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By using the local-density approximation 4 dynamical mean-field theory approach, we study the low-energy
electronic properties and the optical conductivity of the layered ruthenates Sr,RuO,4 and Sr;Ru, 0. We study the
interplay of spin-orbit, crystal-field, and Coulomb interactions, including the tetragonal terms of the Coulomb
tensor. We show that the spin-orbit interaction is multifaced; depending on the parameter regime, filling, and
temperature, it can either enhance or reduce the effective strength of correlations. We compare the results

based on the two common approximations for the screened Coulomb parameters, the constrained random-phase
approximation (cCRPA) and the constrained local-density approximation. We show that the experimental Drude
peak is better reproduced by the cRPA parameters, hinting to relatively small mass renormalizations. We find
that including the spin-orbit interaction is, however, important, for a realistic description. We show that Coulomb
terms with tetragonal Dy, symmetry have a strong effect on the mass-enhancement anisotropy, but they do not
affect sizably the total spectral function or the in-plane conductivity.
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I. INTRODUCTION

The Ruddlesden-Popper perovskites Sr,RuO; and
SrzRu;O; have exceptional electronic and magnetic
properties, the first system being a possible realization
of a p-wave superconductor [1-3] and the second displaying
signatures of quantum-critical phenomena and nematic fluid
behavior [4-6]. They are built of tetragonally elongated RuOg
octahedra forming layers; the latter repeat along the ¢ axis,
separated by a distance and alternately shifted parallel to
the ab plane; in Sr,RuQ4 the octahedra form single-layer
and in Sr3Ru, 07 (Fig. 1) double-layer blocks. Due to their
remarkable properties, these materials have been studied for
decades [1-42].

Theoretically, the Ruddlesden-Popper ruthenates are espe-
cially intriguing because several competing interactions have
similar strength. In such a situation it can become a challenge
to disentangle the key mechanisms from the rest; indeed, our
understanding of these materials was revised various times in
the last decades. Due to the perovskite structure, the low-energy
states have mostly Ru 4d 1,, character, with nominal configura-
tion tgg; the tetragonal (Dy;,) distortion splits the f,, states into
alower-energy xy singlet and a higher-energy (xz,yz) doublet;
the crystal-field splitting ecr = €;;/y; — €xy is small, however.
The layered structure yields rather different bandwidths for the
xy and (xz,yz) electrons, with W, > W, ,,.. As first guess,
one could naively think that 4d systems of this kind are already
well described by density-functional theory in the local-density
approximation. Ruthenates, however, surprise in many ways.
Already early calculations based on dynamical mean-field
theory suggested that they should be regarded as correlated
systems [7]. Recent ab initio estimates of the average screened
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Coulomb repulsion [8,9] show that the latter is comparable
with the #,, bandwidth, supporting the view of Sr ruthenates
as correlated metals. Furthermore, experimentally, it has been
found that when Sr is replaced by the isoelectronic Ca, the
single-layered ruthenate becomes a Mott insulator below a
critical temperature [11]. Later on, it was understood that the
small crystal-field splitting ecg and the bandwidth mismatch
Wy./ Wy ~ 0.5 in CayRuOQy are key to explain this Mott tran-
sition [12,13]. Finally, in the last years it has been pointed out
the remarkable role of the Hund’s rule coupling J in enhancing
the effective masses, thus making the ruthenates strongly
correlated. This led to reclassify these systems as Hund’s
rather than Mott’s metals [14]. Furthermore, an incoherent
regime with quasilinear dependence of the scattering rate
was identified [8]. Experimentally, sizable effective masses
have been reported in SrpRuQO,4 [3,15-17], and even larger
in Sr3Ru,05 [18,19]. All these works have clarified essential
aspects of the physics of the ruthenates, but others remain not
fully understood, in particular, the effect of two interactions,
the spin-orbit coupling and of tetragonal Coulomb terms, small
but comparable with the crystal-field splitting and the hopping
integrals.

It has been shown that already at the level of density-
functional theory in the local-density approximation (LDA),
the spin-orbit (SO) interaction plays a key role at the Fermi sur-
face [20-22]. Accounting for the spin-orbit interaction within
material-specific many-body models has been theoretically a
challenge for a long time, in particular due to the infamous
sign problem of quantum Monte Carlo (QMC) solvers for
dynamical mean-field theory. Recently, we have generalized
the continuous-time interaction-expansion (CT-INT) QMC
solver to Hamiltonians of any symmetry, including the spin-
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FIG. 1. The crystal structure of the double-layered ruthenate
Sr3Ru,0;. The RuOg octahedra forming the layers are slightly
elongated and the cubic Sr cages slightly compressed along the ¢
direction.

orbit interaction and general Coulomb vertex; in the cases
we studied, we could improve computational efficiency via
appropriated basis choices [23,24]; the sign problem remains
manageable in all calculations we performed so far. By using
this approach, we have shown that, for a proper description
of the Fermi surface of Sr,RuQy it is necessary to include the
rotationally invariant [O(3)-symmetry] part of the Coulomb
interaction plus the spin-orbit interaction. This is not suffi-
cient, however. Small Coulomb terms with tetragonal (Dg;)
symmetry [23] turn out to be essential. The natural question
that arises is if these effects and their interplay are crucial only
at the Fermi surface, where the right symmetry is key, or if
they also appear in different properties and at higher energies,
and can be detected in other types of experiments. In that
respect, photoemission spectra, effective-mass measurements,
and optical conductivity experiments are particularly important
because they are typically used in comparing theory and

experiments, and in particular to estimate the actual strength
of the Coulomb terms or the validity of a given method and
approximation.

In this paper, we thus reanalyze the correlated electronic
structure of single- and double-layered ruthenates in the light
of these new insights. We do this treating on the same
footing and within the same calculation scheme all rele-
vant competing interactions: the crystal-field splitting, the
hopping integrals, spin-orbit interaction, and the Coulomb
vertex, including low-symmetry terms with tetragonal (Dyj)
symmetry. In particular, we examine low- and intermediate-
energy properties such as effective masses and lifetimes, #,,
spectral functions, and optical conductivity. In addition, we
compare results obtained with screened Coulomb parameters
determined via the constrained random-phase approximation
(cRPA) [8], which often underestimates the Coulomb parame-
ters, and the constrained local-density approximation approach
(cLDA) [9], which typically overestimates the Coulomb pa-
rameters, in order to identify which of these two typically
adopted schemes yields more realistic values for layered
ruthenates.

The paper is organized as follows. In Sec. II we describe
the model and the approach we adopt, the LDA+DMFT
method. In particular, we discuss how we deal with the spin-
orbit terms using the continuous-time interaction-expansion
quantum Monte Carlo method in a #,, Wannier basis, and
how we calculate the optical conductivity tensor. In Sec. III
we present the results. For O(3)-symmetric Coulomb tensor,
cRPA parameters and without spin-orbit coupling our results
are in line with previous works [8,23,25]. We discuss how the
effective masses are modified by the spin-orbit interaction, and
how the nonspherical Coulomb terms affect the effective-mass
orbital anisotropy. We show that in order to describe the optical
conductivity measurements it is important to account for the
spin-orbit interaction. We show that in average quantities
(e.g., the total spectral function) the effects of Coulomb
tetragonal terms are minor. They are, however, very important
for the mass-enhancement anisotropy, determining an orbital-
dependent band narrowing [31], and for the out-of-plane
conductivity. We show that overall the cRPA parameters yield
results in better agreement with currently available optical
conductivity experiments and reported effective masses; the
proper description of effective-mass anisotropy improves,
however, if we explicitly account also for D4, Coulomb terms.
In Sec. IV we give our conclusions. Technical details of the
calculations are explained in the Appendices.

II. MODEL AND METHOD

In order to calculate the electronic and transport properties
of layered ruthenates, we use the local-density approximation
plus dynamical mean-field theory (LDA+DMFT) approach
[43]. First, we calculate the electronic structure in the local-
density approximation (LDA) by using the full-potential lin-
earized augmented plane-wave method as implemented in
WIEN2K code [44]. Then, via the maximally localized Wannier
function method [45,46] and 1, projectors, we construct
localized t,¢-like Wannier functions centered at Ru atoms
spanning the 1,, bands. Using these Wannier orbitals we build
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the #,, Hubbard Hamiltonian
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where ¢jjo (cmm) annihilates (creates) an electron at lattice
site i with spin o € {1, |} and orbital quantum number
m € {xy,yz,xz}. The one-electron terms —t,;fm yield hopping
integrals (i #i’) and the crystal-field matrix (i =i’). We
calculate the noninteracting Hamiltonian both without (LDA)
and with (LDA+SO) spin-orbit interaction. For what concerns
the second case, the onsite part of the spin-orbit term takes the

form
Hso = E E )";Lgmgmg ,ma—czm’(r’a

in mom'c’
where u = x,y,z, and

8;1“6,“/0/ = (mo|s,ilfl|m/o/).

We extract the spin-orbit couplings by comparing the LDA
and LDA+SO Hamiltonians. By ordering the basis as
[xy)1,1yzhr,lx2) 4, 1xp) ). 1vz2)y,|xz) ), the onsite crystal-field
MATIX Epg.mor = —lhg o f0r SRUO, (Ru site symmetry

Dyy,) and Sr3Ru, Oy (Ru site symmetry C;) can be then
expressed as

N .
gy 0 0 0 -k
8. +ik, Ay
0 Eyz 2 2 0 0
8. —iA;
e ey, 0 0
E=
0 L iy 0 0
e A
Ay 8.—ik,
7} 0 0 0 Eyz =
idy 8 +ik,
70 0 0 == e

The diagonal terms are ¢, €,., and &,,, where &,, = (&, +
€yz)/2 — &ck, and where ecr is the crystal-field splitting in
the absence of spin-orbit interaction; the couplings A, and
Ay are the spin-orbit matrix elements between xy and xz/yz
orbitals and A, between yz and xz orbitals. For Sr,RuQy,
the system with space group /4/mmm and in which the Ru
site symmetry is Dy, &x; = &y;, §; = 0, and ecr = 121 meV;
the tetragonal anisotropy of the spin-orbit couplings is small,
i.e., the LDA values are Ay = A, = A, = 100 meV and A, =
102 meV. For Sr;Ru,07, the symmetry of Ru sites is in
principle lower (space group Ccca [47], Ru site symmetry
C»). In practice, however, the Ru site has C4 symmetry with
tiny C, distortions; the C, splitting, &, — &,; ~ 1 meV, is
negligible and the same is true for §, ~ 2 meV. The spin-orbit
couplings are close to the SroRuQy4 values, with A, — &, ~ 0,
so that in the discussion we can use as parameters the average

xy = (Ay +4,)/2, and A, = 106 meV, A,, = 102 meV. The
crystal-field splitting is ecg = 109 meV. In both systems
we find that the spin-orbit interaction affects mostly the
onsite elements of the Hamiltonian. The terms U, ,, are
elements of the screened Coulomb interaction tensor. In the

O(3)-symmetric case, these elements can be expressed as a
function of the Slater integrals Fy, F», and Fy. For 1,, states,
the essential terms [43] are the direct [Unmmm = Unw =
U —2J(1 — &, »)] and the exchange (Up/mm = J) screened
Coulomb interaction, the pair-hopping (U,,umm = J) and the
spin-flip term (U, = J). In these expressions we used the
relations U = Fy + 75(F> + Fy) and J = 5(3F, + 2 F,), as
appropriate for t,, states [43]. For site symmetry Dy or Cy,
the number of independent Coulomb parameters increases to
six. In this work we will discuss in particular the effect of
AU = Uy yxy — Uszx; and AU" = Uy y; — Uy, 4, the most
important terms. For Sr,RuQy4, as already mentioned, the
essential Coulomb integrals have been estimated ab initio
both via the cLDA [9] and the cRPA approaches [8]. The
first estimate yields U = 3.1 eV and J = 0.7 eV and the
latter U = 2.3 eV and J = 0.4 eV. For Sr;Ru,07, given the
strong similarities between the two materials, in the lack of
more specific estimates, we adopt the same values. The term
H, . is the double-counting correction. For an O(3)-symmetric
Coulomb interaction, Hy. is a mere shift of the chemical
potential; in the presence of low-symmetry Coulomb terms,
the double-counting correction plays an important role. Here,
we adopt the around-mean-field approximation for dealing
with low-symmetry terms (the explicit form of Hy .. is derived
in Appendix C); this approximation is particularly suited for
studying strongly correlated metals which exhibit in LDA
negligible orbital polarization, as it is the case for layered Sr
ruthenates.

We solve the Hamiltonian (1) with DMFT using continuous-
time interaction-expansion (CT-INT) quantum Monte Carlo
[13,48,49], explicitly including the spin-orbit coupling [23].
We perform calculations with a 6 x 6 self-energy matrix
Yoo (@) in spin-orbital space. More specifically, we use the
general implementation of CT-INT presented in Ref. [13] and
extended to explicitly include the spin-orbit (SO) interaction
in the solver in Ref. [23]. The choice of the one-electron
basis influences the sign problem and numerical efficiency,
as we have previously shown for the case of low-symmetry
perovskites in the absence of spin-orbit interaction [50]. Here,
the LDA+-DMFT calculations with SO coupling are performed
in the basis |f), = Tlm)g, where the unitary operator T
is chosen such that the local imaginary-time Green function
matrix is real; since 7" only changes the phases but does not mix
orbitals, in the discussion we will rename for simplicity |/#), as
|m), . For StoRuQy4 (Dy4j, symmetry), the transformation merely
amounts to an extra (—1)?m/2 phase for the |xz), orbital;
as it can be shown by using group theory (details are given
in Appendix B), this is an exact procedure. For SrzRu,0;
(C, symmetry), the xz and yz orbitals can in principle mix;
however, since the Ru site has almost C4 symmetry, as we
already pointed out, the C, mixing is tiny and the optimal
phase transformation is very close to the one for Sr,RuQ;,.

The conductivity tensor Re o, (@) can be expressed as
follows:

Im ¥y (w +i07)

w

Re 0y (@) =

where the label « = a,b,c indicates the direction. We obtain
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the current-current correlation function

he? X . )
v ZTr EX ((w,iv)),
/3 kp
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Xao(iwy) =

on the Matsubara axis; hence, here w, are bosonic and
v, fermionic Matsubara frequencies, V is the volume, g =
1/kpT the inverse temperature, and Gg(iv,) the Green-
function matrix. The trace (Tr in the formula) is over spin-
orbital degrees of freedom. The elements vX , of the

mo,m'c

velocity matrices v* are calculated in the same Wannier basis
in which the LDA+DMFT calculations are performed. The
point group of layered ruthenates includes inversion symmetry,
hence, the one-electron part of the f,, Hamiltonian is even
in k, H, ¥, =HE .. while the velocity matrix is odd,

;gma = —V,l:wqm,o_,; thus, the local-vertex contribution to the
current-current response function, which involves sums over
k of the velocity matrix times an even function, vanishes. We
perform the analytic continuation on the conductivity directly
by using the f-sum rule to calculate the normalization factor.
We employ two different analytic continuation methods, the
maximum entropy method [51] and the stochastic approach
of Mishchenko [52], obtaining very similar results. Finally, to
better analyze the results we additionally calculate the con-
ductivity via a different approach. In the latter, we first obtain
the self-energy on the real axis; to this end, we perform the
analytic continuation of the auxiliary Green-function matrix
G(iv,,) = 1/[iv, + fi — X(iv,)], where fi is fixed such that
the number of electrons is N, = 4; we obtain the real part
of the Green function from the imaginary part by using the
Kramers-Kronig relation. The conductivity is then obtained as

fl@+ o) — ()

w

Taa’(waw,)v

Re 040 (w) = hie? / do'
where f(w) is the Fermi function and

Too (0,0) = % D Tr(vVe e Ak, + o) [VF]o Ak, )
k

is the transport function. The term A(k,«’) is the spectral-
function matrix and the trace is always over the six spin-
orbital degrees of freedom. We find that the results of the two
approaches are overall very similar.

III. RESULTS

A. Spectral function and quasiparticle masses

Let us start by analyzing the total spectral function of
SroRuQy. This is shown in Fig. 2 for the two sets of in-
teraction parameters, the one obtained via cLDA and the
one calculated via cRPA. The differences between the results
for the two parameter sets appear mostly in the position of
the lower Hubbard band and the low-energy properties. The
comparison with available photoemission and x-ray absorption
spectroscopy experiments [9,53-55] yields relatively good
agreement in both cases, and, alone, does not allow a clear-cut
discrimination between results obtained via the cRPA and the
cLDA Coulomb parameter sets. The same conclusion can be
reached for Sr;Ru, 07 [54-57]. In order to determine which

Sr,RuQ,
= 5
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FIG. 2. Total t,, spectral function of Sr,RuO, calculated with the
LDA+SO+DMEFT approach for cLDA (dark line) and cRPA (light
line) screened Coulomb parameters at temperature 7 = 290 K. The
total LDA+SO density of states (all bands included) is also shown
(dashed line). The chemical potential is set as the energy zero.

set of parameters is more realistic, we have to compare theory
and experiments for additional properties; we will thus come
back to this point at the end of the paper. In this section, we
present results for both parameter sets.

Figure 3 shows the orbital-resolved mass enhancement
m*/m ~ 1/Z and the quasiparticle scattering rate obtained
as I' = —2Z Im X (iwyp), in a wide range of temperature and
for both Sr,RuQy4 and Sr3Ru,07; these calculations have been
performed using an O(3)-symmetric Coulomb vertex, with
and without spin-orbit coupling. Previous calculations with
cRPA parameters and no spin-orbit interaction [8] are in line
with our results for the same case. It is important to point out
that, switching from the cRPA to the cLDA parameter set, not
only places the two systems sizably more inside the strong-
correlation region, but it also yields a larger mass-enhancement
anisotropy, defined as Ry, = (%)xy/(%)xz/ﬂ; we find that the
latter increases by decreasing temperature. Figure 3 shows in
addition that, on lowering the temperature down to 150 K, the

cRPA| | © cLDA
8.0 | L&
£ Cu
*e me xy
a0 | 88 L Mineg
' ii@!@gg o xzlyz .Qllq
e [ .
s N L
2 02 2nkBT'9 - mkgT |t 2nkBT=’!l o mkgT
£ S L
N .
N L e
0 . - - - -
500 1000 © 500 1000
T (K) T(K)

FIG. 3. Temperature dependence of the mass enhancement and of
the effective quasiparticle scattering rate for Sr,RuQO,. Full symbols:
LDA+SO+DMEFT results. Empty symbols: LDA+DMFT results.
Squares: results for xz/yz orbitals. Circles: results for xy orbitals.
Triangles: analogous results for Srz;Ru,0;.
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FIG. 4. Orbital-resolved spectral function per Ru and spin
for Sr,RuO, and Sr;Ru,0;, calculated with LDA+DMFT and
LDA+SO+DMEFT at T = 290 K for the cRPA and the cLDA sets
of interaction parameters. Dark line: xy orbital. Light line: xz/yz
orbital. Black dots: average.

spin-orbit interaction reduces the effective masses but not so
much Ry;; the effect is stronger in the calculations based on
the cLDA parameter set, for which U is larger and the atomic
excited S = 0 multiplet is higher in energy. The scattering
rates are, instead, similar in all the cases we consider since the
parameter dependence of Z and Im X (i wg) largely compensate
each other; for the same reason, they are also very similar in the
single-layered compound Sr,RuOy4 and in the double-layered
system Sr3Ru,05.

Figure 4 shows the orbital-resolved spectral functions of
Sr,RuQy4 and Sr3Ru,O7 at T = 290 K. For SryRuQy, the xy
and xz/yz quasiparticle peaks are suppressed increasing the
Coulomb interaction parameters from (U, J) = (2.3,0.4)eV to
(U,J) = (3.1,0.7) eV. Switching on the spin-orbit interaction
yields only small changes in the spectral functions. In the case
of Sr3Ru, 07, the spectral function is more orbital isotropic than
in Sr,RuQy, both with and without spin-orbit interaction. This
is reflected in the larger isotropy of the mass enhancement, that
can be observed in Fig. 3. Finally, the effect of the spin-orbit
interaction turns out to be different at low and intermediate
energies; at intermediate energy, it slightly increases the
bandwidth renormalization.

— .55-'.;“:- I=0

S esst”

S o 24,

? v@q@egeeesgoo
s =1
[=]
Qu -0.2

3

[=]
w

04 1 ¢ or=120 mev
0 0.05 0.1 0.15
A2 (eV)

FIG. 5. Difference AE}, = E| (1) — EJ(0) in the atomic limit for
Ay = A; = A;here, Eé()h)isthe gap associated with the /th eigenvalue
of the atomic Hamiltonian for four electrons. Dark circles: [ =0
(ground state). The point at which the line crosses the zero moves
to higher energy when ecr increases. Empty circles: excited doublet
(I =1). Gray symbols: next excited energies. Calculations were
performed both for the cLDA (large symbols) and the cRPA (small
symbols) parameters. Lines: results from the approximate formula
described in the text.

Our results indicate that, indeed, in systems as the ruthen-
ates, in which the strength of the spin-orbit coupling is
comparable with the crystal-field splitting and the hopping in-
tegrals, the actual effect of the spin-orbit interaction is strongly
dependent on details and the energy scales. This can be seen
already in the atomic case, i.e., if we set the hopping integrals
to zero. In such a limit we can calculate the gap analytically in
the approximation in which only the lowest multiplet is taken
into account, and couplings to higher-energy multiplets via
the spin-orbit interaction are neglected (see Appendix D). This
approximation is valid for spin-orbit couplings small compared
to the Hund’s rule coupling J, hence, it is slightly better suited
for the cLDA than for the cRPA parameter set. In this limit, at
T = 0 the atomic gap is given by EJ = Eo(N + 1) 4+ Eo(N —
1) — 2Eo(N), where Ey(N)is the energy of the ground state for
N electrons. Furthermore, the energies of the many-body states
in the lowest-energy multiplet can be expressed as E;(N) =
Ey j(N)+ &/(N), where Ey_j(N) depends only on U and J,
and &;(N) only on the spin-orbit couplings and the crystal-field
splitting (see Appendix D). If we order the states such that
&1+1 > &, the zero-temperature gap takes then the simple form

Eg ~U —3J 4+ &9(5) + 0(3) — 2e9(4),

where £y(3) ~ 2¢ecg and

(ECF + %) + \/(SCF + %)2 + Qkiy
) )

(ecr — %) =/ (ecr — )" +222,
- |

Figure 5 shows the T = 0 atomic gap (I = 0 plots) for
isotropic spin-orbit couplings. For realistic values of A, the
exact result, obtained by diagonalization of the full atomic
Hamiltonian (circles), is close to that obtained from the approx-
imate expression given above (full line). Figure 6 shows the
exact 7 = 0 atomic gap for anisotropic spin-orbit couplings.

0(5) ~ 4ecr —

£0(4) ~ 2ecr +
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FIG. 6. The difference AEg = Eg(AZ/Z,AXy/2) — Eg(0,0),

where EQ(AZ/ 2,Myy/2) is the T = 0 atomic limit gap in the presence
of spin-orbit coupling. The four panels show the results for different
values of the crystal-field splitting ecg. The light line shows the
contour at which AE;’ changes sign from negative (left-hand side
of the line) to positive (right-hand side). For ecg = 0 or in the large
A=A, = Ay limit, AEg > 0. The calculations have been performed
for cLDA Coulomb parameters; results with cRPA parameters are

similar.

As it can be seen in the figure, the spin-orbit interaction,
depending on the parameters, either reduces or enhances
the gap; in particular, when § = A, — A,, > 0, if the crystal
field is large enough, the gap is reduced by the spin-orbit
interaction, while if A, is much larger than A_, the gap always
increases. For crystal-field splitting and spin-orbit couplings
corresponding to the cases of Sr,RuO4 and Sr3;Ru,07, the
parameters are very close to the contour line at which the sign
changes, and § ~ 2—4 meV is small but positive. In addition,
the three lower-energy N = 4 states are almost degenerate and
thus form a quasitriplet, so that the effective degeneracy does
not change; the energy difference between the ground state and
the excited doublet is Ay = E;(N) — Eo(N) ~ 30 meV for
Sr,RuOy4 and slightly larger in Sr3Ru, 07, hence, the excited
doublet is occupied for temperatures above 300 K. This can
be inferred from Fig. 5, which shows, aside from the 7 = 0
gap, the differences E4 (1) — EJ(x = 0) for/ > 0, where E}, =
Eo(N + 1)+ Eo(N — 1) — 2E;(N) can be expressed as

E, ~ U —3J +£(5) + £0(3) — 261(4) = Ej — 21,

This yields the atomic gap when the excited state E;(N) is
thermally populated, with weight e=2/%T For [ = 1,

ECF — ,/8%1: + X%y
3 .

Figure 5 shows that A, increases with increasing spin-orbit
coupling A, and eventually becomes very large compared
to kpT. However, at room temperature, for a realistic A ~
100 meV, we have A; ~ kgT and the atomic Green function
poles corresponding to / = 1 have a sizable weight. Hence,

£1(4) = 2ecr +

already in the atomic limit, the effect of the spin-orbit interac-
tion, both in terms of gap and effective degeneracy, is sensitive
to the model details and temperature/energy scale.

Switching on the hopping integrals, in Sr,RuQy4, both
in the absence and presence of SO interaction the system
shows negligible orbital polarization p, with p = n,, — (n,; +
ny;)/2, despite the relative large crystal-field splitting. This
happens because the kinetic energy gain compensates, due to
the layered structure, the crystal-field energy loss coming from
the occupation of the high-energy N = 4 multiplets. In order
to understand this effect, it is sufficient to calculate the sum
of the crystal-field energy loss and the superexchange energy
gain per site for xy orbital order, in the small /U limit. Let us
consider a site and a cluster made of its four nearest neighbors;
in the atomic limit, its energy is 10ecg when all sites are in the
atomic ground state. The super-exchange energy gain yields

AEOs ~ —4t—*21,
u

where u =2/[1/U +1/(U + 2J)] and ¢, = t, the hopping
among xz (or yz) orbitals on neighboring sites. This formula
shows that switching on the hopping integrals stabilizes xy
orbital order. The energy gain is small, however, because it
involves excitations to doubly occupied states with average
energy U + J. If the hopping integrals are large enough,
however, a state corresponding to xy orbital order will be-
come eventually degenerate with arrangements that involve
an alternation of xy and xz orbitally ordered sites, as can
be seen by diagonalizing exactly a two-site t,, Hubbard
model. The maximum superexchange energy gain associated
to such a configuration is obtained for the ferromagnetic spin
arrangement. It yields the energy difference
2 2
AEOOXZ/,\'ZVXV ~ Eé‘CF — M
4 U-3J

For sufficiently large hopping integrals, the superexchange
energy gain is strong enough to overcome the energy loss due to
the extra crystal-field energy. If the energy difference between
configurations is comparable with k5 T', orbital fluctuations are
strong and no orbital polarization is observed. This happens
in the case of the ruthenates, where the kinetic and potential
energy is large and the system remains metallic. For Sr,RuOy,
the nearest-neighbor hoppings are, e.g., ty, ~ 379 meV and
ty; = ty; ~ 292 meV; in the limit in which the local Coulomb
interaction is negligible (LDA), the positive crystal-field split-
ting is overcompensated by the smaller xz/yz bandwidth,
yielding a tiny but slightly negative orbital polarization p. This
remains true also in the presence of spin-orbit interaction.
Recently, it has been understood that the Hund’s rule cou-
pling can have a double-faced effect. Away from half-filling, on
the one hand it reduces the atomic gap and on the other hand it
decreases the effective Kondo energy scale [14], by effectively
reducing the orbital degeneracy; the latter is crucial for the
actual strength of correlations, as was shown in Ref. [58].
The effect of the spin-orbit coupling is, in that view, even
more complex. As we have seen, already in the atomic limit,
depending on the regimes, for filling % (the case of ruthenates)
it can either increase or decrease the gap (see Figs. 6 and 5); the
same happens for filling % Instead, at half-filling (tfg atomic
configuration) the spin-orbit interaction always decreases the
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LDA+SO+DMFT
cRPA

LDA+SO+DMFT

FIG. 7. SrpRuOy: the LDA+DMFT (left panels) and LDA+
SO+DMEFT (right panels) band structure (7" = 290 K). The light lines
show the corresponding LDA and LDA+-SO band structure.

gap since the energy of the S = % ground multiplet is only
modified by the spin-orbit interaction at second order in 1./ J;
here, we are assuming that, as typically the case for 3d and 4d
systems, the ratio A/J is small. Furthermore, in the absence
of crystal-field interaction, the spin-orbit coupling decreases
the effective degeneracy of many-body states. Thus, for a
hypothetical tfg system in which the crystal-field splitting is
negligible and the spin-orbit interaction is isotropic, everything
else staying the same, A, by itself, yields an enhancement of the
atomic gap and a reduction of the effective degeneracys; in this
situation, the spin-orbit interaction would favor in the atomic
limit a ground-state multiplet with total angular momentum
J: = 0. If A is, however, sufficiently large, higher-energy spin
states mix with the ground multiplet and even the effect of the

Hund’s rule coupling is partially undone. Even more exotic
cases could be obtained, e.g., in the hypothetical case in which
the crystal-field splitting is finite and the spin-orbit anisotropy
§ is large, so that the spin-orbit coupling sizably decreases
the atomic gap. For the Sr ruthenates, where the crystal-field
splitting is comparable to the spin-orbit interaction and the
hopping integrals, as already observed, the effect is sensitive to
parameters, energy scale, and the temperature. Figure 3 shows
areduction of the effective-mass enhancement down to 150 K,
much smaller for cRPA than cLDA parameters. In Fig. 7 it may
be seen that the difference in the spectral functions with and
without spin-orbit interaction is small; at intermediate energies
the correlated bands are, however, slightly more compressed in
the presence of the spin-orbit interaction. At high temperature,
the effect of spin-orbit interaction on masses and lifetimes
becomes negligible.

B. Optical conductivity

The main theoretical results for the optical conductivity are
shown in Fig. 8, where they are compared with experiments
[59-69], and in Fig. 9. LDA+DMFT cRPA calculations with
no spin-orbit interaction (Fig. 8, gray lines) are in line with
previous similar calculations [60]. At high energy, the effect of
increasing (U, J) from the cRPA to the cLDA values is minor;
the differences appear mostly in the low- and intermediate-
energy and temperature regimes. Figure 8 shows that already
at 290 K, compared to the cLDA result, the cRPA static in-
plane conductivity is sizably closer to the experimental value
reported in Ref. [60], o4 ~ 1.1 x 10* Q7! cm~!. Switching
on the spin-orbit coupling yields only small changes at this
temperature; at a first glance, the effect of the spin-orbit
interaction appears, however, qualitatively different in cRPA
and cLDA results. The cRPA conductivity with spin-orbit
coupling is merely shifted downwards with respect to the
one obtained without spin-orbit term. In the case of cLDA
calculations, instead, there is a transfer of spectral weight
from intermediate energy scale to the low-energy region,
which produces a small enhancement of the Drude peak. This
apparently qualitative difference turns out to be a shift of energy

Gab

Sr,RuO,
T=290K

0.2 O,

10;

o

Sr,RuO,
T=290K| 3}

(O Sr3Ru,05

T=290 K

6 (1% em™)
)

0.5 1
 (eV)

0.5 1
 (eV)

FIG. 8. Optical conductivity of Sr,RuO,4 and Sr3Ru, 05 calculated with LDA+DMFT (dashed lines) and LDA+SO-+DMEFT (full lines), for
U,J)=1(2.3,0.4) eV (gray) and (U,J) = (3.1,0.7) eV (black). Experimental data are shown as squares. For Sr,RuQy, they are from Ref. [60],
and for Sr3Ru,0; from Refs. [68] and (larger squares) [69]. The arrow indicates the frequency at which w ~ 2wkgT.
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FIG. 9. Sr,RuQ,: optical conductivity at different temperatures,
calculated with LDA+DMFT (dots) and LDA+SO+DMFT (full
lines), for cRPA and cLDA Coulomb parameters.

scale. Indeed, the effect of the spin-orbit interaction on the
conductivity is strongly temperature dependent, as it can be
seen by comparing the cLDA results at 290 and 150 K in Fig. 8,
and more in detail the results for several temperatures shown in
Fig. 9. At high enough temperatures, the spin-orbit interaction
shifts downwards the static conductivity; on lowering the
temperature, the Drude peak is progressively enhanced by
the spin-orbit interaction, until eventually the curve with and
without spin-orbit interaction cross. The crossing point takes
place at lower temperatures/frequencies for the cRPA than
for the cLDA parameters. When the temperature decreases
down to 150 K, the calculations with spin-orbit interaction
reproduce the experimental static conductivity (ogq.. ~ 3 X
10* Q' cm™! [60]) decisively better than those without spin-
orbit interaction. Furthermore, the 2kgT foot (see Ref. [70]
for theoretical discussion), emerging around 2k T ~ 0.1 eV
in the 150-K experimental data, is also better reproduced. This
can be seen both in Figs. 8 and 9. The effect of spin-orbit
interaction is less dramatic for the c-axis conductivity o.(w). In
the case of Sr3Ru,07, we obtain a spin-orbit-driven enhance-
ment of both the in-plane and out-of-plane conductivities. As
for the single-layered compound, Fig. 8 shows that also for
Sr3Ru, 07 taking the spin-orbit interaction into account visibly

improves the agreement with experiments [68,69], in particular
at low frequencies. The figure additionally shows that the
difference in magnitude between in-plane and out-of-plane
conductivities decreases sizably with respect to Sr,RuQy, in
line with previous observations [25]; for Sr3Ru, 07, the value
of o.(w) is only a factor 3 smaller than o,;(w).

Next, we analyze how the various effects influence the op-
tical conductivity. For Sr;RuQy, in all cases (see Appendix A)
the effect of the spin-orbit coupling on the velocities or the LDA
Hamiltonian is minor for the in-plane conductivity; the same
conclusion can be drawn for the effect the spin-orbit-induced
off-diagonal elements of the self-energy. The main change is
due to the diagonal elements of the self-energy itself. The
out-of-plane conductivity o.(w) behaves instead in a different
way; the dominant effect arises from the velocity matrices;
the next contribution is coming from the diagonal elements
of the self-energy. Let us investigate the various contributions
to the total conductivity. To this end, we split the transport
function T (w,w") into three terms, T(w,®w’) = Tt + Tinter +
Tmix- The first term includes all intraorbital transitions. The
interorbital term is defined as

2
Tinter = 7 Z [Vl(n’m Al,j,m(a) + (z)/) Vi(nm, Alr;/m/(a))].
k,m#m’

Finally, Tk includes all remaining processes involving off-
diagonal elements of the spectral function and/or the velocity
matrix. In the case of Sr,RuQy, in the absence of spin-orbit
interaction, the self-energy matrix is by symmetry orbital
diagonal, and so is the local spectral function, hence the term
Thmix yields a negligible contribution; furthermore, for the in-
plane conductivity the intraorbital contributions dominate (see
Appendix A) and xz/yz and xy contributions are comparable.
Thus, the static in-plane conductivity is approximatively given
by Allen’s formula [70,71]

2 ¥m(0)

0ap(0) ~ fie ; 2mSy m(0)’

where the function y,(e) = & >, [VK, [?8(c — &) is a
weighted density of states. On lowering the temperature or
decreasing (U,J) the imaginary part of the self-energy pro-
gressively decreases; this leads to an increase of the Drude
peak. Switching on the spin-orbit interaction further decreases
the imaginary part of the self-energy (see Fig. 10), while
the effective quasiparticle lifetimes T changes much less (see
Fig. 3). At 150 K, the imaginary part of the self-energy is still
larger (in absolute value) than wkp T, and thus 1/t ~ 2mkgT,
as Fig. 3 shows. We also find that the so-called incoherent
regime [8,25], in which the scattering rate is almost linear
in kpT, extends to a large-temperature window for all cases
(Fig. 3). An additional important effect of the spin-orbit
interaction is that it gives rise to finite off-diagonal terms of
the self-energy and spectral-function matrix, which in turn give
rise to an important contribution from Tj,ix, in particular in the
low-energy regime. At intermediate energy, these processes
tend to decrease the final value, while at low frequencies,
they have the opposite effect, i.e., they further contribute to
the enhancement of the conductivity; this correspondingly
enhances the foot at ~27 kg T, signing the onset of the thermal
regime [70]. The out-of-plane conductivity o.(w) behaves very
differently. We find that the two main terms come, in this case,

from Tlﬁfré‘z and T, "%, and the latter dominates. When the
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FIG. 10. SrpRuQy: difference AlmX=ImXso(iwy)—ImE(iwy)
between the imaginary part of the self-energy at the first Matsubara
frequency with and without SO interaction. For |[ImXso(iwg)| <
[ImX (iwp)| the difference is positive. Squares: xz/yz orbitals. Circles:
xYy orbitals.

spin-orbit interaction is switched on, the first term decreases
and the second increases.

Remarkably, the total in-plane and out-of-plane transport
functions are very different; already in the noninteracting case,
the in-plane term has a much larger weight at low energy than
the out-of-plane terms. Increasing (U, J), the low-energy peak
narrows, making the in-plane conductivity more sensitive to
temperature changes. In the case of Sr3Ru,07, both in-plane
and out-of-plane terms have a sizable weight at zero energy;
thus, the strength of the temperature effect is comparable for
o4 (w) and o.(w).

In conclusion, for Sr,RuQ,4, overall our LDA+DMFT
results are qualitatively in line with experiments both for
cRPA and cLDA parameters, i.e., both parameter sets correctly
reproduce the main features (a Drude-type peak and a broad
high-energy tail). The static in-plane conductivity appears,
however, better reproduced by the cRPA parameter set than
by cLDA values, which yield too short lifetimes. Even within
cRPA results, however, the experimental Drude peak remains
higher than the theoretical one unless we include explicitly
the effects of the spin-orbit coupling. The latter enhances
the zero-frequency peak at low enough temperatures. Indeed,
LDA+SO+DMFT results are in remarkably better agreement
with currently available experiments than LDA+DMFT spec-
tra; this indicates that, contrarily to what is often assumed, the
spin-orbit interaction is important for the realistic description
of low-energy properties probed via optical conductivity exper-
iments, and in particular the imaginary part of the self-energy.
Instead, the quasiparticle lifetimes are much less affected by
details, in line with typical approximations [72]. For Sr3;Ru, 07,
we can similarly conclude that the spin-orbit interaction is nec-
essary to reproduce correctly the experimental zero-frequency
conductivity. Available experiments apparently differ among
each other at finite frequency, however; further experimental
investigation would be thus very important to finally settle the
problem.

C. Effects of the tetragonal Coulomb terms

Up to here we have discussed results obtained with an
0O(3)-symmetric Coulomb vertex, the most commonly adopted
approximation. Recently [23], we have shown that the D.gy,-

xzlyz

A(w)

o (eV)

o (eV)

FIG. 11. Sr,RuOy: effect of AU on the orbital-resolved spectral
function in states/eV /cell. Calculations are for T = 290 K, (U,J) =
(3.1,0.7) eV, and with spin-orbit interaction. Full line: AU = 0.
Dashed curves with increasing dash level: AU = 0.15,0.3,0.45 eV.
Black lines: orbital average for each value of AU.

symmetric Coulomb terms strongly affect the shape of the
Fermi surface of Sr,RuQ,4. Here, we analyze the effect of
Coulomb anisotropy on the spectral function, the effective
masses, and the optical conductivity. We first focus on the case
of Sr,RuO, and perform LDA+SO+DMEFT calculations for a
range of AU between 0 and 0.45 eV, and 0 < AU’ < AU/3;
since the parameter AU’ affects only weakly the results, here
we will discuss mainly the effects of AU. The cRPA value
is AU = 0.3 eV, and lies in the middle of the range of values
that we consider. There are at present no available cLDA-based
results, but it is likely that the cLDA value of the Coulomb
tetragonal anisotropy is slightly larger than the cRPA one; since
(U, J) are about a factor 1.3—1.7 larger in cLDA, we can expect
that, correspondingly, AU ~ 0.30-0.45 eV in cLDA. The key
results are shown in Figs. 11 and 12. Figure 11 shows that
the average spectral functions do not change so much with
increasing AU, while the orbital-dependent spectral functions
exhibit a (small) weight transfer from the xy to the xz/yz states.
More important, with increasing AU the effective mass of the
xy orbital increases, while that of the xz/yz orbital decreases
(Fig. 12); remarkably, the average mass enhancement remains
instead almost constant. For the in-plane conductivity, although
the relative contribution of different orbitals changes with

1.5
o(0)
1 0 O i
xzlyz F\é\%\z
0.5 . .
0 0.3 0 0.3
AU (eV) AU (eV)

FIG. 12. Sr,RuOy: effect of AU on m*/m (obtained from imag-
inary frequency data) and o (0), normalized to their AU = 0 value.
Squares: xz/yz intraorbital term. Circles: xy intraorbital term. Di-
amonds: orbital average. Empty symbols: o,,(0). Filled symbols:
0.(0). Calculations are for cLDA parameters, 7 = 290 K, and with
spin-orbit interaction. Results for cRPA parameters are similar but
the effect weaker (e.g., for m*/m we find a ~10% instead of a ~20%
change for AU = 0.45 eV).
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FIG. 13. Sr,RuQy: correlated band structure in the different cases
(T =290 K) with and without Dy, Coulomb terms. The latter
increases the mass anisotropy.

increasing AU, the change in the total is very small, below 2%
when AU increases from 0 to 0.45 eV. A larger effect can be
seen in the out-of-plane conductivity, due to the fact that in this
case are mostly the xz/yz terms (intraorbital and interorbital)
that contribute. All together, this shows that the tetragonal
Coulomb repulsion anisotropy has a large impact not only at
the Fermi surface of Sr,RuQy4 [23]. It reduces the out-of-plane
conductivity and enhances visibly the effective-mass orbital
anisotropy. Experimentally, relatively large mass anisotropy
has been reported [3,15-17,31]. The effective masses and their
anisotropy obtained in calculations with cRPA parameters are
closer to reported experimental values than those obtained with
cLDA parameters; the agreement between cRPA calculations
and experiments tends to improve, however, when we account
for the effect of D4, Coulomb term. The correlated band
structure with and without Dy, terms is shown in Fig. 13.

For the double-layered SrzRu,O; larger masses than for
SrpRuOy4 have been reported [5,18,19,73]. Our cRPA-based
results with O(3) Coulomb vertex already reproduce well this
trend, as can be seen in Fig. 3; similar calculations yield
analogous conclusions [25]. Furthermore, we find only a weak
orbital dependence in the effective masses. The effect of the
spin-orbit interaction is, down to 150 K, similar to what we find
for the single-layered ruthenate. For what concerns Coulomb
tetragonal terms, to the best of our knowledge, cRPA/cLDA
estimates of AU are not yet available. Using the values of
AU reported for SrpyRuQy, similar conclusions concerning
the effects of tetragonal Coulomb terms hold for the double-
and single-layered ruthenate. A negative AU would, on the
other hand, reduce the effective-mass anisotropy or even, if
sufficiently large, reverse its sign. Finally, we find that for
both materials the effect of AU is much weaker not only
in photoemission spectra, but also in the in-plane optical
conductivity, i.e., in experiments in which an average of the
contributions of the different orbitals is probed.

IV. CONCLUSIONS

In this work, we investigate the low-energy electronic prop-
erties and the optical conductivity of Sr,RuO4 and Sr3Ru,0;.
We adopt the LDA+DMFT approach and use a generalized
continuous-time interaction-expansion quantum Monte Carlo
solver. We study the effects of the spin-orbit interaction and
of the tetragonal Dy, Coulomb terms, as well as their inter-

play with hopping integrals, crystal-field splitting, and O(3)-
symmetric Coulomb interaction. In the first part of the paper
we perform calculations with the O(3)-symmetric Coulomb
vertex. We compare results obtained using different screened
Coulomb parameter sets, one calculated via the constrained
random-phase approximation approach [8] and the other via
the constrained local-density approximation method [9]. This
is important because it remains to date unclear which of these
two approximated methods yields, in general, more realistic
values of screened Coulomb parameters for LDA+DMFT
calculations. The first method typically underestimates and the
second method often overestimates the Coulomb parameters;
this is in part due to the fact that in cRPA more screening
channels are included [74]. The two approaches thus provide
the interval in which realistic Coulomb parameters can vary.
We show that, in the case of layered ruthenates, the cRPA-based
results better describe currently available electronic transport
data, in particular the static conductivity and the thermal
regime. We show that, however, for a realistic description of
the ruthenates, including the spin-orbit interaction is important.
We show that in f,, systems, the spin-orbit interaction can
either increase or decrease the strength of correlation effects,
depending on the parameters, the filling, and the energy scale.
For the layered ruthenates, we find that down to 150 K the
spin-orbit interaction partially reduces the mass enhancements
and the low-frequency imaginary part of the self-energy, and
thus enhances the optical conductivity. In the last part of our
work we study the effects of the Coulomb tetragonal terms;
in Sr,RuQy, the latter further enhance the ratio between the
xy and xz/yz mass renormalization, improving the agreement
with available experiments. Instead, the effects of the tetrago-
nal Coulomb term AU is small in averaged quantities such as
the in-plane conductivity and the total spectral function. These
conclusions also apply to Sr3;Ru,05; for the latter, material-
specific estimates of AU are, to the best of our knowledge, not
yet available, however. At a more general level, we conclude
that both the low-symmetry screened Coulomb terms and the
spin-orbit interaction can have a visible impact on low-energy
properties. Thus, for systems in which they are comparable
with other energy scales, these interactions should not be
neglected even if they are difficult to be accounted for. This is
in particular crucial when the aim is to identify the signatures
of nonlocal physics, separating them from the effects which are
already well described by the local self-energy approximation.
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APPENDIX A: ORBITAL-RESOLVED
CONTRIBUTIONS TO o,;(w)

In this appendix, we analyze the various contributions to the
in-plane and out-of-plane conductivity of Sr,RuOy4. The con-
clusions for Sr3Ru,O; are similar (when taking the different
unit cell into account). The results are shown in Fig. 14, where
the original results of LDA4+DMFT and LDA+SO+DMFT
simulations are compared with several idealized calculations.
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FIG. 14. Sr,RuO, conductivity calculated with (filled circles) and
without (empty circles) spin-orbit interaction (7' = 150 K, cLDA
parameters). Also shown are calculations in which (i) the velocity
matrix elements are set to 1, (ii) the velocities with spin-orbit coupling
are replaced by those without, (iii) the LDA Hamiltonian with spin
orbit is replaced by the one without, (iv) the off-diagonal elements
of the LDA+SO+DMFT self-energy matrix are neglected, and,
finally, (v) the LDA+SO+DMFT self-energy is replaced by the
LDA+DMEFT self-energy (black line).

For the latter we use different approximations, consisting in
replacing in the expression of the conductivity some terms
with others. The figure shows, in particular, that the frequency
dependence of 0, (w) is not affected in a relevant way either by
the velocities or by the off-diagonal elements of the self-energy.
The main difference between the results with and without spin-
orbit interactions comes instead from the diagonal elements of
the self-energy themselves, and their modification due to the
spin-orbit interaction. Remarkably, the conclusion is not the

J
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FIG. 15. Sr,RuOQy: various contributions to the in-plane conduc-
tivity o,,(w). Calculations are performed at 290 K (left) and 150 K
(right), and for cLDA parameters. Intraband terms: squares (xz/yz)
and circles (xy). Interband terms: gray lines. Rest: pentagons. Empty
symbols: calculations without spin-orbit coupling. Full symbols:
calculations with spin-orbit coupling. The conductivity is given in
10° @~ 'cm™! units.

same for the out-of-plane conductivity o.(w), for which the
velocity element of matrix plays a key role. If the elements of
matrices are set to one, the out-of-plane conductivity coincides
with the in-plane conductivity. As for the in-plane conductivity,
the effect of the spin-orbit coupling on the spectral function,
instead, enters mostly via the diagonal terms of the self-energy.
In Fig. 15 we show the in-plane contribution split into its most
important components. Here, it may be seen that the effect
of spin-orbit is twofold. First, it yields finite interorbital and
mixed terms. Second, it enhances the contribution of the xz
and yz intraorbital terms with respect to the contribution of
the xy intraorbital term. This leads to an enhancement of the
Drude peak and of the static conductivity, but also to a more
pronounced foot at ~0.1 eV.

APPENDIX B: SYMMETRY PROPERTIES OF LOCAL OPERATORS

Let us consider a Hermitian quadratic local operator O expressed in the t, basis {mo}. This type of operator has a unique
structure if the site symmetry is Dyj, Cy, or C,. To derive this general form, we use the properties of the double groups associated
with the point groups given above. Let us start with the group Dy;. In the absence of spin-orbit interaction, the irreducible
representations of Dy, in which the cubic #,, representation split are by, (xy) and e, (xz,yz); this means that x y and (xz,yz)
states do not couple, and the (xz,yz) states are degenerate, hence, only the OXy(r xyo = Op,, and Oxz(r rz0 = wa yzo = Oe,
elements are nonzero. In the presence of spin-orbit interaction, the relevant irreducible representations are the I'¢ and I'7, both

twofold degenerate. The states |7'), = |xy), and |7"), = \/%[Ixz)g +i(=1)°|yz),] are partner functions for the I'; irreducible
representation, while the states |6), = \/%[Ixz)a —i(—1)7|yz),] are partner functions for the I'¢ irreducible representation;
here, (—1)? = —1 for spin up and (—1)® = 41 for spin down. The states belonging to different irreducible representations

or different rows/columns of the same irreducible representation do not couple, hence, the only elements which are not
zero are 05 = O74.74, 05 = 0776776, 07 = 107475, and 0 = Ogs6,. By rotating back to the original basis, ordered as
[xy) 4, 1y2)4, X204, 1Y)y, 1¥2)y, 1x2) ), we find O = O + Oy, where the first part is diagonal:

o, 0 0 0 0

0 x4 9 0 0
5 o o0 x4 0 0
0y = ,

0 0 0 o 0 0

0 0 0 ata 9

0 0 0 0 ota
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The second term, the off-diagonal part, is zero in the absence of spin-orbit interaction. In the presence of spin-orbit interaction it
takes the form

~
N

0 0 0 7 =

0 N v

0 0o o = 0 0

A N 0
1 o = - 0 0 o0
z 0 0 0 0o oo

s2 0 0 0o oz

This shows that, in order to make real any Dg4j,-symmetric local operator of this type, it is sufficient to introduce an extra (—1)° 7 /2
phase for the |xz), orbital. In the case of point group C4, nothing changes; in the absence of spin orbit, the cubic #,, splitinto b (xy)
and e (xz,yz) irreducible representations, and a local operator has the same structure as in the Dy, case. In the C, case, however, the
situation is more complex since there is only one spinor irreducible representation I'>. The corresponding matrix for a local object
is given by O 4+ 80, where O = Oy + Oy, provided that we replace 0y — 05, 06 — og, 07 — 0%, 07 = 0s. The additional
term is

—do —ido
0 0 0 0 : :
2 2
0 7250§ 2id05 5_5 {; \(/)7
2 2 2
—2iol 28800 \{3;
0 : 2 _Be g 0
50 = 2 2 V2
I dos  —idos 0 0 0
V2 V2
—80s 0 0 0 —280% —2i§0!
V2 2 2
—idos 280! 28R 08
e 0 0 0 o 24

We find that for Ru sites the elements of §O are negligible in Sr3Ru,0O7, and that thus basically the same structure holds for a
Ru-centered local operator as in Sr,RuQj.

(

APPENDIX C: HARTREE-FOCK LIMIT OF THE In the formulas above the parameter n = ny, +n,, +n,, =4
SELF-ENERGY AND DOUBLE-COUNTING CORRECTION is the number of electrons and the parameter p = n,, — (ny; +

In the large-frequency limit, the DMFT self-energy equals ny.)/2 is the orb1ta1 polarlzatlon here, we have defined for

the Hartree-Fock self-energy. The latter can be calculated from
the Hartree-Fock Hamiltonian

simplicity n,, = nmm + nmm We can now use these results to
calculate the double-counting correction for the nonspherical
terms. For metallic systems with negligible orbital polariza-
Hyp = Z Uy pp mp ::Ip ﬁ%/ n;In/(IIJ ] tion, it is reasonable to ?ssume'that' LDA describes very well

the average Coulomb interaction in the around mean-field

mpaa 'm'p’ . . .
approximation. This corresponds to the term
§ : noojo (r oo’ ro'c
+ Py Umm PP mp m'p’ nmp’nm’p] HF n .
mpao 'm'p’ H = g E mm[Umm’mm’ - Umm’m/m(sa,a’]
moo'm’
o'o’ oo’ o'c

E Unm' ,,,, mpnm,p, - nmp,nm,p], a\21

mpaa 'm'p’ - g 5 E [Umm/mm/ - Umm’m’mga.a’]-
mpoo’'m'p’

where 79, is an element of the density matrix. For the . ) ) )
model specifically considered in this work, the essential terms ~ Hence, after adding up all O(3)-symmetric terms in a chemical
correspond to an effective shift of the onsite parameters ecp —  potential § i, we have, for the terms explicitly discussed in this

scr + Agcr, A — A + A, with work, we obtain the expression
AU U’ AMF _ 5007 n N
A =[§<U =S)) = ==+ p) - =~ p)} H{X" = du AtelAU +28U'1) i,
and
Ak APPENDIX D: ATOMIC MULTIPLETS
oo’ AND THEIR ENERGIES
o= U =37 = AU beo,

x2)yz In the atomic limit, the ground-state multiplets in the pres-
Adyy —[U =3Jn° s ence of the spin-orbit interaction are listed below; we neglect
2 e ”/ yzto—o’ intermultiplet couplings due to the spin-orbit interaction. This
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TABLE I. The N =4 and 5 ground multiplets in the presence of crystal field and spin-orbit interaction, in the case Ay, = A, = A,. For

convenience, we have introduced the N = 4 states |m, 0, + 0,) = m[cjnwl el 4l of

]CLTCLUO),andtheN = Sstates |i1,0) =

myo) myoy - myoq

th,cr cIn 2ch” 5 LCIMCIM 110). The states with N =2 and 1 electrons can be obtained from those given in the table above by using particle-hole

symmetry. The coefficients ;4 and a2 (i = 0,1,2) are such that o3, +o3,,, = 1, while a3, =

2
2,

2
b2i+]

= ——— , where
(@1 =/ @y Fb2; 4 Aey) Hby g Ay

a) = &cr, a3 = ecg — A, and as = —ecp — A./2,and by = 1, by = bs = /2.

IN;a)

E(N) = Ey (N)+&(N)

|4:b,20) = Lz[|xz,2a> +2io|yz,20)]

14;a55) = 3llxz, — 1) +ilyz, = 1) — [xz, + 1) +ilyz, + 1)]
4 ega) = ailxy, + 1) + Z[1x2,0) +ilyz,0)]
|4; e, b )]
)
)

) )+

) =ailxy, — 1) + Zl[lxz,0) — i]yz,0
4 e,a) = anlxy, + 1) — “4[Ixz,0) +ilyz,0)]
) ) —

|4;e,b) = aalxy, — 1) = “[|xz,0) — i|yz,0)]

4;a;,) = aslxy,0) + %llxz, — 1) +ilyz, — 1) + |xz, + 1) —ilyz, + 1)]
[4:a,,) = aalxy,0) — Sllxz, — 1) +ilyz, — 1) + |xz, + 1) —i|yz. + 1)]

15:T6,0) = J512,0) +2i0]z,0)]
|5:77.,0) = asl¥y,0) + *%[|¥z, — 0) = 2i0|yz, — 0)]

|5:T7,0) = &l¥y,0) — % [I¥z, —0) — 20|z, —0)]

6U — 13J + 3ecr + &
6U — 13J + 3ecy — &
6U — 13J + 2ecr + 3 [ecr +
6U — 137 + 2ecr +
6U — 137 + 2ecr +

:

2 2
ECF + )"x

y
2
ECF + ECR + )uf,}

i

2
ECF — SCF —+ )\.)ZW

]
]
]
]
6U — 137 + 260k +

6U — 13J + 2ecr + 3[ecr —
10U —20J + 3ecr + %

ECF —

ARy (SCF - %)2 + 2)‘)20']
: — Jeer — %) +222)]
A

10U — 20J + 4ecg + %[—8(31: -5+ (€Cp + %‘)2 + 2)»/%)}]
10U — 207 +dece + 1] — ecp — % — /(ecr + %) +222)]

3
5[
6U — 13J + 28(;1: =+ %[8(:}: — SéF +k.%y
5[
5[

S

approximation is valid for small A/J. The next multiplet
has S =0 and it is, neglecting spin-orbit effects, higher in
energy of 2J. The states with N = 3 electrons do not split
when intermultiplet couplings due to the spin-orbit interaction
are neglected; they have therefore energy 3U — 9J (ground

multiplet), 3U — 6J,and 3U — 4J. The complete list of states
for A = 0 can be found in Ref. [24]. The N = 4 and 5 states
are given in Table I. The states for N =2 and 1 can be
obtained from those given in the table for N =1 and 5 by
using particle-hole symmetry.
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