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Abstract: 

The paper briefly summarizes the method ofreduced charge states, which 
is an almost exact method and serves to reduce the number of equations, 
which have to be solved simultaneously in the calculation of particle and 
heat fluxes. The method can be applied to both longitudinal (11.8) and 
cross-field (1.. B) transport theory and becomes increasingly important with 
the number of plasma ion species under consideration. In the present report 
we deal only with the longitudinal and the attributed neoclassical radial 
transport in toroidal magnetized plasmas. The calculations are performed 
within Grad's 21-moment approximation for the di"stribution functions of 
the various charge carriers. They are restricted to the collision-dominated 
(Pfirsch-Schlüter) transport regime. The method of derivation is outlined, 
and the results are compared with existing formulations, showing that ear­
lier incomplete or incorrect formulae have to be revised. Only the most 
recent results [6] corresponding to Grad's 13-moment approximation agree 
with ours in the same approximation. Although for sake of clarity the calcu­
lations have been performed in the standard magnetic field geometry with 
concentric circular magnetic flux surfaces, they could be readily generalized 
for arbitrary magnetic field configurations. 



I. Charge averaging of IIR fluxes in the 21-moment apprQximation 

The starting point of the present study is the system of (collision-dominated) 
transport equations for the charge averaged values of the longitudinal Cll-B) 
diffusive mass and heat fluxes Pawal/' hall and fall appearing in the 21-
moment approximation (with Rall = :Ez Razll' Hall = :Ez Hazl/ and Pa = 
:Ez Paz == ma:Ez naz ) as outlined in ref.[l] (for the principles of the method 
see also ref.[2]) 

are vectors of 3N elements with a, ß = 1,2, ... N denoting the number of ion 
species (different elements) in the plasma. The aboveset of equations, which 
couples conjugate thermodynamic fluxes and forces, is derived from 

and 

:E :EPazÜaz 
where Ü == _a---,z=-__ 

:EPa 
-and caz = vaz - U 

a 

are respectively the center-of-mass velocity of the ensemble of all ion 
species, which is nearly equal to the center-of-mass velo city of the whole 
plasma, and the relative velocity of an individual particle with respect to 
the center-of-mass velocity. Rall and Hall denote the IIR components of the 
collisional mass respectively heat transfer from the considered species a to 
any species ß (as!a/ at being the collision term in the kinetic equation). The 
first one is the conventional resistive force, the second one describes the flow 
of resistive heating power. Note that here and in all formulae to follow the 
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charge averaged quantities 

Z
-k = --=z~ __ 
QI - and 

( 
P~~I~II ) == L ~ ( Pa';:Ozll ) 

Tall z Tazll 

are used (za == z1), where the fluxes are defined by 

with 
m a 

= 
4 

2 2kT 
VTa = m

a 

The above definition of charge averaged quantities is, strictly speaking, 
only meaningful, if we ignore the charge state dependence of the Coulomb 
logarithm (see below). The error introduced by this approximation is, how­
ever, small. Also note that in a spatially inhomogeneous magnetic field 
curvature and mirror effects appear and therefore (dÜ /dt)" =P dU,,/dt. In 
the above form the expressions for the charge averaged fluxes are only valid 
in case of a common ion temperature (Le. strong temperature equilibration) 
such that Pa = nO/kT. The matrix Cab containing 9N2 elements is defined by 

with the 9 submatrices each containing N2 elements (see ref.[l]) 
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----------- ----_.~----- ------ _._-----

where J1aß = mamß/(ma + mß) is the reduced mass and Daß is the 

Kronecker symbol to denote the unit matrix. The coefficients c~3;) with 

k = 1,2,3 follow from multiplication of equ.(2c), ref;[l] by -16/(35v~aPa)' 
Note that the matrix elements are completely symmetrie in the upper in­
dices and therewith satisfy the Onsager relations. 

According to Cramer's rule the formal solution (inversion) of the above 
linear vector equation reads (1 ... 1 denoting determinants) 

Wb = lFaDkb + Cak(1- Dkb)1 
ICakl 

In order to get an explicit representation of the thermodynamic fluxes Wb 
in terms oft he thermodynamic forces Fa, one should expand the determinant 
in the numerator of this expression in the elements Fa of column b. In the 
above mentioned approximation In Aaz,ß( ~ In A for the Coulomb logarithm 
we get 

G~] == L G~~ß( = Q~ g~~ vJ1aßnanßz1;~ 
z,( 
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introducing the quantity (compare ref.[3], p.9) 

and the functions gl~ = g(n}(ma/mß) as given in the Appendix. Then the 
relation Cab = Q+ c;b holds such that (compare ref.[3], p.Il) 

Once the solution für the charge averaged fluxes Wb has been found, the 
individual fluxes can be derived by a set of equations, which only contain the 
thermodynamic forces of the ion species under consideration. In particular 

Tazll _ fall _ kT [S(3}( __ ) + 7S(6} (hazll _ hall)] 
- (8) C! Wazll Wall a 

Paz Pa maSa Paz Pa 

where we have introduced the coefficients 
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using the coefficients sik
) and ",~4) == C~6) from ref.[1] (see Appendix). 

We recall that 

The charge averaged fiuxes have to be distinguished from the total fiuxes: 

fall == LnazCWazll + UII) = 
z 

na '" z~naz ) [(dU) (4) ()] _ ) + ",~1) (-'7 ~ - na ma dt 11- "'a V'II kT + na(wall + UII 

W ~V' ~ 
hall == L hazll = Pa~~ [(L Za z~Paz - V'IIPa) - (L za:az - Zana)eEII] + 

z "'a z z 

These equations can only be exploited in connection with the particle 
balance equations for the individual charge states of the ion species fr. lt 
appears that the differences between total and charge-averaged ftuxes also 
contain terms rv z~ with k = -1, -2. Note that in fusion plasmas the 
population densities ofthe different charge states oflow-Z impurities cannot 
be described by the Corona model due to the comparable strength of inelastic 
collisions and cross-field transport processes, which are governed by both 
anomalous and neoclassical effects. Since q2 ~ 1 (q=safety factor), the latter 
are predominantly related to the classical transport along the magnetic field 
under consideration here. 
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H. Radial neoclassical fluxes resulting from IIB frictiqn forces 

To illustrate the way, in which the method of reduced charge states enters 
the derivation of the neoclassical fluxes perpendicular to the magnetic flux 
surfaces of an axisymmetric toroidal system we adopt a toroidal co ordinate 
system (r, (), <!» with ß / ß<!> = 0 and the standard magnetic field configuration 
B = (O,-0,1)B", with 0 = -BoIB", = 0(r) > 0, B",R =const. and 
R = Ro+r cos () leading to circular concentric magnetic flux surfaces as given 
in fig.1. The physics and couplings (indicating the calculation procedure) 
underlying the neoclassical transport are shown infig.2 and ftg.3. In the 
standard magnetic field geometry the neoclassical contributions to the radial 
particle and heat fluxes, which are related to the collisional particle and 
heat transport IIB by the toroidal momentum and heat flux balance, read 
(neglecting the term", (dÜ Idt)lI) 

and h Hazll 
OIZ,r = 0S1az 

where Daz == zeB/ma. The corresponding magnetic flux surface aver­
ages are defined by 

In the following we show the calculation method in· some detail for the 
neoclassical particle flux (the heat flux calculations proceed analogously) 
and first consider the contribution arising from the friction force in the IIB 
momentum equation of the element a in charge state z: 

To average r aZ,r over a magnetic surface, we need the poloidal depen­
dence of r azll as resulting from the particle balance equation (see ref.[4],p.17) 
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CVnaz x V~)q, ~~( RD anaz ) fJS + , B + r R ar r azl. ar + az 

where 

i.e. for a local shifted Maxwellian distribution function related to the mean 
mass velo city UII of the plasma mixture (as the leading term in Grad 's expan­
sion in irreducible Hermite polynomials ) assuming, as before, temperature 
isotropy with a common temperature for all ion species (i.e. considering 
the strong temperature equilibration case). Note that in this representation 

. pressure and temperature are defined in a co ordinate system moving with 
UII instead of Uazll' Dazl., fJSaz , and V"V denote respectively the coefficient 
for anomalous diffusion in radial direction, the effective particle sour ce and 
the derivative with respect to the vertical co ordinate as defined by 

V" v == cos () r~() + sin () :r 
Note that the vertical particle and (see below) heat drift fluxes have a neg­
ative sign in the adopted coordinate system (fig.l), where the vertical axis 
points upwards. 

We consider the first two terms on the rhs ofthe particle balance equation 
to be the dominant ones (neglecting anomalous transport and source terms, 
for a more complete treatment including inelastic collision pro ces ses see 
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ref.[4] ) and assume both U1f/vfa ~ 1 and r / Ro ~ 1 (plasma co~umn with 
large aspect ratio). In this approximation the contribution '" cas B ({) /röB) 

to 'V v is also neglected with the result that 

2r cos B ({)Paz {)q,) 
f azll ~ m af!az 0R Tr + zenaz ör 

Inserting the above expression via Razll into the equation for r aZ,r and 
taking into account that g(l)(ma/mß) = -1 (see p.3) we obtain 

r u 2r cos B Q+Paz ~ . ~ [ -2 öln Paz - {) ln (zßPß )] 
aZ,r ~ - (eB0)2 R L.J v},/,aßnß Zß ör - ZZß ör 

ß 

and, introducing the safety factor q == r/C0Ro), the averaged value 

Note that in this approximation the electric field enters only via the 
electric drift velo city, which, since charge-independent, cancels out. Also 
L: < zf~z r > = 0 due to IIE momentum conservation in elastic collisions. , 
a,z 

By summing over Z we finally get the magnetic flux-surface averaged 
value of the total radial particle flux of the element a in the form 

U 2q2Q+Pa ~ [- _ öln(ZßPß) -2 ölnpa] 
< fa,r > ~ (eBo)2 L.JJ},/,aß nß ZaZß {)r - Zß~ 

ß 

We remark here that the equilibrium profiles of the total den si ti es of 
the various ion species in a collision-dominated (PS) and source-free plasma 
region result from L:z < f aZ,r > = O. Although this has to be performed 
in connection with the evaluation of the charge state distribution to yield 
the charge averaged values zß';~ (note that ;~ :I z~), there are still numer­
ical benefits of this method by a considerable reduction of the number of 
equations to be considered simultaneously. 
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111. Radial neoclassical fluxes resulting from 11.8 therrr,tal forces 

In order to indude the effect of the thermal forces, we have to consider 
the additional effect of the heat ftuxes in the collisional momentum transfer 
term Razll' 

Whereas the longitudinal partide ftuxes are coupled to the vertical par­
tide drifts as described by the partide balance, the longitudinal heat ftuxes 
are coupled to the vertical heat drifts as given by the energy balance (see 
ref. [4],p.21): 

8(R t ) - -_~ qazll _ -\7 nc (Pazl. _ 2 rnc ) \i' q> (\i'Gaz X \i'q»", 
rR 80 - vqaz,v + BR ze az,v v + B 

8naz 8q> 1 8 ( 8(Gaz + Pazl.)) 
-zerazli\7liq> +zeDaZl.a;:-a:;: + rR8r rRDazl. 8r +8Qaz 

The last two terms describe the divergence of the anomalous radial energy 
transport and the energy sour ce due to inelastic collisions (the energy trans­
fer between different ion species due to Coulomb collisions vanishes in the 
supposed case of temperature equilibration). 

t 

G - Pazll Moreover, we have used the following definitions: az = -2- + Pazl. 

( 

Paz(l + 2~11) ) 
=> vTa 

Paz 
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+00 +00 

= 211" J dv 1. V 1. J dVIl ~ar (vii + v.i) 
o -00 

the arrows indicating the values ealeulated for a Ioeal shifted Maxwellian 
distribution funetion 

Sinee we are interested in the heat fiux harzII' we have, however, to take 
into aeeount the deviation from the loeal shifted Maxwellian distribution 
funetion. Relating the thermal fiuxes, as before, to a eoordinate system 
moving with UII' we have 

Note that the last term disappears in the differenee harzll/ Parz - hß(II/ Pß(· 
Going again to the limit U'I /vfar ~ 1 and negleeting anomalous transport 
and souree terms, we obtain the approximation 
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Considering the first term on the rhs of this equation to be the_ dominant 
one, we perform again the O-integration with the result that fOT"T / Ro ~ 1 

h '" 5pO/zrcosO a(kT) 
O/zll - mO/Uaz0R ar 

Inserting this expression into the heat flux contribution to Razll and its con­
nection with the radial neoclassical particle flux, we get (with g(2)( ma/mß) = 
3/5 -t see p.3) 

r T 3r cos 0 Q+Paz '""' 3 (;~ ZZß) alnT 
O/Z,T ::: (eB0)2 R L./VJ.laß nß m - m ar 

ß 0/ ß 

and 

IV. Radial neoclassical Huxes in the 13-moment approximation 

Adding the contributions from friction (upper index U) and thermal 
(upper index T) forces, we finally arrive at the formula (in the l3-moment 
approximation) 
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The last expression is exactly the same as in ref.[6], but differs from the 
one given by equ.(26) of ref.[7] (identifying, in our notation, a with the trace 
impurity component land ß with the main impurity species A) even if one 
goes to the limit mOl/mß - 00 setting in ref.[7] Co = 1, Cl = 5.../2/8, C2 = 0 
and neglects 2.86 compared to 5. 79;~z~2. The important discrepancy is 
that in the thermal force contribution of ref.[7] instead of zß the expression 

z~l / z~2 appears. Neither in ref.[6] nor within" the framework of the present 

theory terms '" zik appear in the radial fiuxes, not even in higher order 
approximations (see below). Comparison with the expressions of ref.[8] de­
scribing as those in [6] the Coulomb interaction between trace amounts of 
Mo ions with C as the main impurity species shows that the charge state 
number of carbon is to be understood as an effective charge, which usually 
is space-dependent. The corresponding derivative with respect to the radius 
is, however, missing. Therefore both references [7] and [8] present incorrect 
expressions for < r OlT >. 

Considering only interactions between the different charge states of a 
single impurity element (Le. for the index a = ß, which is therefore omitted 
from the following formula) and separating the contributions of the density 
gradients from those '" 8InT/8r, we obtain 

+ L z'(z - z') nz , (1-1) 8~Tl 
z'f.z 

the first contribution in the underlined bracket resulting from the ther­
mal force (p.10), the second one from the friction force (p.7). The total 
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----... -----_. 

expression exactly equals the one given in ref.[5], equ.( 4), noticing that 
v;p == z2npvm;Q,+/mz • Apart from the factor 2q2 it is exactly the formula, 
which one derives from the classical transport theory in the l3-moment ap­
proximation of the ion distribution functions. 

In a similar way we get, within the l3-moment approximation, the fol­
lowing expressions for the /IR collisional heat transport and the attributed 
magnetic flux surface averaged heat fluxes: 

h _ Hazll '" 3q2Q'+PazkT '" ~3 2 [({)lnpatz 
< atZ,T > - < er. > - (B )2 L...J nßzß {) HatZ e 0 ß m at r 

_ Z~ß {)ln(zßPß)) _ ~ j.latß (g~~ _ z:ß) {)InT] 
z~ {)r 2 mß g~~ z$ {)r 

where we have used the relations for G~~ and g~~ as given in the Appendix. 

In particular g~~/g~~ = -9j.l;ß/(2ma mß) 

As in the case of the radial particle flux the total radial heat fiux < ha,T > 
follows from the individual radial heat fiuxes < hatz,T > by replacing z, naz 
and PatZ with z~, na and Pa respectively. It should be mentioned that again 
these expressions exactly agree with those given in ref.[6]. 
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V. Radial neoclassical fiuxes in the 21-moment approximation 

In order to proceed to the 21-moment approximation of the ion distri­
bution functions, we have still to include the contribution 

RS = ,",(Jlexß)21 G(3)(rexzll _ fßII) 
exzll 7 kT exz exß Pexz Pß 

and transform it according to the procedure given on pA such that 

RS = ,",(/lexß)21 G(3) (fex ll _ fßII_ 
exzll 7 kT exz exß Pex Pß 

The moments l' ~II can be evalua!ed in terms of the charge-averaged particle 
and heat fluxes r ex 11 respectively hexll by the following reduced set of equations 

L [c~~)mßf' ßII + c~3;)iißII + C~~)fßII] = 0 
ß 

which, by Cramer's rule, has the formal solution (see p.3) 

, c~~3)(1 - 0;;0) - I: [c~~l)m(f'(11 + 4~2)ii(lI] 0;;0 , 
( 

1'011 = ------.::.-, cy-"(3-;;3"-) ,-------

In these equations the identities r exzll == nexz( wexzll + UII) and f' ex 11 = 
nex(wexll + UII) have been used for the substitutions 

where the second equality follows from the relation 

/l~ßG~~ - oexß I: /l~;;G~32 
L c~~)Pß = L (kT)2 = 0 
ß ß Pex 
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The formulation of the 21-moment approximation of the neoclassical 
particle fiux, averaged over a magnetic fiux surface, can now be closed by 
substituting in the above equations the longitudinal particle and heat fiuxes 
r azll and hazll respectively by the radial pressure and temperature gradients, 
with the result that 

I ~~3)(1 - o';ß) - f-yo,;ßI 

PßI~~)I 

2: 2 &(3) 

[11] = 35 [ ,; J.l
a

,; a,; (ßln Paz _ z~a ßln(zaPa)) + 
2 m2 ~ C-(8) ßr z2 ßr a L.J a,; a 

,; 

where the radial electric field again drops out due to the above men­

tioned relation 2:ß c~~) Pß = O. We used the relation g~~ = (3/14)g~J (see 

Appendix) and substituted the coefficients sik
) from ref.[l]. 

Summarizing the various contributions (upper indices U, T, S) to the 
magnetic surface averaged radial particle fiux of the ion species Q in charge 
state z, we finally obtain the expression (in the 21-moment approximation) 

2q2Q+Paz" -2 [(ßlnpaz _ z~ß ßln(zßPß))_ 
< r aZ,r > ~ - (eBo)2 ~ VJ.laßnßzß ßr z~ ßr 

15 



2 E 0(6) 
_ ZZa 8In( ZaPa)) _ 15 /-Laß K /-LaK aK (1 _ Z~a) 8ln T + ~ (/-Laß) 2 zr IJ] 

z2 8r 4 m3 '" G-(8) z2 8r 14 kT kT 
01 Ot~ OtK Ot 

K 

Inserting the values for O~~ (see Appendix) we get 

and 

(6) .~5 
(6) 2 '" gaK V /-LOtK -2 

11.
2 

'" 11. 0 /-L~ß ~ -(7) m + m ZKnK 15 raß L:' rOtK aK 9 ~ 
~ K gOtK Ot K 

"4 m3 "'G(8) - - 14 (8). ~5 
Ot L.J OtK 3 '" gOtK V /-LOtK -2 

K m Ot L.J -(9) ( )2 ZKnK 
K gOtK m Ot + m K 

Again, < r OtZ,r > passes into < r Ot,r > by the substitutions Paz ~ POt 

and Z ~ zao 

Similarly, in the 21-moment approximation, the additional term 

L 
ß 

16 



arises in the IIB collisional heat transport. Following the procedure men­
tioned on p.14 we get the additional contribution to the individual radial 
he at flux 

< h~Z,T > ::: 

where 
mM~~ I c\S;)(l - D~ß) - f'YD~ßI 
mag~~ Pßlc~S;)1 

Adding the various contributions (upper indices U, T, S) to the magnetic 
surface averaged radial heat flux of the ion species a in charge state z, we 
finally get the expression (in the 21-moment approximation) 
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recalling the relations on p.14/15 and 

Again, < hOiZ,T > passes into < hOi,T > by the substitutions POiZ -7 POl 

and z -7 ZOi. Note that < r OiZ,T > and < hOiZ,T > .have opposite signs in 
the transport coefficients (both in the temperature gradient and in the pres­
sure gradient terms), which reflects the corresponding effects in the classical 
collisional 11 jj transport (the effects of both velo city differences and tem­
perature gradients have different signs in particle and heat flows, see for 
instance ref.[9]). Since the radial particle and heat fluxes are influenced by 
the various processes with different weights, they are not necessarily coun­
terdirected. Moreover, the total heat flux for UII = 0 is < qOiZ,T >=< hOiZ,T > 
+(5/2)kT < r OiZ,T > and is therefore correlated with the particle flux. 
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Appendix 

By definition we have 

C-(n) - "C(n) _ Q* (n). ~ 2 -2 
aß = L...J az,ß( - +9aßv!-Laßnanßzazß 

z,( 

where 

By comparison with the expressions given in ref.[l] we have 

9~~ =-1 

We recall from ref.[l] that 

S(2) = ~ ,,!-LaK 0(2) 
a 2 L...J m aK 

K a 

(2) 3 
9a ß = 5" 

S(3) = 35 "(!-LaK) 2 0(3) 
a 2 L...J m aK 

K a 

sik) = L O~kJ for k = 1,4,8 
K 

19 



fig.l: Coordinate system and standard magnetic·:field 

v 
symmetry axis of the torus 

~--------------------~~ R 

(J a '(Ja 
V' v == cos ra(J + sm ar 

B = (0, -0, 1) Er/> 

with Er/>R = const. and 
Ee 

0=- - = 0(r) > 0 
Er/> 
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fig.2: Physies of the ne-transport 

(a) drjvjng meehanjsm of vertkal eentrjfugal and '\7 B drjft 

(Pli + P_daz'\71n B X B . -
----''---....;....----:B=-:2::---- assummg TotB = 0 

nazze 

eleetron particle and heat aeeumulation 

it 

vertkal drjft -D 
Vaz,v 

.u. 

R 
+,z 

4-
I 
I 
I OBI/> 
I 
I 
L_--t- -D 

V±,R 

ALT-lI 

/ 
jon partjcle and heat aeeumulation 

ne-transport: horjzontal partjcle and heat drjfts due to the vertkal 
potential, densjty and temperature gradients 

-D (nazzeE - '\7Paz) x B d h-D __ ~ '\7(kT) x B 
naz vaz.l = B2 an az.l - 2 Paz B2 ze ze 

where < .. > denotes averaging over a magnetk flux surfaee. 
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fig.2: Physies of the ne-transport 

(h) dynamic equilibrium via" B momentum and heat flux balance 

subject to the particle and energy balance in an axisymmetric plasma 

Razll = R~zll + R~zll is the sum of friction and thermal forces 

~ 
impurity accumulation, if friction force dominates 

I 
-, (z) 

\ 
R;'+II = -Rrj 

+, (z) 
ALT-II 

/ 
impurity accumulation, if thermal force dominates 

shown for a single combination of charge state and impurity element, 
Le. for az -t Z with RZ,+I! = - R+,zl!' 

Note that the vertical pressure gradient of z revers es sign, if the 
corresponding thermal force becomes larger than the friction force 

(temperature screening of the plasma core from that impurity species 
in the trace impurity limit). 
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fig.3: Basic relations for neoclassical transport_ 

1. toroidal components of momentum and he at flux equations for 
axisymmetric systems :} radial flux- I/R friction relations 

Razll 
raz,r = en m a az 

and 
Hazll 

haz,r = en
az 

. h h . f f dO R wIt t e magnetlc sur ace averages < .. , > == 271" R
o

'" 

2. 1/.8 flux-friction relations (in the 13 moment approximation [1]) 

R rv" I I [G-(l)(razll _ rß(II) + fLaß 0(2) (hazll - hß(II) + ] azll - ~ az ß( aß kT aß ... 
ß,( naz nß( . Paz pß( 

Ha ~ kT" 1az l [~fLaß G(2)(razll _ rß(II) +0(4) hazll - 0(5) hß(1I + ... ] 
zll m ~ ß( 2 m aß n nßI" aß p aß PßI" 

0' ß,( C< az ~ az ~ 

with the driving 'forces' (created by the vertical drifts in a toroidal plasma) 

and 5 Paz ( ) - - - VII kT 
2 ma 

3. constraints imposed by particle and energy balance equations 

e ß(RT azll) nc 
rR 80 = V'vraz,v + ... and 

t 5 
qazll ~ hazll + 2" kTT azll 

relating the I/R fluxes to the radial pressure and temperature gradients as 
a function of the poloidal angle 

without consideration of gyro-viscosity or anomalous viscosity effects the 
radial electric field drops out in the 1/.8 flux-friction relations 
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