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Abstract:

The paper briefly summarizes the method of reduced charge states, which
is an almost exact method and serves to reduce the number of equations,
which have to be solved simultaneously in the calculation of particle and
heat fluxes. The method can be applied to both longitudinal (||B) and
cross-field (L B ) transport theory and becomes increasingly important with
the number of plasma ion species under consideration. In the present report
we deal only with the longitudinal and the attributed neoclassical radial
transport in toroidal magnetized plasmas. The calculations are performed
within Grad’s 21-moment approximation for the distribution functions of
the various charge carriers. They are restricted to the collision-dominated
(Pfirsch-Schliiter) transport regime. The method of derivation is outlined,
and the results are compared with existing formulations, showing that ear-
lier incomplete or incorrect formulae have to be revised. Only the most
recent results [6] corresponding to Grad’s 13-moment approximation agree
with ours in the same approximation. Although for sake of clarity the calcu-
lations have been performed in the standard magnetic field geometry with
concentric circular magnetic flux surfaces, they could be readily generalized
for arbitrary magnetic field configurations.
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I. Charge averaging of IIE fluxes in the 21-moment approximation

The starting point of the present study is the system of (collision-dominated)
transport equations for the charge averaged values of the longitudinal (|| B)
diffusive mass and heat fluxes pyWyy, i_za” and 7, appearing in the 21-
moment approximation (with Ray = 30, Raz|)y Hof) = 2, Haz and pa =
Y, Paz = My Y, Nuz) as outlined in ref.[1] (for the principles of the method
see also ref.[2])

— Ko /pa PEDg|
F, = cpWy, where F, = -VylnT , W= h
i Bl|
b 0 sl

are vectors of 3N elements with «, 8 = 1,2, ...N denoting the number of ion
species (different elements) in the plasma. The above set of equations, which
couples conjugate thermodynamic fluxes and forces, is derived from

_ _ dU _ 0s faz
Ka” = V|Po — noZael) + pO,(E)” =Ry = E/macm”-a—td%az

5 Pa _ _ Mg 5 5 Osfaz 3
and 5 m—aV“(kT) = Ha” = ;/( ) Coz — 5 kT) Caz|| ot d Coz

- E Zpazﬁaz .
where U=22_— — and Coy=0n,—U

2 Pa
[0 4

are respectively the center-of-mass velocity of the ensemble of all ion
species, which is nearly equal to the center-of-mass velocity of the whole
plasma, and the relative velocity of an individual particle with respect to
the center-of-mass velocity. Ry and H,) denote the ||§ components of the
collisional mass respectively heat transfer from the considered species ¢ to
any species 8 (0sfq /0t being the collision term in the kinetic equation). The
first one is the conventional resistive force, the second one describes the flow
of resistive heating power. Note that here and in all formulae to follow the
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charge averaged quantities

k _
_ EZ Moz PoDq]| 22 PazWaz||
— 2 — .
chi = '—-n— and ha” = E —z=2- haz“
o _
Taf] = e Taz)

are used (Z, = z1), where the fluxes are defined by

3
PazWazl] = Ma / caz”fazd Caz
5 _ 5 4 ith _ Mg 2 P
ozl = Qaz|| — 7 VTaPazWazl] Wit oz|| = CazCaz faz Caz
4 2

m, 35
Taz|| = -4_(1 /(ciz -7 v?[‘aciz + 'Z v’%‘a) caz“fozzdsccxz

m 7 35 ] 2kT
= Ta cizcaz”fazdacaz 3 v’%a%{z“ + 16 v%apazwazﬂ with ’l)%a =

24

The above definition of charge averaged quantities is, strictly speaking,
only meaningful, if we ignore the charge state dependence of the Coulomb
logarithm (see below). The error introduced by this approximation is, how-
ever, small. Also note that in a spatially inhomogeneous magnetic field

“curvature and mirror effects appear and therefore (dU// dt)) # dUj/dt. In
the above form the expressions for the charge averaged fluxes are only valid
in case of a common ion temperature (i.e. strong temperature equilibration)
such that p, = n,kT. The matrix cqp containing 9N? elements is defined by

A1) (2 (13)

af o
Cap = 6(21) C(22) c(23)

1) '(13%) (33)
Cap’ Cap’ Cap

with the 9 submatrices each containing N? elements (see ref.[1])
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— bap > G’C(lez /“aﬁéfg —bap > /‘anéc(f;z
P P

Lan _ L) _ e
op Papp P Cap papp kT op
o) )~ 55 T G2
s _ HZoG - aﬁE# _ e . e E
Cap Papg (kT)2 of 0 Tob 5 PaPp
G G
(23) B g Hap af aﬂ E,u'ax aK _ c(32)
Cap” = 5 PaPp kT — Tef
mama(GS) — 6 G
o _2 amp(Gop aﬁ; )
Cap 35 papﬁ(kT)2

where pog = momg/(mqs + mg) is the reduced mass and d,p is the
Kronecker symbol to denote the unit matrix. The coefficients c%c) with
k = 1,2,3 follow from multiplication of equ.(2c), ref:[1] by ~16/(35v5 ,pa)-
Note that the matrix elements are completely symmetric in the upper in-
dices and therewith satisfy the Onsager relations.

According to Cramer’s rule the formal solution (inversion) of the above
linear vector equation reads (|...| denoting determinants)

| Fobks + cak(1 — Sksp)l
|cak]

W, =

In order to get an explicit representation of the thermodynamic fluxes W,
in terms of the thermodynamic forces F,, one should expand the determinant
in the numerator of this expression in the elements F, of column b. In the
above mentioned approximation In A, g¢ =~ In A for the Coulomb logarithm
we get

G(n) = ZGaz s = Q% gf,%)v#aﬁnanﬁz_ii%



introducing the quantity (compare ref.[3], p.9)

o _4\/2_7r( e? )2 InA
+ 3 Mre/ fET°

and the functions g( ") g(“)(m /mg) as given in the Appendix. Then the
Q3 cy holds such that (compare ref.[3], p.11)

relation cgp =

[ Fabrs + ¢ (1~ b))
Qi ]c:kl

Wy =

Once the solution for the charge averaged fluxes W, has been found, the
individual fluxes can be derived by a set of equations, which only contain the
thermodynamic forces of the ion species under consideration. In particular

k& 2

_ 1 (naziRay z2
Waz|] = Wy + @ (—z2na2 - Ra”) (1) —3 N (z )V”(kT)

hos| ‘a” & nazzRaz” x&) 22
P (1) (F - Reg) + (1) ne(Z5 - 1) Vy(k7)

Toall _ Tof) _ T [S (waz||—w||)+75(6)(paz” ’;a”)]

az

DPaz Po Mg S(S(S)

where we have introduced the coefficients

) ¢(8) _ (3 o(6))?
A 2/5) (S Sa ~ Sa S ) with &) = (1) _ 3[5‘5‘3)]2
R ) O I Ol S TP C)

@ __(5/2)k sl ) “4) _ 5958 — 55
TS0 @ e T S _ 7s®)e
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using the coefficients Sg ® and &P = & from ref.[1] (see Appendix).
We recall that

e
(B2 ) - (% - 2oy + (5 - e (),

The charge averaged fluxes have to be distinguished from the total fluxes:

Ty = Enaz(wazn +0y) =

2 na)eE"] +

z 2V \Pez
(1) SO =

(1) (E < G~ na) [m"(‘f)u - ”(4)V”(kT)] + ma(W + U

(4) 2V |\ Dovs 20
a|| Z haz[] pa’(‘;’lc; [(Z ‘a zlzlp - V”pa) - (Z za:’ - Z—ana)eE“] +

-

» 2 Nz 0 -
GO0 225 ) [sma (G )+ SEOVIGD)] + By

These equations can only be exploited in connection with the particle
balance equations for the individual charge states of the ion species a. It
appears that the differences between total and charge-averaged fluxes also
contain terms ~ 2z with ¥ = —1,—2. Note that in fusion plasmas the
population densities of the different charge states of low-Z impurities cannot
be described by the Corona model due to the comparable strength of inelastic
collisions and cross-field transport processes, which are governed by both
anomalous and neoclassical effects. Since g2 > 1 (g=safety factor), the latter
are predominantly related to the classical transport along the magnetic field

under consideration here.
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II. Radial neoclassical fluxes resulting from ||B friction forces

To illustrate the way, in which the method of reduced charge states enters
the derivation of the neoclassical fluxes perpendicular to the magnetic flux
surfaces of an axisymmetric toroidal system we adopt a toroidal coordinate
system (7, 6, ¢) with 9/0¢ = 0 and the standard magnetic field configuration
B = (0,-0,1)B4 with ®© = —By/By = O(r) > 0, B4R =const. and
R = Ry+r cos 0 leading to circular concentric magnetic flux surfaces as given
in fig.1. The physics and couplings (indicating the calculation procedure)
underlying the neoclassical transport are shown in fig.2 and fig.3. In the
standard magnetic field geometry the neoclassical contributions to the radial
particle and heat fluxes, which are related to the collisional particle and
heat transport ||B by the toroidal momentum and heat flux balance, read
(neglecting the term ~ (dU/ dt)y)

R, Hy)
raz'r = XA d hazr =
T Mma®, T B0,

where Q,, = zeB/m,. The corresponding magnetic flux surface aver-
ages are defined by

_[d9 R df R/Ro ( Roz
< I‘az,r, haz,r >= f 27 Ro ( az,r hy: 7') = f g—éﬂ—a:g.(m—a, Haz“)

In the following we show the calculation method in some detail for the
neoclassical particle flux (the heat flux calculations proceed analogously)
and first consider the contribution arising from the friction force in the || B
momentum equation of the element « in charge state z:

2

az” _ ZI G(l)( o] Fﬂu) . q, = Dl

ng Zgna

To average I'y, . over a magnetic surface, we need the poloidal depen-
dence of I, | as resulting from the particle balance equation (see ref.[4],p.17)
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0 3(RI‘O,Z”) ne 2NV, @
B as - Vlest T pp
(Vitg; X V®)g 1 8 Oz
iy o (PRD a1 T2 ) + 85,

+o0 +o0 2 2
where —TI7¢ =27 [ dv d M F..(Z
azy = NRCA ) az(il?, Y} ”-L)
o

QR
0 -0
2paz Uﬁ
14—l
= maQazR( + v%a)
. T (o) = Up)* + 0%
for  Fo(,v,v1) = Wexp[— o2 ]

i.e. for a local shifted Maxwellian distribution function related to the mean
mass velocity U) of the plasma mixture (as the leading term in Grad’s expan-
sion in irreducible Hermite polynomials) assuming, as before, temperature
isotropy with a common temperature for all jon species (i.e. considering
the strong temperature equilibration case). Note that in this representation

. pressure and temperature are defined in a coordinate system moving with

U) instead of Uyz)). Dazi, 654z, and V, denote respectively the coefficient
for anomalous diffusion in radial direction, the effective particle source and
the derivative with respect to the vertical coordinate as defined by

0
Vs =cosé T—(;§+sin0 o
Note that the vertical particle and (see below) heat drift fluxes have a neg-
ative sign in the adopted coordinate system (fig.1), where the vertical axis
points upwards.

We consider the first two terms on the rhs of the particle balance equation
to be the dominant ones (neglecting anomalous transport and source terms,
for a more complete treatment including inelastic collision processes see
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ref.[4] ) and assume both Ulf Jv&, < 1 and r/Ro < 1 (plasma column with
large aspect ratio). In this approximation the contribution ~ cos 8 (3/rd8)
to V, is also neglected with the result that

2rcosf /0Py 0%
Loz = mana,@R( ar T ze""zﬁ)

Inserting the above expression via R,,) into the equation for I'y,, and
taking into account that g()(m,/mg) = —1 (see p.3) we obtain

27 cos 0 Q% poz O0ln pa, 91n(Zsps)
U 3 W _
Tasr = (eBO)?R 8 Hasms [zﬁ or #2p or }

and, introducing the safety factor ¢ = /(O Ry), the averaged value

2q Q Daz aln(zﬁpﬂ) a]-nporz
U ~ Y3 Paz E —
< Loz > = “(eBo)? fra Tt [Zzﬁ or % or ]

Note that in this approximation the electric field enters only via the
electric drift velocity, which, since charge-independent, cancels out. Also
> < zI‘gz,T > = 0 due to ||B momentum conservation in elastic collisions.
o,z

By summing over z we finally get the magnetic flux-surface averaged
value of the total radial particle flux of the element « in the form

. 20°Q% Pa OIn(zgps) - Olnps
U 4 wtla
< I‘a,r (eB Z VHEap 3 [zazﬁ ar ﬂ 87‘

We remark here that the equilibrium profiles of the total densities of
the various ion species in a collision-dominated (PS) and source-free plasma
region result from ), < Ty, > = 0. Although this has to be performed
in connection with the eva.lua,tlon of the charge state distribution to yield
the charge averaged values Zg, 23 % (note that z # Z3), there are still numer-
ical benefits of this method by a con31dera.ble reductlon of the number of
equations to be considered simultaneously.
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III. Radial neoclassical fluxes resulting from ||B thermal forces

In order to include the effect of the thermal forces, we have to consider
the additional effect of the heat fluxes in the collisional momentum transfer
term Raz[]-

Hap 1 G®) (hazu g

azl] = - kT oz Py ) 3 Paz = MaNgs

RT

Whereas the longitudinal particle fluxes are coupled to the vertical par-
ticle drifts as described by the particle balance, the longitudinal heat fluxes
are coupled to the vertical heat drifts as given by the energy balance (see
ref. [4],p.21):

&) a(quz”) ne Pozl nc (ﬁGaz X 6@)(;5
e = Vet + (g 2T, VB gt
Bnaz aé 10 a(Ga{z +ch .L)
-—zeFazIIV”‘I) + zeDyy) —— oy 31‘ + EE( RDazJ_—alr—z) +6Qqz

The last two terms describe the divergence of the anomalous radial energy
transport and the energy source due to inelastic collisions (the energy trans-
fer between different ion species due to Coulomb collisions vanishes in the
supposed case of temperature equilibration).

i
paz|

Moreover, we have used the following definitions: G,, = + Dozl

2ol e e vj
( ) =2n / dvivy / d’U“ My ( ) Fo:z(fa 'U|]7'Ul)
0 vi/2

Pazl -00

NEZCED

Poz
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il

Toc e s '
oz My : ' -
( ) =27 / dvyvy / dv”T (’Uﬁ-!—’vi) vlzl_'_vi/z Faz(m,’l)“,’UJ.)
Yoz 0 =00 __gl—azT
5, Ui
oz (5 + E) Uj
=

2paskT (5 9 Uj Uu)

maQar B \2 T 202 T 3E,

the arrows indicating the values calculated for a local shifted Maxwellian
distribution function

exp

[ (o — U||)2+’UL]

vTcx

- Naz
Forl104) = (o 3

Since we are interested in the heat flux h,,), we have, however, to take
into account the deviation from the local shifted Maxwellian distribution
function. Relating the thermal fluxes, as before, to a coordinate system
moving with U}, we have

5 3 5, Ui U
T - + - U2 Nz W + +
Gorz]) = Prxel (2 KT+ 5 e H) oz Daz| paz(Q v%a) !

Note that the last term disa.ppears in the difference hq,)/paz —Rp¢|/ Po¢-
Going again to the limit U2 /vZ, < 1 and neglecting anomalous transport
and source terms, we obta,m the approximation

0] a(Rhaz”) 0 0 (R

5Paz
kT ETyy) = g VT

+ [(gnaﬁ(k’f) ~ Vpas ) X %{1} ;= Vi (o0 + % KT) Tag

10
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Considering the first term on the rhs of this equation to be the dominant
one, we perform again the f-integration with the result that forr/Ro < 1

A 5pazrcos 8 O(kT)
“ll = o 0.0k or

Inserting this expression into the heat flux contribution to R, and its con-
nection with the radial neoclassical particle flux, we get (with g(2)(m/mgp) =
3/5 — see p.3)

3rcosf Q% p 2 27\ 0T
T 22007 bz isdng (=L~ 228
Tasy = (eBO)R Xﬂ: fap nﬂ(ma mﬁ) or

3q Q* Pas Zﬁ z2Zg\ OIlnT
d I'\T ~ Y1 wHlroaz ater o
an < @z, (EB )2 Z\/ﬂ'aﬁ nﬁ( Mo mﬁ) or
3q Q% po 2 ZoZg\ OInT
T 01 wile 3 B8 _ 8
< Lo > ~ (eBp)? Z fap nﬁ(ma mg ) or

5=
Zx%p

Again Z < zrazr >~ Z\/m nanﬁ(ZQZﬁ m_g') =0 holds.

IV. Radial neoclassical fluxes in the 13-moment approximation

Adding the contributions from friction (upper index U) and thermal
(upper index T') forces, we finally arrive at the formula (in the 13-moment

approximation)

E‘W” 2q Q+Paz 3111Paz
I\azr —_— — ~ o —
< r > =< 00, >~ eB )2 E v Hap nﬁz ( r

_7% 61n(2[3pg)) 3 ,uag( _ &Z@) OlnT
zé (97' 2 My mg zg 37‘

11
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2¢°QPa 5 |(Olnpa  ZaZp O1n(Zspp)
<R”>‘—TEET%3mEW% (ar"% ) -

2 Me ) or

Sbep ﬁg?afﬁ)alnT
mg z'[%

The last expression is exactly the same as in ref.[6], but differs from the
one given by equ.(26) of ref.[7] (identifying, in our notation, o with the trace
impurity component I and § with the main impurity species A) even if one
goes to the limit m,/mp — oo setting in ref.[7] co = 1, ¢1 = 5v/2/8, ¢; = 0
and neglects 2.86 compared to 5.7925;:52. The important discrepancy is
that in the thermal force contribution of ref.[7] instead of z3 the expression

zél / zéz appears. Neither in ref.[6] nor within the framework of the present

theory terms ~ zEk appear in the radial fluxes, not even in higher order
approximations (see below). Comparison with the expressions of ref.[8] de-
scribing as those in [6] the Coulomb interaction between trace amounts of
Mo ions with C as the main impurity species shows that the charge state
number of carbon is to be understood as an effective charge, which usually
is space-dependent. The corresponding derivative with respect to the radius
is, however, missing. Therefore both references [7] and [8] present incorrect
expressions for < T’y >.

Considering only interactions between the different charge states of a
single impurity element (i.e. for the index a = 3, which is therefore omitted
from the following formula) and separating the contributions of the density
gradients from those ~ §1nT'/dr, we obtain

2¢°Q1p. [m, , Olnn, Olnn,\ |,
T > =g 7 | S T ) et

1z

+ Z Z(z—2")ny (Z_ 1) 5

2'#z

3 BMT}

the first contribution in the underlined bracket resulting from the ther-
mal force (p.10), the second one from the friction force (p.7). The total

12



expression exactly equals the one given in ref.[5], equ.(4), noticing that
Vop = 221, /Mp@% [m,. Apart from the factor 2¢? it is exactly the formula,
which one derives from the classical transport theory in the 13-moment ap-

proximation of the ion distribution functions.

In a similar way we get, within the 13-moment approximation, the fol-
lowing expressions for the [|B collisional heat transport and the attributed
magnetic flux surface averaged heat fluxes:

<l > =< Haz)
: 0Qq,

362Q PackT <~ VEap 5| (0l Das
> = (eBg)? ; My nﬁzﬁ( ar

_7% 8111(25;05)) 9 ;_ta_g(.ﬁ _ @) OlnT
z5 or 2 mg gc(je) 75 or

< oy > = (eBy)? or 2 or

2= 3 _ = = —
_ 3¢°Q1pakT Z VEap np 72 [(alnpa _ ZaZp aln(zﬁpﬁ))_
B ma Zﬁ

St (e Zafp) T
2 mg gfﬁ) Z_L% or

where we have used the relations for C_v’gz,) and gsg
In particular gfg/ggg = —9,u(21ﬂ/(2mamﬁ)

as given in the Appendix.

As in the case of the radial particle flux the total radial heat flux < Ay, >
follows from the individual radial heat fluxes < hq,,» > by replacing z, nq;
and p,; with Z,, n, and p, respectively. It should be mentioned that again
these expressions exactly agree with those given in ref.[6].

13



V. Radial neoclassical fluxes in the 21-moment approximation

" In order to proceed to the 21-moment approximation of the ion distri-
bution functions, we have still to include the contribution

l‘aﬁ) @)(Teall _ 7Bl
RM” ;( kT IazG (p vz pg )
and transform it according to the procedure given on p.4 such that

Hap ~@) [ Tall _ 7By
B = (55 168 (,T,'E‘

(A7) [ o) Lol Tay @) Paall . Py
—miSc(xS) [Sa ( Nz —77,;) + 75 Doz P )]

The moments 7, can be evaluated in terms of the charge-averaged particle
and heat fluxes I, respectively hy)) by the following reduced set of equations

>S5 maTan + ko + Sy | = 0
B

which, by Cramer’s rule, has the formal solution (see p.3)
| 51 = 85) - S [ mTy + DRy b |

Tol| = P
K

In these equations the identities Ty = Noz(Waz + Ujj) and fa”
N (Do + U)) have been used for the substitutions

r.. T,
22l el ana Z Cop PETg = Z 5 maTg

Wogf) — W) = —t — 2
acf] = Do) = 77— =

where the second equality follows from the relation

p’aﬁG( ) 6aﬁ E ﬂinégs"‘?

Z 3D pg = =0

14



The formulation of the 21-moment approximation of the neoclassical
particle flux, averaged over a magnetic flux surface, can now be closed by
substituting in the above equations the longitudinal particle and heat fluxes
T4z and hq)) Tespectively by the radial pressure and temperature gradients,
with the result that

3 ZQ* az «, I o, 2
<ri, > R 5 e () 2 - ()

ERE) m> Frbnal | S(1 = bxp) = fy8ugl
33) (33)
Palc'yrc | plers’|

[1] =

with f’Y:ZZ_T’:m‘ ‘(YC )_——8_7-——+§ch’(75 )_57‘_

€ €

[11] =

2 AB)
35 [ 2 HanGor 51 _ &(?ln(éapa)>+
2 mngE,‘? or 22 or

(6)
+E'u°‘" z:?a) BlnT}

maEGSS,.?( A/ o

where the ra,dla,l electric field again drops out due to the above men-

tioned relation Eﬁ ﬁ pﬁ = 0. We used the relation g(s) 3/ 14)g(1) (see

Appendix) and substituted the coefficients S from ref[1 [1].

Summarizing the various contributions (upper indices U,T,S) to the
magnetic surface averaged radial particle flux of the ion species a in charge
state z, we finally obtain the expression (in the 21-moment approximation)

2¢%Q% Pa O0ln po. | 22 0In(Zapg)
<Tosp > = =Ry D VHainad o2 )

15
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15 Map E 12, God

e () mazip) T (Olnre
2 My mg z% or 4 mi s G® or
I
P2, p G©)
5 Hap . arGak

_#ha Oy 18

£ < zZa)ﬁlnT _3_(&0,_5_)2ﬂ

4 ey a® 2/ o kT ) kT

Inserting the values for (_}'c(:;;) (see Appendix) we get

3 -
5 l"aﬂ E s Gsm) 3 /‘Zﬁ > v,ua,gsz,%n,{
® 35 ®) 5
4 mg zﬂ: Gal{ 35 m4 E gd_ﬂ #aﬂ z_znn
“ ggg) (ma + my)? "
(6) 5
2 ~(6) 2 Gax VHox o
ad 2 Hap ;““"G"“‘ _ 9 Han 2 o) Mot my
4 ~E) T T 14 (8) 5
mg ; Gan m3 S 92K Par 2,

Again, < Ta,r > passes into < Ty, > by the substitutions p,, — Dax
and z — Z,.

Similarly, in the 2]1-moment approximation, the additional term

(7) _
Kap ®)(Tazll _ 9ap T8
azll - E I G (paz (e) pﬁ)

) =
) Fap | G(e) Ta _ mﬁgfw Tl
7 kT a mag(ﬁ) pﬁ

16



(kT)? Taof Ty has] o
2l | e@) ezl _ Zally y re(@) ezl Zaell
mﬁS&s) [ * ( Nz N ) T 1% ( Doz Po )]

arises in the Hﬁ collisional heat transport. Following the procedure men-
tioned on p.14 we get the additional contribution to the individual radial
heat flux

<Ry, >
()

392Q* PazkT My Hap Z[I]* Bap\2
(e Bo)? Zﬁ: g ff& Vg5 [(ﬁ) 27 (52) [”]}

' 6'(113)(1 — ﬂa) f'véﬂal mﬁgaﬁ I 0(33)(1 - 6nﬂ) _ f76~ﬁ|

palc|  mag®) palcls)]

where [I]* =

Adding the various contributions (upper indices U, T, §) to the magnetic
surface averaged radial heat flux of the ion species « in charge state z, we
finally get the expression (in the 21-moment approximation)

< hazp >

2¢°Q% poskT 5 N —2[ (alnpaz _ 225 0In(Zspp) )-
%615

(eBo)? or 2 or
(@) g(ﬁ) E (3)
_ﬂw(gaﬁ zz‘g) OlnT + 1578 (c?lnpaz B ﬁaln(iapa))_,r
4 mg c(x5ﬁ) % or g((fgmg EG'&BK) or z_g or
(6) (6)
159aﬁ2"°"‘ &) olnT 3 gfd; (ma)zz[l]*
7 O, Z- GOV T A o T\ T
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recalling the relations on p.14/15 and % = ——-—i% <0

gaﬂ 2 Ma mﬁgaﬁ

Again, < hqz, > passes into < hq, > by the substitutions p,, — po
and z — Z,. Note that < Iy, > and < h,,, > have opposite signs in
the transport coefficients (both in the temperature gradient and in the pres-
sure gradient terms), which reflects the corresponding effects in the classical
collisional ||B transport (the effects of both velocity differences and tem-
perature gradients have different signs in particle and heat flows, see for
instance ref.[9]). Since the radial particle and heat fluxes are influenced by
the various processes with different weights, they are not necessarily coun-
terdirected. Moreover, the total heat flux for U = 0is < gozr >=< haz,r >
+(5/2)kT < Tnzr > and is therefore correlated with the particle flux.
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Appendix

By definition we have

égnﬁ) => Gc@,ﬁc = Qigc(x?\/#aﬂnanﬁ%%

z(
« 42y €2 \2InA (n) (n) { Ma
b = (LI ()

By comparison with the expressions given in ref.[1] we have

N_o_1 . -3 . @__3

giﬂ) =-1 ) gaﬁ - 3 ’ gaﬁ) - _ﬁ
O (Brs B gmay Fan o) 27 Mo
Yap W0me 5 "mg/ mgmg ' 7T 10 momyg
(6)_§(§@+§+3ﬁe)"3i L 45 Mg
Jap = 5\ 38 Mo T mg) memg "7 28 m,mg

) - (4B, 139mg | 459 32, i) g
280mZ 35 m, 35 ' 5 mg ms

Gap = — 5 2
(mamg)

©_ 75 Hap
Jap = 8 (mamﬁ)2

We recall from ref.[1] that

50) = g S ben gy L g 2 35 (/‘_az)z GO
My

2 Mg

sgS):Z%@ggg ; SP=3"GH for k=1,4,8
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fig.1: Coordinate system and standard magnetic-field

symmetry axis of the torus

! TN
¢ P

V., =cosf i—{-sinG —_—

rdf or
B=(0,-0,1)By

with BgR = const. and O = — —gﬁ =0(r)>0
¢

20



113

g.2: Physics of the nc-transport

() driving mechanism of vertical centrifugal and VB drift

=D (p” +pl)az61n B X B.
v = —
oz, nazZ€B2

/“_\

assuming rotB =0

electron particle and heat accumulation
- (B ﬂ’i)
nie/ ne
LA
|
vertical drift o2, : ® B;
!
4 L5 #24
+,2
i _E ALT-II
AN 7/

ion particle and heat accumulation

\_/

nc-transport: horizontal particle and heat drifts due to the vertical
potential, density and temperature gradients

(nazze]::/" - 6;00,2) x B 5 ﬁ(kT) x B

=D _ rD _ _ Y
Raz Vozi = ze B2 and horzL - 2 Paz ze B2
f (na’lvaDz,ra hgz,'r) df

for 1D-model: < nazvgz‘,, hgz,, >=

§ df

where < .. > denotes averaging over a magnetic flux surface.
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fig.2: Physics of the ne-transport

(b) dynamic equilibrium via || B momentum and heat flux balance

9Paz
Nez7€E) = Vipaz + Rz 20 5 — 21;; V(ET) + oz = 0

subject to the particle and energy balance in an axisymmetric plasma

Ry = RZ,,” + R£z|| is the sum of friction and thermal forces

T

impurity accumulation, if friction force dominates

_’(Z)

U T _ T U
R4 K B w1 =—Ri, Lo
+,(2)

ALT-1I

impurity accumulation, if thermal force dominates

shown for a single combination of charge state and impurity element,
i.e. for az — z with Rz,+” = —R+,z”.

Note that the vertical pressure gradient of z reverses sign, if the
corresponding thermal force becomes larger than the friction force
(temperature screening of the plasma core from that impurity species
in the trace impurity limit).
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fig.3: Basic relations for neoclassical transport.

1. toroidal components of momentum and heat flux equations for
axisymmetric systems => radial flux- || B friction relations

Boz) Hoz)
Toor = 00, 4 Per =g,
. . dd R
with the magnetic surface averages < ... > = ¢ — —...
2T Ro

2. ||B flux-friction relations (in the 13 moment approximation [1])

Roy) = ZIazIﬁC[ (1)( azzll ﬁdl)_,_l;o:r,{? @(2) (’;ZII hﬁcll) +J

na¢ PB¢

5pap ~2)(Tazll Lol @ hazll  ~5) Ppell
Haz) = ZI‘”IﬁC[ Ca (nz nﬂc> Cat Do Paz =Gt e pac |

with the driving ’forces’ (created by the vertical drifts in a toroidal plasma)

5
~V|[Paz + zena: E) and -5 Poz

V”(kT)

3. constraints imposed by particle and energy balance equations

© O(RT,,)) e o a(qu,z”)
E—T—VI‘&”+.. and ET—V,, azv+"'

5
Gozf] = ooz + 3 ETT oz

relating the || B fluxes to the radial pressure and temperature gradients as
a function of the poloidal angle
without consideration of gyro-viscosity or anomalous viscosity effects the
radial electric field drops out in the ||B flux-friction relations
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