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ABSTRACT
Active matter agents consume internal energy or extract energy from the environment for locomotion and force generation. Already,
rather generic models, such as ensembles of active Brownian particles, exhibit phenomena, which are absent at equilibrium, particularly
motility-induced phase separation and collective motion. Further intriguing nonequilibrium effects emerge in assemblies of bound active
agents as in linear polymers or filaments. The interplay of activity and conformational degrees of freedom gives rise to novel structural
and dynamical features of individual polymers, as well as in interacting ensembles. Such out-of-equilibrium polymers are an integral part
of living matter, ranging from biological cells with filaments propelled by motor proteins in the cytoskeleton and RNA/DNA in the tran-
scription process to long swarming bacteria and worms such as Proteus mirabilis and Caenorhabditis elegans, respectively. Even artificial
active polymers have been synthesized. The emergent properties of active polymers or filaments depend on the coupling of the active
process to their conformational degrees of freedom, aspects that are addressed in this article. The theoretical models for tangentially and
isotropically self-propelled or active-bath-driven polymers are presented, both in the presence and absence of hydrodynamic interactions.
The consequences for their conformational and dynamical properties are examined, with emphasis on the strong influence of the coupling
between activity and hydrodynamic interactions. Particular features of emerging phenomena in semi-dilute systems, induced by steric and
hydrodynamic interactions, are highlighted. Various important, yet theoretically unexplored, aspects are featured, and future challenges are
discussed.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0011466., s

I. INTRODUCTION
Living matter is characterized by a multitude of complex

dynamical processes maintaining its out-of-equilibrium nature.1,2

Molecular machines such as (motor) proteins and ribosomes
undergo conformational changes fueled by Adenosine Triphosphate
(ATP), which drives and stirs the cell interior.3,4 This triggers a hier-
archy of dynamical processes and movements, including transport,
which results in a nonequilibrium state of the cell—from the molec-
ular to the whole-cell level,2 with intriguing collective phenomena
emerging by migration and locomotion also on scales much larger
than individual cells.5–9 The nature of living- and active-matter sys-
tems implies nonthermal fluctuations, broken detailed balance, and
a violation of the dissipation–fluctuation relation, which render their
theoretical description particularly challenging.2

Filaments and polymers are an integral part of biological sys-
tems, and their conformational and dynamical properties are sub-
stantially affected by the active processes to a yet unresolved extent.

A. Biological active polymers and filaments
Enzymatic conformational changes are considered to induce

fluctuating hydrodynamic flows in the cytoplasm, which lead
to an enhanced diffusion of dissolved colloidal and polymeric
objects.4,10–21 In addition, kinesin motors walking along microtubule
filaments generate forces that affect the dynamics of the cytoskele-
tal network, the transport properties of species in the cell, and the
organization of the cell interior.11,22–24 Even more, molecular motors
give rise to nonequilibrium conformational fluctuations of actin
filaments and microtubules.12,25

Within the nucleus, ATPases such as DNA or RNA poly-
merase (RNAP and DNAP) are involved in DNA transcription,
where the information coded in the base-pair sequence of DNA
is transcribed into DNA or RNA. This proceeds in several steps,
where the ATPases locally unzip the two DNA strands, nucleotides
are added to the synthesized molecules, and the ATPases move
along the DNA.26 Hence, every RNAP/DNAP translocation step is a
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complex process, which generates nonthermal fluctuations for both
RNAP/DNAP and the transcribed DNA.26–28

Various active processes are considered to be involved in the
spatial arrangement of the eukaryotic genome, controlling their
dynamical properties, and to be essential for the cell function.29 In
particular, ATP-dependent processes affect the dynamics of chro-
mosomal loci19,30 and chromatin.31 Moreover, spatial segregation
of active (euchromatin) and passive (heterochromatin) chromatin
has been found.32–34 The detailed mechanism needs to be unraveled,
possibly taking active processes into account.35,36

Microswimmers are a particular class of active matter,
where individual agents move autonomously.5,6,37–40 Biologi-
cal microswimmers, such as algae, sperm, and bacteria, are
omnipresent.6,38,41 Numerous biological microswimmers are rather
elongated and polymer- or filament-like, undergoing shape changes
during migration. Particular examples are elongated swarming
bacteria, propelled by flagella, such as Proteus mirabilis, Vibrio
parahaemolyticus,42,43 and Serratia marcescens,44 which exhibit an
intriguing collective behavior. Other microswimmers organize in
chain-like structures, for example, planktonic dinoflagellates45,46

or Bacillus subtilis bacteria during biofilm formation.47 On a
more macroscopic scale, nematodes such as Caenorhabditis elegans
swim48 and collectively organize into dynamical networks.49

Similarly, biological polar filaments such as actin and micro-
tubules driven by molecular motors exhibit filament bundling and
the emergence of active turbulence, which is characterized by high
vorticity and the presence of motile topological defects.5,24,38,50–60

These diverse aspects illustrate the relevance of activity for the
function of cells and other biological polymer-like active objects.
However, a cell is a very complex system with a multitude of con-
current processes, and hence, a classification or the separation of
individual active processes is difficult. Here, a systematic study of
emergent phenomena due to activity by synthetic model systems
may be useful. More importantly, the understanding of active pro-
cesses and their suitable implementation may be essential in the
rational design of synthetic cells.61–63

B. Synthetic active polymers
Synthetic active or activated colloidal molecules64 or poly-

mers65 are nowadays obtained in several ways.66,67 Various con-
cepts have been put forward for the design of synthetic active
particles, which can serve as monomers. Typically, propulsion is
based on phoretic effects, relying on local gradients of electric fields
(electrophoresis), concentration (diffusiophoresis), and tempera-
ture (thermophoresis).39,68–76 Synthetic active systems exhibit a wide
spectrum of novel and fascinating phenomena, specifically activity-
driven phase separation or large-scale collective motion.5,6,37–39,77–80

Catalytic Janus particles have been shown to spontaneously
self-assemble into autonomously swimming dimers with a wide vari-
ety of morphologies.81,82 Assembly of metal–dielectric Janus col-
loids (monomers) into active chains can be achieved by imbal-
anced interactions, where the motility and the colloid interactions
are simultaneously controlled by an AC electric field.83–88 Simi-
larly, through the application of strong AC electric fields, linear
chains of bound Janus particles can be formed by either van der

Waals forces or polymer linkers.89 Electrohydrodynamic convec-
tion rolls lead to self-assembled colloidal chains in a nematic liq-
uid crystal matrix and directed movement.90 Linear self-assembly
of dielectric colloidal particles is achieved by alternating magnetic
fields, where the chain length can be controlled by the external
field.91,92 Moreover, chains of linked colloids, which are coated with
catalytic nanoparticles, have been synthesizes.93 Hydrogen perox-
ide decomposition on the surfaces of the colloidal monomers gen-
erates phoretic flows, and activity induced hydrodynamic inter-
actions (HIs) between monomers result in an enhanced diffusive
motion.93

C. Objectives
Filamentous and polymeric structures play a major role in bio-

logical systems and are heavily involved in nonequilibrium pro-
cesses. However, we are far from understanding the interplay
between out-of-equilibrium fluctuations, corresponding polymer
conformations, and emerging activity-driven self-organized struc-
tures. Studies of molecular/polymeric active matter will reveal orig-
inal physical phenomena and promote the development of novel
smart devices and materials.

In this perspective article, we address the distinctive features
emerging from the coupling of activity and conformational degrees
of freedom of filamentous and polymeric structures. Assemblies
of active colloidal particles have been denoted as active colloidal
molecules.64 Since we focus not only on synthetic colloidal systems
but also on polymers and filaments in biological systems, we will use
the notion active polymers.65

Different concepts for the active dynamics of polymers can
be imagined or realized. For polymers composed of linearly con-
nected monomers, the latter can be assumed to be themselves active,
i.e., self-propelling, or to be activated, i.e., externally driven by a
nonthermal force. Self-propulsion typically emerges by the interac-
tion of a microswimmer with the embedding fluid. Here, hydro-
dynamics plays a major role and momentum is conserved. This
is denoted as wet active matter. In contrast, dry active matter
is characterized by the absence of local momentum conservation
and, hence, hydrodynamic interactions. Here, other effects, such as
strong particle–particle interactions or contact with a momentum-
absorbing medium, as in bacteria gliding or granular beads vibrating
on frictional surfaces, dominate over fluid-mediated interactions.94

Moreover, externally driven polymers are subject to forces, which,
when they are dissolved in a fluid, give rise to Stokeslet flows and
hydrodynamic interactions. Depending on the nature of the polymer
environment, the emerging properties by the coupling of activity
and the internal degrees of freedom can be rather different.88,95,96

Moreover, the nature of the active force determines the driving of
a monomer. The forces on filaments driven by molecular motors
are typically assumed to push them along the local filament tan-
gent.6,60,97 Another realization is spatially independent, but time-
correlated active forces on monomers. We will highlight the impact
of the various aspects—self-propelled vs actuated, dry vs wet, and
tangentially vs randomly driven—on the polymer conformations,
dynamics, and collective effects.

The article is organized as follows: Sec. II describes realizations
of dry and wet active forces on the level of monomers and bonds. The
properties of dry polymers composed of active Brownian particles
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(ABP) are discussed in Sec. III. Effects of hydrodynamic interac-
tions are included in Sec. IV. Section V is devoted to properties of
tangentially driven dry polymers, and Sec. VI presents aspects of
hydrodynamically self-propelled polymers. Collective effects are dis-
cussed in Sec. VII. Finally, Sec. VIII summarizes the major aspects
and indicates possible future research directions.

II. ACTIVE FORCES
In models of active polymers, forces can directly be assigned

to individual monomers or to the bond connecting two monomers.
This defines the minimal active units—either a monomer or a
dumbbell of two connected monomers.

A. Active Brownian particles
A generic model of a self-propelled particle, especially suit-

able for dry active matter, is the well-know active Brownian parti-
cle (ABP).6,39,68,78,79,98–103 Its overdamped equations of motion are
given by

ṙ(t) =
1
γT

Fa +
1
γT
(F(t) + Γ(t)), (1)

ė(t) = Θ(t) × e(t) (2)

for the translational and rotational motion of the position r and the
orientation e in two or three dimensions (2D, 3D), respectively. The
active force is Fa = γTv0e, with v0 being the self-propulsion velocity
and γT being the translational friction coefficient; F accounts for all
non-active external forces, Γ is the translational thermal noise, andΘ
the rotational noise. The latter are Gaussian and Markovian random
processes with zero mean, and the second moments

⟨Γα(t)Γβ(t
′
)⟩ = 2kBTγTδαβδ(t − t′), (3)

⟨Θα(t)Θβ(t
′
)⟩ = 2DRδαβδ(t − t′), (4)

with kB being the Boltzmann factor, T being the temperature, DR
being the rotational diffusion coefficient, and α, β ∈ {x, y, z}. Equa-
tion (2) yields the correlation function

⟨e(t) ⋅ e(0)⟩ = e−(d−1)DRt (5)

in d dimensions. Hence, the particle [Eq. (1)] can be consid-
ered as exposed to thermal and colored noise with the correlation
function (5).

B. Active dumbbells and rods
The combination of active monomers into linear assemblies

provides a wide spectrum of possible combinations of active forces.
This is illustrated for two bound active particles forming a dumb-
bell in Fig. 1. A bond, not restricting the orientational motion of
two ABPs, leads to an active Brownian dumbbell. The dynamical
properties and the phase behavior of such dumbbells have been stud-
ied.104,105 Since active dumbbells are a special case of active Brownian
polymers, we refer to the general discussion in Sec. III for results.
Specific features by hydrodynamic interactions are addressed in
Sec. VI A.

FIG. 1. Illustration of possible combinations of propulsion directions of active
dumbbells. (a) The two ABPs rotate independently.104,105 (b) The beads are pro-
pelled along the bond.106 (c) Correlated propulsion in a common direction oblique
to the bond, where the propulsion direction may change in a diffusive manner.105

(d) Propulsion in non-parallel directions with fixed angles.107

Another extreme case is propulsion along the bond vector only.
The equations of motion of the monomers for a such a dumbbell are
(i ∈ {1, 2})106

γT ṙi = Fa
(t) + Fi(t) + Γi(t), (6)

with the active force Fa = Fau on every monomer in the direction
of the (unit) bond vector u = (r2 − r1)/|r2 − r1|. Note that Fi con-
tains the bond force. In the absence of any external force, thermal
noise leads to a rotational diffusive motion of u.108 A generalization
allows the active force to vary within a certain angle with respect to
the bond vector.109 Oblique arrangement of the propulsion direction
leads to spiral trajectories in two dimensions, as has been demon-
strated for Janus particles.107 Naturally, many other options are pos-
sible in modelling and may be chosen according to the experimental
needs.

As indicated, the particular propulsion mechanism leads to a
distinct dynamics, and also, effects on the emergent collective behav-
ior can be expect, e.g., motility-induced phase separation (MIPS).
In fact, MIPS has been found for dumbbells propelled along their
bond,106 as well as those propelled oblique with respect to the
bond,105 where spontaneously formed aggregates break chiral sym-
metry and rotate.106 Such a rotation is also obtained for systems of
self-propelled particles110 or rods111 moving in two dimensions on
circles, as well as for bend rigid self-propelled filaments.112

We focus on uniform systems of active particles of the same
size, not addressing effects appearing in systems of dumbbells with
different radii with correspondingly asymmetric flow fields.70,113–115

C. Self-propelled force-free and torque-free
monomers in fluids

Synthetic and biological microswimmers are typically immersed
in a fluid, and hydrodynamic interactions (HI) are an integral part of
their propulsion. Self-propelled particles move autonomously, with
no external force or torque applied, and hence, the total force/torque
of the swimmer on the fluid and vice versa vanishes.6,116 The flow
field generated by the microswimmer can be represented in terms
of a multipole expansion.117–121 The far field is dominated by the
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force dipole (FD), source dipole (SD), force quadrupole (FQ), source
quadrupole (SQ), and rotlet dipole (RD) contributions.119,122

In theory and simulations, such an expansion can be exploited
to calculate the flow field of individual swimmers. Alternatively, the
squirmer model can be applied, which was originally designed to
model ciliated microswimmers.123–125 It is a rather generic model
that captures the essential swimming aspects and is nowadays
applied to a broad class of microswimmers,125–132 ranging from
diffusiophoretic particles to biological cells.133

A linear arrangement of such monomers leads to an intricate
coupling of their flow fields and novel emergent conformational and
dynamical features.120,134,135

1. Squirmers
A squirmer is an axisymmetric rigid colloid with a prescribed

surface fluid (slip) velocity.123–125,136 For a purely tangential fluid
displacement, the surface slip velocity of a sphere can be described as

vsq
=
∞

∑
n=1

2
n(n + 1)

Bn sin ϑP′n(cos ϑ)eϑ (7)

in terms of derivatives of the nth order Legendre polynomial,
Pn(cos ϑ). Here, ϑ is the angle between the body-fixed propulsion
direction e and the considered point on the colloid surface with tan-
gent vector eϑ, and Bn is the amplitude of the respective mode. Typ-
ically, only two modes are considered, i.e., Bn = 0 for n ≥ 3.125,126,130

Explicitly, the leading contributions yield the slip velocity125,126,130

vsq
= B1 sin ϑ(1 + β cos ϑ)eϑ. (8)

The parameter B1 = 3v0/2 determines the swimming velocity and
β = B2/B1 characterizes the nature of the swimmer, namely, a pusher
(β < 0), puller (β > 0), and neutral squirmer (β = 0), corresponding
to E. coli, Chlamydomonas, and Volvox, respectively. The far field of
a squirmer is well described by the flow fields of a force dipole (FD),
a source dipole (SD), and a source quadrupole (SQ).122,130 Vari-
ous extensions to spheroidal squirmers have been proposed,130,137,138

where some allow for an analytical calculation of the flow field.130

The propulsion direction is not affected by the squirmer flow
field. In the case of several squirmers, but in the absence of ther-
mal fluctuations, interference of their flow fields leads to particu-
lar hydrodynamic collective effects and structure formation.131,139,140

In simulation approaches, which account for thermal fluctuations,
often different structures are observed, and in a dilute solution, the
propulsion orientational correlation function agrees with Eq. (5)
with the diffusion coefficient determined by the fluid viscosity.130

2. Non-axisymmetric swimmers
For a more general description and an extension to non-

axisymmetric swimmers, the swimmer equations of motion can be
expressed in terms of mobilities.120,141–144 Such an extension captures
the many-body nature of the surface-force density in a suspension of
many colloids,144 whereas the original Stokes law applies to infinite
dilution only. The center-of-mass translational velocity and the rota-
tional frequency of a single force- and torque-free spherical particle
in an unbounded fluid are

ṙ = va
(t), ω̇ = Ωa

(t), (9)

where the active velocity and active torque are given by

va
= −

1
4πR2 ∮ vs

(r)d2r, (10)

Ωa
= −

3
8πR2 ∮ r × vs

(r)d2r, (11)

with the surface slip velocity vs, e.g., the squirmer velocity of
Eq. (8).141,144 More general expressions for ellipsoidal particles are
presented in Ref. 145. This is a rather obvious result, but it shows
that a colloid translates and rotates independently in response to the
active surface velocity. The case of linearly connected active spheres
is discussed in Sec. VI B.

III. DRY ACTIVE BROWNIAN POLYMERS (D-ABPO)
The conformational and dynamical properties of dry (free-

draining) active Brownian polymers, which will be denoted as
D-ABPO, are typically studied analytically by the well-known Rouse
model146 of equilibrium polymer physics.147–150 However, the defi-
ciencies of the model, particularly the extensibility of bonds in
the standard formulation, leads to inadequate predictions of activ-
ity effects. In contrast, valuable quantitative predictions have been
obtained by computer simulations88,151–155 and more adequate ana-
lytical models, which will be introduced in the following.88,153,155,156

A. Discrete model of active polymers
Dry semiflexible active polymers can be modeled as a linear

chain of Nm linked active Brownian particles, with their dynam-
ics described by the overdamped equations of motion (1) and (2).
The force Fi on particle i (i = 1, . . ., Nm) includes bond, bending,
and excluded-volume contributions.88,95,155 The two independent
parameters v0 and DR, characterizing activity, are combined in the
dimensionless quantities88,155,157

Pe =
v0

lDR
, Δ =

DT

d2
HDR

, (12)

with l being the equilibrium bond length. The Péclet number Pe
compares the time for the reorientation of an ABP monomer with
that for its translation with velocity v0 over the monomer radius, and
Δ is the ratio between the translational, DT = kBT/3πηdH , and rota-
tional, DR, diffusion coefficients of an individual monomer, where
dH denotes the monomer hydrodynamic diameter.88,95,155 For a tan-
gent hard-sphere-type polymer, dH = l and Δ = 1/3. In order to avoid
artifacts in the polymer structures by activity, the force constant for
the bond, κl, and that of the excluded-volume Lennard-Jones poten-
tial, ε, can be adjusted according to κll2/kBT = (10 + 2Pe) × 103 and
ε/(kBTPe) = 1 as a function of Pe. This ensures a finite bond length
within 3% of the equilibrium value for a harmonic bond potential
and an activity-independent overlap between monomers.88,95,155

B. Continuum model of active polymers
An analytical description of D-ABPO properties is achieved

by a mean-field model for semiflexible polymers158–166 augmented
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by the active velocity v(s, t), which yields the Langevin equa-
tion155,156,167

∂

∂t
r(s, t) = v(s, t) +

1
γ
(2λkBT

∂2

∂s2 r(s, t) − ϵkBT
∂4

∂s4 r(s, t) + Γ(s, t)),

(13)

with suitable boundary conditions for the free ends of linear poly-
mers155,164–166 or periodic boundary conditions for ring polymers.156

Here, γ is the translational friction coefficient per unit length and
ϵ = 3/4p for polymers in three dimensions,168–170 where p is related
to the persistence length lp via p = 1/(2lp).163,171 The terms with
the second and fourth derivatives in Eq. (13) account for the
entropic degrees of freedom and bending elasticity, respectively. The
Lagrangian multiplier λ is determined in a mean-field manner by the
global constraint of a finite contour length, L,155,163,165,171,172

∫

L/2

−L/2
⟨(

∂r(s, t)
∂s

)

2

⟩ds = L. (14)

From Eq. (5), the correlation function of the velocity v(s, t) is
as follows:

⟨v(s, t) ⋅ v(s′, t′)⟩ = v2
0 le−γR(t−t′)δ(s − s′), (15)

with γR = 2DR being the damping factor of the rotational motion.
For the analytical solution, only the first and second moments of the
distribution of the active velocity are needed.155

C. Results
1. Conformational properties

The conformational properties of linear polymers are charac-
terized by their mean square end-to-end distance,155

⟨r2
e⟩ = 4

∞

∑
n=1
⟨χ2

2n−1⟩φ
2
2n−1(L/2), (16)

in terms of the eigenfunctions φn of the differential operator on the
rhs of Eq. (13) and the fluctuations of the normal-mode amplitudes,

⟨χ2
n⟩ =

3kBT
γ

τn +
v2

0

p(1 + γRτn)
τ2

n. (17)

The relaxation times τn and the eigenfunctions depend on the
activity. The closed expression

⟨r2
e⟩ =

L
pμ

+
Pe2L
6pμΔ

⎡
⎢
⎢
⎢
⎢
⎣

1 −

√
1 + 6 μ2Δ
pL√μ

tanh
⎛

⎝

pL√μ
√

1 + 6 μ2Δ

⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

(18)

is obtained in the limit of flexible polymers, pL≫ 1, with free ends,155

with the relaxation times

τn =
τR

μn2 , (19)

where τR = γL2/(3π2kBTp) is the (passive) Rouse relaxation
time.146,164 The activity-dependent factor μ accounts for the con-
straint (14). A detailed discussion of μ(Pe) for linear and ring
polymers is presented in Refs. 95, 155, and 156, respectively.

FIG. 2. Mean square end-to-end distances as a function of the Péclet number for
semiflexible D-ABPO with pL = L/2lp = 103, 102, 10, 1, 10−1, 10−2 (bottom to top at
Pe = 10−1) and Δ = 1/3.155 The dashed line is the flexible polymer limit according
to Eq. (18). Reproduced with permission from T. Eisenstecken, G. Gompper, and
R. G. Winkler, Polymers 8, 304 (2016). Copyright 2016 Author(s), licensed under
a Creative Commons Attribution 4.0 License.

The effect of activity on the conformational properties of active
polymers is illustrated in Fig. 2. Figure 3 shows polymer confor-
mations for various Péclet numbers. For flexible polymers, activ-
ity causes polymer swelling with increasing Pe, which saturates at
L2/2 in the limit pL → ∞ as a consequence of the finite contour
length. The reason for the swelling is an increase in the persistence
length Lp of the active motion with increasing Pe, where Lp is defined
as the distance displaced by activity with velocity v0 in the time
1/2DR of the decay of the correlation function (15), i.e., Lp/l = Pe/2.
For Pe≫ 1, two groups of monomers moving in opposite directions
will move far before changing their direction substantially, which
leads to the stretching of the in-between part of the polymer. In con-
trast, semiflexible polymers shrink at weak Pe and swell for large Pe

FIG. 3. Configurations of flexible phantom D-ABPO (red) and active polymers with
self-propelled monomers in the presence of HI (S-ABPO) (green) (cf. Sec. IV A)
of length Nm = 50 for the Péclet numbers Pe = 1 (top) and Pe = 103 (bottom).88

Reproduced with permission from A. Martín-Gómez, T. Eisenstecken, G. Gompper,
and R. G. Winkler, Soft Matter 15, 3957 (2019). Copyright 2019 The Royal Society
of Chemistry.
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similar to flexible polymers. Shrinkage is caused by enhanced fluc-
tuations transverse to the polymer contour by activity. The bonds
prevent fluctuations along the contour, which leads to an appar-
ent softening of the semiflexible polymer. At large Péclet numbers,
tension in the polymer contour, which increases with activity, domi-
nates over the energetic contribution of bending so that the latter can
be neglected and a semiflexible polymer appears flexible. The com-
parison of the theoretical predictions of the polymer conformations
with simulation results yields excellent agreement.167

In general, ring polymers exhibit similar features as linear
polymers.156 Specifically, active and thermal fluctuations attempt to
shrink and crumple a ring-like structure. However, this is opposed
by a negative internal tension, whereas the tension is always positive
for linear polymers. In general, activity implies enhanced fluctua-
tions of the normal-mode amplitudes.156 The fluctuation spectrum
is dominated by activity already for moderate Péclet numbers (Pe ≳
10)—the contribution with v2

0 in Eq. (17)—and thermal fluctuations
matter only for large mode numbers, i.e., at very small length scales.
Notably, the major part of the spectrum is determined by tension,
with a crossover from a 1/n2 to a 1/n4 power-law with increasing
mode number [cf. Eq. (17) for τn ∼ 1/n2]. Hence, conclusions from
the exponent on the underlying fluctuation mechanisms have to be
drawn with care, and a 1/n4 dependence is not necessarily a sign of
dominating bending modes.

Qualitatively, the obtained fluctuation spectrum for rings
agrees with that of fluctuating membranes, where an increase in
the fluctuations at small wave vectors by activity compared to an
equilibrium system has also been observed experimentally,173–176 in
simulations,174,175 and described theoretically.176,177

2. Relaxation times
The polymer relaxation times strongly depend on the activity,

as displayed in Fig. 4. The longest time, τ1, decreases with increas-
ing Péclet number for Pe ≳ 1. According to Eq. (19), in the flexible
limit, τ1 ∼ 1/μ is solely determined by the stretching coefficient μ, and
its decrease is a consequence of the finite polymer contour length.
With increasing stiffness, the initial drop is stronger, but the same
asymptotic dependence is obtained for Pe→∞.

The inset of Fig. 4 shows the dependence of the relaxation times
τn of stiff polymers on the mode number. At low Pe, we find the
well-known dependence τn/τ1 ∼ (2n − 1)−4 valid for semiflexible
polymers.164,169,170 With increasing Pe, the ratio τn/τ1 increases, and
for Pe ≳ 50, the small-mode-number relaxation times exhibit the
dependence τn/τ1 ∼ n−2 of flexible polymers. At larger n, the relax-
ation times cross over to the semiflexible behavior again. However,
the crossover point shifts to larger mode numbers with increasing
activity. Hence, active polymers at large Péclet numbers appear flex-
ible on large length and long time scales and only exhibit semiflexible
behavior on small length scales.

The theoretically predicted dependence of τ1 on Pe has not
been directly confirmed by simulations yet. However, the very good
quantitative agreement between theoretical and simulations results
of polymer mean-square displacements (MSD)96 supports the relia-
bility of the theoretically obtained activity dependence.

3. Mean-square displacement
The contour-length averaged mean-square displacement (MSD)

of active polymers is95

FIG. 4. Longest relaxation times of semiflexible D-ABPO as a function of the
Péclet number for pL = L/2lp = 103, 102, 10, 1, 10−1, and 10−2 (bottom to top).
Inset: mode-number dependence of the relaxation times of active polymers with
pL = 10−2 for the Péclet numbers Pe = 101, 3 × 101, 102, and 5 × 102 (bottom
to top). The black squares (top) show the mode-number dependence of flexible
polymers with pL = 103. The solid lines indicate the relations for flexible (∼n−2)
and semiflexible [∼(2n − 1)−4] polymers, respectively. τ1 is the longest relaxation
time.155 Reproduced with permission from T. Eisenstecken, G. Gompper, and R.
G. Winkler, Polymers 8, 304 (2016). Copyright 2016 Author(s), licensed under a
Creative Commons Attribution 4.0 License.

⟨Δr2(t)⟩ = ⟨Δr2
cm(t)⟩ +

1
L

∞

∑
n=1
[

6kBTτn

γ
(1 − e−t/τn)

+
2v2

0 lτ2
n

1 + γRτn
(1 −

e−γRt
− γRτne−t/τn

1 − γRτn
)], (20)

with the center-of-mass mean-square displacement147,150,154,155

⟨Δr2
cm(t)⟩ =

6kBT
γL

t +
2v2

0 l
γ2

RL
(γRt − 1 + e−γRt

). (21)

Equation (21) resembles the MSD of a single active Brownian parti-
cle, with a ballistic time regime for short times and a diffusive regime
for long times (cf. Fig. 5) with the diffusion coefficient D = kBT[1
+ 3Pe2/(2Δ)]/(γL).6,68,79,104 The polymer nature is reflected in the
total friction coefficient γL in the Brownian motion [first term on
the rhs of Eq. (21)] and in the number of active sites L/l in the active
term.155 The center-of-mass motion of polymers is free of inter-
nal forces, and hence, the L/l ABPs contribute independently to the
MSD. In the limit t→∞, the center-of-mass MSD is proportional to
v2

0 l/L. For an isotropic and homogeneous orientation of the propul-
sion directions, we expect no contribution of the active force to the
MSD. However, by the Gaussian nature of the stochastic process, the
orientation fluctuations are proportional to

√
l/L, which vanishes in

the limit L → ∞ but leads to a finite contribution to the diffusion
coefficient for L <∞.

The site MSD (monomer MSD), cf. Fig. 5, is strongly affected
by activity. It increases with increasing Pe and exhibits up to four
different time regimes.155 In the limit t → 0, the second term on
the right-hand side of Eq. (20) dominates and ⟨Δr2(t)⟩ ∼ (t/τ1)

1/2,

J. Chem. Phys. 153, 040901 (2020); doi: 10.1063/5.0011466 153, 040901-6

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics PERSPECTIVE scitation.org/journal/jcp

FIG. 5. Mean-square displacements (MSD) of flexible D-ABPO with pL = 103. The
Péclet numbers are Pe = 0, 3, 20, 102, and 5 × 102 (bottom to top). The time is
scaled by the factor γR = 2DR of the rotational diffusion. The dashed lines corre-
spond to the MSD in the polymer center-of-mass reference frame.95 Reproduced
with permission from T. Eisenstecken, G. Gompper, and R. G. Winkler, J. Chem.
Phys. 146, 154903 (2017). Copyright 2017 AIP Publishing LLC.

exhibiting Rouse dynamics, however, with activity-dependent relax-
ation time τ1. For t/τ1 ≪ 1, γRt ≪ 1, and Pe ≫ 1, the active con-
tribution dominates with a quadratic time dependence ⟨Δr2(t)⟩ ∼
t2. On time scales 1/γR ≪ t ≪ τ1, the internal polymer dynam-
ics is the most important, with the Rouse-like time dependence
⟨Δr2(t)⟩ ∼ γRPe2

(τ1t)1/2 in the center-of-mass reference frame.
Since τ1 decreases with increasing activity, this regime shortens
with increasing Pe. At longer times, the center-of-mass MSD (21)
dominates.88,155

IV. WET ACTIVE BROWNIAN POLYMERS
Hydrodynamic interactions lead to a qualitative different poly-

mer dynamics, as is well established for passive polymers,146,178

and the first studies on active polymers immersed in a fluid indi-
cate even pronounced effects on their stationary-state conforma-
tional properties.88,96 The influence of hydrodynamics depends on
the nature of the active force, i.e., self-propelled or bath-driven
monomers.

Hydrodynamic interactions between monomers embedded in
a fluid can be taken into account implicitly by the Oseen hydrody-
namic tensor for point particles and the Rotne–Prager–Yamakawa
(RPY) tensor for a sphere of diameter l.88,146,179–182

Alternatively, hydrodynamics can be explicitly taken into
account by mesoscale hydrodynamics simulation techniques, such
as the lattice Boltzmann (LB) method,183–186 the dissipative parti-
cle dynamics (DPD),187,188 and the multiparticle collision dynamics
(MPC) approach.189–191 Externally driven active polymers have been
implemented in MPC.88

As mentioned above, the active nonthermal process affect-
ing the monomer dynamics can originate from internal sources
or can be imposed externally. In the first case, the monomer is
force and torque free, whereas in the second case, it is not. This

leads to different equations of motion and consequently different
behaviors.

A. Discrete model of self-propelled active polymers
(S-ABPO)

For active polymers with self-propelled monomers (S-ABPO),
the equations of motion are (i = 1, . . ., Nm)88

ṙi(t) = v0ei(t) +
Nm

∑
j=1

Hij[Fj(t) + Γj(t)], (22)

where Fi comprises all inter- and intramolecular forces as for D-
ABPO. The second moment of the Gaussian and Markovian random
force is now given by

⟨Γi(t)ΓT
j (t
′
)⟩ = 2kBTH−1

ij δ(t − t′), (23)

where H−1
ij is the inverse of the hydrodynamic tensor,

Hij(rij) =
δij

3πηl
I + (1 − δij)G(rij), (24)

with G(r) being the Oseen or RPY tensor. The rotational motion
of the monomers [Eq. (2)] is not affected by hydrodynamics. No
Stokeslet due to self-propulsion is taken into account, and only
Stokeslets arising from bond, bending, and excluded-volume inter-
actions between monomers and thermal forces are considered in
this description. Higher-order multipole contributions of the active
monomers are neglected, especially the force dipole. Since point par-
ticles are considered, source multipoles are absent. All these mul-
tipoles decay faster than a Stokeslet. Hence, the long-range char-
acter of HI in polymers of a broad class of active monomers is
captured. As far as near-field hydrodynamic effects are concerned,
this model is closest to polymers composed of neutral squirm-
ers,126,127,192,193 where particular effects by higher multipole inter-
actions between monomers are not resolved.120,134 Section VI A
discusses orientational correlations of the propulsion directions of
squirmer monomers of a dumbbell by higher-order multipoles.

The equations of motion (22) are solved by the Ermak–
McCammon algorithm.194,195

1. Conformational properties
Figure 6 depicts the confirmations of the active polymers as a

function of Pe, which are strongly influenced by HI. Compared to
free-draining polymers (D-ABPO), hydrodynamics leads to a sub-
stantial shrinkage of the polymers in the range 1 < Pe ≲ 102 and a
reduced swelling for larger Pe. This qualitative difference is illus-
trated by the snapshots of Fig. 3. The shrinkage depends on the
polymer length and is substantially stronger for longer polymers.88

Also, semiflexible polymers in the presence of HI shrink stronger
than those in its absence, but the effect vanishes gradually as pL→ 0.
This is a consequence of the reduced influence of hydrodynamic
interactions for rather stiff polymers.170 Yet, the asymptotic value
for Pe → ∞ is smaller than that for D-ABPO because the confor-
mational properties are determined by polymer entropy rather than
stiffness in this limit, with a substantial hydrodynamic effect.

Self-avoidance reduces the extent of shrinkage, specifically
for flexible polymers, but the excluded-volume effects vanish with
decreasing pL, and for pL < 1, there is hardly any difference between
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FIG. 6. Mean square end-to-end distance as a function of Péclet number for semi-
flexible S-ABPO with Nm = 200 (L = 199l) monomers for pL = 2 × 102 (blue),
101 (red), and 10−1 (green). The filled circles correspond to phantom and open
squares to self-avoiding polymers. The dashed lines are guides for the eye.88 The
solid lines are analytical results for semiflexible free-draining polymers (D-ABPO).
Reproduced with permission from A. Martín-Gómez, T. Eisenstecken, G. Gomp-
per, and R. G. Winkler, Soft Matter 15, 3957 (2019). Copyright 2019 The Royal
Society of Chemistry.

phantom and self-avoiding polymers. Moreover, the swelling behav-
ior with and without excluded-volume interactions is rather similar
in the limit Pe ≫ 1. Interestingly, phantom and self-avoiding poly-
mers show a different but universal dependence on Pe as they start to
swell. Here, active forces exceed both excluded-volume interactions
and bending forces.

Analytical theory predicts a stronger increase in ⟨r2
e⟩ with

increasing Pe in the swelling regime compared to D-ABPO
(cf. Fig. 7). The dependence on Pe changes from ⟨r2

e⟩ ∼ Pe for
pL ≈ 102–103 to ⟨r2

e⟩ ∼ Pe3/2 for pL ≈ 105. Hence, hydrodynamic
interactions lead to a qualitative different Pe dependence.

The polymer collapse is a consequence of the time scale separa-
tion of the thermal and active contribution to the mean square end-
to-end distance.88 Hydrodynamic interactions enhance the polymer
dynamics and shorten the relaxation times, as is well-known for the
Zimm model of flexible polymers146,180,196 and also for semiflexible
polymers.178,197,198 Within the preaveraging approximation,146 the
relaxation times are given by

τ̃n =
τn

1 + 3πηGnn
, (25)

with τn being the relaxation times in the absence of hydrodynamic
interactions and Gnn being the matrix elements of the Oseen tensor
in terms of eigenfunctions of the semiflexible polymers.88,95,164 Since
Gnn ⩾ 0, τ̃n ⩽ τn. Analytical theory yields the mean square end-to-end
distance

⟨r2
e⟩ =

8
L ∑n, odd

(
kBTτn

πη
+

v2
0 lτ̃2

n

1 + γRτ̃n
), (26)

where the first term in the brackets arises from thermal fluctua-
tions and the second from activity. However, also, the relaxation

FIG. 7. Polymer mean square end-to-end distance ⟨r2
e⟩ [Eq. (26)] as a function

of the Péclet number Pe for flexible S-ABPOs of length pL = 2 × 102 (orange),
103 (green), 104 (yellow), and 105 (magenta). The blue lines correspond to a free-
draining flexible polymers (D-ABPO) with pL = 50. The dotted curves represent
the contribution with the relaxation times τn and the dashed–dotted curves repre-
sent that with v2

0 of Eq. (26), respectively.88 “Reproduced with permission from A.
Martín-Gómez, T. Eisenstecken, G. Gompper, and R. G. Winkler, Soft Matter 15,
3957 (2019). Copyright 2019 The Royal Society of Chemistry.

time τn and the elements Gnn depend on activity. Figure 7 displays
the different contributions to ⟨r2

e⟩ for various polymer lengths. The
initial shrinkage of ⟨r2

e⟩ with increasing Pe is caused by the decreas-
ing relaxation times τn ∼ 1/Pe with increasing activity.88 The v2

0-
dependent term causes a swelling of the polymers. For D-ABPO, the
competing effects lead to an overall swelling, since swelling exceeds
shrinkage. For S-ABPO, swelling is weaker due to fluid-induced col-
lective motion compared to the random motion of D-ABPO, and
⟨r2

e⟩ assumes a minimum. This is a consequence of τ̃n ⩽ τn.
Here, we like to mention that a certain amount of shrinkage

has also been observed for self-avoiding D-ABPO over a certain
range of Péclet numbers, which is attributed to specific monomer
packing.167,199

2. Dynamical properties
The mean-square displacement of flexible and semiflexible

polymers exhibits the Zimm behavior t2/3 or the dependence t3/4

(t/τ̃1 ≪ 1), respectively, for Pe < 1 in the presence of hydrodynamic
interactions.146,197,200 As for the D-ABPO, activity yields a ballistic
time regime for t/τ̃1 ≪ 1 and γRt ≪ 1 and a regime dominated
by internal polymer dynamics at times 1/γR ≪ t ≪ τ̃1 for long
polymers, pL ≫ 1 and Pe ≫ 1. Interestingly, in the latter regime,
analytical calculations yield the power-law behavior ⟨r2

e⟩ ∼ t2/5, i.e.,
an exponent even smaller than that of D-ABPO.88 For long times,
t/τ̃1 ≫ 1, the diffusive regime (21) of D-ABPO is assumed with the
same active diffusion coefficient.88

B. Discrete model of externally actuated polymers
(E-ABPO)

In the case of externally actuated monomers (E-ABPO), the
polymer equations of motion are given by96
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ṙi(t) =
Nm

∑
j=1

Hij[γTv0ej(t) + Fj(t) + Γj(t)]. (27)

Here, also the external active force generates a Stokeslet for each
monomer.

A possible realization of E-ABPO are passive polymers embed-
ded in an active bath. Experimentally, an externally driven polymer
can, in principle, be realized by forcing a chain of colloidal particles
by optical tweezers.201 Optical forces are very well suited to manipu-
late objects as small as 5 nm and up to hundreds of micrometers.201

Combined with computer-generated holograms, many particles can
be manipulated with a single laser beam at the same time.

1. Conformational properties
The mean square end-to-end distance of flexible E-ABPO

increases monotonically with increasing Pe,96 in contrast to S-
ABPO.88 As for D-ABPO and S-ABPO, semiflexible polymers shrink
initially with increasing Pe and swell again for large Péclet num-
bers in a universal manner. The comparison with the mean square
end-to-end distance curves for D-ABPO reveals a stronger impact
of activity on the conformations of E-ABPO. In particular, flexible
polymers swell and semiflexible polymers shrink already for smaller
Péclet numbers. However, the same asymptotic limit is assumed for
Pe→∞, which follows from Eq. (28) for γRτ̃n ≪ 1. Hence, S-ABPO
exhibit more compact structures compared to both D-ABPO and E-
ABPO. In the universal stiffness- and excluded-volume-independent
high-Pe regime, the mean square end-to-end distance exhibits the
power-law increase ⟨r2

e⟩ ∼ Pe1/2 with increasing Pe. This increase
is weaker than that of D-ABPO, with the dependence ⟨r2

e⟩ ∼ Pe2/3

(cf. Fig. 5), which emphasizes the strong effect of the internal
dynamics on the active polymer conformational properties.96

As for the shrinkage of the S-ABPO, enhanced swelling is
related to a particular dependence of the mean square end-to-end
distance on the relaxation times, which is given by

⟨r2
e⟩ =

8
L ∑n, odd

(
kBTτn

πη
+

v2
0 lτ2

n

1 + γRτ̃n
). (28)

Since

τ2
n

1 + γRτ̃n
≥

τ2
n

1 + γRτn
≥

τ̃2
n

1 + γRτ̃n
, (29)

the active contribution in Eq. (28) is larger than that of D-ABPO and
S-ABPO, which implies a stronger overall swelling.96

2. Dynamical properties
The distinct coupling between activity and hydrodynam-

ics changes the activity dependence of the relaxation times
substantially, as illustrated in Fig. 8. Over a wide range of Péclet
numbers, τ̃1 of E-ABPO is larger than the relaxation time of D-
ABPO and S-ABPO, which is reflected in the strong increase in
the mean square end-to-end distance. The (longest) relaxation time
decreases with increasing Pe, and hence, γRτ̃n ≪ 1 in the limit
Pe → ∞. Moreover, τ̃1 exhibits the same dependence on Pe as τ1
in the absence of HI in that limit, which yields the same asymptotic
value for ⟨r2

e⟩.96 We like to emphasize that τ̃1 of semiflexible poly-
mers assumes the same Pe dependence and scaling for Pe ≫ 1 as
flexible polymers (cf. Fig. 4).

FIG. 8. Longest polymer relaxation time τ̃1 normalized by the corresponding pas-
sive value τ̃0

1 as a function of the Péclet number Pe for flexible D-ABPO (green),
S-ABPO (blue), and E-ABPO (red) with pL = 103.

The MSD exhibits the same sequence of time regimes as for D-
ABPO and S-ABPO (cf. Fig. 5). Remarkably, long polymers exhibit
a subdiffusive behavior for times 1/γR ≪ t ≪ τ̃1 dominated by their
internal dynamics, where analytical theory predicts the power-law
time dependence t5/7, which is close to t3/4.

V. TANGENTIALLY DRIVEN FILAMENTS
Cytoskeleton polymers such as microtubules are rather stiff

and are typically denoted as filaments. They exhibit active motion
fueled by molecular motors in vivo202 and in vitro.50,54–58,60,97,203–207

By the nature of their propulsion mechanism, such filaments are typ-
ically modeled as tangentially driven rodlike24,208–214 or semiflexible
polymers93,109,112,134,215–222 in molecular approaches.

A. Continuum model
The theoretical description of Sec. III B can be adapted to the

case of tangential driving semiflexible polymers, which yields the
equation of motion

γ
∂

∂t
r(s, t) = f a ∂

∂s
r(s, t) + 2λkBT

∂2

∂s2 r(s, t)

− ϵkBT
∂4

∂s4 r(s, t) + Γ(s, t), (30)

with the active force f a per unit length. This linear partial differential
equation can be solved by an eigenfunction expansion in terms of
the eigenfunctions ψn(s) of the equation Oψn(s) = −ξnψn(s) with
the operator

O = f a ∂

∂s
+ 2λkBT

∂2

∂s2 − ϵkBT
∂4

∂s4 (31)

and the eigenvalues ξn. However, the operator O is non-Hermitian,
and hence, an expansion into a biorthogonal basis set has to
be applied, with the adjoint eigenvalue equation223 O†ψ†

n(s) =
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−ξnψ†
n(s) and

O†
= −f a ∂

∂s
+ 2λkBT

∂2

∂s2 − ϵkBT
∂4

∂s4 . (32)

In the case of flexible polymers (ϵ = 0), the eigenfunctions are224

ψn(s) =

√
2
L

1
√

k2
n + g2

e−gs
[kn cos(kns) + g sin(kns)], (33)

with kn = nπ/L, g = f a/(4λkBT), and the eigenvalues ξn = 2λkBT(k2
n

+ g2
) for the boundary condition ∂r/∂s = 0 at s = 0, L, which

implies that ∂ψn/∂s = 0 at s = 0, L. The adjunct eigenfunctions
are ψ†

n(s) = e2gsψn(s) and obey the boundary condition dψ†
n(s)/ds

− 2gψ†
n(s) = 0 at s = 0, L. The eigenfunction for the eigenvalue

ξ0 = 0 is ψ0 = (2g/(e2gL
− 1))1/2.224

B. Discrete model
The dynamics of discrete polar active filaments is described by

Eq. (6), with bond, bending, and excluded-volume forces. However,
for the active force on particle i, various nonequivalent representa-
tions have been applied. In most cases, the active force is assumed to
be tangential to the chain at a monomer,109

Fa
i = f a ri+1 − ri−1

∣ri+1 − ri−1∣
= f ati, (34)

with the unit tangent vector ti. Other simulation studies utilized
push–pull type forces,218

Fa
i =

f a

l
[(ri+1 − ri) + (ri − ri−1)] =

f a

l
(ri+1 − ri−1), (35)

or216,220,221

Fa
i = f a

[
ri+1 − ri

∣ri+1 − ri∣
+

ri − ri−1

∣ri − ri−1∣
]. (36)

For strong bond potentials and small bond-length variations, the lat-
ter two variants are essentially identical but differ from Eq. (34). All
these forces yield the same continuum limit [Eq. (30)]. In simula-
tions, we can expect the results to be independent of the adopted
discretization for not too strong activities. However, deviations will
emerge above a certain activity and, in particular, for a small number
of monomers. This is reflected by the differences in the confor-
mational properties of the continuous filaments [Eq. (30)]222 and
discrete models (cf. Sec. V C).109,221

C. Results
The theoretical analysis of Sec. V A suggests that the conforma-

tional properties of flexible polar polymers are unaffected by activity.
In particular, the mean square end-to-end distance is equal to the
value of the passive counterpart.222,224 This is in contrast to sim-
ulation results for a discrete model, which indicate a shrinkage of
flexible polymers at large active forces f a,109,221 for both the active
forces (34) and (36), although shrinkage is more pronounced for the
force (34). The difference is a consequence of the particular discrete
representation of the continuous polymers (cf. Sec. V B).

So far, very few further analytical results for individual polar
filaments have been derived, specifically for semiflexible polymers,

which might be related to the non-Hermitian character of the
equations of motion.

Confinement in two dimensions enhances the influence of
excluded-volume interactions on the emerging structures. Here,
semiflexible filaments exhibit a transition to a spiral phase with
increasing activity at Pe ∼ lp/L.218–220,225 Tethered filaments start
beating in the presence of a polar force or assume spiral shapes when
the fixed end is able to rotate freely.217,226

The filament dynamics depends on the composition of its ends.
As an example, a load at the leading end leads to distinct locomotion
patterns such as beating and rotation, depending on stiffness and
propulsion strength.225

Simulations predict a substantial influence of hydrodynamic
interactions on the rotational dynamics of single and multiple fila-
ments, as well on their collective dynamics and structure formation
in 3D.216,227 According to the definition of Sec. IV B, the latter poly-
mers are externally actuated by a tangential force of the type of
Eq. (36).

VI. POLYMERS WITH SELF-PROPELLED COLLOIDAL
MONOMERS

Polymers can be composed of monomers with their self-
propulsion modeled by the concepts described in Sec. II C, i.e., as
squirmers or a more general expansion of the monomer flow field.
Although various studies have already been performed based on
mobilities,120,144 only squirmer dumbbells have been considered so
far. In contrast to the Brownian monomers of Secs. III and IV, the
hydrodynamically self-propelled monomers include higher order
multipoles such as force dipole and source dipole,122,130 which, by
monomer–monomer interactions, give rise to additional features.

A. Linear squirmer assemblies
The swimming behavior of athermal squirmer dumbbells has

been investigated by the boundary integral method,229 where, in this
context, swimming refers to ballistic motion. The calculations show
a strong effect of the interfering swimmer flow fields on their orien-
tation and locomotion. In particular, a flow-induced torque prevents
stable forward swimming of the individually freely rotating spheri-
cal squirmer in a dumbbell. By introducing a (short) bond, which
restricts an independent rotation, circular trajectories for pushers
and stable side-by-side swimming for pullers can be obtained.229

The athermal squirmer lacks rotational diffusion, and thus,
absence of locomotion of freely rotating spheres in a dumbbell
is a consequence of the missing thermal fluctuations of the fluid.
Such fluctuations can be taken into account by mesoscale hydrody-
namic simulations, e.g., the multiparticle collision dynamics (MPC)
method,189–191 and locomotion is obtained. At infinite dilution, rota-
tion is an activity-independent degree of freedom of a squirmer
(cf. Sec. II C 1), which, however, strongly affects its long-time dif-
fusion behavior in the same way as for an ABP [see Eq. (21) for
comparison]

Simulations of squirmer dumbbells yield preferred orientations
of the propulsion directions, ei, with respect to each other and the
bond connecting their centers, as illustrated in the snapshots of
Fig. 9.228,230 This preference can be quantified by the average rela-
tive orientation of the propulsion direction, i.e., ⟨e1 ⋅ e2⟩. As expected
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FIG. 9. Illustration of the flow field of a dumbbell composed of two spherical squirmers for their preferred propulsion directions. For (a) neutral squirmers (β = 0) and (b)
pullers (β = 5), the propulsion direction is preferentially antiparallel along the bond. In the case of (c) a weak pusher (β = −1), the squirmer propulsion directions point in
the same direction with a finite opening angle of ∼ 60○ aligned normal to the bond. Stronger pushers (β = −5) exhibit preferentially an arrangement as in (c), as well as a
parallel alignment of one of the propulsion directions with the bond as in (d). Note that the flow fields are superpositions of the flow fields of the individual squirmers and the
Stokeslets by the bond force.228

for the active stresses, in dumbbells of neutral squirmers, alignment
is weak, and only for high Pe, a slightly negative value is obtained.
Pullers exhibit very strong orientational correlations with a pref-
erential antiparallel alignment along the bond vector [cf. Figs. 9(a)
and 9(b)]. Strong correlations are also present for pushers, with an
angle of ∼ 60○ between the propulsion directions and the ei oriented
normal to the bond [Fig. 9(c)], or one of the propulsion directions
aligned with the bond [Fig. 9(d)].

The preference in orientation is reflected in the dumbbell
dynamics. The locomotion of the pusher dumbbell is closest to the
dynamics of an ABP, specifically for β ≈ −1. Significant deviations to
an ABP dumbbell appear for smaller and larger β. In particular, the
preferred antiparallel alignment for neutral squirmers and pullers
leads to a pronounced slow-down of the dumbbell dynamics with a
rather abrupt change at β ≳ 0. Notably, the long-time diffusion coef-
ficient of puller dumbbells at large active stresses, β = 5, is reduced
by orders of magnitude compared to that of ABP dumbbells. This is
inline with the theoretical studies;229 however, thermal fluctuations
and near-field hydrodynamics are responsible for a finite diffusion
coefficient at long times.

Hydrodynamic interactions between the monomer flow fields
strongly affect the conformational properties of squirmer poly-
mers. Simulations of dodecamers yield the strongest swelling
for neutral squirmers and essentially no swelling for pullers
(β = 5), with a mean square end-to-end distance close to the passive
value.

B. Active filaments of tangentially propelled
monomers
1. Colloidal monomers

The translational and rotational motion of chains of linearly
connected monomers can be described by a set of Langevin equa-
tions.120 The equations are based on the integral solution of Stokes
flow,118 which is evaluated analytically by an expansion of the
boundary fields in tensorial spherical harmonics. The omission of
hydrodynamic many-body effects by the assumption of pair-wise

additivity yields a computationally tractable approximation in terms
of the Oseen tensor and its derivatives.231 For tangentially driven
filaments, the orientation of a monomer is no longer a dynamical
degree of freedom, and the equations of motion reduce to translation
only.

In contrast to the Brownian semiflexible polymers and fil-
aments of Secs. III–V, where activity originates from an active
velocity or force, the presence of higher order hydrodynamic
multipoles yields active motion even in the absence of a propul-
sion velocity. This is due to the generation of flows perpendicu-
lar to the tangent vector for a curved contour (cf. Fig. 10). This
gives rise to particular stationary-state filament conformations and
dynamical states, such as the rotation of free filaments or beating
and rotation of tethered filaments (cf. Fig. 10).120,134,135 Thermal
noise will modify this behavior to an extent that remains to be
investigated.

2. Pointlike monomers
A somewhat simpler approach for hydrodynamically self-

propelled, pointlike ”monomers” has been suggested,232 where
Eq. (1) is employed for the monomer dynamics, however, with con-
straint rather than harmonic bond forces and the force-dipole-type
active force for a bond/link ui+1,6

Fa
i = −F0ui+1, Fa

i+1 = F0ui+1, (37)

where F0 is the magnitude of the force and its sign implies exten-
sile (F0 > 0) or contractile (F0 < 0) dipoles. The active forces are
assumed to arise from stresses exerted by molecular motors tem-
porarily attached to a bond. The time interval of the attached and
detached states is taken from an exponential distribution.232 The
active velocity in the attached state is then

va
i = ∑

j
G(ri − rj)Fa

j (t). (38)

Considering a single, long, and densely packed polymer in a
spherical cavity, simulations show that hydrodynamic interactions
between extensile dipoles can lead to large-scale coherent motion
(cf. Sec. VII).
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FIG. 10. Nonequilibrium stationary states of a single-end tethered filament. Increasing activity (from left to right) leads to particular stationary-state conformations and rotation
[(a) and (c)] or filament beating (b). The background color indicates the logarithm of the magnitude of the fluid velocity. Reproduced with permission from A. Laskar and R.
Adhikari, Soft Matter 11, 9073 (2015). Copyright 2015 The Royal Society of Chemistry.

VII. COLLECTIVE BEHAVIOR

Already ABPs and active dumbbells exhibit an intrigu-
ing collective behavior, especially motility-induced phase separa-
tion.39,79,99–101,105,106,132,233–237 Steric interactions combined with the
extended shape of filaments and polymers and their conformational
degrees of freedom lead to further novel phenomena and behaviors.

Assays of microtubules mixed with molecular motors are
paramount examples for collective effects emerging in out-of-
equilibrium systems, including polymers/filaments.58,60,97 Simpli-
fied systems comprising microtubules and kinesin motor con-
structs are able to self-organize into stable structures.50 The motors
dynamically crosslink the microtubules, and their directed motion
along the polar filaments leads to the formation of vortex-like

structures and asters with the microtubules arranged radially out-
ward [Fig. 11(a)].50 Along the same line, highly concentrated actin
filaments propelled by molecular motors in a motility assay dis-
play emergent collective motion.56,206 Above a critical density,
the filaments self-organize into coherently moving structures with
persistent density modulations, such as clusters, swirls, and inter-
connected bands [Fig. 11(b)].56 Furthermore, addition of a deple-
tion agent to a concentrated microtubule–kinesin mixture leads to
the microtubule assembly into bundles, hundreds of micrometers
long.57,60,97 Kinesin clusters in bundles of microtubules of differ-
ent polarity induce filament sliding and trigger their extension.60

At high enough concentration, the microtubules form a percolat-
ing active network characterized by internally driven chaotic flows,
hydrodynamic instabilities, enhanced transport, and fluid mixing.57

FIG. 11. Large-scale patterns formed by self-organization of biological filaments and molecular motors. (a) Lattice of asters and vortices formed by microtubules.50 (b) Motility
assay with fronts of polar actin clusters moving in the same direction as the filaments.206 (c) Network of nematically ordered microtubules exhibiting turbulent motion with a
+1/2 (top right) and a −1/2 defect (bottom left).60 (a) Reproduced with permission from Nédélec et al., Nature 389, 305 (1997). Copyright 1997 Macmillan Publishers Ltd. (b)
Reproduced with permission from Huber et al., Science 361, 255 (2018). Copyright 2018 AAAS. (c) Reproduced with permission from Doostmohammadi et al., Nat. Commun.
9, 3246 (2018). Copyright 2018 Author(s), licensed under a Creative Commons Attribution 4.0 License.
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FIG. 12. Euler-like buckling instability of polar bands by semiflexible, propelled filaments. The snapshots depict a time sequence from (a) the development of polarity-sorted
bands, [(b) and (c)] progressive bending and breaking of bands, and finally (d) the formation of the long-time disordered structure.239 Reproduced with permission from
Vliegenthart et al., Sci. Adv. (in press) (2020). Copyright 2020 Author(s), licensed under a Creative Commons Attribution 4.0 License.

Activity destroys long-range nematic ordering and leads to active
turbulence, with short-range nematic order and dynamical creation
and annihilation of topological defects [Fig. 11(c)].57,60

The instability of the nematic phase of long polar filaments is
usually attributed to the pusher-like hydrodynamics of systems with
extensile force dipoles. A sinusoidal perturbation of the nematic
order, with a wave vector along the filament direction, is ampli-
fied by the dipole flow field.238 However, a similar type of undu-
lation instability is observed in simulations of semiflexible polar
filaments, which are temporarily connected by motor proteins slid-
ing them against each other—without any hydrodynamic interac-
tions (cf. Fig. 12). This system is extensile because motors mainly
exert forces on antiparallel filaments. For an initially nematic phase
with random filament orientation, first a polarity-sorting into bands
occurs, followed by buckling of the bands and a transition to an

FIG. 13. Image of P. mirabilis swarmer cells in a colony actively moving across
a surface.43 The green, generally straight cell illustrates the ability of swarmer
cells to bend substantially. Reproduced with permission from Auer et al., mBio 10,
e00210 (2019). Copyright 2019 Author(s), licensed under a Creative Commons
Attribution 4.0 License.

FIG. 14. (a) Phase diagram of tangentially driven semiflexible filaments as a
function of lp/L = 1/(2 pL) and Pe, where the Péclet number is defined as
Pe = f aL2/(kBT). Cyan triangles indicate the melt phase, magenta circles indicate
the gas of clusters, and the red squares indicate the giant clusters phase. Green
filled symbols depict the simulations with high aspect ratio filaments, L/l = 100,
while the other points correspond to L/l = 25. (b) Snapshot of a high density turbu-
lent phase at Pe = 90. The filament colors are chosen randomly.219 Reproduced
with permission from Duman et al., Soft Matter 14, 4483 (2018). Copyright 2018
The Royal Society of Chemistry.
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FIG. 15. Simulations of an active chain with extensile dipoles. (a) Filament configurations at different times; the red segments indicate instantaneous dipole locations. (b) The
nematic structure of the filament in a shell adjacent to the surface of the confining sphere. The color code indicates the nematic order tensor. (c) Chromatin displacement
map calculated in a plane across the spherical domain over a time interval Δt = 0.2. Reproduced with permission from D. Saintillan, M. J. Shelley, and A. Zidovska, Proc.
Natl. Acad. Sci. U. S. A. 115, 11442 (2018). Copyright 2018 National Academy of Sciences.

isotropic phase with polar domains (cf. Fig. 12).239 The isotropic
phase is characterized by nematic-like +1/2 and −1/2 defects, as
depicted in Fig. 11(c).5 Here, it is interesting to note that (i) active
nematics are actually quite difficult to model on the filament level
because filaments move actively but cannot have a preferred direc-
tion and (ii) the filaments are actually polar so that the system has
both polar and nematic characteristics at the same time. This system
has therefore been termed a polar active nematic in Ref. 239.

At surfaces, various flagellated bacteria alter their morpholo-
gies as they become more elongated by the suppression of cell divi-
sion. These so-called swarmer cells migrate collectively over surfaces
and are able to form stable aggregates, which can be highly motile
(swarming).240,241 Some cells, such as Proteus mirabilis or Vibrio
parahaemolyticus, are rather long (>10 μm –100 μm) and polymer-
like.43 Since they are propelled by flagella, which are shorter than
the body length and distributed all over the body, locomotion of
the individual cell is mainly tangential. Figure 13 shows that such
cells can undergo large conformational changes from rodlike to
strongly bend structures while moving collectively in a film with
other cells. As actin and microtubule filaments in dense suspen-
sions, the swarmer cells exhibit local nematic order with defects and
large-scale collective motion.

The collective effects of tangentially driven filaments have
been studied by simulations in 2D, and new phases depend-
ing on density, stiffness, activity, and aspect ratio have been
identified.219,220 At moderate densities and activities, stiff fila-
ments organize into mobile clusters, structures that are rem-
iniscent to those formed by self-propelled rods.208–210,212–214

High activities and low bending rigidity yield spiral forma-
tion of individual filaments, which then translate diffusively
as compact disc-like objects.218 With increasing density, spiral
collisions yield again motile clusters.219 At moderate densities, a
reentrant behavior is observed with increasing activity from small
clusters to giant clusters and back to small clusters.219 Here, the
disintegration of the giant cluster occurs when Pe ∼ lp/L, i.e.,
when active forces become comparable to bending forces. A sim-
ilar threshold of Pe ∼ lp/L is seen for the transition from open
(equilibrium-polymer-like) conformations to spirals in the dilute
case due to the same force competition. At higher densities, a rich
collective behavior is observed, such as a melt-like structures with

topological defects (Fig. 14).220 Even higher densities lead to jammed
states of semiflexible filaments at small Péclet numbers, followed by
laning and active turbulence for higher activities.219 It is important
to emphasize that this active turbulence occurs in a system without
momentum conservation and therefore at zero Reynolds number.
Nevertheless, the turbulent state is characterized by a power-law
decay of the kinetic-energy spectrum as a function of wave vec-
tor, reminiscent of Kolmogorov turbulence. The turbulent phase
exhibits topological defects and a dynamics similar to the behavior
seen theoretically in active nematics and experimentally in solutions
of microtubules in the presence of molecular motors.57,60,207

A flexible polymer composed of hydrodynamically self-
propelled, pointlike, and extensile force dipoles (cf. Sec. VI B 2),
confined in a sphere, as a model of chromatin organized in the
cell nucleus shows large-scale coherent motion (cf. Fig. 15). The
extensile force, mimicking a local molecular motor, reorganizes the
polymer by stretching it into long and mutually aligned segments.
This process is driven by the long-range flows generated along the
chain by motor activity, which tends to both straighten the polymer
locally and align nearby regions.232 As a result, large patches with
high nematic order appear. Studies of contractile polymers show that
this transition to a highly coherent state is linked with the exten-
sile dipole, which emphasizes the interplay between connectivity of
dipoles in a chain and hydrodynamic interactions mediated by the
embedding fluid.232

VIII. CONCLUSIONS AND OUTLOOK
We have demonstrated that the coupling of polymer degrees

of freedom and active driving leads to many novel phenomena
with respect to polymer conformational and dynamical properties.
Depending on the nature of the active process—random vs tan-
gential driving—polymers swell or collapse, and their dynamics is
typically enhanced. Moreover, hydrodynamic coupling of the flow
fields of the active monomeric units leads to long-range correlations
and coherent motion. In ensembles of active polymers, steric and
hydrodynamic interactions imply novel long-range collective turbu-
lent motion with large-scale patterns. The various aspects empha-
size the uniqueness of systems comprised of active polymers and
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filaments and render active soft matter a promising class of new
materials.97,242

We are only beginning to understand and unravel the prop-
erties of polymeric active-matter systems. The current perspective
article describes the theoretical and modeling approaches and
major results of mainly individual polymers and filaments.
These approaches establish the basis for further studies in various
directions.

Phase behavior. Active particles and filaments exhibit novel col-
lective phenomena and new phases such as MIPS. Typically, two
dimensional (2D) systems are considered, whereas much less atten-
tion has been paid to three dimensional (3D) realizations. However,
we can expect the appearance of novel structures and phases in
3D. First studies of active nematics consisting of microtubules and
kinesin molecular motors yield a chaotic dynamics of the entire sys-
tem.243 The analysis of spatial gradients of the director field shows
regions with large elastic distortions, which mainly form curvilinear
structures as either isolated loops or a complex network of system-
spanning lines. These distortions are topological disclination lines
characteristic of 3D nematics.243

Far less is known about the phase behavior of active Brownian
polymers, both in 2D and 3D. Comparison of results for ABPs and
active dumbbells in 2D indicates a shift of the critical activity for the
onset of MIPS to higher values.105 We can expect a further shift of
the critical point for longer polymers and a possible suppression of
the phase transition beyond a particular polymer length.

Confinement. Confinement will alter the properties of the active
polymers substantially. Already, spherical ABPs accumulate at walls.
We expect an even stronger accumulation for active polymers. As
an example, simulations of D-ABPO confined in a slit yield devia-
tions in the scaling behavior of the wall force established for passive
polymers.244

Active–passive mixtures. New phenomena appear in mixtures
of active and passive components. Systems of ABPs mixed with
passive colloids exhibit phase separation235,245,246 and a collective
interface dynamics.235 Passive semiflexible polymers embedded in
an active bath of ABPs exhibit novel transient states in 2D,151,247–249

where an activity-induced bending of the polymers implies an asym-
metric exposure to active particles, with ABPs accumulating in
regions of highest curvature, as has been observed for ABPs in con-
finement.250 This leads to particular polymer conformations such as
hairpins, structures that are only temporarily stable and dissolve and
rebuild in the course of time.

The presence of both active and passive components is a hall-
mark of living systems. So far, the impact of activity on the prop-
erties of the passive components is unclear. Simulations of two-
component mixtures of polymers at different temperatures, which
is an alternative approach to establish a nonequilibrium state,251

yield phase separation of the two components at large tempera-
ture differences.36 Here, the two temperatures account for the activ-
ity of hetero- and euchromatin, which could play a role in chro-
mation separation in the cell nucleus.32–36 Although temperature
control is an acceptable way of implementing activity differences,
other out-of-equilibrium processes should be considered as well.
Cells exhibit condensed structures—the so-called membraneless
organelles—encompassing and concentrating specific molecules,
such as proteins and RNA in the cytoplasm.252–254 In vivo experi-
ments suggest that active processes, which occur constantly within

such organelles, play a role in their formation.252,253 An understand-
ing of the interplay between equilibrium-thermodynamic driving
forces and nonequilibrium activity in organelle formation is funda-
mental in the strive to elucidate their functional properties and their
contribution to cell physiology and diseases.

Active–passive copolymers. Passive copolymer systems self-
assemble into ordered and tuneable structures in a wide range of
morphologies, including spheres, cylinders, bicontinuous phases,
lamellae, vesicles, and many other complex or hierarchical assem-
blies, driven by the preferred attractive and repulsive interactions
between the different constituents of the copolymers.255,256 Copoly-
mers composed of monomers of different activity will show an
even richer phase and dynamical behavior and will provide addi-
tional means to control structure formation and transport. Since
biological macromolecules are rather intrinsically disordered than
homogeneous, studies of active copolymer systems will improve
our understanding of structure formation in biological cells. Specif-
ically, for polymeric assemblies of hydrodynamically self-propelled
monomers, a strong hydrodynamical monomer–monomer coupling
can be expected, e.g., by monomers with different active stress or
diameter, leading to a rich dynamics and particular self-organized
structures.115 Assembling several active/passive monomers into
one unit may even be a route to design intelligent active parti-
cles, which sense and respond autonomously to other units and
show swarm-intelligent behavior as schools of fish or flocks of
birds.5,40,257,258

Active turbulence. As mentioned several times, active nematics
and bacteria exhibit chaotic, turbulent behavior. Up to now, sim-
ilarities or differences to Kolmogorov-type turbulence259 of large
Reynolds number fluids have not been resolved satisfactorily. In
particular, the impact of polymer degrees of freedom needs to be
investigated.

Hydrodynamic interactions. Various discussed examples high-
light the relevance of hydrodynamic interactions for the conforma-
tional, dynamical, and collective effects of active polymers. Here, a
broad range of studies is required to unravel hydrodynamics effects
on the phase behavior of active polymers, specifically their properties
under confinement and under flow.

Rheology. Experiments show that the viscosity of a dilute sus-
pension of swimming bacteria can be lower than that of the fluid
medium.260,261 This is a consequence of the interplay between bac-
teria (pushers) alignment with the flow and stress generation by
the microswimmers, which enhances the applied shear stress and
leads to an apparent viscosity reduction that increases with increas-
ing volume fraction of cells.261 Even “superfluidity” is obtained in
bacterial suspensions at the onset of nonlinear flow and bacteria
collective motion.260,261 Certainly, various observed aspects are of
hydrodynamic origin and depend crucially on the flow field of the
microswimmer. Analytical calculations of dilute dumbbell and D-
ABPO systems already reveal an influence of activity on the zero-
shear viscosity and the shear-thinning behavior.104,262 On a more
macroscopic scale, shear experiments on long, slender, and entan-
gled living worms (Tubifex tubifex) show that shear thinning is
reduced by activity and the concentration dependence of the low-
shear viscosity exhibits a different scaling from that of regular poly-
mers.263 This highlights the wide range of rheological phenom-
ena in active matter. Clearly, systematic studies of various kinds
of active polymers are needed to shed light onto their rheological

J. Chem. Phys. 153, 040901 (2020); doi: 10.1063/5.0011466 153, 040901-15

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics PERSPECTIVE scitation.org/journal/jcp

behavior. Ultimately, such polymers might be useful as rheological
modifiers.

In summary, there is a wide range of interesting aspects of
active polymers, ranging from individual polymers with their dif-
ferent driving mechanisms to their collective properties as a func-
tion of concentration, and to rheological aspects. Simulations and
analytical theories, which are based on the described models and
approaches, will certainly play a decisive role in the elucidation of
the many novel and unexpected nonequilibrium features of these
systems.
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