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We present a novel approach to understanding the extraordinary diversity of magnetic skyrmion solutions.

Our approach combines an original classification scheme with efficient analytical and numerical methods. We

introduce the concept of chiral kinks to account for regions of disfavored chirality in spin textures, and classify

two-dimensional magnetic skyrmions in terms of closed domain walls carrying such chiral kinks. In particular,

we show that the topological charge of magnetic skyrmions can be expressed in terms of the constituent closed

domain walls and chiral kinks. Guided by our classification scheme, we propose a method for creating hitherto

unknown magnetic skyrmions which involves initial spin configurations formulated in terms of holomorphic

functions and subsequent numerical energy minimization. We numerically study the stability of the resulting

magnetic skyrmions for a range of external fields and anisotropy parameters, and provide quantitative estimates

of the stability range for the whole variety of skyrmions with kinks. We show that the parameters limiting this

range can be well described in terms of the relative energies of particular skyrmion solutions and isolated stripes

with and without chiral kinks.
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I. INTRODUCTION

Chiral magnets are special magnetic materials where the

ground state in the absence of the external magnetic field

is a homochiral spin spiral—a helical or cycloidal modu-

lation of the normalized magnetization n(r) = M/|M|. The

equilibrium period of modulations is determined by the

competition between the terms of the second and the first

powers of spatial derivatives of n, which correspond to

the Heisenberg exchange interaction wH(n) and the chiral

Dzyaloshinskii-Moriya interaction (DMI) [1,2] wD(n), re-

spectively. The presence of the potential energy term U (n)

in the Hamiltonian E (n) allows for the existence of magnetic

solitons [3]—localized stable configurations possessing parti-

clelike properties [4]. Typical energy terms that contribute to

U (n) are the interaction with the external magnetic field and

the magnetocrystalline anisotropy. Note, the latter can also be

thought of as an approximation of dipole-dipole interaction in

ultrathin films [5,6].

The solitons which arise in such materials can be clas-

sified by topological charges defined in terms of homotopy

theory, and are therefore examples of topological solitons [4].

In analogy with the topological solitons in the model of

baryons proposed by Skyrme [7], it is now common to refer to

the topological solitons in chiral magnets as chiral magnetic

skyrmions [8], or more simply as chiral skyrmions.

*v.kuchkin@fz-juelich.de

The standard approach to finding skyrmion solutions is

based on the general variational principle δE/δn(r) = 0,

and direct energy minimization with respect to all possible

configurations of the corresponding field n(r). Due to the

complexity of the problem, the diversity of the solutions

for chiral skyrmions was underestimated for a long time.

A variety of skyrmion solutions first were demonstrated by

Bogdanov and Hubert in Ref. [9] where the authors studied

so-called kπ skyrmions possessing two values of topological

charge, Q = 0 and −1 for even and odd k, respectively. Nu-

merical evidence for the existence of chiral skyrmions with

arbitrary topological charge has been provided only recently

in Refs. [10,11]. Although the skyrmions with complex mor-

phology predicted in Ref. [10] have not yet been observed

experimentally in chiral magnets, the existence of similar

textures has been proven by direct observation in liquid

crystals [11].

According to the Hobart-Derrick theorem, the stability of

magnetic skyrmions requires the negativity of the integral

of the DMI energy term wD(n). However, this requirement

does not rule out local variations in the sign of the integrand,

and so the DMI energy density of the stable skyrmion may

be locally positive. In this paper we refer to regions where

wD(n) < 0 as regions of favored chirality and regions where

wD(n) > 0 as regions of disfavored chirality. The emergence

of regions of disfavored chirality is natural for an instance

in the skyrmion lattice where axial symmetry of individual

skyrmions is slightly distorted due to to interskyrmion inter-

actions [12,13]. On the other hand, the stability of an isolated
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skyrmion with locally disfavored chirality is less obvious. For

instance, isolated kπ skyrmions in a perpendicular external

field have negative DMI energy density in the whole space.

It was recently shown in Ref. [14] that skyrmions with lo-

cally disfavored chirality remain stable in a finite range of

the external magnetic field and anisotropy. Moreover, stable

skyrmions with locally disfavored chirality and arbitrary pos-

itive Q are discussed in Refs. [15,16], where exact analytical

solutions are studied at a particular point of the phase dia-

gram known as the Bogomol’nyi point. For our purposes it is

important that the exact solutions can be expressed in terms

of a single complex function of one complex argument (the

holomorphic function referred to in our title), which may be

chosen arbitrarily. The presence of such locally disfavored

chirality significantly affects not only the stability of isolated

skyrmions and their dynamics but also dramatically changes

the character of interparticle interactions from repulsive to

attractive [14]. In the present paper we introduce the concept

of chiral kinks to account for regions of disfavored chirality in

magnetic skyrmions like the ones discussed in Refs. [14–16].

We demonstrate the fruitfulness of this concept by using it in a

method for generating magnetic skyrmions with chiral kinks,

and discuss the stability of the solutions thus obtained for a

wide range of parameters. Our concept of chiral kinks is a

generalization of what was called “domain wall skyrmions”

in the papers [17,18]. Both concepts describe a full rotation

of the magnetization vector along a domain wall in a two-

dimensional spin texture. These were considered theoretically

for infinite, straight domain walls, but we define chiral kinks

of any winding number for domain walls of arbitrary geom-

etry, and show that the topological charge of a spin texture

can be expressed in terms of the number of kinks residing on

domain walls in that spin texture. We prefer the term chiral

kink to domain wall skyrmions because, as we shall show,

chiral kinks on domain walls provide a description of a spin

texture which is different from and in a certain sense dual to

its interpretation in terms of skyrmions. The work is organized

as follows. In Sec. II we define the model and discuss our

numerical method for direct energy minimization. In Sec. III

we present our approach to the classification of magnetic

skyrmions based on the observation that any configuration of

a planar magnet defines a family of domain walls, and that the

angle of the magnetization along a wall relative to the tangent

direction of the wall supports topological excitations which

we call chiral kinks. We show that the topological charge of

any magnetic skyrmions can be expressed in terms of number

of kinks and domain walls, weighted with appropriate signs.

We also show that our approach for soliton classification is

consistent with the concept of so-called Bloch lines which is

well established in the theory of magnetic bubble domains.

In Sec. IV we recall the general exact form of magnetic

skyrmions at the Bogomol’nyi point, and in Sec. V we use

families of such exact solutions as initial states at other points

in the phase diagram for the direct energy minimization by

means of numerical methods. In Sec. V we analyze the energy

dependence for different skyrmions as a function of the exter-

nal field and determine the range of external fields for which

the skyrmions with chiral kinks are the lowest energy state for

Q �= −1. Combining analytical solutions and numerical anal-

ysis we discuss different classes of skyrmion solutions and

estimate the range of their stability in Sec. VII. In Sec. VIII

we provide estimates for the characteristic size of chiral kinks,

and in Sec. IX we discuss the range of optimal parameter

where most of the presented solutions may coexist. Section IX

contains a brief discussion and Sec. X concluding remarks.

II. MODEL DESCRIPTION

The micromagnetic energy density functional for the two-

dimensional (2D) chiral magnet is given by

E (n) =
∫

[AwH(n) + DwD(n) + U (n)]t dxdy, (1)

where wH(n) = (∇n)2, and the constants A and D are mi-

cromagnetic constants of exchange interaction and DMI, re-

spectively. The potential energy term U (n) = Ua(n) + UZ(n)

includes uniaxial anisotropy Ua(n) = K (1 − n2
z ), and inter-

action with the external magnetic field UZ(n) = MsBext(1 −
nz ), applied perpendicularly to the plane along ez. The mag-

netic texture assumed to be homogeneous along the film

thickness t .

The results presented in this work hold generally for a

broad class of magnetic crystals of different symmetry irre-

spective of whether the DMI term favors Bloch or Néel type

modulations. However, for definiteness, we consider the par-

ticular case of wD(n) = n · ∇ × n and D > 0, which favors

right-handed Bloch-type modulations. This choice of symme-

try also allows us to illustrate the consistency of our approach

with the concept of Bloch lines which is well established for

magnetic bubble domain materials where Bloch type modula-

tions are favored by dipole-dipole interactions.

The rescaling of spatial coordinates in units of equilib-

rium period of helical modulations LD = 4πAD−1, and the

value of external magnetic field in units of saturation field

BD = D2/(2MsA), allows one to write the functions (1) in

dimensionless form

E (n) =
∫ (

(∇n)2

2
+ 2π n · ∇ × n + U (nz )

)

dxdy, (2)

where the potential energy term is

U (nz ) = 4π2h(1 − nz ) + 4π2u
(

1 − n2
z

)

. (3)

The dimensionless magnetic field and anisotropy are h =
Bext/BD and u = K/(MsBD), respectively. The energy is given

in units of the energy of saturated state E0 = 2A t . The mag-

netization vector n(r) can be parametrized by spherical angles

�(r) and �(r) as n = (sin � cos �, sin � sin �, cos �).

To find a stable solution representing a local or global

minimum for the functional (2), we use a nonlinear conjugate

gradient (NCG) method with a finite-difference discretization

scheme of the fourth order defined on a regular square grid

with periodical boundary conditions [10]. To achieve high

accuracy in the estimation of the energies and stability of

the solutions, we use large simulated domains with the size

∼5LD × 5LD or even higher, when necessary for large size

skyrmions. The mesh density �l defined as a number of the

mesh nodes per LD. It is worth mentioning that the parameter

�l has no strict physical meaning and represents an internal

parameter of the numerical scheme. With increasing �l , the

numerical solution converges to its continuous limit. Similar
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to spin-lattice models where the size of equilibrium spin tex-

tures cannot be smaller than the lattice constant, in the case

of the finite-difference scheme, the ratio LD/�l limits the

minimal size of the equilibrium magnetic textures. The typical

values of �l are 64, 128, or 256 depending on the purposes

and particular type of the solution and always specified in

figure captions and in the main text.

We use various approaches to construct the initial spin

configuration followed by energy minimization with the GPU

accelerated version of the NCG method implemented for the

NVIDIA CUDA architecture (for details see Refs. [10,19]).

III. DOMAIN WALLS AND CHIRAL KINKS

In the study of skyrmions—both in Skyrme’s original nu-

clear theory and in condensed matter physics—it is customary

to interpret general field configurations in terms of constituent

particlelike solitons, and to think of the topological degree as

counting the number of such solitons. However, one of the key

messages of this paper is that configurations of chiral magnets

in the plane which minimize the energy (2) are most naturally

interpreted in terms of domain walls which may carry defects

which we call chiral kinks. The latter effectively represent

pairs of Bloch lines of equal sign. In this section we explain

how the topological degree of an arbitrary configuration can

be expressed as a sum of winding numbers associated with

domain walls (which, in our two-dimensional setting, are of

course one dimensional) and obtain a relation between the

winding number and the number of kinks on a domain wall.

Given a configuration n(r) in the plane, one can divide

the plane into positive and negative domains according to

whether n(r) takes values in the upper (nz > 0) or lower

(nz < 0) hemisphere at r. These domains are separated by

a region where n(r) takes values on the equator or, equiv-

alently, �(r) = π
2

(Fig. 1). For smooth configurations and

assuming maximal rank of the differential dn, this region is

a one-dimensional submanifold of the plane, and therefore a

countable disjoint union
⋃

i∈I Ci of connected and simple (i.e.,

non-self-intersecting) curves Ci which are either closed or

emerge from and tend to infinity. In the following we will refer

to these curves or contour lines as domain walls. We should

stress that the precise value of � on the contour does not

matter for our purposes as long as 0 < � < π . In particular,

if the differential dn happens to be degenerate when � = π
2

,

Sard’s theorem [20] assures that we can choose a value nearby

where it is nondegenerate.

We index the domain walls and corresponding contours by

a countable index set I and orient each connected component

Ci so that it has a positive domain on the left and a negative

domain on the right as illustrated in Fig. 1.

Observing that the azimuthal angle �(r) is well defined on

a domain wall, we can therefore assign the winding numbers

w(Ci ) =
1

2π

∫

Ci

∇� · dr, i ∈ I (4)

to each domain wall Ci, with the direction of integration deter-

mined by the orientation of the domain wall. These numbers

may be noninteger or even infinite for curves going off to

infinity, but they are necessarily integers for closed curves.

FIG. 1. Schematic representation of a section of the domain wall.

The black arrows are magnetization vector n along the oriented

contour Ci (green dotted line) which divides the plane between the

positive domain nz > 0 (on top) and negative domain nz < 0 (at the

bottom). The orientation of the contour dr is chosen such that the

positive domain is on the left and the negative domain is on the right.

The red-white-blue color code represent variation of the chiral energy

density which is vanishing at the position of Bloch lines marked

as A and B. The handedness index of the Bloch lines is defined as

η = sgn(∇� · dr). Along the path between A and B the vector ∇�

change the direction with respect to dr and vanishes at point C while

wD at this point reaches maximal value.

Generally, the degree of a configuration n(r), which can be

defined analytically as

Q(n) =
1

4π

∫

n · (∂xn × ∂yn) dxdy, (5)

can then be expressed in terms of the winding numbers of the

domain walls as the sum over the connected components

Q(n) =
∑

i∈I

w(Ci ). (6)

Note that the topological charge Q in (5) and (6) may be

infinite or ill-defined in general. However, when finite, expres-

sions (5) and (6) agree. The proof of this result is provided

in Appendix A, but we illustrate the result in some of the

example configurations displayed in Fig. 3

The winding number (4) counts the winding of the mag-

netization vector n along a domain wall. The variation of n

relative to the tangent direction of the domain wall may lead

to a variation of the chirality of the domain wall. For instance,

domain walls with alternate chirality are known to appear in

ferromagnetic films with perpendicular anisotropy and strong

dipole-dipole interactions favoring Bloch type modulations

within the domain walls. The transition regions with Néel-like

modulations which separate the regions of the Bloch domain

wall with opposite chirality are known as Bloch lines [21]. In

this case, the position of the Bloch line on the domain wall is

defined as the location where n is orthogonal to the tangent

direction of the domain wall. Figure 1 illustrates a segment

of the domain wall containing two Bloch lines at the points
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FIG. 2. Magnetic skyrmions with chiral kinks in 2D magnet with DMI supporting right-handed Bloch-type modulations. Each row

illustrates the skyrmions of a particular topological charge, as indicated on the left. The first and the second columns illustrate schematically

the orientation of the spins around the core of a bubble domain or skyrmion. The bluish and reddish regions in the schematic images indicate

the negative and positive energy density of DMI respectively. Note, in the case of the bubble domain the configurations with opposite chiralities

depicted in (a) and (b) are energetically equivalent. The third column represents the spin texture of the corresponding skyrmion obtained by

direct energy minimization. All images are given in the same scale. We used a standard color code: black and white denote up and down

spins, respectively, while red-green-blue reflect azimuthal angle � with respect to x axis. The values of the external field h and uniaxial

anisotropy u are indicated at the bottom of each image. The rightmost column contains the contour plots illustrating the distribution of scalar

quantity n · ∇ × n corresponding to the equilibrium spin texture shown in the third column. This scalar field up to a positively defined constant

corresponds to the energy density of DMI.

marked as A and B. Note that the Bloch lines in Fig. 1 have

opposite handedness index η, which is defined as a sign of the

integrand in (4). In the case of a chiral magnet, the position

of the Bloch line can be defined as the point which separates

the regions of favored chirality (wD < 0) from the region of

disfavored chirality (wD > 0). This definition holds generally,

for any type of DMI term. In the case of closed domain walls,

Bloch lines always appear in pairs, otherwise the continuity

of �(r) along the wall is broken. Pairs of Bloch lines with

opposite signs for η, called unwind pairs, always annihilate,

while the pairs of the same sign for η can be stable [21]. Such

behavior of Bloch lines can easily be explained by means

of topological arguments. For instance, according to (4) the

topological charge of the texture depicted in Fig. 1 is zero,

essentially because the integrand in (4) changes sign at point

C. Such a pair of Bloch lines represents an unstable con-

figuration which we have included for illustrative purposes.

On the other hand, for a pair of Bloch lines of the same

handedness index η, the contribution to the topological charge

is ±1 because the angle of n relative to the tangent direction of

the wall makes a 2π twist along the wall in this case while the

sign of this contribution depends on the value of η of the Bloch

lines or, in other words, on the direction of the twist. Examples

for stable pairs of Bloch lines on the closed domain wall are

shown in Fig. 2. In the absence of the DMI term, the Bloch

lines tend to be equidistantly distributed along the closed
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FIG. 3. Example of skyrmions with different topological charges (see the index in the left top corner) and the different number of chiral

kinks. The images (a), (g), and (m) in the first column shows the host skyrmions with Q = −1, 0, and +1. Other images in each row show the

skyrmions with a different number of kinks at different places of the host spin texture. The solutions are obtained by direct energy minimization

on the domain with the size of Lx = Ly = 10LD and the mesh density �l = 64. For all cases the anisotropy u = 0. For skyrmion in (d) the

external field h = 0.61, for skyrmions in (a)–(c) and (e) and (f) h = 0.62, and for skyrmions in (g)–(r) h = 0.64. In images (m) and (n), the

domain walls of the spin texture which enter the expression for Q in Eq. (6) are highlighted. The superscript ± indicates the sign of the closed

domain wall, see Eq. (8).

domain wall [Figs. 2(e), 2(i) and 2(m)]. When the DMI term

is nonzero, the system tends to reduce the distance between

Bloch lines to minimize the area with disfavored chirality

and extend the area with favored chirality [Figs. 2(f), 2(j)

and 2(n)]. Thus, in chiral magnets, Bloch lines of the same

sign “embrace” the region of disfavored chirality and tend to

form coupled states. In the following we will refer to such

coupled Bloch lines in chiral magnets as chiral kinks.

The topological charge of spin textures, which only com-

prise closed domain walls, can be expressed as a sum of chiral

kink numbers on the domain walls, and this will be useful

for the following discussion. Closed domain walls can be dis-

tinguished according to whether their orientation, as defined

above, agrees or disagrees with their usual geometrical orien-

tation (where the inside is always on the left), and we call the

such walls positive in the first case and negative in the second.

For instance, the domain walls in Fig. 2 are all negative.

In Appendix A we define the chiral kink number Nkink(C)

and show that is related to the winding number w(C) of �

around C by

Nkink(C) = w(C) − ι(C), (7)

where ι(C) is the geometrical winding number of the wall. By

Hopf’s Umlaufsatz [22], ι(C) = ±1 for simple, closed walls,

with the sign equal to the sign of the wall in our convention.

Hence we have Nkink(C) = w(C) − 1 when such walls are

positive and Nkink(C) = w(C) + 1 when they are negative.

Note that the kink number on a domain wall is the sum of

kinks on that wall weighted with their handedness index η,

and therefore can be positive and negative. For a configuration

n where all domain walls are closed, we split the index set

I into a disjoint union of I+ and I− so that Ci is positive

(negative) for i ∈ I+ (i ∈ I−). Then we can also express the

topological charge for the whole spin texture in terms of the

number of kinks hosted by the negative and positive domain

walls as

Q(n) =
∑

i∈I+

[Nkink(Ci ) + 1] +
∑

i∈I−

[Nkink(Ci ) − 1]. (8)

This formula is the topological basis for our interpretation of

topologically nontrivial configurations of chiral magnets in

terms of chiral kinks on domain walls in the rest of the paper.

In contrast to bubble domains, which usually remain axi-

ally symmetric in the presence of Bloch lines [Figs. 2(e), 2(i)

and 2(m)], the appearance of CKs in the structure of the chiral

skyrmions leads to the violation of the axial symmetry of

its spin texture. One of the reasons for such discrepancies

between bubble domains and chiral skyrmions is that the di-

ameter of the bubble domains is usually a few times large than

the width of the domain wall. Moreover, the dipole-dipole

interaction responsible for the stability of bubble domains but

not essential for chiral skyrmions is a long-range interaction.

By contrast, the DMI is a short-range local interaction.

Equilibrium textures representing magnetic skyrmions

with different numbers and signs of CKs and the correspond-

ing topological charges Q are shown in the third column of

Fig. 2. These magnetic textures were obtained by direct en-

ergy minimization of functional (2) at h and u values indicated

in the figures. The antiskyrmion with Q = +1 in Fig. 2(k)

was previously presented in Ref. [14] where we discussed the

stability of chiral skyrmions in a tilted magnetic field. We note

that, for the spin textures with CKs, all derivatives of type

∂n/∂ri (i = x, y) which enter the exchange term and DMI

in (2) turn out to be bounded at all points of the simulated

domain.
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The rightmost column in Fig. 2 illustrates the distribution

of the DMI energy density around the skyrmions. The key fea-

ture of the skyrmions which contain the CKs is the presence

of regions with disfavored chirality. As seen in the contour

plots for the skyrmions with CK [Figs. 2(h), 2(l) and 2(p)]

the emergence of red areas with disfavored chirality is accom-

panied by the development of dark blue regions of strongly

favored chirality, i.e., regions where wD is more negative than

for the skyrmion without CKs [Fig. 2(d)]. This reflects a

sophisticated balance between different energy terms which is

responsible for the stability of such solutions. One important

consequence of the presence of the areas with disfavored

chirality is the possibility of attractive skyrmion interactions.

It was observed in [14], for instance, that in a tilted magnetic

field ordinary solutions for π skyrmions without CKs lose

their axial symmetry and at the same time develop areas of

disfavored chirality, and that this in turn may lead to the

formation of a stable bound pair of interacting skyrmions.

Note also that a careful study of the asymptotic behavior of

the solutions for skyrmions with positive CKs [see Figs. 2(k)

and 2(l)] shows that regions of disfavored chirality may extend

to infinity [14]. On the other hand, in the case of negative

CK [Figs. 2(o) and 2(p)] the region of disfavored chirality is

screened by a region with favored chirality. Because of this

screening effect, the skyrmions depicted in Fig. 2(o) are mu-

tually repulsive, just like the axially symmetric π skyrmions

without kinks [Fig. 2(c)].

Before systematically investigating a wide diversity of

skyrmions with CKs in the next sections we look at Fig. 3

for a further illustration of the concept yielding the definition

of topological charge in (6) and (8).

The first column in Fig. 3 shows the skyrmions without

kinks representing the host spin textures for various skyrmions

with CKs shown in the other columns. The Bloch walls lie

in the colored regions and, with our convention, should be

traversed so that the black region lies on the left and the white

region on the right. Comparing with the usual geometrical

orientation, one finds, for example, that Fig. 3(m) shows one

negative and two positive walls. There are no kinks in this

configuration, so Q = 2 in agreement with (8). All the chiral

kinks shown in Fig. 3 are positive, i.e., the handedness index

η is positive when traversing the domain wall according to

our convention. Therefore, again by (8), the charge Q equals

the number of chiral kinks plus the number of positive Bloch

walls and minus the number of negative Bloch walls.

It is obvious from the pictures that the presence of chiral

kinks deforms the Bloch wall on which they reside. Moreover,

the positive chiral kinks shown in Fig. 3 produce an inward

dent on positive walls and an outward dent on negative walls.

As we show in a separate study [23], this can be understood

in terms of a simple effective theory for the kink field. Some

of the observations we made about the skyrmions with sin-

gle domain walls in Fig. 2 generalize to the more intricate

skyrmions in Figs. 3(g)–(r), which are composed of several

closed domain walls with a varying numbers of kinks. The

skyrmions shown in Fig. 3 can be divided into those which

have CKs on their outer walls and those that do not. We have

found that this division affects the interaction of pairs of such

skyrmions. The skyrmions with CKs on their outer Bloch

walls have regions of disfavored chirality stretching to spatial

infinity. As for the antiskyrmion in Fig. 2(l), this leads to such

skyrmions being mutually attractive. By contrast, skyrmions

with no CKs on their outer shells show the screening effect

discussed above for the skyrmion with Q = −2 in [Figs. 2(o)–

(p)]. In a perpendicular external field, such skyrmions always

appear to repel each other.

IV. SKYRMIONS AT THE BOGOMOL’NYI POINT

One of remarkable properties of the chiral magnet

model (2) is that for parameters h = 1 and u = −0.5—the

Bogomol’nyi point, the model becomes exactly solvable [15].

In this section we review the key steps of Refs. [15,16] and

introduce a few classes of analytical solutions for skyrmions

which are used below as the initial state for direct energy

minimization with numerical methods for h and u outside the

Bogomol’nyi point.

As observed in Ref. [16], the energy functional for chiral

magnets with general type of DMI and potential term can

be reinterpreted as that of a gauged sigma model with a

non-Abelian gauge field determined by the DMI term. For

instance, for the DMI term wD(n) = n · ∇ × n, considered

here, the required gauge field is Ax(y) = −2πex(y). The field

strength of this gauge field is Fxy = ∂xAy − ∂yAx + Ax × Ay,

so in our case, Fxy = Ax × Ay = 4π2ez. This gauge field en-

codes the twisting of spins favored by the balance of DMI and

symmetric exchange, which is directly related to the micro-

scopic quantity DA−1. The energy of chiral magnets can be

written in terms of the covariant derivative Dx(y)n = ∂x(y)n +
Ax(y) × n, the field strength and potential energy terms. It

takes a particularly simple form at a special point in the phase

diagram called the Bogomol’nyi point. For the energy (2)

defining our model, the Bogomol’nyi point is at h = 1 and

u = −0.5, where the potential energy term (3) takes form

U (nz ) = 2π2(1 − nz )2, (9)

and the energy can be written as

Ec(n) =
∫ (

1

2
(Dxn)2 +

1

2
(Dyn)2 − n · Fxy

)

dxdy. (10)

Applying the usual Bogomol’nyi trick, this can be expres-

sed as

Ec(n) =
1

2

∫

(Dxn + n × Dyn)2dxdy + 4πQ(n) + 
(n),

(11)

where


(n) =
∫

[∂y(n · Ax ) − ∂x(n · Ay)]dxdy

= 2π

∫

(∂xny − ∂ynx )dxdy, (12)

and Q(n) is defined in (5). Since the term 
(n) does not

contribute to the Euler-Lagrange equations (see Appendix B)

it can be subtracted from the Ec(n),

Ẽc(n) = Ec(n) − 
(n)

=
1

2

∫

(Dxn + n × Dyn)2dxdy + 4πQ(n). (13)

144422-6



MAGNETIC SKYRMIONS, CHIRAL KINKS, AND … PHYSICAL REVIEW B 102, 144422 (2020)

The subtraction of 
(n) ensures that the configuration n rep-

resenting a solution of the Euler-Lagrange equations is the

stationary point of the energy (for details see Appendix B).

As follows from (13), the energies of the soliton solutions

are bounded from below

Ẽc(n) � 4πQ, (14)

which is known as the Bogomol’nyi bound. The inequal-

ity (14) becomes equality when the first term in (13) vanishes:

Dxn + n × Dyn = 0. (15)

As shown in Ref. [15], if a configuration satisfies this

“Bogomol’nyi equation,” then it is also a solution to the full

Euler-Lagrange equations for the functional (10).

In the following, instead of vectors n = (nx, ny, nz ) and

spatial coordinates r = (x, y) given in Cartesian coordinates,

it is convenient to use the stereographic projection of n into

the complex plane and complex coordinates for r accord-

ing to

w =
nx + iny

1 − nz

, ζ = x + iy. (16)

In complex coordinates the Bogomol’nyi Eq. (15) has the

following form:

∂w

∂ζ̄
= iπw

2 ⇔
∂ (1/w)

∂ζ̄
= −iπ. (17)

The general solution for above equation is

1

w

= −iπζ̄ + f (ζ ), (18)

where f is an arbitrary holomorphic function of the spatial

coordinate ζ . The solution w(ζ ) which satisfies Eq. (18) can

be represented in terms of Cartesian vectors n(r) by inverting

the maps (16):

n =
1

1 + |w|2
[w + w̄,−i(w − w̄), 1 − |w|2], (19)

r =
1

2
[ζ + ζ̄ ,−i(ζ − ζ̄ )]. (20)

V. SKYRMIONS BEYOND THE EXACT SOLVABLE MODEL

Now we consider some illustrative examples of the

functions f (ζ ) which can be used as an ansatz (initial con-

figuration) for the numerical minimization of the energy

functional (2). First, we discuss a wide class of solutions

composed of functions f (ζ ) which are a ratio of two polyno-

mials of order m and n, respectively. The topological charge

Q of the corresponding configuration (20) is finite and can

be computed as follows [24,25]. If m > n + 1, then Q = m.

If m < n + 1, Q = n − 1. In the case where m = n + 1, the

behavior depends on the behavior of f (ζ ) as ζ becomes

large:

Q =











n + 1, limζ→∞ f > π,

n, limζ→∞ f = π,

n − 1, limζ→∞ f < π,

(21)

We can turn this around and ask for the number of degrees

of freedom we have to construct a solution with a given Q.

This is straightforward when m �= n + 1. In the case m = n +

FIG. 4. The left image in each figure (a)–(j) is the initial mag-

netic textures which are described by (28) where f (ζ ) = 2ζ p and the

scaling parameters are l2 = 0.5 and l1 = 1. The topological charge

of these solutions is given by Q = p. The right image is the equi-

librium magnetization corresponding to a local minimum obtained

after numerical energy minimization. The parameters of the system:

h = 0.62 (f), h = 0.61 (g), and h = 0.65 for all others, u = 0 in all

cases. The size of simulated domain 8LD × 8LD, the mesh density

�l = 128.

1, there are three possible general functions:

f (ζ ) =
aQζ Q + · · · + a0

bQ−1ζ Q−1 + · · · + b0

,

∣

∣

∣

∣

aQ

bQ−1

∣

∣

∣

∣

> π, (22)

f (ζ ) = πeiα ζ Q+1 + aQζ Q + · · · + a0

ζ Q + bQ−1ζ Q−1 + · · · + b0

, (23)

f (ζ ) =
aQ+2ζ

Q+2 + · · · + a0

bQ+1ζ Q+1 + · · · + b0

,

∣

∣

∣

∣

aQ+2

bQ+1

∣

∣

∣

∣

< π. (24)

where we assume that the leading coefficients of each polyno-

mial is nonzero, and that the numerator and denominator have

no common factors and α is a real number between 0 and 2π .

We illustrate the general results with a family of configura-

tions which play an important role in discussion of instabilities

later in this paper, namely the configurations determined by

f (ζ ) =
a2ζ

2 + a0

ζ
. (25)

When a0 = 0 and |a2| > π the corresponding field is that of a

single antiskyrmion [Fig. 4(a)], so Q = 1. Still keeping a0 = 0

but taking the limit |a2| → π , the antiskyrmion elongates and,
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when |a2| = π , becomes an infinite isolated stripe (also called

line defect [15]). The direction of the isolated stripe depends

on the phase of a2. Taking a2 = −iπ for definiteness we

obtain a stripe parallel to the y axis. The magnetization across

the stripe is conveniently expressed in terms of the angles �

and � which are related to the complex field v via

1

w

= cot
�

2
e−i�. (26)

Thus the solution 1/w = −iπ (ζ̄ + ζ ) = −2π ix can equiva-

lently be written as

�(x) = 2arccot(2π |x|), �(x) =
{π

2
for x > 0,

3π
2

for x < 0.
(27)

This reveals the geometrical shape of this solution: the mag-

netization vector n performs a complete rotation in the plane

orthogonal to the direction travel as one traverses the x axis,

beginning and ending in the vacuum � = 0.

Finally switching on the coefficient a0 in (25) while keep-

ing a2 = −iπ , we obtain a configuration of degree Q = 1

where an antiskyrmion has been inserted at the origin, and

broken the isolated stripe into two halves, both capped by half

an antiskyrmion [Fig. 9(f)]. It turns out that the deformation

of antiskrymions into an isolated stripe and the rupture of the

stripe play an important role in our discussion of instabilities

in Sec. VII.

We now turn to more general functions of the form (22)–

(24) and use them to produce ansatz solutions away from the

Bogomol’nyi point in the form

1

w

= −
iζ̄

l1
+ f

( ζ

l2

)

, (28)

where l1 and l2 are arbitrary scaling parameters chosen with

respect to the size of simulated domain and the mesh density

used in the numerical scheme. The functions f (ζ ) depend-

ing on their analytical properties, e.g., number of zeros and

poles, provide the solutions for different classes of skyrmions,

Figs. 4–7.

First, we consider an example when function f (ζ ) does not

have poles, namely

f (ζ ) = 2ζ p, (29)

where p ∈ Z
+—positive integer numbers. This ansatz de-

scribes axially symmetric skyrmions with p + 1 positive CKs

equidistantly distributed over the perimeter of the skyrmion,

see the images for the initial states in Fig. 4. The corre-

sponding equilibrium configurations obtained after numerical

energy minimization are depicted in Fig. 4 on the right.

There are a few interesting aspects related to these solu-

tions. In contrast to previously studied skyrmion sacks that

may coexist in a very wide range of parameters, the mor-

phologically similar solutions in Fig. 4 are stable in different

ranges. For instance, in the case u = 0, the antiskyrmion

obtained with the ansatz (29) with p = 1 [Fig. 4(a)] and the

skyrmion with p = 2 [Fig. 4(b)] are stable in nonoverlapping

ranges of the magnetic field. Moreover, with an increasing

number of CKs (for p > 3) the skyrmions of this type lose

axial symmetry and tend to form complex shapes of branch-

ing trees. Because of that for p > 10, the ansatz (29) does

FIG. 5. The top image in each figure (a)–(e) is the initial

magnetic textures which are described by (28) where f (ζ ) =
0.025 sin(pζ ) and the scaling parameters 2l2 = l1 = p/20. The bot-

tom image is the equilibrium magnetization corresponding to a local

minimum obtained after numerical energy minimization. The param-

eters of the system: domain size 16LD × 2LD, mesh density �l =
128, u = 0, the values of external magnetic field h, and topological

charge Q after full energy minimization are indicated in the images.

not provide a good initial guess. To obtain such branched

skyrmions one can consider generalized polynomials f (ζ ) =
∏p

j=1(ζ − a j ) with different roots a j in the complex plane.

One can also consider trigonometric or exponential func-

tions. They have an infinite number of zeros in the plane, but

finitely many in any finite region. Such functions therefore

provide a useful ansatz for obtaining skyrmions with large Q.

Figure 5 illustrates stretched skyrmions of high Q and large

number of CKs obtained from

f (ζ ) = α sin(pζ ), p ∈ Z
+, (30)

where α is an arbitrary nonzero constant. The existence of

such skyrmions also suggests the stability of the CKs in iso-

lated domain walls and stripes, which will be discussed in the

following sections.

Another class of solutions can be obtained with the func-

tion f (ζ ) that has poles but does not have zeros:

f (ζ ) = 1/(2ζ p), p ∈ Z
+. (31)

This class of solutions represents 2π skyrmions with p − 1

positive CKs (in our conventions) on its inner side. Figure 6

shows initial configurations and corresponding equilibrium

states obtained by direct energy minimization. In contrast
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FIG. 6. The left image in each figure (a)–(j) is the initial mag-

netic textures which are described by (28) where f (ζ ) = 1/(2ζ p) and

the topological charge of the solution is Q = p − 1. The right image

is the equilibrium magnetization corresponding to a local minimum

obtained after numerical energy minimization. The parameters of the

system: h = 0.65, the size of simulated domain 8LD × 8LD, the mesh

density �l = 128.

to (29), this ansatz gives a satisfactory initial configuration for

any value of p.

Finally, we consider the class of skyrmion “sacks” with

high Q discussed in Ref. [10]. Such solutions can be obtained

in our scheme by taking functions f (ζ ) which combine fea-

tures of the previous two cases and which have poles and zeros

of order p and p − 1, respectively:

f (ζ ) = ζ p−1/(ζ p − 1), p ∈ Z
+. (32)

The initial states defined by (32) and the corresponding

equilibrium configurations are shown in Fig. 7. The topolog-

ical charge of this class of solutions is Q = p − 1. Among

all skyrmions of this class only the skyrmion with Q = 0

[Fig. 7(a)] has a CK while the other skyrmions after energy

minimization converge to the states free of CKs.

Like the ansatz (29), the ansatz (32) is only useful in a finite

range of values for p; for p > 10 it does not provide a good

initial guess. To obtain configurations of this type but with

higher Q, one can use a more general class of functions f (ζ )

given in (22)–(24), and set the explicit distribution of zeros

a j and poles b j of f (ζ ) via f (ζ ) = 1
ζ−bp

∏p−1
j=1

ζ−a j

ζ−b j
. With this

FIG. 7. The left image in each figure (a)–(j) is the initial mag-

netic textures which are described by (28) where f (ζ ) = ζ p−1/(ζ p −
1), the topological charge of the solution Q = p − 1. The right image

is the equilibrium magnetization corresponding to a local minimum

obtained after numerical energy minimization. The parameters of the

system: the size of simulated domain 8LD × 8LD, the mesh density

�l = 128, u = 0. For skyrmions in (a)–(e) the external field h =
0.65, for (f)–(j) h = 0.7.

approach one can get skyrmions with Q higher than that for

skyrmions shown in Fig. 7.

The approach presented in this section for the construc-

tion of the initial states allows one to obtain a wide class of

solutions, but it also has limitations. In particular, skyrmion

sacks (skyrmion bags) representing a 2π -skyrmion shell

with skyrmion cores inside (the simplest example is a 3π

skyrmion) cannot be obtained using (28). There is an expla-

nation for this: at the Bogomol’nyi point, the 2π -skyrmion

solution has a zero mode corresponding to changing the size

of the bag. In other words, the domain wall that forms the

outside of the bag has no “tension.” Therefore, if skyrmions

are put inside it, then the additional repulsive force will

cause the bag to expand to infinity. One can also show that

kπ skyrmions do not exist for k � 3 at the Bogomol’nyi

point, and that the solutions described by (18) do not include

solitons with Q � −2. To construct initial configurations for

skyrmions which are not covered by Eqs. (28), we either used

piecewise functions based on these equations or crafted a

texture by means of interactive tools implemented in our soft-

ware [26] (see also the Supplemental Material in Ref. [10]).
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VI. ENERGIES OF SKYRMIONS WITH CHIRAL KINKS

Since the presence of CKs indicates positive energy con-

tributions of the DMI in some areas, one may guess that

the skyrmions with CKs always have higher energies than

skyrmions without them. In this section we show that this

is not the case and that solutions containing CKs may be-

come energetically comparable or even favorable relative to

skyrmions without CKs. In particular, we have calculated the

energy dependencies for skyrmions with and without CKs as

a function of the external field and group them with respect to

their topological charge Q = −1, 0, and 1 (Fig. 8).

For any Q, at low magnetic fields, h � 0.62, the shown

skyrmions are elliptically unstable. For high magnetic fields,

the energy dependence curves in Fig. 8 end at the points which

correspond to the collapse of the soliton. The only exception

is the π skyrmion with Q = −1. There is a strict mathematical

proof that in the case of u = 0 the π skyrmion remains stable

for any h above the elliptical instability and represents the

lowest energy soliton solution in this topological sector [27].

Moreover, for h < 0.82 the energy of the π skyrmion is lower

than the energy of ferromagnetic state (horizontal dashed

line). The latter indicates the well-known fact that the lattice

of π skyrmions becomes the ground state of the system [28].

In the case of Q = −1 in Fig. 8 the π skyrmion is the

universal minimizer—the lowest energy state in the whole

range of fields. At high magnetic fields, the last statement can

be proved in the continuum model [29], while for the spin-

lattice model where the size of the soliton is limited at least

by the interatomic distances, the skyrmion always collapses

at a finite value of the external magnetic field [30,31]. The

3π skyrmion [Fig. 8(b)] has the second lowest energy but

collapses at h > 0.75. At higher magnetic fields, the solution

with CK [Fig. 8(c)] has the second lowest energy among

Q = −1 solutions. It is interesting that for Q = −1 the so-

lutions without CKs [Figs. 8(d), 8(e) and 8(h) for Q = −1]

have higher energy and are stable in the narrower ranges of

fields than the skyrmion with CK in Fig. 8(c).

In contrast to the situation in the Q = −1 sector, there

are no universal minimizers in the Q = 0 and Q = 1 sectors.

In particular, for Q = 0 and a low magnetic field, the low-

est energy state is the skyrmionium [Fig. 8(a)]. However, in

the range of 0.65 � h � 0.67 the lowest energy state is the

skyrmion with one CK [Fig. 8(b)]. Note that the skyrmion

with one CK in Fig. 8(b) is identical to that shown in Fig. 2(g).

For h > 0.67 this skyrmion is unstable and skyrmionium

becomes the lowest energy state again. Above the skyrmio-

nium collapse field the lowest energy state corresponds to the

skyrmion solution with CKs: the skyrmion in Fig. 8(c) is in

range of 0.71 � h � 0.74 and the skyrmion in Fig. 8(f) for

0.74 � h � 0.79, see Fig. 8 for Q = 0.

For the case of Q = 1, the behavior of the solutions is very

similar to that for Q = 0. The lowest energy state alternates

between states (a) and (b) and when the skyrmion in (a)

collapses the lowest energy state corresponds to state (c) in

the range of fields 0.71 � h � 0.74 and skyrmion in Fig. 8(f)

in the range of fields 0.74 � h � 0.78, see Fig. 8 for Q = 1.

The skyrmions with |Q| > 1 show nearly the same behavior

but because of the complex morphology and large diversity of

the solutions with large Q they are not discussed here.

FIG. 8. The self-energy of skyrmions as a function of the external

field h for the case of zero anisotropy u = 0. Top, middle, and bottom

plots correspond to the skyrmions with Q = −1, 0, and +1, as indi-

cated in the right top corner. The horizontal dashed line corresponds

to E = 0—the energy of field saturated state. The parameters of the

system: the size of simulated domain 8LD × 8LD, the mesh density

�l = 64.

It is worth emphasizing that the range of the existence for

skyrmions which are shown in Fig. 8 may increase when a

more precise numerical scheme is used. Nevertheless, Fig. 8

clearly illustrates that the energies of skyrmions with and

without CKs are comparable. Thereby the solutions contain-

ing CKs cannot be excluded from consideration. Besides

that one can conclude the more complicated morphology of
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FIG. 9. h-u diagram of stability of magnetic skyrmions with

CKs. (a) An example of a large skyrmion with the negative CK in

the outer side of the shell at h = 1, u = 1. (b)–(d) The snapshots

of the system at different times after a rupture of the shell with

increasing the external field up to h = 1.05. The collapse field hc

(blue solid line) corresponds to the field at which the isolated stripe

with the negative CK is ruptured (e)–(f). The elliptic instability field

he (red solid line) are defined by the criteria that the energy of isolated

stripe in (34) equals zero, EIS = 0. The black dots lying very close to

red line corresponds to numerically estimated elliptic instability of

the antiskyrmion (g). For h < he the antiskyrmion starts to elongate

abruptly as indicated by white arrows in (h).

skyrmions leads to the higher stability of the solutions at

strong magnetic fields. Because the energy of skyrmions with

CKs possess a few times higher energies than the energy of π

skyrmion such skyrmions cannot become the ground state of

the system.

VII. STABILITY UPPER BOUND FOR SKYRMIONS WITH

CHIRAL KINKS

To estimate the range of stability for the skyrmions contain-

ing CKs, we consider the limiting case of a large skyrmion

sack with Q ≪ −1. An example of such a skyrmion with

one CK in the outer side of its shell is shown in Fig. 9(a).

We found that the skyrmions of this type are the most stable

among all skyrmions possessing CKs. At high magnetic fields,

such skyrmions collapse via a rupture of the shell at the

position where the CK was placed [Figs. 9(b)–(d)]. Such a

rupture changes the number of kinks and walls, but maintains

the overall charge Q as the magnetization field is changing

smoothly. The ruptured shell of the skyrmion in Figs. 9(b)–(d)

is identical to the elongated skyrmion depicted in Fig. 2(k),

which in this case will then collapse. The larger the size of

the skyrmion, the higher the external field required for its

collapse. Thereby, to estimate the stability of such solutions

from the top we consider the limiting case of the isolated

stripe with CK [Fig. 9(e)]. The blue line hc in Fig. 9 represents

the collapse field for an isolated stripe with CK, estimated

numerically with high accuracy.

In order to provide estimates for the lower limiting field

for skyrmions with CK we do the following. We consider

the antiskyrmion as a stripe capped by two chiral kinks. For

the functional (2) one can find the solution of the variational

problem for an isolated stripe along the y axis and thus calcu-

late its energy per unit length EIS(h, u). When EIS(h, u) < 0,

the stripe has negative energy per unit length, so it will ex-

tend, and therefore so will an antiskyrmion [Fig. 9(h)]. When

EIS(h, u) > 0, the stripe has positive energy per unit length so

will tend to be as short as possible, giving a stable shape for

the antiskyrmion [Fig. 9(g)]. Along the curve EIS(h, u) = 0

the extension of the antiskyrmion into the stripe is a zero

mode. The criterion EIS(h, u) = 0 gives a good estimation of

the elliptic instability of the antiskyrmion which can be under-

stood by taking into account its elongated shape [Fig. 9(g)].

Higher Q configurations can also be considered as stripes with

several kinks attached, although this is a worse approximation.

The solution for the isolated stripe can be written as fol-

lows [32,33]:

�(x) = 2arccot

(

√
h

k
| sinh(2πkx)|

)

,

�(x) =
{π

2
for x > 0,

3π
2

for x < 0.
(33)

where k =
√

h + 2u. Taking the limit k → 0 gives back the

solution (27) at the Bogomol’nyi point.

After integration over x, the energy per unit length of the

isolated stripe is [28]

EIS = −4π2 + 8πk +
2π

√
2h

√
u

ln
k +

√
2u

k −
√

2u
. (34)

As follows from (34) the solution for the isolated stripe

for h � 0 remains stable under the condition h + 2u � 0.

The energy of the isolated stripe increases gradually with

increasing h and u. The asymptotic behavior of the energy

of the solution (34) for h and u independently approaching

infinity are

EIS(u) = 16π2u − 4
√

2π3
√

u + O(
√

u), u ≫ 1, (35)

for any fixed h � 0, and

EIS(h) = 16π2h − 4π3
√

h + O(
√

h), h ≫ 1, (36)

for fixed values of u. The red solid line he in Fig. 9 corresponds

to EIS(h, u) = 0, while black dots are the elliptic instability

field for the antiskyrmion estimated numerically [Figs. 9(g)

and 9(h)].

The elliptic instability field he and the collapse field hc

meet at Bogomol’nyi point (h = 1, u = −0.5). Thereby the

stability of skyrmions with CKs is limited by the strong easy-

plane anisotropy u = −0.5. On the other hand, there is no

limiting value for strong easy-axis anisotropy above which

the solutions for chiral skyrmions with CK would be unstable.

The latter statements can be proven as follows.

Let us consider an isolated straight stripe with one CK.

The energy of such a solution can be bounded above by an
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ansatz where �(x) is as in (33), and � depends on y for x > 0.

Minimizing the energy within this ansatz gives

�a(x, y) =
{ 3π

2
, x < 0,

4 arctan(emy) + π
2
, x > 0,

(37)

where the functional dependence of m on h and u is given in

Appendix C. The corresponding energy of the solution can be

written as follows:

EIS+CK = EIS + ECK, (38)

where self-energy of isolated stripe EIS is defined in (34) and

the energy of the CK is

ECK =

√

kπ

u
−

hπ

2
√

2u3/2
ln

k +
√

2u

k −
√

2u
. (39)

As u → ∞ for fixed h, this chiral kink energy upper bound

goes to 0, ECK → u−1/4, so we expect the chiral kink on a

stripe to remain stable for large u.

It is worth emphasizing that the diagram for skyrmion

stability in Fig. 9 should be understood as an estimation for

the upper bound range for the stability of skyrmions with CKs.

At any point inside the range bound by the hc and he, there is

an exponentially localized solution for chiral skyrmion with

CKs, but this does not guarantee that such a solution will be

stable everywhere inside the shaded region. As a final note,

we point out that solutions with indefinite chirality may also

exist outside the shaded area, for instance, so-called in-plane

skyrmions at very strong easy-plane anisotropy. However,

according to the arguments provided in Ref. [14], such so-

lutions should be considered as a distinct class of solitonlike

solutions composed of coupled vortices and antivortices. A

distinguishing feature of these solutions is that the satu-

rated ferromagnetic state representing the vacuum for such

vortexlike solutions has a nonzero in-plane component of

magnetization. The energy of that state is degenerate with

respect to the rotation around the plane normal.

VIII. CHARACTERISTIC SIZE OF CHIRAL KINKS

Since the typical soliton solutions are exponentially local-

ized, there is not a unique approach to measuring their size,

but there are a few conventional approaches to estimating it.

The same is true for CKs which in addition represent only an

element of the spin texture and cannot be treated as isolated

objects. To estimate the characteristic sizes of CKs we suggest

an approach based on the analysis of the interaction between

them. Figure 10 shows the numerically calculated potential

energy dependence of two positive CKs located on one side

of the isolated stripe. The interaction energy Eint is defined as

follows:

Eint(R) = Etot(R) − 2ECK − EIS, (40)

where Etot(R) is the total energy of the state composed of two

negative CKs, see for instance the equilibrium states depicted

in Figs. 10(a)–(d), ECK = EIS+CK − EIS is the self-energy of

an isolated negative CK on the isolated stripe [Fig. 10(e)],

and EIS is the self-energy of an isolated stripe without CK

[Fig. 10(f)]. The distance R is the distance between two points

FIG. 10. The interaction energy between two negative CKs at

different distance R. The points A and B indicate the position of fixed

spins with � = π/2 and �A = 3π/4 and �B = π/4, respectively.

(a) and (b) Zoomed images of (c) and (d), respectively. (e) and (f)

Isolated stripe with one negative CK and the stripe without kinks,

respectively. The parameters of the system: h = 0.65, u = 0, domain

size 3LD × 6LD, mesh density �l = 128.

A and B with fixed spins:

R = |rA − rB|,

where rA = (x0,−R/2) and rB = (x0, R/2) are the position

vectors in a two-dimensional plane, x0 may have any arbitrary

chosen value. The two pinned spins at points rA and rB are

lying in the plane of the film, � = π/2, while �A = 3π/4

and �B = π/4 [so n(rA) = (−1/
√

2, 1/
√

2, 0) and n(rB) =
(1/

√
2, 1/

√
2, 0)]. An equilibrium position of all other spins

is defined via the direct energy minimization scheme.

The interaction energy between two CKs in Fig. 10 has

two local minima at R ≈ 0.2LD and R ≈ 0.9LD and global

minimum at R → ∞. The equilibrium configurations corre-

sponding to local minima obtained without spins pinning are

shown in Figs. 10(a) and 10(b). The minimum corresponding

to the smallest distance R can be thought of as a reasonable

estimate for the characteristic size of the CK.

The presence of two local minima indicates the presence

of two characteristic scales of inhomogeneities in the system,

which is not typical for the majority of magnetic systems and

represents an intriguing feature of chiral magnets. The latter

also allows classifying the different types of solutions accord-

ing to the inherent scale of inhomogeneities. For instance, the

solutions free of CKs such as spin spirals, kπ skyrmions, and

a variety of skyrmion sacks discussed in Ref. [10] one may

attribute to the class of the solutions with inhomogeneities at

the large scale. The characteristic scale of inhomogeneities for

this class of solutions is of the order of the equilibrium pitch

of the helical spiral LD. Accordingly, the skyrmions with CKs

presented in this paper can be attributed to the class of solu-
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FIG. 11. h-u diagram of stability of the chiral skyrmion with

negative CK and Q = −2 (a), (c), and (e). Below the blow-up-field,

hb (green line), the skyrmion starts to expand abruptly (f). With in-

creasing field the skyrmion with one negative CK may abruptly split

into two π skyrmions (b). This skyrmion duplication transition is

marked as hd (red solid line). Above the critical field ht the skyrmion

with Q = −2 transforms into a single π skyrmion (d). The inset (g)

illustrates the most exotic and least stable skyrmion among others

presented in the paper solutions. The skyrmion in (g) is stable in

the narrow range near h = 0.01, u = 1.25 and contains one positive

CK and one negative CK, Q = −1. The parameters of the system:

domain size 5LD × 5LD, mesh density �l = 64. With increasing �l

the critical field hd tends to dashed (red) line, while ht shifts towards

u → ∞.

tions with magnetic inhomogeneities at small scale—about an

order of magnitude lower than LD.

An important consequence of the above is that for nu-

merical analysis of functional (1) one has to use the finite

difference scheme with an appropriate mesh density.

IX. SKYRMIONS WITH NEGATIVE CHIRAL KINKS

Up to now we have considered a variety of skyrmions

with positive CKs, while for skyrmions with negative CKs

we found only a few solutions. The stability range of these

solutions is smaller than for skyrmions with positive CKs and

requires strong easy-axis anisotropy. We have estimated the

range of existence for the most stable solution with Q = −2

(Fig. 11). The stability region of this solution is bounded by

three distinct critical lines, which correspond to three different

mechanisms of collapse. In the inverted magnetic field h < 0,

the skyrmion blows up at the so-called bursting field hb. On

the other hand, for h > 0 the skyrmion with negative CK may

either converge to two π skyrmions at h > hd via a duplica-

tion mechanism, or may transform into a single π skyrmion

h > ht. For the chosen value of mesh density (�l = 64) the

two critical fields hd and ht meet at u = 1.287. However, when

increasing the accuracy of the calculations by increasing the

mesh density and thereby approaching the continuum limit,

the critical field hd converges to the values depicted as a

dashed (red) line. Moreover, with increasing �l , the whole

curve ht quickly shifts to the right, towards higher u. For

instance, for �l > 128, we did not find any evidence for a cor-

responding field instability for any reasonable u. Therefore, in

the continuum limit the stability range for a skyrmion with

one negative CK similar to the one shown in Fig. 9 is limited

only by two critical fields hb and hd (dashed red line).

An important aspect of the diagram shown in Fig. 11 is

that within the stability range for the Q = −2 skyrmion all the

solutions for chiral skyrmions with positive CKs presented in

this paper are also stable. A good candidate for a point where

all possible solutions may coexist is the point h = 0.01, u =
1.25. In this point and its narrow environment, we succeeded

in stabilizing the most exotic skyrmion solution for Q = −1

containing one negative CK and one positive CK [Fig. 11(g)].

X. CONCLUSION

In this paper we showed that the structure of 2D chi-

ral skyrmions can be understood and classified in terms of

their constituent domain walls with or without chiral kinks.

Since chiral kinks produce regions of energetically disfavored

chirality which contribute positively to the total energy, one

might expect spin textures containing chiral kinks to be unsta-

ble. Our results show that this expectation is naive, and that a

wide range of isolated skyrmions containing chiral kinks is in

fact stable.

Remarkably, we found that the topology of domain walls

and chiral kinks in our initial configuration does not change

during energy minimization in a large portion of the phase dia-

gram. Thus we were able to exploit the simplicity of solutions

at the Bogomol’nyi point to pick configuration with an inter-

esting domain wall and kink structure and obtain metastable

configurations with the same structure at other points in the

phase diagram by numerical minimization. The combination

of our ansatz in terms of a holomorphic function and subse-

quent numerical minimization thus allowed us to obtain many

previously unknown types of chiral skyrmions.

We estimated the region of stability for skyrmions with

chiral kinks as a function of the external magnetic field h and

the anisotropy parameter u. In particular, we showed that for

any fixed u > −0.5 there is a critical magnetic field hc above

which these solutions collapse. On the other hand, for any

0 < h < hc one can find a skyrmion with a chiral kink at any

sufficiently big anisotropy u ≫ 0.

In this paper we also took the first steps in studying the

structure and interactions of chiral kinks. For chiral kinks on

a single straight stripe we analyzed the profile of a single kink

and studied the interactions of two kinks. In a forthcoming

paper [23] we also study chiral kinks on curved domain walls,

and look at the interplay between the curvature of the domain

wall and the chiral kinks on it.

The use of holomorphic data for initial configurations pro-

vides a versatile and powerful tool but it has also certain

limitations. For example, the presented approach does not

provide an ansatz for skyrmion bags of negative topologi-

cal charge. Since the skyrmion bag is a closed 2π -domain
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wall that contains the skyrmions in it, the repulsion of the

skyrmions on the inside must be balanced by the tension

(tendency to shrink) of the domain wall. While closed circular

2π -domain walls are possible at the Bogomol’nyi point, they

have an arbitrary size which results in zero tension that cannot

balance the repulsive forces of Q = −1 skyrmions.

We end with a brief outlook on the interaction of several

localized chiral skyrmions. Based on our preliminary numeri-

cal results, we conjecture that configurations with chiral kinks

on an outer domain wall will generally attract while chiral

skyrmions without kinks on their outer domain wall will repel.

It would clearly be interesting to test this conjecture with

further numerical analysis or to prove it analytically. We leave

this as a challenge for future work.

Experimental observations of domain walls with chiral

kinks were recently reported in Pt/Co/Ni/Ir multilayers [18].

One may therefore expect that tuning the parameters of such

a system will also allow experimental observations of some

of the skyrmions presented in this work. During the reviewing

process, we became aware of the work by Sisodia et al. [34],

where the authors discuss the stability and dynamical prop-

erties of so-called skyrmion-antiskyrmion droplets, which are

de-facto identical to the skyrmion with the kink depicted in

Figs. 2(g), 3(b), and 7(a) of this work. Moreover, an inde-

pendent study [35] confirms the observation of the skyrmions

with chiral kinks in micromagnetic simulations.
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APPENDIX A: WINDING NUMBERS OF

THE DOMAIN WALL

To prove formula (6) for the degree of a configuration n,

we note that, in terms of the vector field

g = sin �∇� × ∇�, (A1)

the integrand of (5) can be written as

n · (∂xn × ∂yn) = ez · g, (A2)

and so the degree may also be viewed as the total flux through

the plane of the emergent field g. This field is not generally

globally a curl (otherwise its flux would be zero) but it can be

written as the curl of Dirac’s monopole vector potentials a+
and a− in the positive and negative domains, respectively:

g = ∇ × a±, a± = (±1 − cos �)∇�. (A3)

Splitting the integral (5), with the integrand written according

to (A2), as a sum of integrals over positive and negative

domains, applying Stokes’s theorem in each domain and keep-

ing track of the orientation of bounding Bloch walls then

yields (6).

We define the kink field as the azimuthal angle �(s) rel-

ative to the angle ϕ(s) which the tangent vector to the curve

makes with the x axis, i.e., �(s) = �(s) − ϕ(s).

The signed curvature of a domain wall is given by

dϕ

ds
= κ (s). (A4)

We use (A4) to deduce

� ′(s) = �′(s) − κ (s). (A5)

Defining the winding number of the kink field as

Nkink =
1

2π

∫

C

∇� · dr, (A6)

where we again assume our chosen orientation of C, we inte-

grate (A5) to deduce

Nkink = w(C) − ι(C), (A7)

where ι(C) is the winding number of the wall. For simple

and closed curves C, ι(C) = ±1 by Hopf’s Umlaufsatz [22].

Specifically, ι(C) = 1 if the orientation of C agrees with its

geometrical orientation and ι(C) = −1 otherwise.

APPENDIX B: MODIFICATION OF THE CHIRAL

MAGNET ENERGY BY A BOUNDARY TERM

For most values of the phase diagram parameters (h, u),

skyrmion solutions are exponentially localized. In this Ap-

pendix we explain why the standard expression (1) for the

energy of chiral magnets should be modified along a critical

line in the phase diagram where solutions are only localized

according to a power law. This line includes the Bogomol’nyi

point, and the modification at that point was addressed in

Ref. [15] and more generally in Ref. [16]. The modifica-

tion was first introduced for analytical reasons in an earlier

paper [27]. Here we illustrate the consequences of the modifi-

cation concretely for axially symmetric configurations.

We consider a family of energy expressions of the form (1),

depending on a parameter µ:

E (n) =
∫ (

1

2
(∇n)2 + 2πn·∇ × n +

µ2

2
(1 − nz)2

)

dxdy.

(B1)

In the phase diagram parametrized by h and u, this family

constitutes a line along which the potential changes from

having a unique minimum, favoring a ferromagnetic phase,

to having a circle of minima, favoring a symmetry-breaking

tilted ferromagnetic phase. The value µ = 2π defines the

Bogomol’nyi point.

With this energy one can find [15,27] an exact hedgehog

solution (� = φ + π/2) to the Euler-Lagrange equations with

profile

�(r) = 2 arctan

(

4π

µ2r

)

. (B2)

At the Bogomol’nyi point µ = 2π , this reduces to the solu-

tion (18) with vanishing holomorphic part f (ζ ) = 0.
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However, although (B2) solves the Euler-Lagrange equa-

tions it is not a stationary point of the energy with respect to

scaling of the solution. This can be seen by the usual Derrick

argument. Writing H,WD and U for the integrated exchange

energy, DMI energy, and potential energy, the total energy of

a rescaled configuration nλ(r) = n(λr) is

E (nλ) = H(n) +
1

λ
WD(n) +

1

λ2
U (n). (B3)

If we want our configuration to be a stationary point with

respect to this scaling, we require

∂

∂λ
E (nλ)|λ=1 = −

1

λ2
WD(n) −

2

λ3
U (n) = 0, (B4)

so the contribution to the energy from the DMI must be −2

times the contribution from the potential. These arguments are

common for a general form of the potential [36]. However, if

we evaluate the various terms for our exact hedgehog solution,

we instead find WD = −U , showing that it cannot be a sta-

tionary point of the energy under scaling. So, even though the

hedgehog (B2) solves the Euler-Lagrange equations, it cannot

be a stable minimum of the energy.

This problem arises because the hedgehog configura-

tion (B2) falls off like 1/r at infinity, and therefore rescaling

is a variation which also falls off like 1/r. While the solu-

tion (B2) is a stationary point of the energy with respect to

variation with vanish rapidly at infinity, it is not a stationary

point with respect to variations which decay like 1/r. One

can fix this problem by modifying the energy functional by

subtracting the total vorticity [15,16]

Ẽ (n) = E (n) − 2π

∫

(∂xny − ∂ynx )

=
∫ (

1

2
(∇n)2 + 2π (n − ez) · (∇ × n)

+
µ2

2
(1 − nz )2

)

dxdy. (B5)

The modified energy functional only differs from the orig-

inal energy functional for configuration which decay like 1/r

at infinity. For faster decays it does not change the total energy.

With this correction we solve the problem above: now any

finite-energy solution of the Euler-Lagrange equations is a

stationary point of the energy. And in particular, the exact

solutions we have, for arbitrary µ and in particular at the

Bogomol’nyi point, are minima of the energy with respect to

any variation. This means that the energy of a configuration

is simply bounded below by its degree. At the Bogomol’nyi

point, one finds that the skyrmion (Q = −1) and antiskyrmion

(Q = 1) solutions have energy −4π and +4π , while without

the correction they were degenerate in energy. This is the

ordering we expect physically, and so provides another jus-

tification for working with the modified energy expression.

Finally, with this correction the energy of the domain wall

solution (27) is well defined and equal to zero at the Bogo-

mol’nyi point.

FIG. 12. Energy dependency of a kink energy ECK = EIS+CK −
EIS as a function of anisotropy u for two fixed values of magnetic

fields h = 0.3 and h = 0.65. Solid lines correspond to Ea
CK , dashed

lines are result of numerical minimization. For simulations mesh

densities �l = 256, 512 are used.

APPENDIX C: CHIRAL KINK ANSATZ

For describing the profile of the stripe with a kink we use

the ansatz functions method and let � = �(x) as in (27) and

let � depend on y for x > 0 only.

Substituting this into energy functional (2) and deciding

that a single kink energy Ea
CK = Ea

IS+CK − EIS we have

E
a
CK =

∫ ∞

−∞

[

I

2

(

d�

dy

)2

+ 2π2(1 − sin �)

]

dy, (C1)

where I =
∫ ∞

0
sin2 �dx. I can be written in the form

I =
k

2πu
−

h

4
√

2πu3/2
ln

k +
√

2u

k −
√

2u
. (C2)

Treating the profile of �(x) as fixed, we can minimize the

energy with respect to �(y) to get �(y) = 4 arctan(emy) +
π/2, where m =

√

2
I
π and Ea

CK = 8
√

2Iπ . Note that in this

calculation, the contribution for the DMI has acted like a

potential for the function � along the domain wall. Extending

this observation to allow for a wall that changes shape in

response to � is the subject of a future paper [23]. This value

for the energy is shown in Fig. 12.

We consider the limiting case u → ∞ in formula (C2). In

this case we obtain I → 1

π
√

2u
(1 + h

2
ln u
u

) and the correspond-

ing kink energy decreases as Ea
CK → 8

√
2π

(2u)1/4 (1 + h
4

ln u
u

). The

analytic expression for the exact kink energy (see numerical

curve in Fig. 12) is unknown but the inequality ECK � Ea
CK

holds for any ansatz functions. Therefore the exact kink en-

ergy is bounded: ECK �
8
√

2π
(2u)1/4 + O ( ln u

u5/4 ). The fact that the
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energy of the ansatz goes to 0 at high u suggests that this is a

good approximation to the exact kink solution at high u. This

fits with the observation that at high u, the wall is “stiff” and

does not bend much in response to the kink.
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