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Abstract
We study how single-qubit dispersive readout works alongside two qubit coupling. To make
calculations analytically tractable, we use a simplified model which retains core characteristics of
but is discretised compared to dispersive homodyne detection. We show how measurement speed
and power determine what information about the qubit(s) is accessed. Specifically we find the
basis the measurement is closest to projecting onto. Compared to the basis gates are applied in,

this measurement basis is modified by the presence of photons in the readout resonator.
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INTRODUCTION

Dispersive readout [1] is a well established measurement technique in the toolbox of
circuit quantum electrodynamics. A fidelity of 99.2% has been achieved experimentally
for single-qubit readout [2], and high-fidelity multiplexed readout has been demonstrated
as well, e.g. in Ref. [3] for five qubits with an average accuracy of 97%. For near-term
applications this is sufficient [4]. Beyond that, when targeting more complex circuits, in
particular those involving feedback from intermediate measurements, even lower error rates
can be expected to become necessary. It is therefore important to identify potential error

sources and anticipate bottlenecks.

Here we study how single-qubit dispersive measurement interfaces with networks of cou-
pled qubits. Specifically we address the question, what exactly is being measured? This
work serves to improve our fundamental understanding of the process, and shows how disre-
garding the effects of qubit-qubit coupling leads to new errors. These are especially relevant
for quantum circuit operations that do not terminate after one measurement, since not only
the distribution of outcomes but also the state after measurement are affected. This problem
has been addressed before with different methods [5], here we arrive at some of the same
conclusions but also present new observations. Similar questions have also been studied in

a different measurement setup |6, [7].

Qubit coupling is necessary for facilitating two-qubit gates, but should be “turned oft”
otherwise. One way to do this, initially demonstrated in [§], is by keeping the qubits well
separated in frequency, and having a fixed coupling—which is small compared to their
frequency detuning—that is then activated by applying a cross-resonant drive. In this case
the detuning of qubit frequencies must not be so large that it unduly slows down two-
qubit gates but also not so small as to induce unwanted interaction. This middle-ground
parameter regime is particularly interesting to us as it is most likely here that qubit-qubit
interactions have a significant effect on single-qubit operations. Other coupling schemes can
involve tuning either the qubits into resonance or a coupler on and off. Ref. [9] gives a
general overview of the different kinds of two-qubit gates for superconducting qubits and
their respective merits and challenges. But in this paper we will focus on fixed-frequency

qubits with constant coupling.

Acknowledging the influence of qubit-qubit interaction here means that the measurement
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FIG. 1. Two qubits dispersively coupled to two resonators. Measurement consists of injecting a
coherent state |a) (« real) and detecting whether this state, after evolution in the first resonator,

acquires a positive or a negative phase.

does not commute with the system Hamiltonian and thus is not a priori quantum nonde-
molition (QND). We can still look for the best QND approximation of the measurement, by
which we mean: Which basis is the measurement closest to (potentially noisily) projecting
onto? In terms of the original physical qubits, this basis will include slightly entangled
states. Crucially, we will present evidence that this measurement basis is not the same as
the basis in which gates are applied. Interpreting the measurement as a projection on this
new basis reveals additional information about the system state compared to treating it as
a measurement in the original basis with a random error.

We use a model based on Ref. [10] which retains core characteristics of a dispersive
readout but can be evaluated essentially analytically without invoking trajectory theory [1].
This makes the calculations tractable in a very wide range of parameters, including the
experimentally relevant ones, and allows for straightforward interpretation. Thus we can
develop and validate intuition about how measurement speed (relative to system dynamics)
and distinguishing power influence precisely what information about the qubit(s) is accessed.

We demonstrate the concept on the smallest multiqubit network, i.e. two coupled qubits.
We briefly review the level of modelling, then formalise the measurement model, and set up

our expectations and method for analysing it, before presenting the results.

MODEL

The simplest network in which to observe the effect of qubit coupling is composed of
two qubits, as shown in Fig. Il There are several ways to engineer a fixed coupling be-
tween qubits. Here we show a bus resonator that can be eliminated with a Schrieffer-Wolff

transformation in favour of an effective direct interaction J, assuming the coupling is weak



compared to the qubit-resonator detunings [11,, [12]. Direct (e.g. capacitive) coupling is also
common. A second resonator is dispersively coupled for readout of qubit 1. Transforming to
the rotating frame for the readout resonator, and ignoring the Lamb shift, we are left with

only the qubit ac-Stark shift y, so our starting Hamiltonian is (A = 1)

J
H = —%Zl — %ZQ + 5 (X1X2 + Yi}/z) + leaTa. (1)

Here X;, Y;, Z; are the Pauli operators on qubit 7, a!) annihilation (creation) operators on
the readout resonator, w; the qubit frequencies, and J is the effective qubit-qubit coupling,
1 = 1,2. The two resonators are assumed to be well separated in frequency, so we have
neglected qubit-induced resonator-resonator coupling. This is a fairly standard minimal
model |1, 112, 13], and also the same one as studied in Ref. [5]. This Hamiltonian is diagonal
in the Fock basis of the readout resonator, and can easily be completely diagonalised by a
resonator-occupation dependent rotation in the |01), |10) two-qubit subspace. Two-qubit
states are ordered as |ij) = [i), ® |j),, with subscripts distinguishing qubits 1 and 2 where
necessary. The eigenstates are product states of the two-qubit states W@ and resonator

Fock states |n) with eigenenergies E¥, given here for later reference,

{W§>}k:1,..4 = {]00), cos~, |01) + sin~y, |10) , —sin~, |01) + cos, |10), [11)} (2)

(Bl = {—“’1 T2 sgn () VT, —san (6,) /B, T xn} (3)

with d,, = (w2 — w1)/2 + xn and

On
CoS Y, = \/_\/ 5|2 —|‘— = (4)
sgn (J0y,) ol

V2 NP ESE

sin-y,, =

so that

H=S"S" BE|uk) (uk| @ [n) (n. (6)

n=0 k=1
Here the sign functions are added such that the diagonalising rotation becomes the identity

in the limit of J — 0 with the convention

1, >0,

-1, z<0.



We choose to analyse an alternative measurement protocol that still shares many charac-

teristics of the standard homodyne measurement, but replaces the stochastic with unitary

evolution followed by a single ideal measurement, thus becoming much simpler to treat

theoretically. The constant drive of the readout resonator is replaced by initialisation to

a coherent state. We then wait until the pointer states are maximally separated in phase

space before reading them out in one step thus discretising the measurement instead of

continuously acquiring incremental information on the qubit state.

This scheme is based on Ref. [10] with two readout cavities, one with low quality factor

and the other with high. The former implements “instantaneous” initialisation and readout

of the latter and is not explicitly simulated. We will call this the Nigg-Girvin measurement

in the following.

Algorithmically the measurement can be described as follows:

1.

4.

Initialise cavity to coherent state |«) (assume « real and positive for concreteness).

Let cavity interact with qubit(s) for time-interval ¢,, = 7/2|x/|, as described by time

evolution operator U(t) = exp(—iHt).

Readout cavity by POVM with elements [14, Sec. 9-5]

Eizi/g @318 (8], B+ B =1 (8)

that are integrals over coherent states in the lower (€n,) and upper halfplane
(Q_sgny), such that the unnormalised state after measurement is

= [ @1 l01 @ ©

with p the state of the system just before the cavity measurement.

Trace out the cavity.

We add the last step since we are primarily interested in a superoperator on the qubit

Hilbert space only. Then this superoperator that describes the action of the measurement

with result € {£} on an initial two qubit state p is

ga: (p) = tIyes E:(:U(tm) PR |Oé> <Oé| UT(tm) (10)
= > gu(myn) (0| Ut) [n) p (m| Ut (t,) [m) (11)



where we evaluate the integrals in phase space to express F, in terms of the resonator Fock

basis and get

ga(m,n) = (m| Eg |n) (n|a) (a|m) (12)
2n ; nt+mp nt+m +1
= a_nm_ga (5 )odd(m—n)
2n! m  nlml(m —n)
with
1, nis an odd integer,
odd(n) = (13)
0, else.

Note that g,(m,n) is peaked around n, m = o? and falls off fast enough for large n, m that
we can generally evaluate the double sum by truncating it after some 1y, > o®. With this
approximation the superoperator can be evaluated completely analytically.

In the limit of J — 0, a — oo this would be a perfect projective measurement of qubit 1

, 0) (0l, p|0Y (O], , z =+,
g sl ) 10) (0], p |0) (O] + (14)

1) Alpl) Al 2=

However, we are not in the rotating frame of the qubits so we have to account for the

time-evolution that has also taken place on the qubit subspace

lim £,(p) = £ (UppU]) (15)
with
it
U(] = exp (% (w121 + LUQZQ)) . (16)

If we relax the @ — oo limit, it is known that we get a single-qubit measurement with a

finite signal-to-noise ratio (SNR) [15]
: _ ¢ SNR t
}ILI%) Ep) =&, (UOpUO> , (17)

which we can e.g. characterise with a chi matrix as

1
&N (p) = Z Xi; 1) (il p 1) Gy (18)
ij—=0
1 (1+2Efa 2
ST . (19
e 2@ 1 —xErfa



This way we include the inherent measurement error due to the finite overlap of coherent
pointer states. Both of these idealised single-qubit models can serve as reference against
which to compare our Nigg-Girvin measurement. Equation (I5) can be used to quantify
the imperfection of the Nigg-Girvin measurement protocol, while Eq. (I7) is fine-tuned to
isolate the effect of the coupling. In practice the difference between the two is very small

for reasonably large «.

MEASUREMENT BASIS CANDIDATES

In the ideal scenario for quantum computation, we like to think of single- and multi-
qubit operations as independent building blocks of larger circuits that are supposed to work
the same way when assembled into multi-qubit networks as these building blocks do in
isolation. And it seems they mostly do, because experimental parameters are such that
the rotating wave approximation (RWA) is applicable. RWAs are ubiquitous in the study
of superconducting qubit systems, with the tacit understanding that the quality of a RWA
depends strongly on the choice of a rotating frame. One of the main questions we want to
address in this work is: In which frame does the RWA, that turns our measurement model

into a QND single-qubit operation, work best?

A frame is characterised by a qubit basis (the potential measurement basis) and corre-
sponding frequencies. In this section we identify plausible basis candidates which form the

starting point of our further analysis.

Given the Hamiltonian (), the simplest option is neglecting the J-coupling in a RWA,
since typically |J| < |0,]. The remaining terms in H commute and can implement a
measurement of Z;. We call the common eigenbasis of Z;, Z5 the bare basis, namely the

states

|00), |01), |10), |11) (20)

with Z; = |0) (0], — [1) (1],, i = 1,2.

Outside of measurement (i.e. when the readout resonator is not occupied), the Hamilto-

nian is diagonalised by what we call the dressed basis, ¢é"'4> in Eq. (@), which we denote
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as

00) = |00), 01) = cos70|01) + sing |10)
10) = —sin o [01) + cos o [10),  |11) = [11). (21)

The two bases introduced so far were also considered in Ref. [5], where dressed states are

, |01) etc., cf. also Ref. [16]. The Hamiltonian in the dressed basis has a similar

form as in the bare basis, except the off-diagonal term becomes n-dependent

1 . .
H= - <_w1 e + Xcﬁa) (Zl + Z2>

2 2

1 2 2 X|50| T 7 7
—|—§<sgn(50)\/50+<] +\/ﬁaa (Zl—ZQ)

stgn(éo) ata <X1X2+)~/1)~/2), (22)

IENCESE
with X;, Y;, Z;, i = 1,2, the Pauli operators in the dressed basis, e.g. Z; = }(~)(~)> <(~)(~)‘ +
101 (01| — |18) (10| — |1T) (Ti].

In direct analogy to Eq. (IH), we can define an ideal dressed basis measurement as time-

evolution with H as in Eq. ([22), with ala replaced by 0, followed by a projection on |0), or
IbA
10) (0], = {00 {00] + |oT) (01, (23)
1) (1], = |10) (10| + |11) (11 . (24)
Similarly we can model an imperfect non-interacting measurement with the same chi matrix

as in Eq. (I9)), replacing the projection on the bare basis by projection on the dressed basis.
Dropping the off-diagonal part of Eq. (22)) in a RWA is a good approximation if

J a’a
T e <t (25)
do + xatal| || 6y + Soixaa

The first factor is the same one that the bare basis RWA is conditional upon. Thus whether
the second factor is less or greater than 1 determines if the dressed or bare basis is more
suitable for the RWA. They are equally good (or bad) if || ya'a| = /02 + J2. Since Eq. (25)
depends on the population of the readout resonator, unless it is in a Fock state, we cannot
make a definitive statement based solely on this simple comparison. Yet as we will see below,
replacing a'a by its expectation value does produce serviceable estimates, e.g. we will be

seeing a crossover around +x. = ++/07 + J2/a?.
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For typical parameters |x|, || < |do| and small resonator occupation, Eq. (25) suggest
that the dressed basis provides a better approximation than the bare basis. Physically this
means that if the speed (1/x) at which information ((a — a')) is acquired is slow compared
to the system dynamics (1/dg), the system can undergo many oscillations between bare basis
states the measurement is attempting to project on, whereas the eigenstates are approxi-
mately stable. If instead the measurement were very fast, | x| > |do|, the Z;a’a measurement
Hamiltonian could achieve a projection on the bare basis before it was disturbed. These
observations are in line with our expectation that the eigenbasis of the idling system is per-
haps the most natural candidate for the qubit basis. But will the measurement projection
be somewhat different still?

Bare and dressed bases are both special cases of Eq. () in the limits of n — co and n = 0
respectively. This can be naturally extended to a discrete sequence of bases by including all
the n, v, in between and further to a continuous set of bases indexed by v corresponding to
some real n(y) > 0. Here n(v) is defined such that the Hamiltonian is diagonal in the basis
rotated by angle v when a'a in Eq. () is replaced by

w1 —wy + 2J cot(27)

n() = . (26)

For each basis from this continuum an ideal measurement can be constructed in the same
way as for the dressed basis, except with n() instead of n = 0. Taking our previous thoughts
to their logical conclusion, we are especially curious about n equal to the expectation value

of a'a. Then the y-dressed basis looks the same way as in Eq. (Z1)), only with a different

angle
01) = oS Vnsa2 [01) + sin v, 42 [10) (27)
etc. with
tan 2 J (28)
anvy, a2 = ————.
Tnral 0o + xa?

Note that so far we make reference only to the Hamiltonian, and not to a specific mea-

surement scheme.

DIAMOND NORM

Now that we have discussed the different model measurements and how to represent them

as superoperators, we need an appropriate metric to compare them. Since the two outcomes



are symmetric in our model, it suffices to consider one.

While fidelity is a popular measure for comparing states or unitary gates, we now want
to compare trace-decreasing, completely positive superoperators. In the following, let A be
a linear operator on a d-dimensional Hilbertspace with basis {|i)}, £ a superoperator acting

on A, and

J(€) = ZE(M (l) @1é) (4] (29)

its Choi-Jamiotkowski representation. The trace (or 1-) norm is a straightforward operator
norm that induces a superoperator norm by maximising over inputs

Al = tr (VATA)  Jlell, = max €A (30)

Al <1

But since we are interested in the errors arising from performing single-qubit operations on
networks of qubits, we want a norm stable under taking the tensor-product with identity.

This leads us to the diamond norm, which gives a worst-case error rate |17
€]l = 1€ @ Lall; - (31)

It can be efficiently computed using semidefinite programming (SDP) [18,19]. The trace
norm of the Choi-Jamiotkowski map provides a bound on the diamond norm, which may
also be used as a quick alternative to get an idea of the behaviour of a certain parameter

set |20, Sec. 3.4]
1
g 1@ = el < I7E)- (32)

RESULTS AND DISCUSSION

First let us examine the previously developed intuitive picture that slow (fast) measure-
ments project onto the dressed (bare) basis. Figure2lshows the deviation of the Nigg-Girvin
measurement from an ideal measurement in the dressed or bare basis against y, to which
measurement times t,, = 7/2|x| are inversely proportional. The general behaviour in Fig. 2
is in line with our predictions, showing that for small |x| the dressed basis approximation
is very accurate, while for increasing || the bare basis description improves and finally sur-
passes the dressed basis. This is in agreement with the conclusions drawn in Ref. [5]. The

simple arguments following Eq. (25]) provide a reasonable order-of-magnitude estimate for

10



0.100f——— s~

0.010

dressed (21) *
bare (20) i

v SNR n=a? \'> '
- (19), (27) -

-40 -y, -10 0 10 Xc 40
Y/ MHz

FIG. 2. Difference of Nigg-Girvin measurement superoperator to various idealised models, indexed
by i cf. the legend and equation numbers therein, as measured by the diamond norm ||€ — £%|, .
The (realistic) parameters are 69 = 102 MHz, J = 3.8 MHz, o = 2 with nyax = 40. The finite SNR
version is shown where it visibly deviates from the idealised measurement; when it gets too small

for the SDP-solver to handle, the bounds from Eq. (82]) are shown in green.

the crossover (x.) from bare to dressed basis behaviour, while slightly underestimating the
crossing point.

Current experimental target parameters for x in the single MHz regime [2] fall near the
very centre of Fig. 2l where the dressed basis provides a better approximation than the bare
basis measurement. The eventual crossover into bare basis behaviour is thus more of a
mathematical rather than practical observation at this point.

As predicted, the n = a?-basis, Eq. (21), achieves a better agreement than both bare and
dressed basis for small |x|. For positive x this curve is consistently close to the absolute
minimum, but begins to deviate more from it for greater x, as one can see in Fig. 3] where

Fig. 2 is augmented with an additional ~-axis. For faster measurement, y — 0o, we observe
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FIG. 3. ||€ — &, for a wide range of . v characterises the rotation of the basis on which &
projects compared to the bare basis, i.e. the left and right boundary of the figure correspond to
the bare and dressed basis as seen in Fig. 2l The numerically determined minimum is marked in

white, while the black curve marks the n = a?-basis, Eq. (27).

how the minimum in Fig. Bl moves towards the bare basis (7 = 0). The same happens if «
is increased, which is also shown in Fig. [l This can also be understood by recalling that in
the limit of n — oo, the 7,-dressed basis [111) becomes the bare basis. To summarise, the

stronger we measure, the closer we get to measuring the bare basis.

Where the idealised n = o model already agrees very well with the Nigg-Girvin measure-
ment, including the finite SNR can make the diamond distance another order of magnitude

and more smaller, as shown in Fig. 2 In this parameter regime the non-interacting model,

12



Eq. ([9) and (21), provides an extremely accurate, analytic description of the Nigg-Girvin
measurement. The plot in Fig. [2] unfortunately also showcases some of the shortcomings of
the diamond norm implementation, as it approaches its precision limits for very small values

of the diamond norm. In this case, we can use the Choi-Jamiotkowski norm instead.

At —X¢, Yn—az — £7/4 becomes maximal which clearly does not match the reality of the
Nigg-Girvin model, so there the n = o model fails, as both the small |x| and |.J| < |5,|(= 0)
approximation do not hold anymore. Generally, when x has a different sign from Jy, the
effective detuning |d,| becomes smaller for increasing yn before it increases again, which
leads to undesirable interaction between qubits, negatively impacting the measurement. A
related consequence is that the range of v, corresponding to positive n becomes much larger
(for typical parameters), changing from the interval Iy between 0 and 7o to [—7/4, 7/4] \ Io.

This makes it harder to scan numerically.

One aspect of this particular measurement model is always fast, and this is the instanta-
neous initialisation. By loading the readout resonator with a coherent state instead of slowly
populating it over time, one could argue that we are abruptly changing the basis. Indeed if
we could change the basis adiabatically, we should be able to measure the occupation of the
computational basis states. There are a few points to consider though: First in our model,
if we have infinite time on our hands we can just take y — 0 for the same effect. Second,
if we want to keep using the final state after measurement, we also need to change it back
adiabatically. This should inform the pulses to use. Of course, population and depopulation
of the readout resonator are tied to the same timescale 1/x which brings us to the third

point: For optimal readout, we usually want to use 1/x < 1/2x [2] and not slower.

Above « was chosen small enough to make evaluation of the sums simple (7,.x n0t too
big), and large enough that it does not induce significant measurement errors on its own that
are independent of the simulation error due to the RWA. Conceptually there is no reason for
this restriction, as we can just as well include the error induced by a finite « in our idealised
non-interacting measurement models, see Eq. (I9)). One can see how naturally these perform
much better than their more idealised counterparts for smaller oo before quickly approaching

the v — oo limit in Fig. [ which shows the a-dependence of the relevant diamond norms.
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FIG. 4. ||€—E&%|s as a function of coherent probe state amplitude «.. In analogy to ., the predicted
crossover-point from dressed to bare basis behaviour is a? = \/5(2] + J2/x. The parameters, §y =
80MHz, J = 10MHz, x = 20 MHz, are chosen to include «a. in the plot range while keeping «

small enough that ny.x = 40 is sufficient.

CONCLUSION

We have presented a simple simulation of single-qubit measurements that accounts for the
effect of two-qubit coupling. It is based on a discretised version of the standard continuous
dispersive readout in which the stochastic is replaced by unitary evolution, thus making the
model more accessible to concrete calculations. We have argued why a slow measurement
tends to project onto the dressed basis while a fast and/or strong measurement projects
onto the bare basis, and shown that this intuitive picture holds true for the investigated
model. However we have also found an optimal intermediate qubit basis that provides an

even more accurate description for realistic parameters.

The disparity between gate and measurement basis this reveals can be traced back to
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the interaction that enables the measurement in the first place. A qubit state dependent
shift of the resonator frequency allows us to indirectly measure the qubit but it also implies
that as the readout resonator is populated with photons the qubit frequencies and thus their
eigenbasis (or rotating frame) changes. This mismatch between bases adds to error rates.
The error could be on the order of 1%, if we e.g. read off the dressed basis error in Fig. 2
making it a relevant concern for the quantum computer’s error budget, not to mention that
this also implies that localised errors on the physical qubits become correlated in a dressed
basis. These effects all increase the measurement error which would have to be counteracted
by quantum error correction.

Alternatively, we could ask how the knowledge of the measurement basis can be used to
mitigate its effect on measurement errors, apart from adding it to a growing list of quantum
control constraints. At present we cannot offer an immediately helpful scheme to achieve
this. While this information allows for a suitable rotation that changes between gate- and
measurement basis to be applied before and after measurements, the added two-qubit gates
would only increase the error in any near-term scenarios, and neither would this strategy
scale to larger networks.

Future work will investigate how our results and those obtained within a homodyne-
readout model apply to larger networks of qubits. In that case the qubit Hamiltonian is
not analytically diagonalizable anymore, and perturbative methods are fraught with the
dangers of frequency collisions. The dressing, while mostly nearest-neighbour, becomes

slightly delocalized. This makes obtaining general results more challenging.
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