
EDOS in the next section). Both sets of data points exhibit a clear discontinuity 
and allow a reliable fit leading to melting temperatures of 1630 K (r s = 1.31) and 
3120 K (r s = 1.0). Unfortunately, the discontinuities in the corresponding curves 
for the mixt ure are too small to allow a reasonable fit within the statistical error 
bars. An example is given in figure 9.6 of chapter 9.2 where the fit is needed for 
thermodynamic integration and serves to underline one source for uncertainties. 
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Figure 8.5: The distances of isolated pairs of atoms (Le., the atoms are onefold 
coordinated within dH - H ) plotted versus the distance of the pair to the dosest He 
atom for T s = 1.31 and 800 K and Ts = 1.0 and 3000 K. The distribution of the 
pair distances resembles a wedge: The smallest distances of the pairs are likely 
to occur dose to the He atoms, i.e., the He atoms strengthen the bonds between 
neighboring H atoms. 
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Figure 8.6: Fit of the internal energies U(T) of He at T s = 1.31. The fit formula 
was chosen to give a (finite-size) broadened discontinuity in the specific heat. 
Statistical error bars were added. The fit gives a melting temperature of 1630 K. 
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Figure 8.7: Fit of the internal energies U (T) of He at T s = 1.0. Statistical error 
bars were added. The fit gives a melting temperature of 3120 K. 
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8.2 Electronic Properties 

The ion-electron pair correlation function gie(r) prob es the strength of the inter­
action between the ionic and electronic degrees of freedom. For He it is shown 
in figure 8.8. The correlation is much stronger than for H, indicating that the 
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Figure 8.8: s-component ofthe ion-electron pair correlation function gie(r) for He 
at r s = 1.31 and rs = 1.0 and 800 K and 3000 K. The correlation is much stronger 
than for H, indicating that the electrons of the He atoms are more tightly bound. 
Similar to H the temperature dependenee of the pair correlation function is very 
smalI. 

two eleetrons belonging to each He atom are tightly bound to their cores. The 
anisotropie p-component has about the magnitude of the p-component of Hand 
is - in eomparison with the much larger s-component - negligible. The corre­
sponding ion-electron pair correlation functions of Hand He in the mixt ure are 
virtually identical with those of the pure systems and are therefore omitted. 
In figures 8.9 to 8.12 the electronic charge densities of Hand H-He across a plane 
in a section of the systems are shown. For He the situation changes little from r s 

= 1.31 to rs = 1.0. Pronounced charge density peaks that represent the individual 
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Figure 8.9: The charge density p in a plane for He at T s = 1.31. The system is 
characterized by pronounced, elearly separated charge peaks at the positions of 
the atoms. 

He atoms dominate. The overlap ofthe peaks is small. The base charge level, i.e., 
the (comparatively small) charge density in the valleys, is slightly higher at T s = 
1.0 with respect to T s = 1.31, reflecting the higher average charge density. Figure 
8.11 presents the charge density of the mixt ure elose to a He atom. The He atom 
digs a charge hole around itself pushing away the H atoms. The tendency of the 
H atoms surrounding the He to come elose to each other and form bonds is most 
evident for T s = 1.0 where nearly a ring of H atoms around the He has formed. 
To conelude the presentation of the electronic properties the electTonic densities 
of state (EDOS) are shown (figures 8.13 to 8.16). All EDOS are at k = r only. 
The purpose of figures 8.13 and 8.14, which present the EDOS of He is mainly to 
demonstrate that He is still a good insulator at these densities. There is a large 
gap at T s = 1.31 separating the occupied and unoccupied states. At T s = 1.0 the 
gap has shrunken, yet is still sizeable. The EDOS of the mixture (figures 8.15 and 
8.16) should be compared with those of pure H (figures 7.22 and 7.24). The most 
important difference is that the peaks due to finite size splitting are broadened or 
even smeared out. This change indicates that there are lower, more tightly bound 
electron states due to the He atoms. As discussed in the previous chapter, in the 



142 CHAPTER 8. HAND H-HE AT ELEVATED TEMPERATURES 

r = 1.0 s 
1.5 T = 800 K 

~ 
::l 
ca -a.. 1.0 
~ 
'Ci) 
c 
CI) 

c 0.5 
u 
'2 
0 ... 
1:) 

0 CI) 

jjj 

Figure 8.10: The charge densities p in a plane for He at rs = 1.0. The situation 
changes only little from r s = 1.31 to r s = 1.0. The He atoms are characterized 
by pronounced charge peaks that fall off to nearly zero in the valleys between the 
atoms. 

limit of infinite pressure the EDOS will coincide with the faint dotted lines, the 
eigenvalues of a homogeneous electron gas with periodic boundary conditions. At 
r s = 1.0 and 3000 K the EDOS of H (figure 7.24) consists of slender peaks at 
the free electron levels. The conspicuous broadening in the EDOS of the mixture 
implies that the He insertion reduces the free-electron character considerably, i.e., 
leads to more tightly bound (and more localized) electron states. 
As seen in the EDOS, the mixt ure is substantially different from the pure sys­
tems, Hand He. He is the simplest case. Over the density range from r s = 
1.31 to r s = 1.0 no major changes take place. The system is characterized by 
repulsive, hardly overlapping charge peaks, representing the He atoms. He is still 
a good insulator in this density range. The pressure ionization of the atoms and 
the metallization of He will occur only at higher pressures. 
The behavior of the other pure system, H, is drastically different. Attractive 
forces and charge transfer prevail in H at r s = 1.31 and 1.0 (see chapter 7). 
Therefore, it is not surprising that He alloying has a major effect on the H sys­
tem. The properties of the mixt ure cannot simply be obtained by interpolating 
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Figure 8.11: The charge densities p in a plane for a H-He mixt ure with a He 
contribution of x = 0.1. The density is T s = 1.3. A He atom together with the 
surrounding H atoms are shown. he He digs a sizeable charge hole around it. The 
H atoms respond to the perturbation of the He atom by forming tight bonds. 

between the pure systems. The pair-correlation functions show that H-He is 
not an ideal mixture. The density plots (figure 8.11 and 8.12) prove the He 
atoms to repel the surrounding H atoms. The H atoms dose to He atoms tend 
to form tighter bonds. The EDOS of the mixt ure demonstrate the existence of 
more tightly bound states in comparison with H. The coexistence of low-lying He 
states and nearly free-electron like H states in astrophysical mixtures is the very 
reason why the system is difficult to treat. In the introductory chapter we argued 
that a perturbative treatment of screening is inadequate. As demonstrated in the 
preceding chapter, weak screening is even a bad approximation for pure H in a 
wide pressure range. Thus the He alloyed system completely eludes the scope of 
simple models. Therefore, many properties of the mixt ure under astrophysical 
conditions are precarious and require a better, more quantitative treatment. One 
of them is addressed in the following chapter, the demixing range of pressurized 
H-He mixtures. 
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Figure 8.12: The charge densities p in a plane for a H-He mixt ure with a H-He 
contribution of x = 0.1. The density is T s = 1.0. The H atoms have linked 
together to a ring around the He atom. 



8.2. ELECTRONIC PROPERTIES 145 

12 ~ 
3000 K 11 r s = 1.3 H 

'I 
II\~ 

6 I, ~ '~'I 
,,, , t I~ 

I , ,," 111 
~ ,. I ,', \, ,,," q - I I ~ l I ,~\, 

w I, , ,'I - 0 a 

6 

o~~~~~--~----~-U~~ 
-20 -10 o 10 20 

E (eV) 

Figure 8.13: The electronic density ofstates D(E) ofHe at T s = 1.31 and tempera­
tures of 800 K and 3000 K. There is a large gap between occupied and unoccupied 
states, indicating that He is a good insulator at this density and temperatures. 
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Figure 8.14: The electronic density of states D(E) of He at T s = 1.0 and temper­
atures of 800 K and 3000 K. The gap has shrunk in comparison with T s = 1.31 
but is still sizeable. He is an insulator for T s = 1.0 and temperatures smaller or 
equal to 3000 K. 
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Figure 8.15: The electrünic density üf states D(E) üf the H-He mixt ure at rs = 

1.31 and temperatures üf 800 K and 3000 K. The gap at 800 K is prübably a 
finite-size effect as it is für H at the same density and temperature. 
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Figure 8.16: The electronic density of states D(E) of the H-He mixt ure at r s = 

1.0 and temperatures of 800 K and 3000 K. It is interesting to compare with the 
EDOS of pure H (figure 7.24) at the same density. The EDOS of the mixt ure 
is significantly broadened with respect to the pure system owing to more tightly 
bound He levels. 



Chapter 9 

Demixing in the Giant Planets 

The quantity that determines the mixing properties under isothermal, isobaric 
conditions in planetary interiors is the excess Gibbs free energy of mixing, defined 
by 

~G(x) = G(x) - xG(He) - (1 - x)G(H), (9.1) 

where G(H), G(He), and G(x) are the Gibbs free energies of pure H, He, and 
the mixt ure , respectively, computed for the same thermodynamical state. This 
quantity can be analysed in terms of internal energy ~U(x), volume P~V(x), 
and entropy T b.S (x) contributions, defined by relations analogous to equation 
9.1 above. In the first part of this chapter we are mainly be concerned with 
b.U(x). Since the additive volume law, 

V(x) ~ xV(x = 1) + (1 - x)V(x = 0) (9.2) 

is found by [99J and [82J to be satisfied within few per cent, one could jump to 
the assumption that this contribution was small. An estimate of this second term 
is given in the first section, too. It will be seen to be smaller than the internal 
energy contribution, but not negligible, because the press ure is very high. In 
the first part of this chapter only the ideal part of the entropy term T b.S (x) is 
considered. We go beyond this approximation in the second section. 

9.1 The Role of the Internal Energy 

In this section we consider only the ideal part of the T ~S (x) contribution, the 
configurational entropy 

Tb.Scon(x) = kbT(xlog(x) + (1 - x)log(l - x)). (9.3) 

At first we also assume that the additive volume law holds exactly, Le., P ~ V = o. 
Then the total energy term ~U(x) determines the demixing temperature COID­

pletely. We can obtain a first intuitive view by comparing the internal energy 
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of the mixed system with those of the two corresponding pure systems. At low 
pressures the constituents ofthe mixture, H2 , and He, interact via van-der-Waals 
forces. The induced dipole-dipole interaction is well-known to be weak. There­
fore, the internal energy differences between the mixt ure and the pure systems 
should be small and the critical temperature for demixing cannot be high. In­
deed, experiments prove the demixing temperature to be small at low pressure 
(below 50 K for P :s; 1 kbar [167]). With increasing pressure H (and to a lower 
degree He) change in the way they interact. Finally, in the metallic regime the 
electronic wave functions of H are fairly delocalized and the charge density is 
enhanced along the bonds formed by H. However, as seen in figures 8.11 and 
8.12, the He atoms are still characterized by pronounced charge peaks that push 
away the surrounding H atoms. Intuitively, one can imagine the effect of the 
He alloying to be the breaking of H next neighbor bonds. For example, let us 
assume H crystallizes in a bcc lattice. Then the replacement of one H atom by a 
He atom would break 8 H next neighbor bonds. This simple picture leads to two 
suggestions: 

• The energy cost for breaking a covalent or metallic bond obviously is higher 
than the energy differences involved deep in the molecular regime where 
the H2 moleeules and He atoms behave similarly (i.e., the interactions have 
a van-der-Waals contribution). The individual charge peaks representing 
the moleeules and atoms are less affected by their environment, because 
the overlap is small. Therefore, in the atomic regime of H we expect the 
demixing temperature to be higher . 

• If the energy loss can be associated with the breaking of H-H bonds it will 
be reasonable to assume that the energy loss is the larger the more bonds 
are broken by the substituted He. For T s = 1.31 our ground state structure 
for H was the string structure with a coordination number of 2. For T s = 

1.2 we found 4-fold coordinated structures to be preferred, and finally at 
T s = 1.0 bcc was stable with a co ordination number of 8. Thus we would 
expect the demixing temperature to rise according to the increased number 
of H-H bonds the He alloying is going to break. 

The most accurate investigation of the electronic structure of H-He alloys so far 
was performed by Klepeis et al. [99], who considered ordered alloys crystallizing 
in a bcc and fee lattice. In their band structure calculations on the lattices 
they demonstrated impressively how the He alloying changes the character of the 
energy bands in the metallic regime. In addition to the nearly free electron-like 
bands stemming from the H levels more tightly bound He bands appear. Thus 
their band structure computations corroborate the trend we found in our analysis 
of the EDOS in the previous chapter. They also applied their computations to 
estimate the demixing temperature, by combining the internal energy differences 
of the alloyed and pure lattices flU(x) with an estimate for the PflV(x) term 
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(small in their computations) and the ideal contribution for the entropy (equation 
9.3). The result is a demixing temperature of Tmix = 15000 ± 2000 K for a He 
contribution of x = 0.07 and a critical temperature of Tc = 40000 ± 12000 K at 
a critical concentration of Xc = 0.43. They found the demixing temperature to 
be virtually constant between 5 and 10 Mbar. At higher pressures the demixing 
temperature decreases slowly. As discussed in the introductory chapter, their 
result represents the highest demixing temperature computed so far (roughly 
5000 K higher than the OCP results). Two major approximations (and sources 
of uncertainty) are [99] 

• the neglect of the influence of finite temperatures on I::1H. Klepeis et al. ar­
gue this restrietion is less severe. The main contribution to I::1H comes from 
the electronic energy. Since the Fermi temperature is roughly a factor of 40 
high er than the astrophysical temperatures of interest (kbT ~ 1 eV com­
pared with 40 e V) it is reasonable to assurne the temperature dependence 
of I::1H to be weak for the temperatures of interest. 

• The inclusion of only the ideal entropy of mixing neglects other contribu­
tions such as the vibrational or rotational entropy. This problem will be 
addressed in the next chapter. 

We found another approximation of [99] to be more severe than both reported 
above: Geometrical effects playa crucial role. In terms of the simple picture 
of broken H-H bonds one limitation is the restrietion to bcc and fee lattices. As 
demonstrated in chapter 6, the co ordination number increases from 1 to 8, the bcc 
lattice being only stable at pressures higher than about rv 10 Mbar [16, 14, 128]. 
Thus we expect the demixing temperature to rise in the pressure range of 5 to 10 
Mbar instead of being constant. Another shortcoming is much more crucial. The 
He insertion will distort the H lattice. As can be seen from the pair correlation 
functions (figure 8.2), the average H-He distance is significantly larger than the 
average H-H distance. The He atoms push away the surrounding H atoms, and 
the H atoms tend to form tight bonds around the He atoms (figures 8.3 and 8.11). 
The change of the geometrical arrangement (and of the electronic structure) can 
be viewed to counteract the perturbation caused by the He insertion. This phe­
nomenon will be referred to as "ionic relaxation effects". It is obvious that the 
ionic relaxation effects increase the stability of the mixture, i.e., the results of 
Klepeis et al. represent an upper bound. The effect of relaxation is demonstrated 
in figure 9.1. The pure H system at T s = 1.0 is alloyed with roughly 10 % and 
relaxed. The He insertion completely destroys the lattice order and leads to the 
formation of pairs and strings of H atoms. 
In the following our computations for T s = 1.31, 1.2, and 1.0 are described. We 
started with the ground state structures of H discussed in chapter 6. For T s = 
1.0 the simulation was performed with 250 atoms. At the lower densities the 
unit cell contained 128 atoms. We randomly selected next neighbor pairs of H 
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Figure 9.1: The effect of relaxation at r s = 1.0. The pure H system (H250 ) is 
alloyed with about 10% He (H202-He24). Bonds are drawn for distances up to 
85 % of the next neighbor distance in the bcc lattice. The relaxation leads to 
disorder and the aggregation of H atoms to pairs and strings. 

and substituted them with He atoms. Random pairs were chosen to simulate the 
geometries of the mixt ure with the highest configurational entropy, presumably 
the most relevant ones under planetary interior conditions. We continued with 
locally relaxing the H-He geometry.lWe computed the excess internal energy for 
a He contribution of x = 0.1, 0.23, 0.39, and 0.6. We found that an accurate in­
terpolation of the simulated results can be given by the purely density dependent 
form .6.U(x) = 1.63x(1- x)/r; eV /atom, valid for all the densities rs = 1.31, 1.2, 
and 1.0. In figure 9.2 the results for .6.U(x) are shown. The solid lines are the 
interpolations of internal energy differences at r s = 1.31 (solid circles), 1.2 (open 
circles), and 1.0 (squares). The dashed line corresponds to an interpolation of 
the unrelaxed internal energy differences at rs = 1.0. The effect of relaxation is 
dramatic. We performed static computations on the pure systems and one mixed 

ITo improve the speed of relaxation we applied a small technical trick. Although it is only 
a small change and trivial to implement it is worth saying a few words about it, because it 
proved to be very helpful. We performed MD runs and quenched the system for (d/dt) E(t) = 
LRr FRr . VI = O. In the multidimensional space of the {RI(t)} the quench corresponds to a 

minimization in the direction where the {RI(t)} vary most, i.e., the direction of the gradient. 
The forces computed after the quench at time t + D..t are orthogonal to the previous direction 
of minimization and again represent the direction of the most rapid change in the subspace 
orthogonal to the previous gradient. After the quench the evolution to the next point where 
(d/dt) E(t) = 0 starts slowly, because the velocities are zero after the quench and it takes some 
time until the system picks up speed again. Therefore, we scaled the velocities at the first step 
after quenching (t + D..t) to a temperature T(t + D..t) = aT(t), where T(t) is the temperature 
after the quench. Obviously, a has to be smaller than 1 for the method to converge. In practice 
a = 2/3 allowed us to perform local relaxation in 100-300 MD steps. 
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Figure 9.2: The excess internal energy differences flU(x) at T s = 1.31 (solid cir­
des), T s = 1.2 (open cirdes), and T s = 1.0 (squares) as a function of the He 
contribution x. The data were interpolated by the simple interpolation formula 
flU(x) = 1.63x(1 - X)/T; eV /atom (solid lines). The dashed line is the inter­
polation for the unrelaxed internal energy differences at T s = 1.0. Obviously 
relaxation plays a major role for a quantitative calculation of demixing. 

configuration (x = 0.39) to estimate the PflV(x) term. It contributes about 25 
% to the total flH(x). Then we added the ideal entropy part (equation 9.3) and 
constructed the demixing curves via a double tangent construction. The con­
struction is illustrated schematically in figure 9.3 for T s = 1.31. The solid curves 
represent the Gibbs excess energy (in eV /atom) as a function of concentration and 
temperature. For a given temperature T < Tc, there is a concentration regime 
in which the Gibbs energy isotherm is concave downward, so that a straight line 
(dashed) may be drawn tangent to the curve at two points. The solubility limits 
xI(T) and x2(T) are the abscissae of the two points of tangency. When T is 
increased Xl and X2 move doser together, until at T = Tc they coincide in xc. For 
T > Tc, the isotherms are concave downward at all x, the tangent construction 
is impossible, and the mixture is stable against separation at any concentration. 
The inversion of xI(T) and x2(T) renders the demixing curves. In figure 9.4 
the resulting demixing curves are presented for pressures of 4, 10, and 24 Mbar 
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Figure 9.3: Excess Gibbs free energy differences LlGrnix as a function of temper­
ature and concentration at r s = 1.31. The dashed line is drawn tangent to the 
isotherm at two concentrations that represent the solubility limits (Xl and X2) 
of the H-He mixt ure at the corresponding temperature. The curve für 4000 K 
corresponds to an astrophysical He contribution of X = 0.1 and the bottom curve 
to the critical compositiün of Xc = 0.5. T(XI), T(X2), and T(xc) are three points 
used to construct the bottom curve in figure 9.4. 

(solid lines). The dashed curves are the DFT/LDA computations of Klepeis et 
al. [99] and the dotted curve is an OCP result (from [99]), both at about 10 
Mbar. Clearly, the ionic relaxation plays a dominant role, the static computa­
tions of Klepeis et al. overestimate the demixing temperature significantly. The 
OCP result is surprisingly elose to our DFT /LDA curve at 10 Mbar. 
To decide if phase separation is an ongoing process in Saturn or even in both giant 
planets the demixing temperatures have to compared with models of the interior 
of Jupiter and Saturn. In the introductory chapter a crude approximation to the 
adiabats describing the giant planets has been presented. We used it tü estimate 
a critical temperature of 9000 K for Saturn and 10500 K for Jupiter at about 
3 Mbar. For an astrophysical mixt ure of about 10 % He the demixing temper­
atures are rüughly 4000 K for 3.5 Mbar, 6000 K for 10 Mbar, and 8500 K for 
24 Mbar (figure 9.4). Judging from Stevenson's data our demixing temperatures 
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Figure 9.4: Demixing temperature T (in K) as a function of the He concentration 
x. The solid lines represent the present DFT/LDA calculations at 3.5, 10, and 
24 Mbar. The dashed line is the result form the static DFT /LDA calculations 
of Klepeis et al. [99] and the dotted line is computed via OCP [99]. Both were 
computed for apressure of 10 Mbar. 

are too low by a factor of 2 for phase separation to be relevant in Jupiter and 
Saturn. However, the early models for the interiors of the giant planets tend to 
overestimate the internal temperatures significantly, because they fail to account 
for the energy that goes into the dissociation of the H molecules and thus lowers 
the internal temperatures. Saumon and Chabrier [162] developed a model for 
the HeImholtz free energy of fluid H at high density where they tried to include 
properly the effect of both pressure and temperature dissociation and ionization 
of H. They used this HeImholtz free energy to model the interior of the giant 
planets [33, 163]. The adiabats presented in [33] provide interior temperatures 
of ab out 6300 K and 7900 K at 3.5 Mbar and 10000 K and 12600 K at 10 Mbar 
for Saturn and Jupiter, considerably lower than Stevenson's model but still too 
high for demixing to occur in both planets. However, N ellis, Ross, and Holmes 
[134] demonstrated in recent shock compression experiments that Saumon and 
Chabrier's model still overestimates considerably the measured shock temper­
atures. Furthermore, their model fails to represent qualitative features of the 
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process of pressure dissociation. In contradiction to the model of [162], [134] find 
the pressure dissociation of the H molecules to be a continuous process starting at 
ab out 20 GPa. Holmes, Ross, and Nellis [76] developed a new model for H that 
agrees with the measured shock temperatures. They predict the energy going 
into the dissociation of the molecules to be higher than hitherto assumed and 
the temperature in the molecular envelope to be substantially lower [134J. They 
computed an adiabat for pure H starting at 165 K and 1 bar (surface param­
eters of Jupiter) and found it to deviate from the pure H adiabats of Saurnon 
and Chabrier [33J in the density range where the dissociation process begins. At 
180 GPa, the highest pressure they regarded, the predicted temperature is about 
25 % lower. A decrease of the internal temperatures by 25 % at 3.5 Mbar (4700 
K instead of 6300 K for Saturn and 5900 K instead of 7900 K for Jupiter) would 
move the internal temperatures elose to our results. So far their new model has 
not been applied to develop complete models for the interiors of the giant planets 
and the final solution of the problem awaits further, more refined investigations. 
An improvement on the computation of demixing is attempted in the next chapter 
where non-ideal contributions of the entropy are ineluded. 

9.2 Free Energy Calculation 

We apply a technique derived from elassical MD to compute the Heimholtz free 
energy, the overlapping distribution method or "umbrella sampling". As the 
method is described weIl in [53, 54], we deal with the theoretical part only briefiy. 
The starting point for computing free energy differences in an isothermal ensemble 
is the partition function of the system 

qN (T) l L l L 
::N ::N Q(N, V, T) = N! 0 ••• 0 dq exp( -ßU(q )), (9.4) 

wh ich is conveniently written with scaled coordinates s: 

Q(N, V, T) = (q(T);)N 11 

... 11 

dsN exp( -ßU(SN)). (9.5) 
N. 0 0 

The expression for the Helmholtz free energy is 

F(N, V, T) -kbTlnQ 

= -kbTln ((q(~~)N) - kbTln (1 dsNexp [-ßU(SN)]) 

= Fid(N, v, T) + Fex(N, V, T). (9.6) 

In the last line the free energy was written as a sum of the ideal gas expression 
plus an excess part. The free-energy difference between two systems 1 and 0 is 
given by 

(9.7) 
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With the help of equation 9.6 the excess term of tJ.FlO can be expressed as the 
logarithm of the expectation value of exp[-ßtJ.U]: 

tJ.F . - k Tl (J exp[-ß(Uo + tJ.U)]drr ) 
lO,ld b n J exp[-ßUo]dif" 

tJ.F10,id + kbT (exp[-ßtJ.U])o (9.8) 

or 
tJ.FlO,ex = -kbTln (exp[-ßtJ.U]) 0 . (9.9) 

Equation 9.9 allows to compute free energy differences of two systems 1 and 0 
without performing explicit simulations on both of these systems. The central 
qmintities are the internal energy differences tJ.U for several configurations of 
the reference system O. For the other system 1 only the internal energy at the 
configurations of the reference system has to be computed. For our practical 
application of the scheme presented below three points are important: 

• For the method to work it is important that internal energy differences tJ.U 
are reasonably small (i.e. not much larger than kbT). Otherwise, the statis­
tical error in (exp[-ßtJ.U])o would be too large for a reliable computation. 
Therefore, the system investigated should not be very different. This crite­
rion is satisfied in our computations where the pure H system is perturbed 
by a small amount of He (10 %). 

• For mixtures the difference in the ideal part of the free energy, defined in 
equation 9.6, is (in general) not equal zero. This part leads to the ideal 
(configurational) part of the entropy (equation 9.3) which has to be added 
to the excess term. In the following presentation and discussion of our 
quantities the ideal part is left out. It plays the same role as in the previous 
section and can be added trivially. 

• As will be seen below, we keep the number of electrons fixed instead of 
the number of particles. This procedure is reasonable, because the main 
internal energy differences stern from the change in the electronic structure 
(and because it simplifies the relaxation of the electronic structure after the 
substitutions). The change of the number of particles does not affect the 
validity of formula 9.9. In 9.8 the derivation assurnes identical dimensions 
of the configuration space. Formally, this is achieved by the transformation 

J dXNH+NHeH'" J dXNH+2NHe Umix (Xl, ... , XNH+NHJ 

8 (XNH+l' XNH+NHe+1) ... 8 (XNH+NHe' XNH+2NHJ 

J dXl'" J dXNH+2NHe U' (XI, ... , XNH+2NHJ, (9.10) 
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where NH is the number of H atoms and NHe is the number of He atoms 
in the mixture. The only difference to substitutions where the number of 
particles is conserved is that we cannot refer the internal energy differences 
to the number of particles. Instead we consider the energy per electronic 
state. Thus our results for the free energy differences Fmix - FH are ob­
tained in units of energy per electronic state. For the computation of the 
excess free energy of mixing we change the picture. We construct FH by 
thermodynamical integration (see below). Then we add FH (in energy per 
electronic state) to Fmix - FH to obtain Fmix • For Fmix the unit is converted 
to energy per particle and in constructing .6.Fmix all quantities are referred 
to energy per particle. 

We performed umbrella sampling for Ts = 1.31 at temperatures of 800 K and 
3000 K and for T s = 1.0 at 800 K. After a certain number of steps of molecular 
dynamics for the H system (we reduced the number from 200 to 100 for the lower 
temperatures and to 50 for the simulation at 3000 K) we chose randomly 12 next 
neighbor pairs of Hand replaced them by He atoms. Then we converged the 
electronic structure and computed the internal energy difference Umix - UH • The 
internal energy differences were used in formula 9.9 to obtain the excess part of 
the free energy difference of the mixt ure and pure H. The number of sam pies was 
130 for T s = 1.31 and T = 800 K, 320 for T s = 1.31 and T = 3000 K, and 140 
for T s = 1.0 and 800 K. The statistical average was more difficult to converge 
for T = 3000 K than for T = 800 K because of the larger Boltzmann factor kbT 
in equation 9.9. The evolution of the value for the free energy differences .6.Fex 

together with the statistical error as a function of the number of sampies is shown 
in figure 9.5. It demonstrates that the method is reasonably converged for the 
final number of sampies. Below we discuss that the statistical error is not the 
main source for uncertainty. In table 9.1 the result is shown. For convenience 
we present Fmix instead of Fmix - FH provided by formula 9.9. The excess free 
energy of mixing is 

(9.11) 

where Fmix is the free energy of the mixture, FHe the free energy of the pure He 
system, FH the free energy of the pure H system, and x the percentage of He in 
the mixture. To compute .6.Fmix it is necessary to know the free energies of the 
pure systems FH and FHe . The internal energies UH(T) and UHe(T) are obtained 
from the simulations of the pure systems at 800 K and 3000 K (we took the av­
erages over the trajectories). The entropies are constructed by thermodynamical 
integration. From the fit to the internal energies (figures 7.9, 7.10, 8.6, and 8.7) 
the specific heat C;;(T) and c;;e(T) are obtained as functions of temperature. 
Then the entropy can be computed via 

S(T) - S(To) = rT 

Cv~~') dT'. 
JTo 

(9.12) 
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Figure 9.5: The evolution of the result for Fmix for T s = 1.31 and 3000 K as a 
function of the number of sampies normalized to the final result obtained with 320 
sampies (squares). The corresponding statistical error is represented by circles. 

The results are summed up in table 9.1. Combining these data with the umbrella 
sampling results for Fmix we obtain the excess free energies of mixing b.Fmix (table 
9.2). Since b.Fmix does include neither the ideal contribution nor a PV term, the 
results for b.Fmix have to be compared with the zero temperature internal energy 
difference b.U of the previous section. Using the simple interpolation formula 
b.U(x) = 1.63x(1 - X)/T; eV /atom we find (for x = 12/116 ~ 0.1) b.U(x) = 
0.07 eV /atom for T s = 1.31 and 0.15 eV /atom for T s = 1.0. Thus the umbrella 
sampling leads to two condusions: 

• The free energy differences computed via umbrella sampling are higher than 
the zero temperature estimates of the previous chapter . 

• For higher temperatures the larger excess free energy is partly compensated 
by an increase of the non-ideal excess entropy. 

From 800 K to 3000 K b.Fmix is lowered by 0.05 eV /atom from 0.17 eV /atom 
to 0.12 eV /atom. If we assume the decrease to be the same between 3000 K 
and 5000 K, at about 5000 K b.Fmix will be dose to the value of b.U(x), 0.07 
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Table 9.1: The free energies FR and F Re ofpure Hand He at T s = 1.31 and 800 
K and 3000 K, and at T s = 1.0 and 800 K constructed by thermodynamical 
integration. All quantities are in e V / atom. 

UR URe 3R T 3Re T FR 

T s = 1.31, 800 K -13.79 -73.29 0.10 0.09 -13.89 
T s = 1.31, 3000 K -13.52 -72.91 0.92 1.02 -14.44 
T s = 1.0, 800 K -9.51 -67.87 0.10 0.12 -9.60 

Table 9.2: The free energy of the mixt ure Fmix and the 
excess free energy ..6.Fmix .. In addition the excess internal 
energy ..6.Umix obtained from zero-temperature substitu­
tions (previous section) and the statistical error from 
umbrella sampling .6. are shown. The unit of all quanti­
ties is e V / atom. 

F mix .6. F mix .6.Umix .6. 

T s = 1.31, 800 K -19.87 0.17 0.07 0.02 
T s = 1.31, 3000 K -20.48 0.12 0.02 
T s = 1.0, 800 K -15.38 0.26 0.15 0.02 

F Re 

-73.38 
-73.92 
-67.99 

eV /atom. As seen in the previous section for T s = 1.31, the ideal part balances the 
.6.U(x) (or .6.Fmix ) at 4000 K. Thus the umbrella sampling suggests the demixing 
temperature to be a little bit higher. 
In order to check the results obtained by umbrella sampling we used the same 
thermodynamical integration as for the pure systems to construct the internal 
energy differences, i.e., we fitted the average internal energies to a finite size 
broadened specific heat (formula 9.12). For Ts = 1.31 the fit is shown in figure 
9.6. Unfortunately, the fit to the mixt ure is poor in this respect that qualitatively 
different fits are possible within the statistical error bars. (For T s = 1.0 the 
fit for the mixture is much worse than for T s = 1.31. Therefore, we abstained 
from thermodynamical integration of the H-He results at the higher density.) In 
figure 9.7 the results for the free energy differences obtained via thermodynamical 
integration (solid line) are compared with the results from umbrella sampling 
(diamonds). The dashed line are results from a slightly different fit (the melting 
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Figure 9.6: Fit of the internal energies U(T) of a H-He mixture at T s = 1.31 
and XHe = 0.1. The fit formula was chosen to give a (finite-size) broadened 
discontinuity in the specific heat. Statistical error bars were added. The fit gives 
a melting temperature of 850 K. 
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Figure 9.7: The excess free energies of mixing b.Fmix computed via thermody­
namical integration (solid line) compared with the results obtained from umbrella 
sampling (diamonds ). The dashed line was produced from a slightly different fit 
to the internal energies of the H-He mixture. The zero temperature result is 
represented by a faint dotted line. 
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temperatures given by the fits differ only by 15 K). It can be seen from figure 9.7 
that 

• umbrella sampling gives considerably high er excess free energy differences 
than thermodynamical integration and 

• the dependence of the results on the fit to the internal energies is strong. 

On the one hand the uncertainties in the procedure of fitting the internal energies 
are large, on the other the computed quantities (excess free energy differences) 
are sm all. In addition to the poor fit for the mixture the errors in the other inte­
grations (especially for H) are considerable, too. Since the free energies computed 
via thermodynamical integration were also used to extract the excess free energy 
for the umbrella sampling the systematical errors from the integration pervade 
all our finite temperature results. Therefore, we believe the zero temperature 
estimations of the last section (which are represented by the faint dotted line in 
figure 9.7) to be our best estimate of the demixing temperature. 



Chapter 10 

Electronic Conductivities of 
Hydrogen under High Pressures 

In several respects the computations of electronic conductivities complements 
the investigation of the electronic structure of H in chapter 7. The changes of 
the electronic properties induced by the variation of pressure and temperature 
is reflected in the value of the conductivities. For example, the increase of the 
conductivities with press ure corresponds to the reduction of the electron-ion cou­
pling (see the argumentation below). The conductivities can be used to determine 
the conditions under which high pressure H metallizes. For the physics of the 
giant planets this transport coefficient plays an important role. The electronic 
conductivities are needed as an input to models of the external magnetic fields 
of Jupiter and Saturn, caused by convective dynamo motion of conducting fluid 
H at pressures up to few 100 GPa and temperatures up to several 1000 K (see, 
e.g., [97]). 
For the computation of the conductivities we used the trajectories that we gen er­
ated by ab initio MD runs for different pressures (r s = 1.5, 1.31, 1.0, and 0.5) and 
different temperatures (800 K - 10000 K). From these trajectories we extracted 
instantaneous configurations for our conductivity calculations. For these config­
urations we computed the electronic structure and applied the formula of Kubo 
and Greenwood for a discrete eigenvalue spectrum 

(10.1) 

where n is the sampie volume. The physical idea behind the formula is to relate 
the conductivity to the prob ability that an electron is excited by the external field 
from its initial state Ei to a former unoccupied ("final") state Ef . (see appendix 
A). The sum goes over all pairs of (initially) occupied and unoccupied states 
{Ei, E f } with IEf - Eil< t:,.w. This formula can be easily derived from equation 
(3.87) in [68] by inserting the Fermi distribution at T = 0 and averaging over 
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a frequency interval J3.w to smear out the delta function. A different derivation 
and more details are given in appendix A. 
In our computations the electrons are in their ground state, leading to occupation 
numbers of f = 2 for occupied and f = 0 for unoccupied states. This assumption 
is justified with regard to the much higher Fermi temperature increasing from 
rv 2.5 .105 K at T s = 1.5 to rv 2.3 .106 K at T s = 0.5. Our unit cell contained 
96 atoms für the simulations for T s = 1.5, 128 atoms for T s = 1.31, and T s = 
1.0 and 250 atoms for T s = 0.5. k-space sampling was restricted to the r-point, 
leading to 48, 64 and 125 occupied states, respectively. We added 12 unoccupied 
states for T s = 1.5 - 1.0 and 25 for T s = 0.5. In the Kubo-Greenwood formula 
we included pairs of occupied and unoccupied eigenvalues with IE, - Eil< J3.w. 
For a chosen frequency interval J3.w the formula provides an approximation für 
the ac conductivity at the frequency w = J3.w /2. In practice the method is re­
stricted to a finite range of frequencies. As soon as only very few energy pairs are 
included the averaging over the interval J3.w becomes unreliable. On the other 
hand the formula ceases to be ,a good approximation when J3.w exceeds the energy 
differences between the highest occupied and highest unoccupied orbital in our 
calculation. In the frequency range where our approach is reliable we find the 
conductivity either to decline (especially for T s = 1.5) or to rise nearly mono­
tonically as a function of w. To calculate DC conductivity we extrapolate the 
results for finite w to zero frequency. For most cases we used a second degree 
polynomial, for some cases a first degree polynomial proved to be more reliable. 
In figure 10.1 an example for a fit for T s = 1.5 and T = 2000 K is given. In some 
cases the frequency range across which we extrapolate the conductivities is not 
small (:::; 1eV). The corresponding error is discussed at the end of this section. 
In table 10.1 the computed conductivities for H are presented. At T s = 1.5 the 

Table 10.1: DC conductivities (J' in 105/(Ocm). At T s = 1.5 the 
temperature was 2000 K instead of 2200 K. The experimental result 
at T s = 1.5 and 3000 K was taken from [195] 

T (K) T s=1.5 T s=1.31 T s=1.0 T s=0.5 
1500 0.0005 0 0 
2200 0.022 0.032 0.22 
3000 0.030 (expt. 0.02) 0.22 0.56 
6000 18 
8000 14 
10000 10 
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Figure 10.1: An example (Ts = 1.5 and T = 2000 K) for the extrapolation of the 
conductivity to w = o. 

conductivity increases by two orders of magnitude between 1500 K and 2000 K. 
In chapter 7 we discussed the structural changes of the system at T s = 1.5 as a 
function of temperature. In figure 7.2 the pair correlation function was shown for 
800 K and 3000 K. At low temperature the system is still molecular whereas at 
3000 K a major part of the molecules have dissociated. The structural change can 
also be seen in the ion-electron pair-correlation functions gi~ (figure 7.12). It is ac­
companied by the closing ofthe band gap in the electronic structure (figure 7.21). 
The band gap closure signalizes metallization of the system, which is quantita­
tively confirmed by the strong increase in the conductivity. Weir, MitchelI, and 
Nellis [195] investigated the metallization of fluid H in the pressure range from 
93-180 GPa and 2200-4400 K by shock compression experiments. They reported 
a sharp resistivity decrease from about 1 O-cm at P = 93 GPa to 5·10-4n-cm at 
140 GPa. Between 140 and 180 GPa the resistivity remained constant at about 
5· 10-4 n-cm. They concluded that fluid hydrogen metallizes at about 140 GPa 
and 3000 K through a continuous transition from a semiconducting to metallic 
fluid. Our results agree with the experiments of [195]. Metallization occurs below 
3000 K. We predict the metallization temperature at T s = 1.5 (155 GPa) to lie 
between 1500 K and 3000 K. The resistivity of 5· 10-4 O-cm corresponds to a 
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conductivity of 0.02 . 1050-1cm-1 compared with our theoretical values of 0.022 
. 1050-1cm-1 at 2000 K and 0.030 . 1050-1cm-1 at 3000 K. Weir, Mitchell, and 
Nellis claim the error bars on their experiments to be mostly about 25%, some 
are up to 50%. Our error bars are larger (see below). 
At T s = 1.31 the results of table 10.1 indicate metallization to occur in the same 
temperature range as for TB = 1.5. Unfortunately that is an artifact of the poor 
EDOS. As discussed in chapter 7, finite-size effects lead to a gap in the EDOS 
at low temperatures (see figures 7.22 and 7.23). This spurious gap enters in the 
denominator of formula 10.1 and causes the conductivity to go to zero. To check 
the error induced by the poor EDOS we recomputed the conductivities at the 
Baldereschi-point k = (1/4,1/4,1/4) [11] that provides a better k-space represen­
tation than the r-point (table 10.2). At low temperatures finite-size effects are 

Table 10.2: Conductivities er in 105/(Dcm) 
computed with poor (r-point) and improved 
(Baldereschi-point) k-space sampling at TB = 

1.31 and 1500 K and 3000 K. 

T 
1500 
3000 

B-point 
0.30 
0.33 

r-point 
o 

0.22 

responsible for the zero conductivity, Le., the system is metallic for 1500 K and 
T s = 1.31. The conductivities at 1500 K and 3000 Kare virtually equal, and 
the conductivity values can be expected to decrease at higher temperatures as 
an effect of increased scattering. The comparison shows that the r-point value 
at 3000 K is a good estimate. 
At T = 3000 K the metallic character of the H sampie increases from TB = 1.5 
to TB = 1.31 by roughly one order of magnitude (from 0.030 to 0.22 ·105 (Ocm)-r, 
table 10.1). The rise of the conductivity between Ts = 1.31 and TB = 1.0 (0.22 to 
0.56 ·105 (Ocm)-1 is considerably less although the press ure change in the system 
is much larger (P ~ 150 GPa at T s = 1.5, 350 GPa at T s = 1.31, and 2400 GPa 
at TB = 1.0). The system transforms substantially in the pressure range of a 
few Mbar. This trend correlates with the substantial decrease in the ion-electron 
interaction over this pressure range (see the ion-electron pair-correlation function 
in figure 7.14 of chapter 7). 
Finally, at T s = 0.5 the conductivity exhibits the correct temperature trend 
of a metal: its value decreases with temperature. At the highest temperature 
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(10000 K) the value of the conductivity is not far from that of copper at room 
temperature (6.4·105(Ocm)-1). It is instructive to compare with other models. 
Stevenson and Salpeter [178] provided a simple formula for computing the con­
ductivities in an astrophysical environment 

5.1020 p4/3 
er ~ ( ) esu, T 1+3x 

(10.2) 

where pis the density in g/cm3 , T the temperature in K, and x the He num­
ber fraction. For pure H (x = 0) we compare the results at T s = 1.5, 1.31, 1.0, 
and 3000 K and T s = 0.5 and 6000 K in figure 10.2. The approximation from 

-P-
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Figure 10.2: Comparison of our results at at T s = 1.5, 1.31, 1.0 and 3000 K and T s 

= 0.5 and 6000 K with conductivities computed with a hard sphere model [176J. 

Stevenson and Salpeter considerably overestimates the conductivities. For ex­
ample, they propose for the conditions at the Jovian core (P ~ 45 Mbar, T ~ 
20000 K) the conductivity to be elose to those of room-temperature alkali metals 
at normal conditions whereas in our computations comparable values are only 
realized at much higher pressures (Ts = 0.5 corresponding to about 110 Mbar). 
Formula 10.2 was originally derived (in a more general form) by Stevenson and 
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Ashcroft [176] within a hard-sphere model for conduction in fully ionized liquid 
metals. The discrepancy with our results refiect the considerable screening in 
the system. We may expect the results to differ even more for H-He mixtures, 
because the He insertion leads to more tightly bound states (see the discussion 
in the previous chapter). The effect of He alloying on the conductivity in Steven­
son and Ahscroft's model is easily seen from equation 10.2. For an astrophysical 
He contribution the conductivity is reduced by about 25 %. We computed the 
conductivity of the mixt ure for T s = 1.0 and 3000 K. The result is shown in table 
10.3. The He alloying is seen to reduce the conductivity by almost a factor of 

Table 10.3: The conductivities (j of pure H 
and a H-He mixt ure of astrophysical com­
position at T s = 1.0 and 3000 K (j in 
105 /(Ocm)). 

H 
0.56 0.23 

3. This large effect refiects the substantial changes in the electronic structure 
caused by He insertion (see, e.g., figures 7.18 and 7.24 of H-He in comparison 
with figures 8.11 and 8.16). 
Because of the better description of the electronic structure we believe our results 
to be more reliable than those from simpler models as Stevenson and Salpeter's 
formula or the results of OCP, at least for the temperature and density range 
investigated. After pointing out the discrepancies and giving some qualitative 
arguments concerning the accuracy of our approach a more detailed discussion 
of the approximations in our computations is in mandatory. There are five main 
sources of error, the usage of DFT /LDA, the relaxation-time approximation, fi­
nite size effects, statistical errors, and methodical inaccuracies. 
The applicability of DFT with the local density approximation for the exchange­
correlation part was discussed in chapter 7. What concerns the computation and 
inclusion of unoccupied states the same arguments apply as in chapter 7 where 
we used the band gap in the EDOS as an indicator for metalization. Band gaps 
are known to come out too small by roughly a factor of two, and one may expect 
the the conductivity to be overestimated. (The denominator in equation 10.1 
becomes smaller). The induced error is of the same order as the other errors. 
Partly, we profit from error cancellation as the finite-size effects are likely to un­
derestimate the conductivity. 
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The effect of the relaxation-time approximation, i.e., the assumption that colli­
sions do not alter the form of the distribution function is a very common approxi­
mation for conductivity computations. Its effect is difficult to estimate but likely 
to be smaller than most of the other errors. 
A severe limitation is the finite size of our system. The Bloch character of the 
electrons in the metallic regime is not weIl described by ineluding the r-point 
only. As seen above, the error decreases with temperature. The reason is easy 
to understand. The finite temperatures tend to smear out the artificial gaps. 
In addition our computations with improved k-space sampling showed that the 
gap at the r-point is an overestimation. However, the errors introduced into the 
values at T ~ 3000 K are not large (table 10.2). Apart from the computations at 
T s = 1.31 we performed also computations with the Baldereschi-point at T s = 0.5 
and found the conductivities to lie in the range of the r-point results. Therefore, 
we believe the induced error at higher temperatures to be not larger than 25 -
50%. 
We incur statistical errors, too. For T s = 1.5 - 1.0 we calculated a for at least two 
ionic configurations and took the average. The values of the conductivities varied 
typically by a factor of 2-3. Ts = 0.5 proved to be the most delicate problem. 
The electrons are nearly degenerate leading to very small energy denominators in 
formula 10.1 and stronger variations in the conductivity from sampIe to sampIe. 
For each conductivity more than ten configurations were sampled. The statistical 
error are presented in table 10.4. 
There is the error from extrapolating the conductivities to w =0. We tried dif-

Table 10.4: Conductivities a in 
105/(Dcm) at T s = 0.5 and their 
statistical errors. 

T/K 
6000 
8000 
10000 

18 ± 14 
14 ± 1 
10 ± 3 

ferent interpolation strategies. If the form of the curve elose to w =0 is not very 
different from higher w, the induced error will not be larger than 25% - 50 %. 
In addition there is a certain arbitrariness in choosing D.w in formula 10.1. By 
varying D.w the values for a do not change substantially. An upper bound for 
this error is 20 %. 
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Finally, there is the approximation of zero temperature for electrons. For one 
sam pie we compared the result with those of L. Collins, J. Kress, and 1. K won 
[39], who used finite temperature in the occupation of the electronc states, which 
enabled them to take the limit w ---+ 0 more accurately. Their result was larger 
by 25 %. The difference disappeared when they used T = 0 in the Fermi dis­
tribution function. The approximation of zero temperature for the electrons is 
most crucial in the semiconducting phase. Since we do not excite electrons into 
the conducting levels we obtain zero conductivity for finite ionic temperatures, 
too. In addition there is a technical reason why it is impossible in our scheme to 
compute the conductivity of semiconductors. The ac ---+ dc extrapolation will not 
work if the ac conductivities are not of the same order as the dc conductivities. 
Taking all sources of errors into account we believe our results to be accurate 
within a factor of 2-3. 



Chapter 11 

Conclusions 

"Simple" hydrogen is a complex system. It is only the extreme cases, very strong 
and very weak coupling of electrons and protons, where a faithful description 
of hydrogen can be achieved by simple models. Between the two extremes the 
situation is more complicated and the physics more complex due to the subtle 
interplay of electrons and protons. For an accurate description of the system 
the inclusion of the electronic structure is mandatory. We have used the Car­
Parrinello method, a combination of molecular dynamics and density functional 
theory. The expensive computation of the electronic structure is rewarded by two 
major advantages: 

• The Car-Parrinello method allows us to treat the system for a wide range 
of pressures and temperatures, and physical processes that cannot be de­
scribed adequately with empirical potentials, such as the forming and break­
ing of bonds. 

• In addition to the quantities provided by "conventional" molecular dynam­
ics, the Car-Parrinello method allows us to investigate the electronic prop­
erties and the coupling of electronic and ionic degrees of freedom. 

In our study of hydrogen we have aimed at regions of the phase space where sim­
ple, empirical methods fail. The treatment of molecular hydrogen with empirical 
pair potentials deteriorates with increasing pressure, and the induced errors are 
substantial above rv 1 Mbar, where the molecules begin to dissociate (chapter 5). 
At very high pressures, where hydrogen is atomic, pair potentials are constructed 
from the bare Coulomb potential and including the polarization of the electrons 
by perturbative methods. These potentials fai! far lower pressures in the region 
of strong screening. We have demonstrated that, at pressures as high as rv 100 
Mbar, the screening effects are underestimated and that these methods fai! to 
give a quantitative description below rv 25 Mbar (chapter 7). Hydrogen-helium 
mixtures, in particular, cannot be described by perturbative treatment of screen­
ing effects because of the tightly bound helium states (chapter 8). 
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One focus of our studies has been the part of the phase diagram of hydrogen 
that is inaccessible to simple models, and we performed simulations for pressures 
of P = 1-110 Mbar and temperatures of T = 0-3000 K. Across this press ure range 
the hydrogen moleeules give up their identities. 

• The system changes drastically in structural properties, and complex 
intermediate stages appear in the transformation from a molecular system 
to an atomic one. These stages are characterized by the coexistence of 
hydrogen in different forms, atom, molecules, and short-lived conglomerates 
of atoms that align in filaments or strings (chapter 7). The structural 
changes are accompanied by 

• A transformation of the bonding characteristics. At apressure of 
several Mbar when the moleeules lose their identities, directional bonds 
prevail in the system, typical of covalent systems. A very good example 
where the directional bonding plays a role is the string structure described 
in chapter 6 and discussed below. At the high edge of the transition regime 
hydrogen crystallizes in a dose packed lattice, bcc, typical of a metal. In 
the electronic properties the structural changes are reflected in the delo­
calization of the electronic orbitals and the dosing of the band gap in the 
electronic density of states (chapter 7). The changes in the electronic prop­
erties influence the transport properties. 

• Hydrogen becomes a conductor in this pressure range. At normal 
conditions hydrogen is a good insulator. The increase in pressure reduces 
the band gap in the solid, and a sharp rise in the electronic conductivities 
signalizes metallization in the Mbar range (chapter 10). 

Hydrogen is therefore transformed from a covalent molecular insulator to a 
metallic atomic conductor by increasing pressure. 
A second focus of our studies comprised astrophysical mixtures. The envelope 
of the giant planets, Jupiter and Saturn, can be modelled by a hydrogen-helium 
mixt ure with about 10 % He. The pressures in these planets range from 1 bar to 
45 Mbar, i.e.,the physics in the molecular-atomic transition ofhydrogen applies to 
these planets. We have analyzed the effect of helium alloying on the structural and 
electronic properties (chapter 8). With regard to the astrophysical importance 
we have computed the free energies of high-pressure hydrogen-helium mixtures 
and used them to determine the miscibility gap (see chapter 9 and below). 
We have studied physical phenomena and compute structural and electronic prop­
erties, such as the ionic pair correlation function, s- and p-component of the 
electron-ion pair correlation function, self diffusion coefficients, the delocaliza­
tion of the orbitals with pressure, melting temperatures, electronic densities of 
state, demixing temperatures of H-He mixtures, and electronic conductivities. 
Here we seek quantitative understanding. Our goal here is quantitative under­
standing, and our method avoids some soure es of errors typical of simpler models 
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and provides more reliable data, that are needed, e.g., in astrophysics to under­
stand the interiors of planets. Let us finally summarize the two main results: 

1. The metallization of hydrogen has been called the "holy grail of high­
pressure physics" [9]. The theoretical investigation of the metallization 
depends strongly on the knowledge of the true ground state structure for 
high pressures (chapter 1). We have investigated possible structures and 
found new candidates for the ground state structures at P = 1.5 Mbar and 
P = 3.5 Mbar (chapter 6). The structure where the hydrogen molecules 
align in strings is particularly intriguing. The difference between inter­
and intramolecular distance is small and decreases with pressure, and the 
structure is energetically favored over the molecular structures of previ­
ous studies ([94] and [130]). In addition there is a qualitative difference. 
The structures of [94] and [130] are characterized by clearly defined, tightly 
bound molecules. The alignment in strings in our structure is accompanied 
by the gradual dissociation of the molecules, which is consistent with the 
decrease in the Raman and IR vibron frequencies found in diamond-anvil 
cell experiments (chapters 1 and 6). 

2. Jupiter and Saturn radiate about twice the energy they ab so rb from the 
sun. The energy of the excess heat radiation arises in part from internal 
cooling of the planets. For Saturn the cooling rate would be too high as 
sole energy source, and phase separation of hydrogen and helium has been 
proposed as an additional energy source. We have determine the internal 
energy differences between hydrogen-helium mixtures and the pure systems. 
The inclusion of structural relaxation and electronic screening is crucial, and 
computations that neglect either lead to overestimations of the demixing 
temperature. We have combined the computed internal energy differences 
with estimates of the volume (P.ßV(x)) and entropy (Tf:lS(x)) terms to 
determine the demixing temperatures, and our resuIts suggest no demixing 
in either Jupiter or Saturn. However, the demixing temperatures lie close 
to the internal temperatures of Saturn and adefinite answer to this problem 
awaits improved models for the interior of the giant planets. 
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Appendix A 

Derivation of the 
Kubo-Greenwood Formula 

The Kubo-Greenwood formula is derived in several textbooks (e.g. [126],[68]). 
However, it is non-trivial (and usually not discussed) that the formula is com­
patible with periodic boundary conditions. Therefore, we derive equation 10.1 in 
extending the argument in [126] to periodic boundary conditions. The calcula­
tion is carried out for adegenerate electron gas at zero temperature, states being 
occupied up to the Fermi energy Ep . We consider the eifect of the perturbation 
by the potential 

U(x, t) = e· F· LSin(kx)cos(wt), (A.1) 

where k is the smallest reciprocal vector consistent with periodic boundary con­
ditions and F is the strength of the applied electric field. Time-dependent per­
turbation theory gives for the transfer probability per unit time from the initial 
state lEi, tli) to the final state IE f,iiJ) (only stimulated emission) 

The matrix element (Ei + 1U.u, ift I tsin(kx) I Ei, tli) can be recast in the following 
way: 

\ Ei + 1U.u, ift I ~sin(kx) I Ei, tli ) = 

= L \ Ei + 1U.u,ift I~ (exp(ikx) - exp(-ikx))I Ei,tli) 

= 2~ ( ( UEi+f'u,;,ilf IUEi,tf-k ) - ( UEi+f'u,;,tff IUEi,tff+k ) ) 

= - \ UEi+f'u,;,tff I ä~x UE;,ifJ) + O(k;) 
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(A.3) 

For the last transformation k-iJ perturbation theory was applied. Furthermore, 
the decomposition of aBloch function in plane wave and periodic part, 

(A.4) 

and the relation 

(which is easy to prove) were used. 
Because here the proof differs from [126] where periodic boundary conditions are 
not taken into account we discuss the last transformation where transformation 
k-iJ perturbation theory was used in more detail: 
The starting point is Schrödinger's equation 

(A.6) 

Let Enk be non degenerate in the neighborhood of k = k:. The periodic part 
of the Bloch function 'l/Jnk(f} , unk(f} is expanded with regard to the complete 
function system {un ,(" n' = 1,2,3, ... }: 

Unk(T) = L cn'nun'k: (T). (A.7) 
n' 

The variational principle of quantum mechanics leads to the eigenvalue problem 

L \ n'k: !Hk- k:! n"k:) Cn"n = Enkcn'n for all n', (A.8) 
n" 

where 

H~ ~ 
k-ko 

(A.9) 

Let q k - k:. We expand Cn'n and Enk in powers of q 
00 

Cn'n - L c(p,) 
n'n 

p,=0 
00 

E ~ nk LE(p,]. 
nk 

(A.10) 
p,=0 
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Then we insert this ansatz into A.8 and choose the free phase by requiring Cnn to 
be real. For our purpose it is sufficient to consider the first order of if. We obtain 
for n' = n c~~ = 0 and for n' =1= n: 

(A.ll) 

Inserting the expansion A.10 into A.7 we find that 

for n' =1= n, (A.12) 

Le, the used identity. 
We define the conductivity O'(w) by Joule's law which gives the energy loss rate 
in terms of the conductivity O'(w) and the electric field E: 

dE -'2 1 2 
dtdn = O'(w)E = 4"O'(w)F , (A.13) 

where an average over space and time has been taken and for the last relation 
A.1 was applied. In microscopic terms the energy loss per unit space and time 
can be expressed as sum over the energy differences of the contributing energy 
levels times the probability for emission, i.e., 

(A.14) 

where n is the sample volume, WE--+E+liW the probability for stimulated emission 
from state E to state E + nw. The sum goes over all occupied states (with 
energies equal or larger than EF - nw where EF is the Fermi energy, because the 
other states cannot contribute anyhow). The factor two takes account of the spin 
orientations. With A.2 and A.3 we obtain for O'(w) 

47re2 

O'(w) = n 2 L j(E jPxj Ef )j2 ö(Ef - E + nw). 
mw 

E>EF-1U.v 

(A.15) 

In this equation the wave vector if has been left out, because nearly all our 
calculations have been performed for the f-point only. The generalisation to 
more than one ef-vectors is trivial 

O'(w) = L O'(w, q) . Wq, 
q 

(A.16) 

where O'(w, q) is defined by A.15 but for the states in the matrix element being 
taken at if instead at the f-point. Wq is the weight of if. 
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For practical applications a technical trick rnustbe used. Since our eigenvalue 
spectrurn is discrete a(w) is zero except at a finite nurnber of frequencies. This 
unphysical feature springs frorn the finite size discretization of the eigenvalue 
spectrurn. To get rid of it we average of a small, but finite frequency range, i.e., 

1 l w+1t.w 
a(w) ~ --;s;- a(w)dw. 

w w-1t.w 

The conductivity becornes 

I (Ei IPxl E f )1
2 

E f - Ei 

(A.17) 

(A.18) 

The double surn go es over all energy pairs (Ei, E f ) of unoccupied and occupied 
energy levels which correspond to frequencies in the frequency interval f1w, i.e., 
IEf - Ei - liwl :S ~nf1w. In practice the energy interval rnust be chosen large 
enough that at least a few energy pairs (Ei, E f ) to contribute to the result. 



Appendix B 

Electron-Ion Pair Correlation 
Function 

The inclusion of the electronic structure in dynamical simulations allows us to 
compute some additional physical quantities to compute in comparison with "con­
ventional" molecular dynamics. One of them is the electron-ion pair correlation 
function, which provides a quantitative measure of the ion-electron correlations. 
It is usually not found in textbooks, for example [5], because the introduction of 
the electronic structure is only arecent development (Car-Parrinello 1985 [29]). 
Therefore, we provide a derivation of the spherical average of the first three 
momenta. Usually, only the first is computed, because the others are small. 
However, the p-component can provide valuable information ab out the bonding 
characteristics (see section 7. 
The electron-ion pair correlation function is defined as 

(B.1) 

The bracket ( ... ) denotes the sampie average. The aim of the following transfor­
mations is to make an angular momentum decomposition of gel, It is convenient 
to work with real spherical harmonics YI , which are obtained from the well­
known complex on es y1m by 

m=O 

m>O 

m<O 

The pair correlation function is written in terms of its momenta 

Im Im 
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(B.2) 

(B.3) 



180 APPENDIX B. ELECTRON-ION PAIR CORRELATION FUNCTION 

The g/( r) are readily obtained by the decomposition of the exponential function 
into real spherical harmonics: 

/ 

exp( -ikr') = 471" 2: 2: (-i)ljl(kr)yr(kO)yr(ro), (BA) 
I m=-l 

where the jl (kr) are the spherical Bessel functions. The quantity usually com­
puted are the spherical averages of the momenta given by 

(gr(r') Ig/(i)) = _1_ I-m ( )1 
(111) J47f g/ r , (B.5) 

where the matrix elements are taken over the unit sphere. For the implementation 
it is convenient to express the g/ in Cartesian coordinates. In the following the 
momenta for the first three angular momenta are given 

g~ = NON jo(kr)Re \2: Pe(k)S( -k)) (B.6) 
e I ~ 

k 

J3':: m = 1 
r 

g"{" = NON jl(kr)Im \2: pe(k)S(-k)) . 
e I ~ 

k 

m=O (B.7) 

J3~ m=-1 
r 

xy v'5J3-- m=2 
rr 

xz v'5J3-- m=1 
rr 

m = 0 (B.8) 

yz v'5J3-- m= -1 
rr 

m= -2 

where S(k) ~k exp( -iki) is the structure factor and Re and Im denote the 
real and imaginary part. The ionic density is expressed via the structure factor 
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using 

PI(f) = L0(T- R1 ) = L ~ Lexp (ik (r- R1)). (B.9) 
I I k 

It follows 
(B.10) 
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