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Understanding the robustness of topological phases of matter in the presence of interactions poses a difficult

challenge in modern condensed matter, showing interesting connections to high energy physics. In this work,

we leverage these connections to present a complete analysis of the continuum long-wavelength description of

a generic class of correlated topological insulators: Wilson-Hubbard topological matter. We show that a Wilso-

nian renormalization group (RG) approach, combined with the so-called topological Hamiltonian, provide a

quantitative route to understand interaction-induced topological phase transitions that occur in Wilson-Hubbard

matter. We benchmark two-loop RG predictions for a quasi-1D Wilson-Hubbard model by means of exhaustive

numerical simulations based on matrix product states (MPS). The agreement of the RG predictions with MPS

simulations motivates the extension of the RG calculations to higher-dimensional topological insulators.
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I. INTRODUCTION

Condensed-matter and high-energy physics study phenom-

ena at vastly different scales and, yet, these can often be un-

derstood by the same concepts and unifying principles. One

of the major examples of the cross-fertilization of fundamen-

tal ideas between these two disciplines is the theory of spon-

taneous symmetry breaking, which is both paramount to our

current understanding of phases and phase transitions in con-

densed matter [1–3], and to the standard model describing el-

ementary particles and their interactions [4–6]. These paral-

lelisms become clearer under the light of a common language:

the theory of interacting quantum fields [7, 8]. In this context,

again, a multi-disciplinar approach based on concepts of scal-

ing and critical phenomena leads to the so-called renormal-

ization group [9], which has turned out to be the key to under-

stand many-body effects in condensed-matter systems [10], or

the very definition of a relativistic quantum field theory [11].

Beyond these fruitful connections, there is also the possibil-

ity of finding condensed-matter analogues of models initially

introduced in the realm of high-energy physics, or vice versa.

In this way, one may not only use a common framework to un-

derstand widely different phenomena, but actually observe the

same phenomenon in two different scenarios. Graphene is a

representative and well-known example of this situation [12],

as the low-energy electronic excitations of this semi-metal act

as analogues of a relativistic quantum field theory of mass-

less Dirac fermions. Another recent example of this trend

lies in the physics of topological insulators, which are in-

sulating phases of matter that are not characterized by local

order parameters but, instead, by certain topological invari-

ants [13]. Some of these topological insulators can be rep-

resented by minimal models that are condensed-matter ana-

logues of relativistic quantum field theories of massive Wil-

son fermions [14], which originally appeared in the context of

lattice gauge theories for elementary particle physics [15].

A question of current interest in the field of topologi-

cal insulators [16] and symmetry-protected topological (SPT)

phases [17] is to explore correlation effects, such as the pos-

sibility of finding interaction-induced quantum phase tran-

sitions that separate these SPT phases from other non-

topological ground-states. Let us note that, although these

topological quantum phase transitions cannot be understood

from the principle of spontaneous symmetry breaking men-

tioned above, they can still be characterized by the closure of

a many-body energy gap, such that scaling phenomena should

also be relevant. Accordingly, the connection of continuum

relativistic quantum field theories (QFTs), scaling, and the

renormalization group (RG) to these topological phases might

offer a systematic route to understand correlation effects. In
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this paper, we carefully explore this possibility for certain

types of correlated topological insulators: Wilson-Hubbard

topological matter, which can be described in terms of a rela-

tivistic QFT of massive Wilson fermions with four-Fermi in-

teractions in the vicinity of a topological band inversion point.

We show that a Wilsonian RG offers a neat qualitative pic-

ture to understand these topological phases, and a quantitative

scheme to obtain the phase boundaries that separate them from

other non-topological phases.

This article is organized as follows. In Sec. II, we start

by reviewing the use of relativistic QFTs of massive Wil-

son fermions as long-wavelength representatives of topo-

logical insulators II A. We then include interactions leading

to Wilson-Hubbard topological matter, and discuss the Eu-

clidean functional integral that contains all relevant infor-

mation about the possible phases and phase transitions II B.

In II C, we start by reviewing the Wilsonian approach to

the RG of interacting QFTs. We then move on to discuss

generic features of the RG flows for Wilson-Hubbard mat-

ter at tree level, which offer a neat connection between the

long-wavelength limit and the flat-band limit of topological

insulators. We also discuss the use of the RG flows of the

QFT parameters to obtain interaction-induced corrections to

the so-called topological Hamiltonian [18, 19], providing a

straightforward route to calculate the corresponding many-

body topological invariants. In Sec. III, we apply the RG

to a one-dimensional model of Wilson-Hubbard matter: the

imbalanced Creutz-Hubbard ladder III A. This model of an

interacting topological insulator yields a perfect playground

to test the qualitative and quantitative validity of the RG ap-

proach beyond tree level, as one may compare two-loop RG

corrections to quasi-exact numerical simulations based on ma-

trix product states III B. In III C, we provide a further bench-

mark of the RG calculations and the renormalized topological

Hamiltonian by characterizing the bi-partite correlations at the

topological quantum phase transition. Finally, in Sec. IV, we

present our conclusions and outlook.

II. FUNCTIONAL INTEGRALS FOR TOPOLOGICAL

INSULATORS WITH HUBBARD-TYPE INTERACTIONS

A. Quantum field theories as representatives of

non-interacting topological insulators

In this section, we describe a generic lattice Hamilto-

nian [20–22] that can host different classes of non-interacting

topological insulators [13, 23], as well as a continuum quan-

tum field theory that captures its long-wavelength properties,

including the underlying topological features. This will serve

us to review certain aspects of topological insulators, and to

set the notation used throughout this manuscript.

(a) Continuum Dirac QFTs and topological invariants.–

A fundamental ingredient of this work is the massive Dirac

quantum field theory in a D=(d+1)-dimensional Minkowski

space-time [8], which can serve as a building block to con-

struct a representative QFT for various topological insulating

phases [21]. In the Hamiltonian formulation, this quantum

field theory (QFT) can be written as

HD=

∫

Λd

ddk

(2π)d
Ψ†

µ(kkk)[hD(kkk)]
µ,ν Ψν(kkk), hD(kkk) = αi k

i +mβ ,

(1)

where Ψ(kkk),Ψ†(kkk) are the spinor fermionic field operators ful-

filling {Ψµ(kkk),Ψ
†
ν(kkk

′)}= (2π)dδµ,ν δ (d)(kkk−kkk′), and the mo-

mentum lies below a certain ultra-violet (UV) cutoff to reg-

ulate the QFT, namely kkk ∈ Λd if |ki| ≤ Λc (i.e. Λd → R
d

as the cutoff is removed Λc → ∞). In the above expres-

sion, {αi}
d
i=1 and β are the so-called Dirac matrices, which

are mutually anti-commuting Hermitian matrices that square

to the identity, and we use natural units h̄ = c = 1 together

with Einstein’s summation criterion. Depending on the par-

ticular choice of the Dirac matrices [24], the single-particle

Hamiltonian hD(kkk) may, or may not, respect the following

discrete symmetries: time-reversal symmetry T is fulfilled if

UThD(−kkk)∗U†
T
= hD(kkk); particle-hole symmetry C takes place

when UChD(−kkk)∗U†
C
= −hD(kkk); and the so-called sub-lattice

symmetry S occurs if UShD(kkk)U
†
S
= −hD(kkk), where we have

introduced various unitary rotations UT,UC,US [25]. We note

that these discrete symmetries can be related to the ten-fold

classification of symmetric spaces [26] via the corresponding

time-evolution operator UD(t) = e−ithD(kkk).

To give concrete examples that shall be used throughout this

work, let us consider (i) the (2+1)-dimensional QFT (1) with

α1 = σ x, α2 = σ y, and β = σ z expressed in terms of Pauli

matrices. In this case, there is no unitary operator that can

fulfill any of the above transformations, and the Dirac QFT

thus explicitly breaks the time-reversal, particle-hole, and sub-

lattice symmetries. In this case, the time-evolution opera-

tor UD(t) = e−ithD(kkk) lies in the so-called unitary symmetric

space [21], labeled as A. From this parent Hamiltonian, one

may use a Kaluza-Klein-type dimensional reduction by com-

pactifying the second spatial direction into a vanishingly small

circle [20, 21]. (ii) The resulting d = 1 Dirac QFT (1) with

α1 = σ x, and β = σ z, now respects the sub-lattice symmetry

with US = σ y, but breaks both time-reversal and particle-hole

symmetries. In this case, the time-evolution operator belongs

to the chiral unitary symmetric space, labeled as AIII. We note

that this idea of dimensional reduction allows one to find rep-

resentatives of all ten possible symmetric spaces starting from

a higher-dimensional Dirac QFT [20, 21].

To understand the use of these QFTs as building blocks

of topological insulators, let us consider the zero-temperature

groundstate |εgs〉 = ∏kkk∈Λd |ε−(kkk)〉, which is obtained by oc-

cupying all the single-particle modes |ε−(kkk)〉 with energies

ε−(kkk) = −
√

m2 + kkk2. Depending on the dimensionality and

the discrete symmetries of the Hamiltonian introduced above,

one can define a topological invariant that characterizes each

ground-state. These topological invariants, which cannot be

modified by perturbations that respect the corresponding sym-

metries unless a quantum phase transition takes place, can be

defined through momentum integrals of either the so-called

Chern characters or Chern-Simons forms [21]. For the exam-

ples cited above, one finds that: (i) the d = 2 Dirac QFT in

the A class is characterized by the integral of the first Chern



3

character ch1 =
i

2π ∂ki〈ε−(kkk)|∂k j |ε−(kkk)〉dki ×dk j,

Ch1 =
∫

Λ2
ch1 =

m

2|m|
. (2)

This topological invariant, which is known as the first Chern

number, cannot change unless m = 0, which signals a quan-

tum phase transition. (ii) For the d = 1 Dirac QFT in the

AIII class, the integral of the first Chern-Simons form Q1 =
i

2π 〈ε−(k)|∂k|ε−(k)〉dk yields the Chern-Simmons invariant

CS1 =
∫

Λ1
Q1 =

m

4|m|
. (3)

In contrast to the Chern number, this quantity is not gauge in-

variant, and one typically defines an associated Wilson loop

W1 = ei2πCS1 , which gives a quantized topological invariant

that cannot change unless m = 0. We emphasize that simi-

lar topological invariants can be constructed for any particular

higher-dimensional Dirac QFT [21], which allows one to find

the required building blocks for all 10 possible topological

insulators-superconductors [25], excluding the appearance of

additional crystalline symmetries.

(b) Discretized QFTs, fermion doubling and invariants.–

From a condensed-matter perspective [7], the above Dirac

QFT (1) will arise as a low-energy approximation that tries

to capture the relevant physics of a particular material at

long wavelengths ξ ≫ a or, equivalently, at low momenta

|ki| ≤ Λc ≪ 2π/a. Here, a is the lattice constant of the

material, which serves as natural UV regulator of the QFT.

Paradigmatic examples of massless Dirac QFTs in condensed-

matter setups appear in the so-called one-dimensional Lut-

tinger liquids [27] and two-dimensional graphene [12]. On

the other hand, for a non-vanishing mass/gap, these contin-

uum QFTs (1) can serve as building blocks to construct a low-

energy approximation of topological insulators. Let us now

introduce some peculiarities of the lattice regularization from

the perspective of lattice field theory (LFT) [15].

A naive approach is to discretize the spatial derivatives

of the Dirac Hamiltonian that lead to the linear dependence

on momentum in Eq. (1). By introducing a Bravais lattice

Λℓ = aZd = {xxx : xi/a ∈ Z,∀i = 1, · · · ,d}, the corresponding

Hamiltonian LFT can be expressed as follows

HD = ∑
xxx∈Λℓ

ad

(

Ψ†(xxx)
iαi

2a
Ψ
(

xxx+auuui
)

+mΨ†(xxx)
β

2
Ψ(xxx)+H.c.

)

,

(4)

where {uuui}d
i=1 are the unit vectors of the Bravais lattice.

Moreover, the lattice spinor fields Ψ(xxx),Ψ†(xxx) display the

desired anti-commutation algebra in the continuum limit

{Ψµ(xxx),Ψ
†
ν(xxx

′)} = 1
ad δµ,ν δxxx,xxx′ → δµ,ν δ (d)(xxx − xxx′). Trans-

forming the field operators to momentum space,

Ψµ(xxx) =
∫

BZd

ddk

(2π)d
eikkk·xxx Ψµ(kkk), (5)

one obtains a QFT similar to Eq. (1), where momenta now lie

within the so-called Brillouin zone Λd → BZd = (−π
a
, π

a
]×

d
,

and the single-particle Hamiltonian is

hD(kkk) =
1

a
αi sin(kia)+mβ . (6)

The energy spectrum of this lattice Hamiltonian becomes

ε±(kkk) ≈ ±
√

m2 + kkk2 at long wavelengths ξ ∼ k−1
i ≫ a, and

thus reproduces the energy of the massive Dirac fermion.

However, there are other points at the borders of the Bril-

louin zone that lead to a similar dispersion relation (i.e. Dirac

points), and thus give rise to additional relativistic fermions,

the so-called fermion doublers. In fact, there is an even

number ND = 2d of Dirac points, labelled by kkknnn = π
a

niuuu
i

with ni ∈ {0,1}, which lead to a dispersion relation that

is approximately described by a massive relativistic particle

ε±(kkknnn + kkk) ≈ ±
√

m2 + kkk2 at long wavelengths ξ ∼ k−1
i ≫ a.

The effective QFT around each of these points corresponds to

an instance of the massive Dirac QFT hD(kkknnn+kkk)≈αnnn
i ki+mβ

with a different choice of the Dirac matrices αnnn
i = (−1)niαi.

Let us note that this effective QFT is defined within a certain

long-wavelength cutoff where the linearization is valid, such

that Λd = (−π/lc,π/lc]
×d

in Eq. (1). As will become clear

below, using the perspective of the renormalization group

(RG) [9], we shall approach this continuum limit by setting

the parameters of the lattice Hamiltonian close to a quantum

phase transition, where the characteristic correlation length di-

verges ξ/lc → ∞, and effectively Λd → R
d . Accordingly, we

get ND copies of the desired continuum QFT (1).

From the perspective of LFT, the presence of fermion dou-

blers with nnn 6= 0 is an unfortunate nuisance, as they will in-

evitably couple to the target nnn = 0 Dirac QFT as soon as addi-

tional interaction terms are included [15]. Moreover, the pres-

ence of the doublers is a generic feature for different lattice

discretizations, and is related to the difficulty of incorporating

chiral symmetry on the lattice [28].

From the perspective of topological insulators, the presence

of these doublers is already important at the non-interacting

level. In the lattice, the even number of relativistic fermions

can be divided into two sets S± with opossite chiralities, each

of which contains an equal number |S±| = 2(d−1)of Dirac

points: nnn ∈ S± if (−1)∑i ni =±1. This sign difference is trans-

lated into an opposite Chern character (2) or Chern-Simons

form (3), such that the topological invariant obtained by in-

tegrating over the whole Brillouin zone vanishes (i.e. sum-

ming an equal number of positive and negative contributions

over all Dirac points yields a zero topological invariant). Ac-

cordingly, due to the presence of the spurious fermion dou-

blers, this naive lattice Hamiltonian (4) fails at reproducing

the non-vanishing topological invariant in Eq. (2) or (3) of the

single massive Dirac QFT (1). For the representative exam-

ples discussed above, one finds that: (i) there are a ND = 4

Dirac points for the d = 2 Dirac QFT in the A class, such

that the integral of the first Chern character Ch1 =
∫

Λ2 ch1 =
m

2|m| (1− 1− 1+ 1) = 0. (ii) For the d = 1 Dirac QFT in the

AIII class, there are ND = 2 Dirac points, such that integral of

the first Chern-Simons form CS1 =
∫

Λ1 Q1 =
m

4|m| (1−1) = 0,

leading to a trivial Wilson loop W1 = 1. We conclude that

the groundstate of such naive lattice models corresponds to a
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trivial insulator, and not to the desired SPT phase.

(c) Wilson and continuum QFTs of topological insulators.–

We now discuss a possible route to get around the effect of

the spurious doublers, which is well-known in LFT [29, 30],

and corresponds to a generic model of non-interacting topo-

logical insulators [20–22]. The route is based on Wilson’s

prescription to construct lattice Hamiltonians that yield a dif-

ferent mass mnnn for each of the fermion doublers [14]. This

can be achieved by modifying Eq. (4), and introducing the so-

called Wilson-fermion Hamiltonian LFT

HW = HD + ∑
xxx∈Λℓ

ad

(

Ψ†(xxx)
δmiβ

2
Ψ
(

xxx+auuui
)

+H.c.

)

, (7)

where the parameters δmi quantify certain mass shifts. In

this case, transforming the lattice Hamiltonian to momentum

space, HW=
∫

BZd
ddk

(2π)d Ψ
†
µ(kkk)[hW(kkk)]µ,ν Ψν(kkk), yields the fol-

lowing single-particle Hamiltonian

hW(kkk) =
1

a
αi sin(kia)+(m+δmi cos(kia))β . (8)

We perform again a long-wavelength approximation around

the different momenta kkknnn = π
a

niuuu
i, namely setting kkk → kkk +

kkknnn such that |kkk| ≪ π/lc. The Wilson-fermion LFT (7) yields

a continuum Wilson-fermion QFT described by ND instances

of the massive Dirac QFT (1), each describing a relativistic

fermion with a different Wilson mass

HW ≈

∫

Λd

ddk

(2π)d ∑
nnn

Ψ†
nnn,µ(kkk)[h

nnn
D(kkk)]

µ,ν Ψnnn,ν(kkk). (9)

Here, we have introduced the spinorial fermionic operators

Ψ
†
nnn(kkk),Ψnnn(kkk) that create-annihilate Dirac fermions with a

Wilson mass mnnn, and the single-particle Hamiltonians

hnnn
D(kkk) = αnnn

i ki +mnnnβ , mnnn = m+∑
i

(−1)ni δmi. (10)

We note once more that this effective QFT is defined within

a certain cutoff, such that Λd = (−π/lc,π/lc]
×d

→ R
d in the

vicinity of a critical point (i.e. continuum limit ξ/lc → ∞).

This limit, as well as the meaning of the approximation sym-

bol in Eq. (9), will be discussed below in light of the RG.

From a QFT perspective, setting the lattice parameters m

and δmi in such a way that mnnn ∼ a−1 ≫ m000 ≥ 0 ∀nnn 6= 000,

effectively sends all fermion doublers to very high energies

(on the order of the UV cutoff). Accordingly, it could be

expected that they will not contribute to the low-energy phe-

nomena described by the single Dirac fermion at kkk000 = 000. For

δmi =−m/d, it is only the Dirac point at kkk000 that is massless,

and can serve as the starting point to study quarks coupled to

gauge fields in lattice quantum chromodynamics [14, 15].

From the perspective of topological insulators, the situa-

tion is complicated by the fact that the topological invariants

are non-local quantities obtained by integrating over all mo-

menta (2)-(3), and are thus also sensitive to the doublers even

if they lie at very large energies. In fact, the presence of

the doublers is crucial to turn the above invariants in Eq. (2)

or (3) into integer topological numbers, making the Wilson-

fermion QFT (9) a generic quantum-field-theory representa-

tive of topological insulators [21].

This can be easily observed for the examples introduced

above: (i) the d = 2 Wilson-fermion QFT representative of

the A class of topological insulators can be related to the in-

teger quantum Hall effect [31], where integer Chern numbers

underlie the quantization of the transverse conductance [32].

For the corresponding groundstate of the Wilson QFT (9), the

integral of the first Chern character yields

Ch1 =
∫

Λ2
ch1 = ∑

nnn

pnnn

mnnn

2|mnnn|
= ∑

nnn

1
2

pnnnsgn(mnnn), (11)

where we have introduced pnnn = exp{iπ ∑i ni}. Accordingly,

if the lattice parameters δmi are such that a mass inversion

occurs for some of the Wilson fermions, it becomes possible

to obtain a non-vanishing integer-valued topological invariant

Ch1 ∈ Z, which can be related to the plateaus of the quan-

tum Hall effect observed at integer fillings [32]. In addition,

the edge states responsible for the transverse conductance in

the integer quantum Hall effect [33] have a counterpart in the

Wilson LFT: they correspond to the so-called domain-wall

fermions [29, 30], which are masless Dirac fermions localized

at the boundaries of the lattice.

Something similar occurs for the (ii) d = 1 Wilson LFT of

the AIII class of topological insulators, where

CS1 =
∫

Λ1
Q1 = ∑

nnn

pnnn

mnnn

4|mnnn|
= ∑

nnn

1
4

pnnnsgn(mnnn). (12)

One thus obtains a non-trivial Wilson loop W1 = ei2πCS1 =−1

whenever an odd number of mass inversions take place. Once

again, if one introduces an interface between the topological

phase and a non-topological one (e.g. considering a finite sys-

tem with boundaries), gapless edge excitations localized to the

interface appear, which are related to the zero-energy Jackiw-

Rebbi modes localised at a mass-inversion point [34].

Let us note that alternative discretizations that also lead to

Dirac fermions with different Wilson masses, thus display-

ing topological features and edge states, have also appeared in

condensed-matter contexts [35–38]. From the perspective of

LFTs, these edge modes correspond to lower-dimensional ver-

sions of the aforementioned domain-wall fermions. From the

perspective of topological insulators, the properties of these

phases can be shown to be robust against any perturbation,

e.g. disorder, that respects the symmetry of the given symme-

try class. A problem of current interest in the community is

to understand the interplay of these topological properties and

correlation effects brought by interactions [16].

B. Euclidean action and functional integrals for correlated

topological insulators

In this section, we present a functional-integral description

of the previous generic lattice Hamiltonian (7) when Hubbard-

type interactions [39] between the fermions are included. This
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functional integral will be the starting point to develop RG

techniques that allow us to understand the fate of the topolog-

ical phases as the interactions are switched on.

Let us consider the Wilson lattice Hamiltonian (7) in the so-

called lattice units a = 1, and introduce Hubbard-type contact

interactions describing the repulsion of fermions. This leads

to the following Wilson-Hubbard lattice Hamiltonian

HWH = HW +∑
ν ,µ

∑
xxx∈Λℓ

Ψ†
µ(xxx)Ψ

†
ν(xxx)

uµν

2
Ψν(xxx)Ψµ(xxx), (13)

where we have introduced interaction strengths uµν > 0. In

general, the relation of these parameters to the spinorial in-

dexes will depend on the nature of the orbitals that determine

the fermionic spinors Ψ(xxx),Ψ†(xxx). For the previous examples

of A and AIII topological insulators, due to Pauli exclusion

principle, one simply finds uµν = (1−δµ,ν)u for u > 0.

We are interested in computing the partition function of the

Wilson-Hubbard Hamiltonian Z = Tr{exp(−βHWH)}, where

β is the inverse temperature, as it contains all the rele-

vant information about the possible quantum phase transi-

tions in the zero-temperature limit β → ∞. This partition

function can be expressed as a functional integral by means

of fermionic coherent states [7]. We thus introduce Grass-

mann spinors ψ(xxx,τ),ψ(xxx,τ) at each lattice point xxx ∈ Λℓ

and imaginary time τ ∈ (0,β ), which are composed of mutu-

ally anti-commuting Grassman fields {ψµ(xxx,τ),ψν(xxx
′,τ ′)}=

{ψµ(xxx,τ),ψν(xxx
′,τ ′)}= {ψµ(xxx,τ),ψν(xxx

′,τ ′)}= 0. Since the

Wilson-Hubbard Hamiltonian is already normal-ordered, one

can readily express the zero-temperature partition function as

a functional integral Z =
∫

[dψdψ]e−SWH[ψ̄,ψ], where the Eu-

clidean action is a functional of the Grassmann fields

SWH[ψ,ψ] =
∫ ∞

0
dτ ∑

xxx∈Λℓ

(

ψ(xxx,τ)∂τ ψ(xxx,τ)+HWH(ψ,ψ)
)

,

(14)

and HWH(ψ,ψ) results from substituting the fermion field op-

erators by Grassmann variables in the normal-ordered Hamil-

tonian (13). By Fourier transforming to frequency and mo-

mentum space ψµ(xxx,τ) =
∫

R

dω
2π

∫

BZd
ddk

(2π)d ei(kkk·xxx−ωτ) ψµ(kkk,ω),

the action becomes

SWH[ψ,ψ] = SW[ψ,ψ]+δSW[ψ,ψ]+δSH[ψ,ψ]. (15)

Here, we have introduced the free action SW for the Wilson

QFT (9) with single-particle Hamiltonian (10), namely

SW =

∫

kkk,ω
∑
nnn

ψnnn,µ(kkk,ω)[−iωI+hnnn
D(kkk)]

µ,ν ψnnn,ν(kkk,ω), (16)

where the integration symbol is
∫

kkk,ω =
∫

R

dω
2π

∫

Λd
ddk

(2π)d . Since

this QFT arises at long wavelengths, we must also include

corrections to this approximation in δSW, namely

δSW =

∫

kkk,ω
∑
nnn

ψnnn,µ(kkk,ω)[δhnnn
D(kkk)]

µ,ν ψnnn,ν(kkk,ω), (17)

where we have introduced

δhnnn
D(kkk) = (−1)ni

[(

sin(ki)− ki
)

αi +δmi

(

cos(ki)−1
)

β
]

.
(18)

Finally, the Hubbard interactions lead to the quartic term

δSH =

∫

{kkk,ω}
∑
{nnn}

uµν

2
ψnnn4,µ

(4)ψnnn3,ν
(3)ψnnn2,ν

(2)ψnnn1,µ
(1),

(19)

where we have introduced the short-hand notations ψnnn j ,µ( j)=

ψnnn j ,µ(kkk j,ω j) for j ∈ {1,2,3,4} [10], ∑{nnn} = ∑nnn1,nnn2,nnn3,nnn4
,

and
∫

{kkk,ω} = ∏ j

∫

kkk j ,ω j
(2π)2δ (ω4+ω3−ω2−ω1)δ (qqq4+qqq3−

qqq2 −qqq1), where qqq j = kkknnn j
+kkk j is the momentum about the dif-

ferent Dirac points. The goal of this work is to study the inter-

play of the quadratic and quartic terms in the Wilson-Hubbard

action (15) from the point of view of the RG [10].

C. Renormalization group flows of Wilson fermions and the

topological Hamiltonian

In this section, we discuss generic properties of interacting

topological insulators in light of the RG. Since we are inter-

ested in the continuum QFT description of interacting topo-

logical insulators, we must focus on phenomena at long length

scales ξ , where it makes sense to partition the action (15) into

a long-wavelength term SW (16), and the perturbations caused

by shorter-wavelength corrections δSW (17) and by the inter-

actions δSH (19). Since ξ ≫ lc, the physical properties of

interest should not depend on our choice of the cutoff in the

action (15). Therefore, we should be able to change the cut-

off lc → l′c = slc > lc for s > 1 (i.e. Λc → Λ′
c = Λc/s < Λc)

without modifying the physics. This can only be achieved

if one allows for the microscopic coupling parameters of the

Wilson-Hubbard action (15) to run with the cutoff {gi(Λc)}
(i.e. {mnnn(Λc),uµν(Λc)}), which is the essence of the renor-

malization group [10, 11]. The Wilsonian RG prescription al-

lows us to calculate such an RG flow in a systematic fashion,

and associates the change of the bare couplings to the dressing

of the long-wavelength fields by the short-wavelength modes

that must be integrated out as the cutoff is lowered [9].

(a) Wilsonian RG by coarse graining and rescaling.–

By writing the Grassmann fields in terms of the short-

wavelength (fast) and long-wavelength (slow) modes,

ψ f
nnn,µ(kkk,ω) = ψnnn,µ(kkk,ω) for Λc ≥ |kkk| ≥ Λc/s, and

ψs
nnn,µ(kkk,ω) = ψnnn,µ(kkk,ω) for Λc/s ≥ |kkk| ≥ 0, respectively, the

Wilsonian RG can be divided into two steps:

(i) In the first one, one coarse grains the action by integrat-

ing out the fast modes, such that the new coarse-grained action

can be expressed, up to an irrelevant constant, as follows

S′WH[ψ
s,ψs] = SW[ψs,ψs]− log

〈

e
−δSWH

[

ψs,ψ f,ψs,ψ f
]

〉

f

,

(20)

In this expression, we have grouped all the perturbations

in δSWH[ψ
s,ψ f,ψs,ψ f] = δSW[ψ f,ψ f]+δSH[ψ

s,ψ f,ψs,ψ f],
and defined their expectation value with respect to the

non-interacting partition function 〈e−δSWH[ψ
s,ψ f,ψs,ψ f]〉f =

∫

dΛ e−SW[ψ f,ψ f]e−δSWH[ψ
s,ψ f,ψs,ψ f]/

∫

dΛ e−SW[ψ f,ψ f], where we

have introduced a short-hand notation for the integral over
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the fast modes
∫

dΛ =
∫

Λc/s≤|kkk|≤Λc
∏k dψ f(kkk,ω)dψ f(kkk,ω). To

evaluate this expectation value, we will make use of the free-

fermion propagator (i.e. the single-particle Green’s function)

G0
µν(iω,kkk) = 〈ψµ(kkk,ω)ψν(kkk,ω)〉f =

[

(

iω −hnnn
D(kkk)

)−1
]

µν
.

(21)

(ii) In the second step of the RG transformation, one

rescales the momentum and frequency

kkk → kkk′ = skkk, ω → ω ′ = sω, (22)

such that the original cutoff is restored Λ′
c → sΛ′

c = Λc. Note

that frequencies and wave-vectors are rescaled equally, which

can be traced back to a dynamical exponent z = 1, and the

emerging Lorentz invariance in the continuum limit (9). In

this situation, one can compare the original (15) and coarse-

grained (20) actions, trying to extract the dressing of the cou-

plings {mnnn(Λc),uµν(Λc)} by the fast modes that have been

integrated out during the coarse-graining step. This rescaling

must be accompanied by a scale transformation for the slow

modes

ψs
nnn,µ(kkk,ω)→ ψ ′

nnn,µ(kkk
′,ω ′) = s−∆ψ ψs

nnn,µ(kkk
′/s,ω ′/s), (23)

where ∆ψ is the so-called scaling dimension of the fermion

fields, which are homogeneous under the rescaling of mo-

menta and frequencies.

The scaling dimension is chosen in such a way that the

massless part of the free action (16) becomes invariant un-

der rescaling, i.e. the terms of the QFT (9)-(10) for vanishing

couplings m = δmi = uµν = 0, generally denoted as ggg = 000,

do not get modified. Let us note that it is customary in RG

treatments of QFT to define dimensionless couplings ggg [11].

Accordingly, the action for the naive Dirac fermions cor-

responds to a fixed point under the RG subsequent coarse-

graining and rescaling transformations, as it remains unal-

tered SWH[ψ,ψ;ggg = 000,Λc]
(i)
−−→ S′WH[ψ

s,ψs;ggg = 000,Λ′
c]

(ii)
−−→

S′WH[ψ
′,ψ ′;ggg = 000,Λc] = SWH[ψ,ψ;ggg = 000,Λc]. This is

achieved by choosing the fermion scaling dimension of ∆ψ =
(d + 2)/2 as a function of the spatial dimensionality d [10].

In the present case, considering that ∆ψ = (d +2)/2, and that

the action (15) is dimensionless, one finds that the interac-

tions uµν must be dimensionless, whereas the mass can be

adimensionalized by mnnn → mnnnΛc after substituting m → mΛc

and δmi → δmiΛc.

To proceed with the RG program in practice, and extract

the flow of the couplings, we must be able to calculate the

coarse-grained action (20). In perturbative RG, this is per-

formed by applying a perturbative expansion in some small

parameter. The cumulant expansion offers a systematic pro-

cedure to reach the desired order of the perturbation

log

〈

e
−δSWH

[

ψs,ψ f,ψs,ψ f
]

〉

f

=

=
∞

∑
n=1

(−1)n

n!

〈

δSWH

[

ψs,ψ f,ψs,ψ f
]n
〉

c,f
(24)

where 〈δSWH[ψ
s,ψ f,ψs,ψ f]n〉c,f is the n-th cumulant of the

perturbation obtained by integrating over the fast modes, e.g.

the mean 〈δS1
WH〉c,f = 〈δSWH〉f, the variance 〈δS2

WH〉c,f =

〈δS2
WH〉f −〈δSWH〉

2
f , and so on.

(b) Tree-level RG flow and adiabatic band flattening–

With this machinery, we can now discuss some generic fea-

tures of the RG for the Wilson-Hubbard matter (15), making

connections to the underlying topological insulators, and to

the possible quantum phase transitions that connect them to

other non-topological states of matter. At zero order of the

cumulant expansion, it is straightforward to calculate the RG

flow of the dimensionless Wilson masses mnnn (10) appearing

in the long-wavelength action (16). According to Eq. (20), af-

ter the two RG steps, the masses only get a contribution from

rescaling

mnnnΛc → mnnnΛc s, βmnnn =
dmnnn

dlogs
= mnnn, (25)

where βmnnn are the beta functions generally defined as β (ggg) =
∂ggg/∂ logs where s represents the energy scale.

Accordingly, the effect of the Wilson masses gets ampli-

fied (s > 1) as one integrates more and more short-wavelength

modes. Therefore, one says that the mass terms are relevant

perturbations that take us away from the infrared (IR) RG

fixed point of the ND massless non-interacting Dirac fermions.

Note also that the above RG flow respects the sign of the Wil-

son masses at the initial cutoff Λc. Hence, if sgn(mnnn) = ±1

at Λc, then mnnn →±∞ in the IR limit (i.e. positive masses be-

come more positive, whereas negative masses become more

negative, as one focuses on longer and longer length scales).

This will be of crucial importance for our study of the topo-

logical features of the Wilson-Hubbard model.

It is also straightforward to calculate the flow of the

shorter-wavelength perturbations (17) at first-order of the

cumulant expansion. The RG transformation affects the

terms in Eq. (18) as follows δhnnn
D(kkk)

(i)+(ii)
−−−−→ sδhnnn

D(kkk/s) =

∑
∞
ℓ=1

(−1)ℓ+ni

(2ℓ+1)! αi(k
i)2ℓ+1s−2ℓ + (−1)ℓ+ni

(2ℓ)! δmiΛc(k
i)2ℓβ s1−2ℓ, all

of which decrease under the RG since s > 1, and ℓ≥ 1.

These results allow us to understand the approximation

symbol in Eqs. (9) formally as the result of the RG flow

towards the long-wavelength IR limit (i.e. the shorter-

wavelength corrections are irrelevant perturbations in the RG

sense, and can be thus safely discarded). Moreover, in the

non-interacting regime, the RG offers an interesting picture

of the topological insulating phases based solely on the ac-

tion (16). The IR limit corresponds to sending the Wilson

masses to mnnn → ±∞ such that, in comparison, the disper-

sion of the bands becomes vanishingly small and we can ap-

proximate εnnn
±(k) ≈ ±mnnn. Therefore, the RG transformation

amounts to a continuous deformation into an equivalent flat-

band model hnnn
D(k)

(i)+(ii)
−−−−→ |mnnn|∑kkk∈Λd (P+(kkk)−P−(kkk)), where

P±(kkk) are orthogonal projectors onto the flat bands [13]. Since

the signs of the Wilson masses sgn(mnnn) are preserved under

the RG flow, the running of the Wilson masses can be consid-

ered as an adiabatic transformation that preserves the above

topological invariants (11)-(12). Accordingly, if there is a

mass inversion at the original cutoff responsible for a non-

vanishing integer topological invariant, the groundstate of the
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model at the IR limit will indeed correspond to a topological

insulating state of the equivalent flat-band model.

Despite the fact that the RG flow of the Wilson masses

seems to imply that the excitations become infinitely heavy

in the IR, and that the effective low-energy QFT should be

trivial [11], non-zero integer topological invariants (11)-(12)

indicate that the system can indeed display a non-trivial quan-

tized response at low energies. In fact, even if the bulk excita-

tions become infinitely heavy, the Wilson-fermion LFT with

mass inversion would display massless edge excitations in a

finite lattice with boundaries, such that the IR behavior is not

trivial. The conservation of the topological invariant under the

RG is a different manifestation of the non-triviality of the IR

QFT with boundaries (i.e. bulk-edge correspondence). The

quantum phase transition between a topological insulator and

a trivial band insulator will thus be marked by the mass in-

version for one of the ND Wilson fermions, which we label

as nnn⋆. Hence, the critical point of the non-interacting model

is marked by mnnn⋆ = 0, and thus corresponds to the RG fixed

point of a massless Dirac fermion, which controls the scaling

properties of the quantum phase transition.

(c) Interacting RG and the topological Hamiltonian.–

The question now is to study how this neat RG picture is modi-

fied as the quartic Hubbard interactions are switched on. Con-

sidering again the first-order cumulant 〈δSH[ψ
s,ψ f,ψs,ψ f]〉f

at the so-called tree level (i.e. processes that only involve

the slow Grassmann fields), the Hubbard interaction strengths

flow with

uµν → s1−duµν , βuµν =
duµν

dlogs
= (1−d)uµν . (26)

which implies that the interactions are a marginal perturba-

tion for the d = 1 case, and irrelevant in higher dimensions.

Let us note that, even when the interactions are irrelevant,

they can modify how the Wilson masses run, and affect con-

siderably the shape of the phase diagram. Our goal then is to

go beyond tree level, and explore how the interactions change

the above RG flow and the topological insulating phases. On

general grounds, we expect that the interactions will modify

the βmnnn function of the masses (25), such that the bare Wilson

masses get renormalized by the Hubbard couplings

mnnn → m̃nnn = mnnn +δmnnn(uµν). (27)

More generally, as a consequence of the interaction, the free-

fermion propagator (21) of the long-wavelength action (16)

will be transformed into G0(iω,kkk)→ G(iω,kkk), where

G−1(iω,kkk) = iω −hnnn
D(kkk)−Σnnn

D(iω,kkk), (28)

and Σnnn
D(iω,kkk) is the so-called self-energy, which includes var-

ious many-body scattering events that modify the propagation

of fermions. This quantity includes, among other non-static

effects, the aforementioned renormalization of the fermion

masses. Regarding its connection to topological insulators,

it has recently been demonstrated that only the static part of

the self-energy Σnnn
D(0,kkk) carries the relevant information for

the topological properties [18]. Accordingly, one can define a

topological Hamiltonian [19] that incorporates the effects of

interactions on the topological properties as follows

hnnn
top(kkk) = hnnn

D(kkk)+Σnnn
D(0,kkk). (29)

The calculation of topological invariants for interacting sys-

tems then parallels the discussion of the previous sections, as

the topological Hamiltonian can be interpreted as a dressed

single-particle Hamiltonian. This notion has become very

useful in the literature, as numerical tools such as dynami-

cal mean-field theory [40] or quantum Monte Carlo [41] are

ideally suited to calculate the zero-frequency self energy.

In our work, we shall be interested in understanding how

the analytical techniques based on perturbative RG can be

combined with the topological Hamiltonian to understand the

fate of topological insulators as interactions are increased.

From the preceding discussion, it is clear that the aforemen-

tioned renormalization of the Wilson masses will enter the

zero-frequency self-energy as Σnnn
D(0,kkk) = δmnnn(uµν)β , where

β corresponds here to the Dirac matrix. Using the topological

Hamiltonian (29) provides us with a direct way to extend the

topological invariants (11)-(12) to the correlated regime, as we

can calculate exactly the previous topological invariants. In

our case, we simply need to consider the renormalized masses

Ch1 = ∑
nnn

1
2

pnnnsgn(m̃nnn) (30)

for the two-dimensional A Chern insulators in (11), and

CS1 = ∑
nnn

1
4

pnnnsgn(m̃nnn) (31)

for the one-dimensional AIII topological insulators in (12).

A quantitative calculation of the renormalization of the Wil-

son masses will depend on the particular model under study.

In the following, we shall develop this RG program in detail

for a one-dimensional case, which serves as a neat playground

where our analytical predictions can be confronted to precise

numerical simulations [42, 43]. We will use this example to

test qualitatively the above RG picture of interacting topolog-

ical insulators. In contrast to the numerical or analytical tech-

niques used in [43], which are not immediately available for

higher spatial dimensions, the RG scheme beyond tree-level

can be directly extended to higher-dimensional models, which

we leave for future detailed studies.

III. RENORMALIZATION GROUP FLOWS AND THE

TOPOLOGICAL HAMILTONIAN OF AIII TOPOLOGICAL

INSULATORS

A. The imbalanced Creutz-Hubbard ladder

In this section, we consider a simple modification [43] of

a lattice model leading to a d = 1 Wilson-fermion Hamilto-

nian [44]. This model will be used as a testbed for the RG of

interaction effects in AIII topological insulators.

(a) Wilson-Hubbard matter on a π-flux two-leg ladder.–
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the particular scaling of the critical bi-partite correlations with

the chord distance. Due to non-extensive nature of the EEs

Sn(ℓ,L) = Sn(L− ℓ,L), the bipartite correlations might be ex-

pected to be contained within the boundary of the biparti-

tion, which leads to the so-called entropic logarithmic area

laws [59]. As occurs for the VNEE [60], the Rényi EEs

also display area-law violations for one-dimensional critical

systems [61], which contain information about the under-

lying conformal field theory (CFT) that describes the long-

wavelength properties of the system [62]. For open boundary

conditions, one finds that the Rényi EEs can be expressed as

Sn(ℓ,L) = SCFT
n (ℓ,L)+δSn(ℓ,L), (57)

which contains a logarithmic violation of the area law that

depends on the central charge c of the CFT

SCFT
n (ℓ,L) =

c

12

(

1+
1

n

)

logD(ℓ,L), (58)

together with a non-universal correction δSn(ℓ,L). We note

that the logarithmic scaling of these EEs for various interac-

tions displayed in Fig. 7 is consistent with a central charge

c ≈ 1, which corresponds to the CFT of a free compacti-

fied boson [62]. This agrees with the leading-order scaling

of the Rényi EEs for the topological Hamiltonian (33), such

that the aforementioned deviations must be contained in the

non-universal terms δSn(ℓ,L). In particular, one possibility is

that the Luttinger parameter, which is always fixed to K = 1

for the RG-corrected topological Hamiltonian (33), becomes

K 6= 1 for the full Creutz-Hubbard ladder (36).

As first realized for the Von Neumann EE with open bound-

ary conditions [63], the non-universal corrections to the Rényi

EEs [64] for systems whose critical behavior is described by

the free-boson CFT (i.e. Luttinger liquids [65]) find the fol-

lowing closed-form expression

δSn(ℓ,L) = Fn

(

ℓ

L

)

cos(2kFℓ+ω)
(

2sin(kF)D(ℓ,L)
)K/n

, (59)

where kF is Fermi’s momentum, K is the so-called Luttinger

parameter, Fn(ℓ/L) is a scaling function, and ω is a constant

phase-shift that controls the oscillating nature of the correc-

tions. For instance, for spin- 1
2

Heisenberg-type Luttinger liq-

uids (i.e. XXZ model), where kF = π/2, one finds ω = 0

such that the correlations display a characteristic alternating

behavior [63, 64]. On the other hand, for hard-core bosons

with dipolar interactions at quarter filling, where kF = π/4,

one needs to set ω ≈ π/2 to capture the oscillations [66].

We note that this characteristic oscillatory behavior is in

principle useful to extract numerically the corresponding Lut-

tinger parameter [67]. Unfortunately, for the Creutz-Hubbard

ladder, we have found that these oscillations are absent, such

that the fitting procedure to extract the Luttinger parameter is

not sufficiently accurate. We now provide an alternative route

to extract the Luttinger parameter by exploring the quantum

noise in models with a conserved quantity, such as the to-

tal fermion number N = ∑ j

(

c
†
j,uc j,u + c

†
j,dc j,d

)

in the Creutz-

Hubbard ladder (36). As first realized in [68], noise in cer-

0
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Figure 8: Luttinger parameter at criticality: The Luttinger pa-

rameter K is extracted by fitting the bi-partite fluctuations F (ℓ,L)
obtained by the MPS numerical simulations to the linear logarith-

mic scaling with the chord length of Eq. (62). For each critical point

(∆ε,Vv), we extract the thermodynamic value of the Luttinger pa-

rameter by extracting the corresponding KL values for various lengths

L/a ∈ [64,192], and fitting them to KL = K + c1/L+ c2/L2.

tain quantum-transport scenarios can be directly related to en-

tropic entanglement measures. In fact, for free-fermion sys-

tems [69], it can be shown rigorously that any Rényi EE (56)

can be reconstructed from the knowledge of the noise cumu-

lants for a certain bi-partition of the system. In free-fermion

systems where the noise is purely Gaussian, it suffices to con-

sider the second cumulant (i.e. variance) of the conserved

quantity restricted to the bi-partition Nℓ, which is sometimes

referred to as the bi-partite fluctuations

Sfree
n (ℓ,L) =

π2

12

(

1+
1

n

)

F (ℓ,L), F (ℓ,L) = 〈(Nℓ−〈Nℓ〉)
2〉.

(60)

In the case of models that can be mapped onto the free-

boson c = 1 CFT (i.e. Luttinger liquids), a similar expression

holds as fluctuations are Gaussian [70]. The difference is that

the Luttinger parameter also appears in the proportionality

SCFT
n (ℓ,L) =

π2

12K

(

1+
1

n

)

F (ℓ,L). (61)

Using the expression of the CFT prediction for the Renyi-

entropy (58), one finds that the bi-partite fluctuations of a Lut-

tinger liquid with conserved particle number should scale with

the chord distance as follows

F (ℓ,L) =
K

π2
log(D(ℓ,L)). (62)

Accordingly, the bi-partite fluctuations of a critical Luttinger

liquid also show an area-law violation, and one can use them

to extract the underlying Luttinger parameter K. We note that

this additional conservation law could also be combined with

the entanglement entropies, leading to an equipartion that may

allow for more accurate extractions of the K parameter [71].

In Fig. 8, we represent the Luttinger parameter K for the

critical Creutz-Hubbard ladder in the thermodynamic limit.
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We modify the Hubbard interaction strengths Vv, and fix

the energy imbalance ∆ε to the RG-predicted value ∆εc of

Eq. (52), such that the system lies at the critical line. The bi-

partite fluctuations F (ℓ,L) are numerically calculated using

our MPS algorithm, and the value of K is extracted following

the procedure detailed in the corresponding caption. As this

figure shows, the Luttinger parameter remains very close to

the value K ≈ 1, which would correspond to a free massless

Dirac fermion as the CFT controlling the critical scaling. Let

us note, however, that this numerical procedure has turned out

to be very sensitive to small variations of the parameters. The

error bars displayed in Fig. 8 correspond to the Luttinger pa-

rameter obtained by modifying the energy imbalance within

(∆εc − 0.01t,∆εc + 0.01t) for 10 different values of ∆ε , and

obtaining the standard deviation of all the corresponding Lut-

tinger parameters K. Accordingly, although it seems that the

Luttinger parameter remains at K ≈ 1 as the interactions are

increased, our numerical results are not conclusive, as minor

modifications in ∆ε can lead to large variations in K. In case

K = 1 all along the critical line, the aforementioned differ-

ences might be caused by further non-universal and finite-size

corrections. However, we note again that due to the sensitiv-

ity found in this problem, further numerical analysis shall be

required in the future to clarify this point.

IV. CONCLUSIONS AND OUTLOOK

In this work, we have presented a detailed study of the use

of the RG to obtain an effective relativistic QFT that pro-

vides a continuum long-wavelength description of correlated

topological insulators. Our description is valid for a variety

of minimal models that serve as representatives of various

topological insulators [13], and are related to self-interacting

fermionic lattice field theories in various dimensions [15],

which we refer to as topological Wilson-Hubbard matter.

We have shown that a Wilsonian RG, where the effect of

integrating high-energy modes as the cutoff is reduced to fo-

cus on long-wavelength phenomena leads to a renormalization

of the microscopic couplings, provides a neat description of

these correlated topological insulators. At the so-called tree

level, and generic to various dimensions, the RG approach of-

fers a neat qualitative connection between the topological in-

variants in the long-wavelength limit and the flat-band limit of

topological insulators. This connection becomes quantitative

by using the RG flows of the parameters in connection to the

so-called topological Hamiltonian, which includes static self-

energy corrections to characterize the many-body topological

invariant of the correlated topological insulator.

Going beyond tree level, we have shown that a loop expan-

sion of the Wilsonian RG offers a quantitative route to under-

stand the topological phase transitions that occur in Wilson-

Hubbard matter, separating the correlated topological insula-

tor from other non-topological phases. We have benchmarked

the two-loop RG predictions for a particular 1D model, the

imbalanced Creutz-Hubbard ladder, to quasi-exact numerical

simulations based on matrix product states. This numerical

comparison shows a very good agreement in the determina-

tion of the critical line determining the topological quantum

phase transition, as well as various bi-partite correlations of

the topological phase and the critical line. This benchmark

may motivate the extension of the RG calculations to higher-

dimensional correlated topological insulators in the future.

Let us now comment on the interpretation of our results

from the perspective of dynamical mass generation in QFTs.

As advanced in the main text, 4-Fermi continuum QFTs can

display chiral symmetry breaking via dynamical mass genera-

tion [47]. However, the scaling of the dynamically-generated

mass with the 4-Fermi interaction strength is non-perturbative,

which differs from the numerical matrix-product-state simu-

lations for the particular lattice model studied in this work.

Therefore, we believe that it is not possible to capture the

physics of this type of correlated topological insulators by a

continuum QFT if one insists on disregarding the heavy Wil-

son fermions lying at the cutoff of the lattice field theory,

and considers only the 4-Fermi continuum QFTs for the light

Wilson fermions. Our RG calculations indicate that the role

of these heavy fermions in the RG flows of Wilson-Hubbard

topological matter is very important.

In this context, the mapping of the imbalanced Creutz-

Hubbard ladder [72], and other 1D correlated topological in-

sulators [73], to discretized Gross-Neveu lattice field theo-

ries offers a more concrete perspective on such a dynamical

mass generation. Large-N calculations show that, on top of

the dynamically-generated mass generation [47], there are ad-

ditive renormalizations of the mass when one considers the

complete lattice action [72, 73]. From the perspective of the

continuum limit and our RG calculations, it seems to us that

the interplay of light and heavy Wilson fermions in the RG

flows is actually capturing this additive mass renormaliza-

tion, and the two-loop calculations allow us to go beyond the

N → ∞ predictions for weak interactions [72, 73]. It would

be very interesting to explore this connection further, and see

if both approaches can even be combined to provide a more

accurate description of the topological phase transition, espe-

cially in higher dimensions.

Let us finally also comment on recent efforts to formulate

a different RG for correlated topological insulators, which of-

fers a very interesting alternative to the standard Wilsonian

scheme [74]. In this approach, one can build a scaling theory

from the fact that the topological curvature, e.g. Berry con-

nection, associated to the topological invariant presents some

divergence at a topological quantum phase transition. Instead

of changing the cutoff and integrating fast modes a la Wilson,

this approach obtains RG flows by studying how this curva-

ture changes with a flow of the microscopic parameters around

high-symmetry points in momentum space [75]. It would be

very interesting to compare the predictions of this so-called

curvature renormalization group (CRG) to our more-standard

Wilsonian RG, in particular in the context of the imbalanced

Creutz-Hubbard ladder, where the quasi-exact numerical re-

sults allow for a very detailed benchmark.

Finally, let us comment on one of the points raised in the in-

troduction, namely the possibility of using condensed-matter

analogues to explore models of high-energy physics. Besides

the solid-state materials mentioned, ultracold gases of neu-
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tral atoms trapped in periodic light potentials [76] have be-

come a very-flexible platform to explore a variety of ana-

logues that can be described accurately by the particular

model under study, acting as quantum simulators [77]. We

note that the Wilson-Hubbard topological matter described in

this work may find experimental realizations along the lines

of [22, 72, 73, 78–80] in the field of cold atoms.
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