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We investigate aspects of the structure of different baryons via simulations of quantum chro-
modynamics in lattice regularisation (Lattice QCD). In particular, we study the mass spectrum,
(generalised) isovector charges as well as moments of light cone distribution amplitudes. The
charges correspond to moments of parton distribution functions (PDFs). Almost all visible
matter in the universe consists of nucleons (i. e. protons and neutrons), which are also the prime
probes for new physics, be it in accelerator experiments or dark matter and neutrino detectors.
The results will increase the precision of the relation between experimental cross sections and
decay rates and the underlying fundamental theory, which describes interactions on the quarks
and gluon level rather than interactions with the nucleons (which are composed of quarks and
gluons). By extending the study to so-called hyperons that contain strange quarks, in addition
to the up and down quarks of the nucleon, at many different quark mass combinations, the va-
lidity range of chiral perturbation theory (ChPT) and quark flavour symmetry relations can be
checked and low energy constants predicted.

The simulations are carried outin Ny = 2 + 1 QCD, neglecting the mass difference between
up and down quarks and the electric charges of the quarks. We employ Coordinated Lattice
Simulations (CLS) gauge ensembles. These were generated in a Markov chain using the hybrid
Monte Carlo (HMC) algorithm with open boundary conditions in time, on several European su-
percomputers including JUWELS and JUQUEEN. The Wilson fermion discretisation is used,
with non-perturbative removal of lattice spacing effects that are proportional to the lattice con-
stant (order a improvement). The main computational task in the analysis that is carried out
on the Xeon-Phi Booster module of JURECA of these gauge ensembles with volumes ranging
from 64 - 323 up to 192 - 96 points, encompassing 10002000 configurations each, is the
multiple solution of sparse large linear systems with a dimension of up to (2 - 10%)2 complex
variables. This is achieved by an adaptive algebraic multigrid algorithm. A novel stochastic
method allows us to obtain results for four different baryons and many momentum combina-
tions with little computational overhead, relative to just computing the structure of the nucleon
at a few momenta.

1 Introduction

With the discovery of the Higgs boson at the LHC at CERN in 2012 the existence of the
last missing particle predicted by the Standard Model was confirmed. Since then (and also
before then) the Standard Model, which is the accepted theory of elementary particles and
their interactions, successfully passed an impressive number of precision tests, e. g. at the
LHC, B-factories and low energy [ decay experiments. At present only a few observables
show tensions with respect to experiment on the level of three standard deviations. Yet
we know that the Standard Model in its present form is incomplete. For instance, from
cosmological observations one can infer the existence of the so-called Dark Matter that at
present has only been detected via its gravitational interaction. This matter is distributed
differently in galaxies than one would expect from the particles that are included in the
Standard Model and interactions between this matter and Standard Model matter must be
very weak. Another issue is the abundance of matter over antimatter in the early universe,
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which requires a significant breaking of the so-called CP-symmetry and a first order phase
transition, which the Standard Model fails to explain. Finally, there are unresolved ques-
tions in the neutrino sector and the puzzle why differences between masses of elementary
particles are so large, ranging from the top quark (m; ~ 1.7-10'! eV) down to the lightest
neutrino (m,, < 0.9-10"teV").

The Standard Model unifies the electromagnetic and weak interactions and contains
the theory of strong interactions (QCD) that bind quarks and gluons into hadrons (e. g. pro-
tons and pions). In order to discover deviations between experiment and Standard Model
predictions, a new level of precision is required, and once deviations are seen, theory input
will be needed to relate experimental (differential) cross sections and life times to the cou-
plings between fundamental particles. The accuracy of this is often limited by theoretical
rather than experimental uncertainties and, in particular, by hadronic uncertainties: almost
all visible matter of the universe consists of nucleons, which are also the prime probe for
new physics, be it in collider experiments, long baseline neutrino oscillation experiments
or direct dark matter detection. These are made up of strongly interacting quarks and glu-
ons, whose interactions are often elusive to analytical approaches and hence many aspects
of hadron structure and in particular of nucleon structure are not very well determined. Fits
to experimental data, sometimes employing flavour symmetry arguments and/or chiral per-
turbation theory (ChPT), still dominate our knowledge. As pointed out above, clarifying
the structure of nucleons in terms of their quark and gluon components in a rigorous way is
of great importance. In principle this can be achieved by ab initio Lattice QCD simulations
of the underlying theory.

In the last decade Lattice QCD simulations have reached the quark masses, lattice
volumes and spacings and statistical precision required to make an impact in this field.
Since then discrepancies with phenomenological estimates have shown up. For instance the
nucleon ¢ term, which determines the strength of the coupling of the proton to hypothetical
new matter either via Higgs exchange or directly, when extracted from fits to pion nucleon
scattering?® comes out by a factor of almost two larger than when determined directly in
lattice simulations close to the physical quark mass point.*” Clearly, the systematics need
to be understood better, also on the phenomenological side.

Here, we study several observables related to baryon structure to shed light on these
questions. Below we list some of the highlights of our present and ongoing large scale
simulation programme.

e We achieve an excellent coverage of the plane spanned by the strange quark mass m
and the light quark mass m;, = m, = mg, enabling us not only to extrapolate or
interpolate to the physical point but also to verify effective field theory predictions
and in particular covariant baryon chiral perturbation theory (BChPT).

e We cover a large bracket of lattice spacings reaching down to ¢ < 0.04 fm
=4-10"'" m. Usually, the hybrid Monte Carlo (HMC) and other updating algo-
rithms based on local changes will slow down exponentially with the inverse lattice
spacing beyond a value a < 0.06 fm, due to the freezing of the topological charge.’
Further reducing the lattice constant while retaining ergodicity of the algorithm be-
came possible, employing open boundary conditions in the Euclidean time direction,’
allowing so-called instantons to flow into and out of the simulated volume.

e We analyse not just the nucleon but all octet baryons, i. e. the nucleon (/V, quark con-
tent £0¢, where ¢ € {u,d}) as well as the X (¢/s), the A (¢¢s) and the E (£ss). This
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is possible by employing a novel stochastic method!%1? that was efficiently imple-
mented by us on Xeon and Xeon-Phi platforms, employing a very general factorisa-
tion approach'* 1> into a “spectator part” defining properties of the external baryon
states and an “insertion part”, corresponding to the current with which the baryon is
probed.

This article is organised as follow. First we explain our simulation strategy in Sec. 2, before
we show results on the quark mass dependence of octet baryon masses in Sec. 3. We then
proceed to investigate flavour symmetry breaking effects on isovector charges in Sec. 4 and
briefly discuss light cone distribution amplitudes in Sec. 5, before we summarise.

2 Overview of the Simulation

We employ Ny = 2 + 1 flavours of non-perturbatively order a improved Wilson fermions
and the tree-level Symanzik improved gauge action. For details on the action and the HMC
simulation, see Ref. 16. Since that publication more CLS simulation points have been
added. The ensembles were generated using OPENQCD!” ¥ within the CLS! effort.?
Some of this was carried out on JUWELS?! and JUQUEEN.?? So far six values of the
inverse coupling constant 3 = 6/g? have been realised, along three quark mass plane
trajectories. These cover lattice spacings a = 0.039fm (8 = 3.85) up to @ = 0.099fm
(8 = 3.34) and range from {48,128} - 243 (A, U ensembles) over {64,96,128} - 323 (B,
H, S), {96,128} - 48* (C, N), {128,192} - 64 (D, I) up to 192 - 963 (E) lattice sites. For
an overview, see Fig. 1. The lattice spacing was set using \/ﬂ = 0.413(6) fm, with the
scale ¢, defined in Ref. 24. This value was obtained using pion and kaon decay constants.
Here, we obtain a consistent but more precise value using baryon masses.
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Figure 1. Analysed ensembles: the different quark mass trajectories (left: my = my, centre: ms—+2m, = const,

right: 75 = const) have been analysed at six (four for ms & const) different lattice spacings.

The naive scaling of the simulation cost is o< a~* due to the increasing number of points
if the size of the four-dimensional physical box is kept fixed. In addition autocorrelation

AA few additional m, = m, ensembles were generated by the RQCD group employing the BQCD-Code.?V
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times will be subject to critical slowing down o< a~% with z ~ 2, further increasing the
computational effort towards the continuum limit. However, also reducing the quark mass
my does not come for free. First of all, finite size effects are suppressed exponentially with
the smallest mass gap, which is the pion mass M, o ,/my. If we wish to keep the lattice
extent L > 4/M, constant in units of the pion mass, then the volume has to be increased
in proportion to M 4. Moreover, the step size in the HMC algorithm with an Omelyan
integrator scales like L/M, o My 3/2 while the condition number of the discretised Dirac
matrix increases o< m[l oc M 2. The last aspect becomes less severe when employing a
multigrid solver®> ¢ (see also Ref. 27) as we do for our analysis of the gauge ensembles
on JURECA-Booster.* Due to using open boundary conditions in time,” !’ indeed we do
not observe any severe slowing down, see Fig. 2, except for the finest lattice spacing where
at present we are accruing more statistics on JUWELS. In general, autocorrelation times
increase towards finer lattices, the exception being our coarsest lattice which is at the limit
of what is possible to simulate with our action.
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Figure 2. History of the Wilson flow action density,?® multiplied by t% ,29 after a flow time close to o, inside a

central sub-volume of approximately 1 fm - (aN5)3, along a line of M ~ 340MeV (for ms + 2m, = const)
from coarse to fine lattice spacings. This quantity has the largest integrated autocorrelation time. The amplitude
of the fluctuation varies, e. g. due to somewhat different physical volumes. Autocorrelations increase from top
left to bottom right, with the exception of A654 at 3 = 3.34 where we observe larger autocorrelation times than
at 8 = 3.4. For the cases where more than one Monte-Carlo chain exists, only one replica is shown.

As mentioned above the ensembles are distributed along three lines in the quark mass
plane: along my = mg, along 2my + ms =const and along a line of an approximately
constant renormalised strange quark mass.*° The simulation points for the latter two quark
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mass trajectories intersect close to the physical point while the former one approaches the
chiral limitms = my = 0, which is of particular interest for ChPT which is an expansion in
terms of pseudoscalar meson masses about this limit. Some relations in the mesonic sec-
tor, in particular the Gell-Mann—QOakes—Renner relation, which implies the approximate
proportionality M2 o my, have been verified to surprising accuracy in lattice simulations,
even at quite large pion masses. In the baryonic sector, however, BChPT often does not ap-
pear to converge very well, and for some quantities like axial charges or o terms (i. e. scalar
charges) it has been suggested that pion masses smaller than 200 MeV may be necessary
to make contact with the regime where SU(2) BChPT is of any use.?! This poses serious
questions regarding the validity of SU(3) BChPT since the kaons and 7 mesons of the real
world are much heavier than that. Strong interactions do not distinguish between differ-
ent quark flavours and flavour symmetry is only broken by quark mass differences and by
electroweak interactions, the latter being small corrections. This means that SU(3) BChPT
is much more constrained than SU(2) BChPT: while the number of hadronic observables
explodes, the number of independent low energy constants (LECs) increases only very
moderately since dm = ms — my is the only flavour symmetry breaking parameter.

3 The Baryon Spectrum

In order to set the lattice scale a, to test BChPT and to determine LECs, we determine the
light octet baryon spectrum. The results are shown in Fig. 3. The fit corresponds to the
parametrisation

mp(My, Mg, a) = mp(My, Mg,0) [1 T e+ SegaSM? (1)

where everything is scaled in units of the parameter /8. The squared pseudoscalar mass
combinations M~ = (2M3% + M2)/3 ~ 2Bgm and 6M? = 2M3 — 2M2 ~ 2Bgdm
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Figure 3. Left: the three lines in the quark mass plane: ms = my (red), ms + 2m; = const (blue) and
Mms A const (green). The horizontal axis is roughly proportional to the light quark mass, the combination on
the vertical axis to the sum of quark masses. Right: baryon masses as a function of the squared pion mass: =,
3, A, N from top to bottom. Along the ms = my trajectory (red) these are degenerated. The other two sets
(blue and green) intersect at the physical pion mass. The scale £y was set such that the = mass corresponds to the
experimental value (black points).
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are proportional to the average quark mass m = (ms + 2my)/3 and the flavour symmetry
breaking parameter . There is no relation between the four dcp so that the continuum
limit behaviour is encapsulated into six parameters. The quark mass dependence of the
continuum limit baryon masses shown in the figure corresponds to NNLO, i.e. O(p?)
BChPT?? in the EOMS scheme.** To this order four parameters are needed to describe
this dependence so that in total the combined fit only contains ten parameters. The data
points shown are shifted along the fit to ¢ = 0 and interpolated to the strange quark masses
that exactly correspond to the trajectories. We also carried out a multitude of other fits,
with similar results. We find /8t pn, = 0.4128(22) MeV, with a systematic error that still
needs to be determined. From these fits one can also infer the o term o,y = 41(2) fm,
where again the error given is purely statistical for the moment being. Nevertheless, it is
clear by now that the total error will be very competitive. The number agrees with earlier
lattice QCD determinations*”’ but disagrees with current phenomenological estimates.? 3

Clearly, the data are in agreement with experiment and well described by the fit. It
still needs to be studied to what extent the LECs are universal, i. e. if this agreement with
the BChPT parametrisation is accidental and higher order terms need to be included. Two
LECs appear at order p?, which corresponds to a linear fit. The curvature is due to the
remaining two LECs F' and D that appear at O(p®) in SU(3) BChPT. These are related
to axial charges of octet baryons, for instance the axial charge of the nucleon in the chiral
limit reads g4 = F'+ D.

4 Baryon Isovector Charges

Isovector charges are defined as matrix elements of local operators at zero momentum
transfer. Here we consider two kinds of (generalised) charges:

97 = (BlO(T))|B), Je{V,AT,S} )
mp(x)¥ = (B|OT,)|B), Je&{ut —d",Au~ —Ad~,dut —éd"} 3)

where q* = ¢ & ¢. The I'-structures of the latter currents that correspond to the second
Mellin moment of parton distribution functions contain one derivative and in both cases
we use isovector combinations O(T' ) = 4l ju — dT ;d, for details see Ref. 15.

Assuming SU(3) flavour symmetry, the axial vector charges can be expressed as com-
binations of just two variables:

gy =F+D, gi=2F  g¢3=F-D 4

In the chiral limit these correspond to the LECs discussed above. We can directly extract
these LECs, extrapolating the combinations F = (¢Y +¢%)/2and D = (g% —¢5)/2 along
the my = m trajectory as illustrated in Fig. 4. This is the only lattice determination so
far of these LECs in the SU(3) chiral limit. We ultimately aim at carrying out a combined
BChPT fit both to the spectrum and the charges in the continuum limit.

In the case of flavour symmetry, i. e. ms = my, also all the other octet charges g; can
each be parameterised in terms of two parameters F';y and D ;. According to Eq. 4, in this
limit (¢ +9¢5)/95 = (2F;)/(2F;) = 1 holds. Consequently, We can quantify the SU(3)
breaking effect in terms of the parameter

5é]U(3) = (QL]JV +95) /97 —1 )
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Figure 4. The parameters F' and D, extrapolated along the ms = m, line to the chiral limit. Lattice spacing
and finite volume effects are not as yet resolved and the data shown are raw data that have not been shifted to the
continuum, infinite volume limit.

It turns out that while these symmetry breaking effects amount to about 10 % at the physical
quark mass point for g4 = (1) ao,+_ag+ and (x) a,- _aq-, these appear to be negligible
for g7 and (z),+_4+."> At present we are carrying out chiral and continaum limit extrap-
olations similar to those shown for the masses above.

5 Baryon Distribution Amplitudes

Within the parton model description of deep inelastic scattering PDFs can be viewed as
probability densities of a particular quark or gluon to carry a fraction x of the longitudi-
nal momentum of the baryon. Radiative QCD corrections and higher twist contributions
complicate this simplistic picture. Moments of PDFs, namely the generalised charges in-
troduced above, can be expressed in terms of matrix elements involving local operators
which can be computed in Euclidean spacetime using Lattice QCD. PDFs are important in
the description of inclusive processes. In contrast, light cone distribution amplitudes (DAs)
correspond to probability wavefunctions, where transverse momenta are integrated out.
These are needed for the description of exclusive processes and are much harder to con-
strain experimentally than PDFs. Interestingly, in this case at leading twist the longitudinal
momentum fractions of the valence quarks ¢, g2 and g3 sumup to 1 (1 + x5 + 23 = 1),
i. e. effects of the gluons and sea quarks are suppressed by powers of the inverse momen-
tum transfer. Moreover, in this case at large scales an asymptotic shape is approached (in
the baryon case 120z, x5x3). Deviations from this form can be parameterised in terms of
the first few moments since higher moments are suppressed due to their larger anomalous
dimensions, for details, see Refs. 34, 35. This is quite different from the PDF situation. It
turns out that lattice spacing effects are very significant for baryon DAs and, for the first
time, we have determined their normalisations and first moments in the continuum limit.*
The normalisations f? also play a role in hypothetical proton decay involving operators
that convert two quarks into an antiquark. We have reconstructed the three leading twist
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Figure 5. Barycentric figures (x1 + @2 + 3 = 1) showing the deviation of the DAs [V — A]Z (left) and T2
(right) from the respective asymptotic limits 1201 z223 and 0, respectively.>

DAs VB, AB and TP using the first moments in z; at a scale u = 2GeV. Of particu-
lar interest are deviations from the (symmetric) asymptotic shape. These are plotted in
Fig. 5, where the combinations VZ — A” and T are accompanied by definite helicities
of the quarks involved. Within the proton (first row) the “leading” u quark with its helicity
aligned to that of the proton carries a larger momentum fraction: x; > x2 ~ x3. This is
the only lattice determination of these quantities in the continuum limit.

182



6 Summary

We were able to obtain for the first time controlled continuum limit results for various
baryonic observables. Here we highlighted just a few results of an extensive simulation
programme and we did not even comment on the non-perturbative renormalisation and
order a improvement that was carried out as well or other technical details.
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