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Overview

e Bandwidth Issue in PAW

e Tensor decomposition

e 1D Harmonic Oscillator

e Spherical Harmonic Oscillator
e Cartesian vs. Radial Solution

e Bandwidth Saving

* Representation Quality

e Adapted PAW Datasets

e Advantages and Drawbacks

e GPU Speedup Results
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Density Functional Theory
Projector Augmented Wave (PAW) method

DFT: workhorse methodology for materials science

PAW: all-electron accuracy at pseudopotential costs

PAW can be applied to plane-wave basis sets or
real-space grid-based implementations of DFT

Projector functions are represented in real-space,
for reasons of scalability also in plane-wave codes
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Pi(T) = Pre(r) - Yem (0, ¢)
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Bandwidth Issues in PAW Codes

Projection and Expansion operations are expensive
The non-local potential of the PAW Hamiltonian
‘A/ion — ‘]52> Dij <ﬁj‘
requires computing the inner product
(D] W)

For more than one wave function (k-index) this can be mapped to matrix-matrix
multiplications but the projectors are localized, so the p-operafd is sparse.

V100 GPU

7.5 TFlop/s
0.9 TByte/s

=>» Limited by memory bandwidth
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Bandwidth Savings in PAW Codes

Rank-3 tensor decomposition: Data compression
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Bandwidth Savings in PAW Codes

Rank-3 tensor decomposition: Data compression
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1D Harmonic Oscillator

o 52
Hamiltonian [:I 2
1D

Quantum #

Eigenvalue

Eigenstates

11
33333
(1 [ T I |

AWON—=O

Ny

1 I 1 I 1 I 1 I 1
-4 -2 0 2
Coordinate x

@) JULICH
Mitglied der Helmholtz-Gemeinschaft Slide 7 J Forschungszentrum



1D Harmonic Oscillator
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Spherical Harmonic Oscillator

3D Isotropic Harmonic Oscillator: Solution in Cartesian Coordinates

Hamiltonian [:ISHO _ _62 4 2 ﬁ{ﬂ]g] 4 ﬁ{% 4+ ﬁ{%
Quantum #s (nx, Ty, nz) S Ng

Eigenvalue Espo = 2(719,; + Ny + nz) + 3

Eigenstates \Ijnmnynz (337 Y, Z) — %w (37) %y (y) %z (Z>

n,=3
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n,=1
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Spherical Harmonic Oscillator

3D Isotropic Harmonic Oscillator: Solution in Spherical Coordinates

Hamiltonian [:]SHO _ _62 4 2 A+ 2
Quantum #s (E, m) and n, € Ng

Eigenvalue FEspgo = 2(6 + 2nr) + 3

Eigenstates \Ijnrem (7“, 19, 90) — Rnrﬁ (7“) Yom (797 90)
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Spherical Harmonic Oscillator

Solution in Spherical Coordinates: Radial eigenstates

7“2

) exp(- 1)

Radius r Radius r J U LICH
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Spherical Harmonic Oscillator

Degenerate energy levels between Cartesian and Radial match

Esnio =2(ny +ny +n.)+3  Esgo =24+ 2n,) +3
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Spherical Harmonic Oscillator

Degenerate energy levels between Cartesian and Radial match
Ng + Ny +ny, =0+ 2n, :=v

= there is a unitary transform U connecting the subspaces indexed by v

n,-fm
Vo nyn. (7,9, 2) E Unxnynz nptm (T, U, )
n-fm

(V16 0 —y1/2 0 0 0 \

0 0 0 1 0 0

b o 0 0 01 0

=27 =/1/6 0 —\/1/6 0 0 +/2/3

0 1 0 00 0
\ V1/3 0 /3 0 0 +/1/3)

IJ JULICH

Mitglied der Helmholtz-Gemeinschaft Slide 13 Forschungszentrum



Bandwidth Savings in PAW Codes

Apply tensor decomposition to PAW projectors

f———— e —— —

Expand the set of PAW o f:’ ________ _

projectors in a SHO basis A

D NN |

pi(x,y, 2 Z Pingnyn. Vn, (T )wny(y) Vn, (2)

NapMNyMNy
4| Cartesian SHO basis

Can be computed in
radial representation

<]2n£ }%nrﬁ>
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Quality of Representation
Expanding GPAW projector functions in a radial SHO basis

Quiality as a function of o for all projector functions of an element

Platinum, Voo = 4, unfiltered
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Quality of Representation

Minimum SHO basis size

The projector function with the highest kinetic energy decides the minimal v,,x

——— e =

Number of
coefficients

He

H 2
Li 2 2
Na 3 3

Ne
3333333333 Ar

4 4 4 4 4 4444333 3 3 3 Kr
4 4 4 - 4 4 4444 44 3 3 3 Xe
5444444 444444 - - 3 Rn

3
Rb 3 3 4

Cs 34 4 5
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PAW Projector Generation
The original recipe suggested by P. Blochl

Pseudize the potential
Choose energy parameters
Find true partial waves

Create smooth partial waves 0

e

o &~ 0bh =

Get preliminary projectors:

‘ﬁn€> — (T + Veﬂf — Sné)

=> Many tuning parameters
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PAW Projector Generation

A modified recipe adjusted to given analytical SHO projector functions

0

Pseudize the potential

v

Choose energy parameters

Potential (a.u.)

Find true partial waves -7 T
V - -+ Parabola -
of o Matching

Set projectors to radial SHO basis functions 0

a k~ 0bh =

Get smooth partial waves:

) o 1
¢ne> = (T + Ve — 5n€) | Re)

=>» Recipe has less freedom
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Modified PAW Generation

Compare scattering properties of true (solid lines) and PAW (dashed lines)

Fe, o = 0.65 Bohr

Logarithmic Derivative (Bohr ™)

I
- -.572 -.570 -.568

L L l L L
-.6 -.5 -4 -.3 -.2 -.1

-7 : 0
Energy (Rydberg)
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Pro and Contra

Advantages and Drawbacks of a SHO basis for projection operations

Pro: A SHO basis
o factorizes in coordinates (x,y,z)
e has a radial representation (n,,£,m)

e can be represented on uniform
grids without Fourier-filtering

e has only 2 parameters: o and v«

 is known analytically, no requirement
for memory capacity and bandwidth

Mitglied der Helmholtz-Gemeinschaft

Contra: A SHO basis

e may be larger than usual sets:
PAW: So Po d2 - 18 coeff.

SHO: s3 p, d, f; 94 - 35 coeff.
but maybe better transferability

* is not perfect for existing projectors
but we can adjust the PAW data
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Performance Results on GPUs

Prototype for Projection (pr3j) and Expansion (add) operations

Cik = (Dj| Vi) W) +=|Ds) di

1D Hermite polynomials times Gaussians evaluated on-the-fly on NVIDIA GPUs

C [FePfOOPR| . - P100 V100
1 Dvi00 g e 16 # prj add prj add
- [« V100 add a\-"“"“ﬁ ..................... ok s
N 1 11 15 1.1 1.2
] S e v 14 4 18 22 11 20
GE o T s 10 29 35 20 3.0
v v, 20 49 48 34 3.9
N ) 35 4.0 5.9 3.6 4.7
o | | 56 50 6.6 23 53
14 10 20 35 56

Number of Projectors
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Summary e e

Spherical Harmonic Oscillator (SHO) oo

e Radial representation with sharp (¢,m) ®

o Cartesian representation factorizing in (x,y,z)
e Uniform transform, Radial 2 Cartesian
Bandwidth and Memory Savings using 3D factorizable PAW projectors

e On-the-fly evaluation of 1D Hermite-Gauss basis suitable for GPUs

e No filtering of PAW projector functions needed

Quality Analysis for GPAW projection functions represented in a SHO basis
e Minimum SHO basis sizes: 10 (Z < 5), 20 (non-metal), 35 (d-metal)
 Minimal SHO basis is not suitable for all existing PAW sets

Modification of PAW projector generation scheme

e Use a single (analytically given) radial SHO basis function as projector

e Smooth partial waves are generated from projectors
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More discussion? — Poster CSMO05

A Spherical Harmonic Oscillator Basis
for Reduced Bandwidth Requirements

Paul F Baumeister uaich supsrcomputing Centre, Forschungszentrum Jalich, Germany
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1D Harmonic Oscillator

Hito = Tainetic + Vootential = =03 + @
Yro(z) ~ Ha(x) - exp(—z*/2)

. . . -y < () 1
Hermite polynomial - Gaussian Ho T o e

@ ) &

Cartesian Representation
Ysno (T, Y, 2) = Un, () ¥n, (4) Yn. ()

as 3D Cartesian product
of 1D-HO eigenfunctions
- Tensor compression

d (1103

fanp

> 0 B
Cartesian Coordinate x

Recursive definition of Hermite polynomials
n
Hops(@) = 2y (z) = § oo @)

Ho(w) =1, Hi(e) =2, Hale) =* - 3

Application to Electronic Structure

Calculations on Cartesian Grids

For reasons of parallel scalability, the quantum
mechanical wave functions in Density Functional
Theory (DFT) are represented on 3D Cartesian grids.
Using the Projector Augmented Wave (PAW) method
[Bléchi95], a non-local operator accurately describes
the scattering of valence electrons at the ions.

Vion = |Pi) Diz (B;]
3
The non-locality can be implemented as projection [200]
and expansion operations with a set of localized
functions refered to as projectors. If we manage to
represent the projectors in a small SHO basis, we
can omit storing and loading of precomputed
projector function values in both, projection and
expansion operation. This releases memory capacity
constraints and, even more important, reduces the
requirements for memory bandwidth which has
become the most costly resource in HPC.
The 1D HO basis functions are cheap enough to be
generated on-the-fly.

[300]3

E=2(n, +n, +n:)+3  Energy Degeneracy
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3D Spherical Harmonic Oscillator
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Radial Representation
Ysno (1,9, 9) = Rue(r) - Yem (9, 9)

Spherical
Harmonics
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Unitary Transformation
in energy-degenerate subspaces

Uranyn, (88,2) = D UREim e (1,9, )
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