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4JCNS Outstation at the Spallation Neutron Source, Oak Ridge National Laboratory, Oak Ridge, TN 37831-6475, USA
5Max-Planck Institute for Developmental Biology, Spemannstraße 35, 72076 Tübingen, Germany

Abstract. Proteins in solution move subject to a complex superposition of global translational and rotational diffusion as well as
internal relaxations covering a wide range of time scales. With the advent of new high-flux neutron spectrometers in combination
with enhanced analysis frameworks it has become possible to separate these different contributions. We discuss new approaches
to the analysis by presenting example spectra and fits from data recorded on the backscattering spectrometers IN16, IN16B, and
BASIS on the same protein solution sample. We illustrate the separation of the rotational and translational diffusion contribution,
the accurate treatment of the solvent contribution, and the extraction of information on internal fluctuations. We also exemplify
the progress made in passing from second- to third-generation backscattering spectrometers.

1. Introduction
The relaxational dynamics of hydrated proteins on
nanometer length scales has been investigated in great
depth using incoherent neutron spectroscopy due to
the fundamental biological interest of dynamics-function
relationships [1–5]. With the advent of high-flux neutron
sources and optimized spectrometers, during the last
approximately 15 years it has become possible to also
study proteins in aqueous solution, where the internal
fluctuations are superimposed by the global diffusive
motions of the proteins [6–10]. Recent interest has focused
on quantitatively understanding the global translational
diffusion of the proteins in aqueous solutions [8] in
terms of models derived from colloid physics [11,12].
Here, incoherent neutron spectroscopy can unambiguously
access the self-diffusion and, thus, provide unique
information on hydrodynamic interactions [8].

A series of challenges arises in this context when
interpreting the superimposed signals from the different
contributions to the recorded scattering intensity, which
is dominated by the incoherent scattering of the
hydrogen protons of the protonated proteins when these
are suspended in heavy water (D2O) solutions. At
physiological temperatures, using the relatively narrow
dynamic range of the backscattering spectrometers
IN10 [13] and IN16 [14] (ILL, Grenoble) (approximately
−15 µeV < �ω <+ 15 µeV in energy �ω at a resolution
of 0.9 µeV FWHM), it has been possible to reliably
approximate the contribution from the D2O solvent
as an apparent constant background. Furthermore, the
contribution from the internal diffusive fluctuations of the
proteins on the nanosecond time and nanometer length
scale accessible by these high-resolution spectrometers
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could be well described by a Lorentzian line shape with
a fixed width not depending on the scattering vector q [8].
The subsequent steps in the analysis have in this case been
the separation of the rotational Dr and translational Dt

contributions to the apparent global diffusion coefficient
D(ϕ) = D(Dr (ϕ), Dt (ϕ)) of the proteins and the precise
modeling of the protein shape to accurately obtain the
protein volume fraction ϕ occupied by the dissolved
proteins. When the dynamic range of the spectrometer
is increased, e.g. to −30 µeV < �ω <+ 30 µeV using
IN16B (ILL, Grenoble), or at a relaxed resolution to
−100 µeV < �ω <+ 100 µeV using BASIS (SNS, Oak
Ridge), the situation becomes more complex, and the
obtained information more rich. In this case, both the
D2O solvent diffusion and the internal protein fluctuations
contribute in a non-negligible non-constant manner to the
measured signal, depending on q and ω.

In this article, we elucidate the essential analysis
steps in detail, which are a prerequisite for understanding
protein solution data. We put a particular emphasis on
the recent progress in the analysis frameworks. In the
following section, we briefly compare the spectrometers
IN16, IN16B, and BASIS in the context of protein solution
data. Subsequently, we explain a new procedure to treat
the contribution of the D2O solvent. Finally, we review the
separation of Dr and Dt and show that in the scattering
vector range accessed by IN16, IN16B, and BASIS the
rotational contribution does not depend on q for typical
proteins.

2. New possibilities with high-flux
spectrometers
Very recently, significant progress has been made with the
advent of new cold neutron backscattering spectrometers.
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Amongst those, the most recently commissioned IN16B
impresses with its significantly enhanced flux at the
sample compared to its predecessor instrument IN16
(Fig. 1, top), both using the same reactor neutron source.
The flux increase in this case has been achieved solely
by fundamentally redesigning the neutron optics [15]
based amongst other concepts on the phase space
transformation [16], since the source flux remains
constant.

The scattering function obtained from protonated
proteins in aqueous (D2O) solution using a high-resolution
neutron spectrometer can be modeled as

S(q, ω) = R ⊗ { β [A0(q) L (γ, ω) . . .

+ (1 − A0(q)) L (γ + �,ω) ] . . .

+ βD2O L (γD2O, ω)
}

. (1)

Therein, R denotes the energy resolution function
and L (. . . , ω) stand for Lorentzian functions with the
respective linewidth given by the first parameter associated
with different contributions from the sample. γ describes
the global diffusion of the proteins, consisting of both
translational and rotational contributions. � represents the
internal relaxations accessed by the dynamic window of
the respective spectrometer, and γD2O the contribution of
the solvent. β, βD2O, and A0 are scalars, and A0 = A0(q)
can be identified with the elastic incoherent structure factor
(EISF) which contains information on the geometry of
confinement of the internal fluctuations [17,18].

Example spectra (symbols) recorded on IN16 [14],
IN16B [15], and BASIS [19] are depicted in Fig. 1 (top
and bottom, respectively). In all experiments, the samples
were held in identical double-walled cylindrical Al cells
with outer radius 23 mm and annular gap 0.15 mm. Please
note that the statistical errors of the IN16B and BASIS
spectra do not allow for a direct comparison, because
the channel width in energy as well as the flux per
energy interval are different, given the different design
principles of these instruments. Furthermore, we note that
the fast solvent water contributes differently to the signal
and errors on all three spectrometers due to the different
dynamic ranges. The three Lorentzians included in Eq. (1)
are denoted by dashed, dash-dotted, and solid lines lines,
respectively. BASIS achieves an energy resolution of
approximately 3.5 µeV FWHM. By contrast, IN16B [15]
operates in exact backscattering and therefore achieves
a higher energy resolution of 0.9 µeV FWHM. Also on
IN16B, which covers a smaller energy range associated
with the higher energy resolution compared to BASIS,
a significant energy-dependent contribution of the D2O
solvent is visible.

Importantly, given the good quality of the data that can
now be obtained, the spectra at the individual scattering
vectors can be fitted by Eq. (1) with free parameters
0 ≤ β ≤ ∞, 0 ≤ A0 ≤ 1, 0 ≤ γ ≤ ∞, and 0 ≤ � ≤ ∞.
The prerequisite for such a fit without imposing further
constraints is an accurate description of the solvent
contribution. In this way, βD2O and γD2O can be fixed, as
explained in the following section. Further, the resolution
function R = R(ω) has to be accurately taken into
account by describing it analytically as a sum of Gaussian
functions. In the numerical implementation of the fit, the

Figure 1. Top: comparison of spectra recorded using the former
spectrometer IN16 (red circles, narrow spectrum, 256 channels
with width 0.12 µeV) and the new spectrometer IN16B (blue
squares, broad spectrum, 256 channels with width 0.24 µeV)
on BSA proteins in D2O solution (same BSA concentration
200 mg/ml and T = 295 K for both spectra) at the same scattering
vector q = 0.6 Å

−1
, subsequent to the empty can subtraction,

illustrating the progress made with IN16B. The IN16 data have
been recorded during 24 hours, the IN16B data during only
4 hours. The solid line superimposed on the data denotes the
fit to the IN16B data according to Eq. (1) and the dashed
and dash-dotted lines denote the Lorentzians L (� + γ ) and
L (γ ), respectively. The narrow line with dot symbols indicates
the resolution determined by a fit to a Vanadium measurement
which is the same for both instruments. While on IN16 the
D2O-solvent contribution can be approximated by a constant
background, this contribution becomes weakly ω-dependent
within the energy-range of IN16B (open circle symbols modeled
by the Lorentzian-shaped solid line, see also section 3). All
Lorentzians are displayed subsequent to the convolution with
the resolution. Bottom: example spectrum (symbols) recorded on
BASIS at q = 0.65 Å−1 on a BSA solution in D2O (concentration
200 mg/ml, T = 295 K, counting time ≈ 4 hours, 500 channels
with width 0.4µeV), subsequent to the empty can subtraction.
The attribution of the lines is as in the top figure. The resolution
function of BASIS is approximately 3.5 µeV FWHM wide.

expressions R ⊗ L (. . . , ω) are subsequently calculated
using Voigt functions. The resolution function of IN16B
can be well approximated by a single and even better by a

02005-p.2



QENS/WINS 2014

Figure 2. Linewidth γD2O of D2O (Eq. (2)) as a function of the
scattering vector q2 for various temperatures T obtained from
time-of-flight data recorded on IN6, ILL (symbols) [20], using
the incident wavelength 5.1 Å corresponding to a resolution of
≈ 90µeV FWHM. The lines are polynomial fits. Note that at the
lowest temperature, the fit becomes unstable for q2 < 0.5 Å−2.
(Figure reprinted with permission from the supplementary
material of Ref. [18].)

sum of two Gaussians centered at ω = 0 (the latter is the
case for the fits in Fig. 1, top). The resolution of BASIS
is modeled by a sum of 4 Gaussians centered at ω �= 0
(Fig. 1, bottom).

3. The contribution from the solvent
water
The scattering function of the solvent water can be
modeled as [21]

SD2O(q, ω) = Aγ L (γD2O, ω) + A�L (�D2O, ω) + B(q),
(2)

where L (γD2O, ω) denotes the Lorentzian function
describing the dynamics of the entire water molecule,
and L (�D2O, ω) accounts for faster movements, the
width �D2O being a factor 3 or more larger than γD2O.
Aγ and A� are scalars. B(q) denotes a q-dependent
background [21] which we find to be always smaller
by at least a factor of 10−3 than the maximum of
the spectrum. A slight curvature due to L (γD2O, ω) is
detectable within the dynamic range of IN16B and BASIS
(Fig. 1), whilst L (�D2O, ω) is too broad to be visible
on these instruments. γD2O(q, T ) is depicted in Fig. 2,
as experimentally determined using the time-of-flight
spectrometer IN6. The model in Eq. (2) has originally
been developed for H2O. We note that due to the use of
D2O as a solvent, a de Gennes-narrowing becomes visible
at the highest q (Fig. 2), and the q-dependence of the
spectral intensity is modulated by the structure factor due
to the coherent scattering contribution. However, since
the D2O-contribution to the scattering from the protein
solution samples is treated individually for each q, the
latter fact is of no importance in the present context, and
the polynomial interpolation naturally also includes the

modulation of the q-dependence of γD2O due to coherent
scattering effects. We note that the fit results displayed
in Fig. 2 may at some q-values and temperatures be
inaccurate due to a possible cross-talking of the two
Lorentzians in Eq. (2) and the resolution of IN6, as
reflected by large error bars. Nevertheless, the polynomial
fits over the entire q-range appear to be sufficiently
robust. The resulting Lorentzian line shape L (γD2O, ω)
obtained from IN6 for the solvent contribution to the
protein solution spectra is therefore included in Eq. (1).
The amplitude βD2O of this contribution is determined
by weighting the intensity of pure D2O-spectra recorded
on IN16B or BASIS, respectively, according to the D2O-
volume (1 − ϕ) in the sample,

I (ϕ)
D2O(q, ω) = (1 − ϕ)ID2O(q, ω). (3)

Subsequently Eq. (2) is fitted to I (ϕ)
D2O(q, ω) with γD2O fixed

from the IN6 results and A� = 0 in Eq. (2). Finally,

I (ϕ)
D2O(q, ω) = βD2OLD2O(�D2O, ω) (4)

at ω = 0 determines βD2O in this fit result. In Fig. 1, we
include both the water spectra measured on IN16B and
BASIS, respectively (open circles), as well as the model
for the D2O solvent contribution obtained from the above
method (Lorentzian shaped solid line) to illustrate the
validity of the method.

4. The separation of the rotational and
translational diffusion
In Eq. (1), γ is associated with the observable apparent
diffusion coefficient D via γ (q) = D q2. D consists
of contributions from the translational diffusion Dt

and rotational diffusion Dr through an implicit relation
D(ϕ) = D(Dt (ϕ), Dr (ϕ)). In general, D > Dt [6], and
Dr thus causes an additional line broadening of L (γ, ω)
compared to a hypothetical situation without rotational
diffusion (Fig. 3). The scattering function due to
translational diffusion of a rigid sphere can be written as
a Lorentzian with width Dt q2,

ST
inc(q, ω) = L (Dt q2, ω), (5)

and the scattering function due to the rotation of a rigid
sphere reads

SR
inc(q, ω) =

∞∑
l=0

Bl(q) L [l (l + 1) Dr , ω] , (6)

with the Lorentzian L with width l (l + 1) Dr and

Bl (q) = (2 l + 1)
∫

ρH (r ) j2
l (q r ) dr. (7)

Therein, jl(x) denotes the lth-order spherical Bessel
function of first kind and ρH (r ) the hydrogen density at
radius r . The scattering function of the superposition of
the rotational and translational diffusion is the convolution

STR
inc(q, ω) = SR

inc(q, ω) ⊗ ST
inc(q, ω)

=

∞∑
l=0

Bl (q) L (�l, ω) (8)
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(A)

(B)

(C)

(D)

Figure 3. Parts (A) and (C): incoherent scattering function
STR

inc (q, ω) of a diffusing hypothetical particle of radius r = 36 Å

at q = 0.2 Å
−1

(A) and q = 1 Å
−1

(C), respectively (circles).
The translational and rotational diffusion coefficients are Dt =

6 Å
2
/ns and Dr = 3.1 · 10−3 ns−1, respectively, for both (A) and

(C), corresponding to BSA at room temperature in water. The
dark blue solid line is a Lorentzian function fitted to STR

inc(q, ω).
The residuals χ resulting from the fit are shown below the
spectra, figure parts (B) and (D), respectively. The green dashed
line and the pink short-dashed line are the incoherent scattering
functions ST

inc(q, ω) and SR
inc(q, ω) respectively. Note that the

three functions were normalized to the respective maxima.
(Figure rendered using Mathematica.)

with the width �l = l (l + 1) Dr + q2 Dt . Perez et al. [6]
have shown that the superposition of the rotational and
translational diffusion of proteins in solution can be
accurately described by a single Lorentzian function with

(A)

(B)

Figure 4. (A): General apparent diffusion coefficient D(n) =
D(q, Dt , Dr ) of a hypothetical diffusing particle with the same
parameters as in Fig. 3 (solid line). For the calculation the sum
in Eq. (15) has been truncated at n = 550, since convergence
was sufficient. We observe that for q → 0, D ≈ Dt (lower
dashed line) and for q → ∞, Dr = const., and, thus, D =
const. (upper dashed line). (B): χ 2 of the fit of a Lorentzian
function to STR

inc(q, ω) as a function of q . (Figure rendered using
Mathematica, part (A) from [22].)

the dependence γ = Dq2, which is in agreement with our
experimental observations [8]. Therefore, the fit of this
single Lorentzian to the data STR

inc(q, ω) can be written as

min
α,γ

{∫ [STR
inc(q, ω) − α L (γ, ω)

]2
dω

}
. (9)

Solving Eq. (9) results in two coupled nonlinear equations
determining the parameters α and γ [22]:

α = 2 γ

∞∑
l=0

Bl

�l + γ
, (10)

0 =
∞∑

l=0

Bl

�l + γ

(
1

�l + γ
− 1

2 γ

)
· (11)

Assuming γ = D q2 and rearranging Eq. (11) yields:

∞∑
l=0

Bl(q)
l (l + 1) Dr + q2 (Dt − D)[

l (l + 1) Dr + q2 (Dt + D)
]2 = 0. (12)

We now notice that Bl(q) strongly decays for l > q R,
with R = sup {r, ρH (r ) �= 0}, and therefore approximate
Eq. (12) by a finite sum, thereby introducing the sequence
D(n)(q, Dt , Dr ) [22]:

n∑
l=0

Bl(q)
l (l + 1) Dr + q2

(
Dt − D(n)

)
[
l (l + 1) Dr + q2

(
Dt + D(n)

)]2 = 0. (13)

Figure 3 shows STR
inc (q, ω) for a hypothetical particle

of radius rh = 36 Å (circles) as well as the Lorentzian

02005-p.4



QENS/WINS 2014

function L (γ, ω) (dark blue solid line) and the two
incoherent scattering functions ST

inc(q, ω) (green dashed
lines) and SR

inc(q, ω) (pink short-dashed lines) for q =

0.2 and 1 Å
−1

. Below the spectra, the residuals χ =
STR

inc (q, ω) − αL (γ, ω) of the fit in Eq. (9) as a function
of �ω confirm the goodness of the fit: a small, narrow
peak centered in �ω = 0 at q = 0.2 Å

−1
becomes a

broader oscillation, but with even smaller amplitude,
at q = 1 Å

−1
. Also χ2 as a function of q (Fig. 4B)

corroborates the validity of the fit with a single Lorentzian
function, which becomes increasingly precise at higher
q. D(n)(q, Dt , Dr ) obtained from Eq. (13) with n = 550
for the same particle as before is shown in Fig. 4A. We
observe that D(n)(q, Dt , Dr ) starts at Dt for q = 0 and
converges rapidly to a constant value, such that in the
q-range 0.2 Å

−1 � q ≤ 2 Å
−1

accessible by backscatter-
ing experiments we can safely assume:

D (Dt , Dr ) = lim
n→∞ D(n) (q, Dt , Dr ) = const. (14)

Thus, Eq. (12) can be approximated by

n∑
l=0

Bl (q)
Drl(l + 1) + (Dt − D)q2

[Drl(l + 1) + (Dt + D)q2]2
= 0 , (15)

where n must be sufficiently larger than q R. The sum in
Eq. (15) can be truncated at n = 2q R, since the spherical
Bessel function of first kind jl(x), and similarly Bl(q),
decays fast for n > x , as follows:

jl (x) ≤ √
π

xl√π

2l+1�[l + 3/2]
<

xl√π

2l+1l!
· (16)

Finally, to solve the implicit relation, Eq. (15), we
assume that Dr obeys the colloid model for the rotational
diffusion [23]

Dr (ϕ) = Dr,0(1 − 1.3 ϕ2), (17)

where Dr,0 is the rotational diffusion coefficient in the
dilute limit. In this way, provided that the data and their
statistics are good enough, we obtain a method to separate
Dr (ϕ) and Dt (ϕ) from the observable quantity D(ϕ)
based solely on the assumption that the colloid model
for the rotational diffusion is valid, which is a rather
robust assumption in the short-time limit where the angular
displacement of a protein is of the order of only a small
fraction of a full rotation and therefore its exact shape is of
minor importance. We observe that in the q-range covered
by IN16B and BASIS, the q-dependence of STR

inc(q, ω)
due to the rotational diffusion of a typical protein can be
neglected (Fig. 4A).

5. Conclusion and outlook
The new high-resolution backscattering spectrometers
IN16B and BASIS as well as similar recent other
spectrometers such as SPHERES [24] allow for significant
advances in the spectroscopy of protein solution samples.
To match the progress in the neutron instrumentation,
corresponding advances in the data analysis are equally

important. With the present article, we have elucidated the
first and fundamental steps in separating the contributions
from the aqueous solvent, the rotational and translational
diffusion, as well as the internal fluctuations of the
proteins, using data recorded on IN16B and BASIS as
examples.
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