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Abstract In computational fluid dynamics modelling, small cells or elements are created
to fill the volume to simulate the flow in. They constitute a mesh where each cell
represents a discrete space that represents the flow locally. Mathematical equations
that represent the flow physics are then applied to each cell of the mesh. Generating a
high quality mesh is extremely important to obtain reliable solutions and to guarantee
numerical stability. This chapter begins with a basic introduction to a typical workflow
and guidelines for generating high quality meshes, and concludes with some more
advanced topics, i.e., how to generate meshes in parallel, a discussion on mesh quality,
and examples on the application of lattice-Boltzmann methods to simulate flow without
any turbulence modelling on highly-resolved meshes.

6.1 Introduction

The segmented airway region from CT/MRI scans provides surface boundary informa-
tion (see Chapter 5). The internal space, where inhaled air or particles pass through, is
an enclosed volume formed by the surface boundaries. In computational fluid dynamics
CFD modelling, small cells or elements are created to fill this volume. They constitute
a mesh and thereby discretise the space. The mathematical equations that represent
the flow physics (Chapter 6, and 7) are then applied to each cell of the mesh. The end
result is the ability to store time-dependent flow properties such as pressure, velocity,
or temperature in each individual cell.
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Figure 6.1: (a) Types of mesh elements including tetrahedron, hexahedron,
prism/wedge, pyramid, and polyhedral. (b) Mesh topology demonstrating the hier-
archy for each level of meshing.

Generating a high quality mesh is extremely important to obtain reliable solutions
and to guarantee numerical stability. In the CFD community, mesh generation is also
referred to as grid generation, which has become a separate discipline in itself and
remains a very active area of research and development. This is evident with many
existing commercial codes on the market having their own powerful, built-in mesh
generators, as well as with a number of independent grid generation packages available.

Generating a mesh for the first time is a daunting process, where decisions have to
be made on the arrangement of discrete points (nodes) throughout the computational
domain, and the type of connections for each point. The quality of the mesh leads to
either success or failure of the numerical simulation.

6.2 Mesh Types

The nasal airway volume is treated as a 3D geometry and therefore the mesh ele-
ments/cells are generally hexahedral, tetrahedral, square pyramids (pyramids, extruded
triangles, wedges or triangular prisms) or polyhedral, see Fig. 6.1a. It is useful to
envision the mesh topology as a hierarchical system, where higher topology assumes
the existence of topologies beneath it. Fig 6.1b shows a 3D cell inherit the lower
topologies, i.e., a volume is made up from faces, a face is made from lines, and a line
is made from vertices. A common meshing approach is to use a bottom-up approach,
where firstly vertices, lines, and faces (from the segmentation step) are created to form a
surface mesh and to subsequently fill the enclosed volume with 3D cells, i.e., the mesh
elements. This means that for boundary conforming meshes care should be taken in
generating good quality surfaces from the segmented airway models.
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(a) Surface elements. (b) Different kinds of internal meshes.

Figure 6.2: Unstructured meshes are typically used for complex geometries where (a)
irregular shaped 2D surface elements can wrap around the surface. Thereafter, (b) the
internal mesh may contain 3D elements such as tetrahedral, polyhedral, hex-core, and
a combination of polyhedral-hex-core elements.

6.2.1 Unstructured Meshes

The nasal airway geometry is highly irregular and does not fit exactly to orthogonal
lines or Cartesian coordinates. As a result, an irregular unstructured surface consisting
of 2D elements can be created to wrap around the contoured geometry. Figure 6.2a
exemplary shows surfaces consisting of tetrahedral and polyhedral elements. The
surface can internally be filled with the 3D unstructured elements of the same kind or
can be a hybrid mix of different elements including structured and prism layers, see
Fig. 6.2b. An unstructured grid is typically identified by irregular connectivity. To
store the data for the computation, new data structures, e.g., edge based, face based, or
cell based structures are needed to hold the connectivity scheme. A node of a cell can
be connected to any number of nodes from its neighbours, which may lead to complex
connectivity dependencies. The descriptions of some of these connectivity algorithms
include Delauney, advancing front, and quadtree/octree (see Ch. 6.3).

Unstructured CFD meshing technologies have matured and their use has become
more prevalent with commercial CFD vendors. They provide the user with simpler
automated methods in achieving a meshed model and a user-friendly interface 2. The
typical workflow of generating an unstructured mesh involves:

— detection of the edges of a surface and establishment of nodes to form the edges
of each surface

— creation of new nodes on the surface and connecting them to fill the surface with

2A large number of grid generation software and open source codes exist with a listing of some available
software given in the Appendix of this book.
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2D elements such as triangles or polygonal 2D shapes (advancing front method
- an example is shown in Fig. 6.3)

— for 3D geometries the interior volume (and in 2D the interior area) is filled and
all the elements are reconnected (Delauney method).

Recently, there has been considerable development towards the creation of meshes
containing polyhedral cells in the interior domain. Such meshes have the flexibility of an
unstructured mesh and do not suffer from the overhead associated with large tetrahedral
meshes. The application of such cells is still in its infancy. Nevertheless, polyhedral
meshing has shown to have tremendous advantages over tetrahedral meshing with regard
to the attained accuracy and efliciency of corresponding numerical computations.
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Figure 6.3: Mesh construction for a 2D 90° bend pipe based on the advancing front
method. The initial front is established on the edge mesh setting. It advances by
recursively adding new points and to subsequently creating a triangular element for
each added point.

6.2.2 Structured Meshes

By definition, a structured mesh is one that has eight nodal corner points in three
dimensions and is characterised by regular connectivity. It uses a Cartesian system with
an (i, j, k) indexing to locate neighbouring cells. On a regular orthogonal geometry,
creating a structured mesh is the simplest technique to undertake, since a Cartesian
mesh can be conveniently generated. Figure 6.4 shows an example of a structured
mesh with the corresponding indexing. When the geometry exhibits curvatures, as
for example shown in Fig. 6.5, an orthogonal structured mesh applied to the geometry
requires adjustments resulting in staircase-like steps in the region of the curved sections.
These kinds of meshes require additional treatment to accurately prescribe boundary
conditions in a numerical simulation and to accurately compute wall-shear stresses,
heat fluxes, and boundary-layer effects. An approach to overcome these issues, is the
generation of a body-fitted mesh. Therefore, an orthogonal mesh is applied to the
geometry and a mapping of the distorted region in physical space onto a rectangular
region in the curvilinear coordinate space is performed. This is in general done through
coordinate transformation functions. For example, creating a body-fitted mesh for a
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Figure 6.4: Ordered indices for a structured mesh of a 2D orthogonal domain.
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90° bend geometry, the walls need to coincide with lines of constant 7, see Fig. 6.6,
while in the streamwise direction of the flow lines correspond to specific values of £ in
the computational domain. The simulation is performed on the curvilinear coordinates
rather than on the Cartesian coordinates. Therefore, a transformation function is used
to switch domains from f(x, y) to f(n, &) to yield new independent variables. Another
technique to adapt structured meshes to non-orthogonal geometries is to use block-
structured or multiblock meshes, where a number of structured blocks is assembled
and connected. This method is effective for complicated shapes, where it is difficult
to apply a single block. Take for example the circle shown on the left side in Fig. 6.7,
where a body-fitted mesh leads to highly skewed and deformed cells at the perimeter of
the geometry. These highly skewed cells generally lead to numerical instabilities and
erroneous results in a simulation. Using a block-structured mesh, as shown on the right
side of Fig. 6.7, the outer perimeter takes the shape of an annular grid. Hence the term
O-grid has been established for these kind of meshes. Additionally, a square block fills
the centre of this mesh. Other block-structure topologies include O-, C-, or L-grids.
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An O-grid has lines of points where the last point wraps around and meets the first
point, hence creating a circular ‘O’ shape. Similarly, a C-grid has lines that bend in a
semicircle shaped like the letter ‘C’ (essentially half an O-grid), while an L-grid forms
an L-shape derived from a quarter of an O-grid. Examples are depicted in Fig. 6.8.
Further examples to overcome the issue of staircase-like approximations of curved walls
are applying a cut-cell method, i.e., reshaping the staircase elements to fit the geometry,
or to include a treatment in the computation, cf. [5, 31, 49]. This approach is also
followed by the meshing method presented in Ch. 6.3, where a technique to generate
hierarchical Cartesian meshes for nasal cavity geometries in parallel is described.

6.2.3 Structured Versus Unstructured Meshes

A structured mesh has the advantage that its layout is simple due to the direct and
straightforward connections between adjacent cells. For example, a three-dimensional
cell is connected by six neighbouring cells with points easily accessible by triple indices
(i, j, k), incrementing or decrementing with each adjacent cell. This indexing makes
CFD solvers simple to program and leads to a small memory footprint. However, the
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creation of structured meshes for complex geometries such as the nasal airway is highly
time consuming as it involves a lot of manual work. Therefore, in most literature,
unstructured tetrahedral, hexahedral, or polyhedral meshes are used (see, e.g., the
meshes depicted in Fig. 6.9). An unstructured mesh has the advantage that it is much
more suited to fit within complex shapes. Furthermore, the volume filling can, e.g.,
be performed automatically using a Delauney triangulation or a hierarchical approach,
see Ch. 6.3. In regions of high curvatures, however, tetrahedrals tend to become over-
stretched leading to high aspect ratios that affect the skewness of the cells - this is of
course not the case for hexahedral cells. Additionally, tetrahedral cells can be difficult
to align with the flow direction. These two problems can impede convergence and may
lead to artificial errors in the solution, known as numerical diffusion. This common
source of error is also called false diffusion as it is a product of numerical error and
does not represent a physically occurring phenomenon. The other major drawback of
unstructured meshes is the treatment of the nodal points of any cell. Unlike in structured
meshes, they cannot be accessed by triple indices (i, j, k) in three dimensions. Instead
additional data calculations are needed to connect an arbitrary number of neighbouring
nodes. This requires additional computational memory and further complicates the
solution algorithms that are used to solve the flow field variables. This typically results
in increased computational times compared to structured-mesh-based codes to obtain a
solution.

In the near-wall region, both types of meshing algorithms need to achieve a resolu-
tion that has reasonable accuracy in resolving boundary layer flows. This is achieved
by either adding prism layers along walls or by refining hexahedral cells in hierarchical
manner. An example for mixed hybrid meshes consisting of tetrahedra and prisms in
the vicinity of the walls is shown in Fig. 6.9a. Another example, where a hierarchical
Cartesian mesh is boundary-refined, is shown in Fig. 6.9b.

6.2.4 Polyhedral Meshing

An alternative to tetrahedral meshes is the use of polyhedral elements, which have
become increasingly popular [40]. The major advantage of using polyhedra compared to
tetrahedra is their larger number of adjacent neighbouring cells (typically ten, compared
to four for tetrahedra). This allows greater resolution in gradient approximations.
Polyhedra can be viewed as cells created from combining tetrahedral cells. Thereby,
the overall cell count is decreased [10] and highly skewed cells are reduced. This makes
polyhedral cells less sensitive to stretching due to their irregular shape. Due to the
increased number of nodes and faces per cell, and increased number of neighbours,
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(a) Tetrahedral mesh for the inner core region and prism layers lining the wall region.

P

(b) Boundary-refined computational mesh consisting in total of 1.8 - 10° elements [33]. Only
every second grid line is shown.

Figure 6.9: Two types of boundary-refined meshes.

polyhedral meshes require more computing operations per cell. This is, however,
compensated by the rapid time to reach convergence.

6.3 Parallel Mesh Generation of Hierarchical Cartesian Meshes

The intense increase of computational power over the last decades has enabled sim-
ulation software to simulate physical phenomena at continuously growing resolution
and accuracy. The pace of algorithm development lacks behind the pace of hardware
development and hence the full potential of todays computer architectures is in many
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cases left unexploited, especially when it comes to CFD simulations.

Atsmall scale, the generation of computational meshes in serial for simple geometric
shapes is not a big challenge and efficient algorithms already exist for quite some
time [52, 53]. The considered geometries become, however, continuously complex
and in general the complexity of the topology of computational meshes follows this
behaviour. This more and more necessitates to write efficient parallel algorithms that
can create such computational meshes, e.g., for intricate anatomical shapes such as
the nasal cavity, consisting of hundreds of millions up to billions of elements [6,
22, 33, 36]. Since memory limitations prevent the generation of such meshes in
serial, algorithm developers need to think about multi-level communication-reducing
parallelisation strategies, decompositioning methods, load-balancing, and parallel I/O.
This renders corresponding software development an issue of computer science, and to
be more precise, of high-performance computing (HPC).

Hierarchical Cartesian meshes are an exceptional tool to discretise the space for CFD
computations. They allow for a straightforward mesh generation, their rectangular grid
lines enable to easily apply high-order schemes, and refinement and coarsening can
be performed on the fly [6, 33]. Latter feature is in combination with a dynamic
load-balancing scheme a powerful tool to run large-scale balanced simulations on HPC
systems [21, 48]. Their drawbacks result from their infeasibility for simulations of
flow around bodies at high REYNOLDS numbers with small boundary layer thicknesses.
That is, the near-wall region is populated with a massive amount of mesh elements in
streamwise direction although the gradient, e.g., of the fluid velocity, in this direction is
rather small. Boundary-fitted meshes or meshes combining near-wall prism layers and
tetrahedral elements are in such cases more advantageous [38, 39], require, however,
in many cases either intense manual work or their generation is quite complex and not
easy to parallelise.

Since the REYNOLDS number is rather low in respiratory flow, i.e., it is usually on the
order of Re € O( 104) [17, 18, 30], hierarchical Cartesian meshes are good candidates to
simulate the corresponding flow. In the following, a parallel mesh generation technique
is described that enabled the generation of such meshes and scales up to O(10°) cores
to generate O(10'") mesh elements. For more details, the interested reader is referred
to the original publication [33], where the algorithm is first described. Application to
biomedical flows can be found in [27, 30, 34, 35] and Ch. 6.6 briefly presents some
examples. More non-biomedical applications can be found in [7, 41, 42, 49, 50],
i.e., for the simulation of jets [7], direct particle simulations [49, 50], or rotating fan
setups [41, 42].

6.3.1 Description of the Parallel Meshing Algorithm

The algorithm to generate meshes consists of a serial and a parallel part. The serial
part executes the same algorithm on each message passing interface (MPI) process
n € {1,...,N,}, where N,, is the total number of spawned MPI processes on some
cluster system. In contrast, the parallel part performs individual work on separate
sub-domains of the output of the serial part. In the following, first the serial part is
explained before the algorithmic details of the parallel part are discussed.

In the initial stage, each process reads the geometry from disk, i.e., the nasal cavity
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surface, which is stored in standard tessellation language (STL) format and usually
stems from computer tomography (CT) images [35], cf. Ch. 5. From the triangles
an alternating digital tree (ADT) [4] is generated to efficiently retrieve triangle ids
for triangle / mesh element intersections and inside / outside detections. Around the
geometry an initial cube element on a hierarchy level /y with an edge length 5x(lp) of the
maximum extent of the geometry is generated. A subdivision algorithm continuously
splits this cube element into its eight children and creates parent-child relationships and
element-neighbourhood information. This constitutes a mesh hierarchy representing an
octree in three dimensions, see Fig. 6.10.

This refinement is continuously performed until a mesh with levels [y up to a user-
defined level /, exists. In each iteration, elements that live outside the geometry, i.e.,
cells that do not need to be considered in the computation, are removed from the octree.
This is done by identifying the elements that intersect the geometry and use those as a
boundary for a recursive flagging algorithm that separates inside from outside cells. The
outside elements are then deleted from memory. Subsequently levels/ < [, are removed
from the octree, a space filling Hilbert curve [46] is placed into the remaining elements,
and the Hilbert ids are used to subdivide the mesh for further parallel processing. That
is, each MPI process removes those elements it is not responsible for, but keeps those
elements that are neighbours to the remaining elements. These elements, so called
halo elements, are in a later stage responsible to create a consistent neighbourhood
information across all MPI processes before the mesh is written to disk.

In the subsequent parallel phase, each MPI process continues to uniformly refine
its local mesh hierarchy to a level I;, > [, under removal of the corresponding outside
elements. Since it is desirable to have a high resolution in the vicinity of the nasal cavity
tissue surface or in regions with high velocity gradients, e.g., for an accurate computation
of wall-shear stresses, the mesh is furthermore region-refined. Two distinct methods
can be used separately or in combination. Patch refinement allows the user to define
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Figure 6.10: Hierarchical octree representation of the Cartesian mesh with parent-
child relationships and neighbourhood information. Levels [y, the initial cubic element
around the geometry, and levels /; and /, are shown.
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volumetric regions in space that are to be further refined. Elements residing in these
regions are flagged for further subdivision until a level [ is reached. In contrast,
boundary-refinement starts by measuring the distances in units of elements of level
I, from the wall and identifies those elements with a distance d < d,,, where d,, is
a user-defined constant. These cells are then further refined. Based on a distance
rule, the measurement and refinement is repeated on the subsequent levels until a fine
resolution on level lf is reached. It should be noted that since the distance measurement
is a recursive process it needs to take distance information from neighbouring MPI
processes into account. While for the boundary refinement the restriction to have only
level distances of maximum 1 between neighbouring elements is implicitly solved by
applying the distance rule and providing a decent value for d,,, in patch refinement the
user is responsible to guarantee a mesh output that is usable for computations. The
algorithm features a load-balancing strategy to avoid imbalances due to excessive local
refinement and out-of memory failures.

In the final stage, the global neighbourhood and a unique identification for all
elements is generated across MPI boundaries via the halo elements on all levels. The
number of elements in the subtrees of the elements on all levels are counted and used
as for a weighting measure. The elements on refinement level /, are used to generate
alist £ ={ey,...,ex}. The simplest approach is placing all elements on level /, into
L, leading to a Hilbert-sorted list. In a subsequent simulation, the entries of the list £
and their corresponding subtrees are then evenly distributed among the MPI processes.
However, undesirable weightings on level [, that exceed a certain threshold, e.g., an
element e* € £ that has compared to other elements on level /, many more descendants
in the octree, might cause an imbalance at simulation start. Such cases are treated by
replacing e* by its child elements c(e*). Thatis, £ = {...,e*,...} is replaced by
L7 ={...,{c(e*)},...}. The mesh and the list L™~ are finally written to disk using
parallel I/O with parallel NetCDF [26] or HDF5 [11]. The option to write a parallel
geometry file to also distribute the triangles of the STL among the MPI processes in the
simulation exists at this stage as well [27].

6.3.2 Meshing Example and Parallel Performance

The algorithm can now be employed to generate large-scale meshes with billions of
elements on HPC systems. The availability of list £ at the end of the meshing process
allows to use a quasi arbitrary number of MPI processes Ny for the simulation with
0 < Ny < |£L]. The number N; is independent from the number of MPI ranks used
for the mesh generation N,, and has a lower bound of o, which is determined by the
amount of available memory per process, i.e., at process number o it is assumed that
the memory is completely exhausted. Figure 6.9b shows an example of a mesh of a
nasal cavity with 1.8 - 10° elements with boundary-refined regions. The base level is
at [, = 8 and the uniform refinement level at [, = 10. On the finest level l’f = 13 the
mesh resolution is at 12.651 - 1073 mm. The parallel performance can be analyzed by
considering the strong scalability of the meshing process and the absolute run time for
several cases. Such analyses were performed on the HERMIT? and JUQUEEN* HPC

SHERMIT is the predecessor of the currently installed HAZEL HEN system at HLRS Stuttgart
4JUQUEEN is the predecessor of the currently installed JUWELS system at JSC



96 CHAPTER 6. COMPUTATIONAL MESHING FOR CFD SIMULATIONS

systems at the High-Performance Computing Center Stuttgart (HLRS) and the Jiilich
Supercomputing Centre (JSC) for cubic domains. The meshes to be generated consisted
of C; =9.82-10%, G, = 78.54-10°, and C3 = 0.64- 10'2. On HERMIT, cases C; and C3
were tested, where C; was scaled from 4, 096 up to the full machine with 112, 768 cores
and C; was generated on the full machine. A scaling for the latter case was not possible
due to memory limitations. On JUQUEEN, cases C; and C, were tested, i.e., case C)
was scaled from 4,096 up to 131,072 cores (1/4 of the system) and C, from 32, 768
up to 262, 144 cores (1/2 of the system). Figure 6.11 shows the results of the scaling
experiment. Obviously, case C; scales well across both systems up to 32,768 cores
and experiences a slight drop in efficiency up to the maximum tested core counts. The
JUQUEEN system performs slightly better than the HERMIT from a scalability point
of view, the wall clock time is, however, better on HERMIT, i.e., itis 20.95s on 112, 768
HERMIT cores compared to 27.63s on 131,072 JUQUEEN cores. Considering case
(C,, a perfect scalability is visible up to 262, 144 cores and even a slight superlinear
behavior is visible for both core counts 131,072 and 262, 144. The fastest execution is
measured for 262, 144 JUQUEEN cores with 47.21s. The large mesh Cs is generated
in 267.99s on the full HERMIT.
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Figure 6.11: Results of strong scaling experiments on the HERMIT and JUQUEEN HPC
systems at HLRS and JSC. Three different cases with C; = 9.82 - 10%,C, = 78.54 - 10°,
and C; = 0.64 - 10'? elements were considered to mesh cubic domains [33].

6.4 Quality of Meshes

Generating a quality mesh is a challenging step, which can be considered as an art on
its own. Frequently, users’ experiences in mesh design dictate the final mesh quality.
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There are, however, some general guidelines that can help to form a good basis to work
from.

6.4.1 Skewness and Aspect Ratio

One primary source determining mesh quality is the cell shape, which can be charac-
terised by its skewness and aspect ratio. Skewness or grid distortion, relates the angle
6 between grid lines, where angles 8 = 90° (orthogonal) are desired, see Fig. 6.12a.
This is obviously the case for Cartesian meshes. For other types of elements, the mesh
is considered skewed if it is < 45° or & > 135°. This classification can be applied
to all types of cells and face shapes, and can always be applied to prism layers. For
triangles and tetrahedra, the skewness is determined by relating the actual shape to their
equivalent equilateral triangle and tetrahedron.
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(a) Mesh skewness determined by the angle made between gridlines or based on the equivalent
area (volume in 3D) of the actual cell relative to its equilateral cell.
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(b) Differently shaped cells with aspect ratios of 1.0 and their respective high aspect ratio cells.

Figure 6.12: Skewness and aspect ratio of mesh elements.

Large aspect ratios should always be avoided in important flow regions, where
rapid changes, e.g., due to jets, flow separation, attachment and recirculation, occur.
Distorted cells in these regions can degrade the solution accuracy and may result in
poor convergence. An aspect ratio in the range of 0.2 to 5 within the interior region
is desirable, while for boundary layers in the vicinity of a wall, the condition may be
relaxed. In Cartesian meshes with uniform grid distance dx in all directions, the aspect
ratio is obviously always 1.0. Figure 6.12b shows an examples of different aspect ratios
for different kinds of cell types.

To summarise, a quality mesh should ensure that the following conditions hold:

— minimal cell skewness
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— minimal changes in cell volumes between adjacent cells
— suitable aspect ratios (depending on the cell location)

— sufficient resolution in regions of rapid flow changes, e.g., in regions with sharp
gradients or boundary layers

6.4.2 Mesh Independence

Mesh independence refers to a mesh being optimised to have the minimum number
of cells to obtain a solution that will not change if any further mesh refinement is
made, i.e., the solution becomes independent of the resolution for decreasing element
sizes and increasing numbers of cells. This typically involves monitoring a fluid flow
parameter of interest, e.g., the velocity or the pressure, under successive grid refinement.
Ideally, at least three significant, different grid resolutions should be evaluated, where
each subsequent mesh is refined or coarsened. Upon refinement, the grid cells become
smaller and the number of cells in the flow domain increases. If a global mesh refinement
is not feasible, selective local refinement of the mesh in critical flow regions should be
applied, cf. Ch. 6.2.3.

In the CFD community, mesh independence is evaluated by estimates of the discreti-
sation error using Richardson extrapolation [44]. More recently, the grid convergence
index (GCI) was introduced by Roache [45] as a method to uniformly evaluate the
quality of CFD results. Inthavong et al. [20] propose an alternative method that uses
a 2D cross-sectional plane subtraction method, where scalar values, e.g., the velocity
magnitude, from a cross-sectional plane are interpolated onto a regularly spaced grid.
The interpolated grid values from any two meshed models can then be compared by
subtracting the values from each cell. In [20], six planes across the nasal cavity are
used to represent the entire domain. The method is also extended to 3D by introducing
a volume subtraction.

Performing mesh independence studies on a small number of patient models is
feasible. However, where large numbers of patients, e.g., over 20, need to be treated,
the task of performing these studies becomes extremely time consuming. In Ch. 1,
Fig. 1.2b, the number of mesh elements used for the CFD simulations increased from
order of tens of thousands of elements to millions of elements. The large variations
in mesh numbers among different studies has led to investigations of what constitutes
a sufficiently resolved mesh. Vinchurkar and Longest [54], Frank-Ito et al. [12], and
Bass and Worth Longest [1] recommended prism cells meshes to resolve the near wall
boundary layers, with Frank-Ito et al. [12] suggesting the use of 4 million tetrahedral
cells with three prism layers for near-wall regions.

It should, however, be noted that a general estimation of the number of cells required
to accurately run a simulation cannot be given. Flow phenomena such as jets, flow
separation, and even turbulence strongly depend on the considered REYNOLDS number,
which might locally vary and hence require an additional increase of the resolution.
Furthermore, the method to solve the governing equations of fluid mechanics also plays
an important role. While RANS (Reynolds-Averaged Navier-Stokes) computations
might already reach grid independence at a relatively low numbers of cells, large eddy
simulations (LES) and direct numerical simulations (DNS) require a massive amount
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of cells. This is examplarily shown for a highly-resolved nasal cavity simulation in
Ch. 6.6, where a sub-millimeter resolution and a number of cells n > 100 - 10° is
required [30, 35].

6.5 Advanced Mesh Applications: Lattice-Boltzmann Methods to
Simulate Complex Flows in Complex Geometries

Many different numerical methods exist to simulate complex compressible or incom-
pressible flow in intricate geometries. Fortunately, the flow in the nasal cavity is
incompressible and it is not necessary to consider MACH numbers M that exceed the
incompressibility regime limit of roughly M =~ 0.3 [17, 18, 30]. A straightforward
approach is to numerically solve the governing equations of fluid mechanics, i.e., the
Navier-Stokes equations, directly by means of, e.g., finite volume, finite difference,
finite element, or discontinuous Galerkin methods. In these methods, in the incom-
pressible limit, it is required to equate the pressure by solving the pressure Poisson
equation.

In the last few decades, the lattice-Boltzmann (LB) method gained a lot of popularity.
Instead of describing the fluid mechanics on a macroscopic level as done by the above
mentioned computational methods, the LB method considers the statistics of particle
interactions and distributions in a finite volume and derives the macroscopic flow
variables from the statistics. The standard LB methods are quasi-incompressible, do,
however, not require to solve a Poisson equation for the pressure as the pressure is an
implicit solution of the numerically solved LB equation. Both DNS, which resolves
all scales, and with some extensions, LES, which models non-resolved scales, can
be performed with LB methods. Furthermore, the compute kernels can easily be
parallelised leading to high parallel efficiency. In the LB method, complex boundaries
can be treated in a straightforward manner with a high order of accuracy. This excels
the LB method for the simulation of intricate flows in complex geometries such as the
human respiratory tract.

In the following, a brief introduction is given to the physics of fluids from a statistical
point of view and to different LB methods that are suited for the simulation of respiratory
flows including LES modelling approaches. For more details on the fundamentals of
fluid mechanics, the interested reader is referred to Ch. 7.

6.5.1 The Boltzmann Equation

Ludwig Boltzmann (1844-1906) developed a general equation to describe the evolution
of the particle probability distribution functions (PPDF) f(x, &, t) following the laws
of gas kinetics, i.e., the conservation of the number of particles and the statistical
description of particle movement and collisions. The so called Boltzmann equation is
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given by
transport collision
of F ’ g
of EVif + = Vef = ECE Q) (fofs~ fafp) dQ dég.
ot N m & Ja
convective term
temporal change external forces

6.1)

The left-hand side (LHS) describes the collision step with the temporal change of
the PPDFs, the convective term, and the influence of external forces. The right-hand
side (RHS) describes the collision of particles in a statistical sense in an infinitesimal
fluid volume. In Eq. 6.1 the quantity ¢ represents the time, & = (£1,&5,&3)7 is the
vector of the molecular velocity, & = £, — &g is the relative velocity vector between
two particles with velocity vectors &, and &g, and F is the external forcing vector.
Furthermore, C(&,,Q) is the differential cross section of the collision, in which the
relative momenta of the colliding particles turns through an angle 8 into the element
of the solid angle dQ, and PPDFs with <’> are PPDFs after a collision. The nabla
operators V with subscripts x and ¢ represent differentiation operators with respect to
the spatial directions x = (x1,x2,x3) and the velocity directions of £. Via a Chapman-
Enskog development the Navier-Stokes equations can be recovered from the Boltzmann
equation, see e.g. [2].

Equation 6.1 is an integro-differential equation and hence hard to solve. Bhatnagar,
Gross, and Krook (BGK) therefore developed the BGK equation [3], which replaces
the RHS integral formulation of Eq.6.1 by a relaxation towards a thermodynamical
equilibrium, i.e., the lattice-BGK equation is given by

of

F
E'*‘f'vxf'*'a'vff:wc(}?_f)’ (6.2)

where F is the PPDF at equilibrium and w,. is the collision frequency.

6.5.2 Computational Lattice-Boltzmann Methods

Different numerical LB methods exist. The single relaxation (SRT) and multiple
relaxation time (MRT) methods, are however, the most frequently used methods. Both
are, depending on the considered REYNOLDS number, well suited for the simulation of
respiratory flows and are discussed in the following before some details on boundary
conditions and extensions for LES and refined meshes are presented. Finally, results of
some performance analyses are shown.

Single Relaxation Time Method

To numerically solve Eq.6.2, the equation is discretised in i-many space directions and
in time, leading to the lattice-BGK equation [43]

f(X+&6t,t+60) = f; (x,1) + wx6t - (£ (x,1) = f; (x,1)) (6.3)
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<

Figure 6.13: D3(Qi discretisation scheme in three dimensions with directions i €
{1,...,27}. The remaining particle-distribution has subscript i € {15, 19,27} for the
models D3Q15, D3Q19, and D3Q?27.

with discretised equilibria PPDFs fieq, and time increments ¢¢. The equilibrium distri-
bution function is given by

£EUx0) = pty |1+ v“‘i"’“ LS (f"’“f"”’ —5ab) ] abe{1,2,3} (64)
foxe 2c; Cs

X

where p is the non-dimensional density, ¢, is a discretisation-method-direction-dependent
weighting factor, &; , and &; ,, are components of &, v, and vj, are components of the
non-dimensional velocity vector v = (vi,vo,v3)T, cs = 1/ V3 is the non-dimensional
speed of sound, and ¢, is the Kronecker delta. The discrete collision frequency is
given by

c2

W v+ 6tcl/2 (65)
with viscosity v.

The number of directions 7 is determined by choosing a discretisation model. Qian
et al. [43] developed the DxQi model, which discretises the space in x dimensions
with i-many directions. Examples in three dimensions are the D3Q15, D3Q19, and
the D3Q27 models, where the former two models have been shown to not preserve
rotational invariance [23, 56]. The last PPDF, i.e., i € {15, 19,27} is always reserved
for the rest-particle distribution. Figure 6.13 shows the directions for the different
models in a Cartesian mesh setup, cf Ch. 6.3.

The derivation of f“¢ employs a small MACH number approximation, which leads
to the limitation of the LB method to quasi-incompressible flow and a decoupling of the
energy equation from the equations of momentum conservation. To simulate thermal
flow, the thermal LB (TLB) method is often used, which solves an additional scalar
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transport equation for the temperature 7' [16]
g (X+&01,1+61) = g; (X.1) + wx 1t - (877 (x,1) = i (X.1)) , (6.6)

where the equilibrium is given by gfq = Tt x and the collision frequency wy 7 is a
function of the heat conduction coefficient given by the PRANDTL number.
All macroscopic variables can be derived from the moments of the PPDFs, i.e.,

density: p = Zﬁ(x, 1), 6.7)
i

temperature: T = Zg;(x, 1), (6.8)
i

momentum: pv, = fo‘fi‘l(x, 1), (6.9)
i

where £ are directions having a component &; , # 0 and f are the corresponding
PPDFs. The pressure can be obtained from the density via p = (1/3) - p.

From a algorithmic point of view, Egs. 6.3 and 6.6 are split into a collision step by
solving their RHSs and storing the results in a temporary array, and into a propagation
step (LHS) in which this information is forwarded to all neighbouring elements.

Multiple Relaxation Time Method

For higher REYNOLDS number flows, the SRT method might suffer from instabili-
ties [24]. Therefore, MRT methods [8] have been developed, which relax, in contrast to
the SRT methods, in moment space. In vector notation, the MRT equation is given by

f(x+&6t,1+6t) =£(x,1) =M 'K, pr - [m(x,7) —m®? (x,1)], (6.10)

with f being the vector of the PPDFs. The moment coefficient and relaxation matrices
Mand K, .- contain the different moments and the moment-specific collision frequen-
cies. The vectors m°? and m define the moments at equilibrium and non-equilibrium.
Similar to the SRT method, the algorithm can be split into a collision and propagation
step. For more information, especially for more details on the setup of the various
matrices and vectors, the reader is referred to [8].

Boundary conditions

At inlets and outlets, von Neumann and/or Dirichlet conditions are frequently pre-
scribed. In a simple case, the velocity is prescribed via a Dirichlet condition and the
density is extrapolated from the next inner computational elements via a von Neumann
condition. This creates a source and is commonly used for inlets. A simple outlet
condition employs a Dirichlet condition for the density and a von Neumann condition
for the velocity. In both cases, the equilibrium can be computed via Eq. 6.4. More
complex boundary condition combinations [30] iteratively lower the pressure in the
sense that the density is reduced, and extrapolate the velocity at the outlet. At the
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same time the momentum is extrapolated at the inlet via solving the equation of Saint-
Vernant/Wanzel [47] in LB context. This yields a realistic inspiration behaviour if the
former boundary condition is prescribed at the pharynx and the latter at the nostrils.

To realize no-slip conditions at tissue walls, interpolated bounce-back conditions [5],
which perform a reflective collision of the wall-pointing PPDFs, are frequently used.
They are of second-order accuracy and reflect the PPDFs weighted by the distance of
the element center to the wall in direction i. There exist further popular schemes such
as those from Ginzburg and D’Humieres [14] and Yu et al. [57], which also deliver
highly accurate results.

Large-Eddy Simulations

To perform LES computations, the governing equations are filtered in space and time
and a modelling assumption for non-resolved scales is introduced. For simplicity, the
following describes modelling via the Smagorinsky approach [19, 51]. In LB context,
the viscosity v in wy is replaced by vy gs = v + v;, where

2

Wy e
v, = (Csbx)* |2 2p72 [fi(x,1) = £E9(%,0)] & ain 6.11)

squared filtered strain rate

is the turbulent viscosity with mesh resolution dx and Smagorinsky constant Cs.

Mesh Refinement

If computations are to be employed on refined meshes, some modifications to the
algorithm are necessary [9]. Missing incoming PPDFs need to be reconstructed from
neighbours on a different level. To obey the laws of physics, it is required to keep the
viscosity constant across mesh level interfaces. This goes a long with an adaption of
the time step ¢ and yields transformations

fian (x,1) FAx ) + O - (fialx, 1) = fF9(x,1)) (6.12)
fia(x,1) FAx0D+0, - (fian(x,0) = f79(x,1)) (6.13)

for levels A and A + 1. The PPDFs with a tilde <~ > are interpolated from the other
mesh hierarchy. The transformations are functions of ®, and ©,,; given by

0, = . Cxar (6.14)

0Xa41 Wy

5
O = b, Dt (6.15)

0XQ Wy a4l

Performance of LB Methods

To analyze the parallel performance of LB methods, strong scaling experiments are
performed for the SRT method on a cubic periodic domain with uniform mesh refine-
ment, consisting of 1.1225 - 10° mesh elements [31, 32]. The experiments are run
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Figure 6.14: Results of strong scaling experiments on the three different HPC systems
JURECA, JUQUEEN, and HAZEL HEN. The mesh is uniformly refined and consists
of 1.1225 - 10° mesh elements. [32].

on the systems JURECA, JUQUEEN, and HAZEL HEN HPC systems located at JSC
and HLRS. From Fig. 6.14 it is obvious that the LB method shows a very good strong
scaling behaviour on all three systems, i.e., on JURECA an almost linear behaviour is
visible up to 128 nodes, on HAZEL HEN the code scales well up to 512 nodes, and on
the massively parallel system JUQUEEN a good scalability up to 8, 192 nodes with a
slight decrease in parallel efficiency up to 16, 384 nodes is visible.

6.5.3 Summary and Conclusions on Using Lattice-Bolztmann Methods

Lattice-Boltzmann methods are a powerful alternative to conventional CFD methods
such as finite volume, finite difference, finite element, and discontinuous Galerkin
methods. Derived from the Boltzmann equation the single relaxation time and the
multiple relaxation time methods are great options to simulate intricate flow in com-
plex geometries. Especially their ability to implicitly compute the pressure and not
to solve a Poisson equation in the incompressibility limit excels them. Furthermore,
their high parallel efficiency and their straightforward implementation on hierarchical
Cartesian meshes suit them well for large-scale simulations on HPC systems. Complex
geometries can be represented by accurate boundary conditions and there exist mod-
elling approaches for LES computations and refinement strategies. All these features,
together with their great applicability for low MACH number and REYNOLDS number
flows, make them an extraordinary method for the simulation of respiratory flows,
especially when applied in combination with the meshing tools presented in Ch. 6.3.



6.6. ADVANCED APPLICATION: HIGHLY RESOLVED SIMULATIONS 105

6.6 Advanced Mesh Applications: High Resolution Simulations
Without Any Turbulence Modelling

The computational simulation method in conjunction with the available computational
resources determine a maximum resolution that can be achieved. Depending on this
resolution, different approaches with increasing levels of modelling can be used to
simulate flow.

A DNS resolves all scales of the flow and introduces no additional modelling. In
contrast, an LES solves the spatially and temporally filtered governing equations and
uses sub-grid scale (SGS) models such as the Smagorinsky [51] or dynamic Smagorin-
sky [13] models to reconstruct scales that are not resolved by the mesh, see Ch. 6.5.2.
A computationally less expensive but also less accurate method than DNS and LES is
to solve the RANS equations and to employ additional turbulence models such as the
k-€ [25], k-w [37], or the k-w SST [15] models. These models introduce additional
equations to solve for the turbulent kinetic energy k, the rate of dissipation €, and
the specific dissipation of the turbulence kinetic energy into internal thermal energy
w. The flow in the nasal cavity is at respiration at rest laminar and in some regions
transitional but not necessarily turbulent [17, 18, 30]. RANS was developed for fully
turbulent flow and the Reynolds averaging assumes decent fluctuations around a mean
flow. Furthermore, model constants need to be individually tuned per case delivering
inconsistencies in the solutions. The results obtained by this method hence allow for
only a tentative evaluation of the flow in the nasal cavity.

It is obvious that DNS and even LES computations are out of reach for researchers
without any access to HPC systems and that hence RANS simulations, e.g., with
commercial software, remain their only option to simulate flow. Considering, however,
the trend in hardware and parallel software development it is assumed that LES and
DNS will become available sooner or later as desktop applications.

In the following, results for highly resolved simulations of the flow in the nasal cavity
are presented that do not employ any kind of turbulence modelling, i.e., the equations of
fluid mechanics are solved as is by means of an LB method on fine meshes that capture
all important flow scales, see Ch. 6.3 and 6.5. The results are based on the findings
in [28-30, 35, 55] and make use of the framework Zonal Flow Solver (ZFS) [31]. The
interested reader is referred to these publications for more details.

6.6.1 Mesh Resolution Required for Fully-resolved Simulations

The mesh resolution is an important parameter for the accuracy of a simulation (see
Ch. 6.4). It is of crucial interest to accurately determine various parameters that
determine the quality of a nasal cavity, e.g., the pressure loss and the temperature
increase as measures of the respiratory and heating capabilities. Furthermore, the
wall-shear stress, which helps to identify regions of irritation, is of interest. Especially
regions with high velocity gradients such as in the vicinity of the wall require a high
resolution to accurately predict the aforementioned parameters.

To analyse the dependency of the mesh resolution on the simulation result, it is
in most cases sufficient to perform grid convergence studies. This is done by solving
the same case on successively refined meshes and to determine the change of the
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Figure 6.15: Grid convergence analysis. Two profiles at the pharynx for mesh resolu-
tions of 8x5; = 93.569 - 103 mm (G, with 92.6 - 10 elements) and 6x 5 = 6x4,/2 (G ¢
with 724 - 10° elements) are juxtaposed. The velocity magnitude |v| is normalised by
the overall velocity magnitude |v,,4| along the profile line [30].

solution with respect to the essential flow parameters. Figure 6.15 shows a comparison
of the temporally averaged velocity profiles at the pharynx for two resolutions, i.e.,
for a case G4 with 92.6 - 10° elements and 6xg; = 93.569 - 103 mm, and a case
Gy with 724 - 10° elements and &x £ = 0x5/2. Although some smaller differences
are visible in the pharynx center region, especially in the vicinity of the walls, the
curves of both profiles coincide. Considering furthermore the total pressure loss 6p; =
(ps + Pd)pharynx — (Ps + Pd)nostrit, 1.€., the difference of the sums of the static
pressure p, and the dynamic pressure py = (p/2)|v|? at the nostrils and pharynx, the
difference between Gy and Gg; is only 2.1%0 and 0.8%o for the left and right nasal
cavity. The temperature difference 67 = Tpnarynx — Thostrit can be evaluated similarly
to the pressure loss as the difference in temperature between the nostrils and pharynx
cross-sections. This yields a small difference of only 0.1985K between G ¢ and G;. To
summarise, the grid convergence analysis renders the resolution of G, to be sufficient
to simulate flow at respiration at rest.

Another method to evaluate a resolution is considering the power spectral density
of the velocity components for various resolutions. Details on this method can be found
in Lintermann et al. [30].

6.6.2 Examples of Simulation Results

In the following, several example results are presented that were generated by the
highly scalable LB flow solver that operates on hierarchical Cartesian meshes (see
Ch. 6.3 and 6.5). All simulations were run on supercomputers and the resolutions
are in the sub-millimeter range to cover all essential flow phenomena. Three different
cases N1, N,, and N3 are considered that underwent an evaluation by medical experts
beforehand. Figure 6.16 shows frontal CT-cross-sections of the different cases. Case
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Figure 6.16: Frontal CT-cross-sections of the nasal cavities N, N,, and N3 from left to
right [30].
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(a) Non-dimensional total pressure loss across (b) Non-dimensional temperature increase
the nasal cavities. across the nasal cavities.

Figure 6.17: Total pressure loss and temperature increase for three different cases Ny,
N,, and N3 for the left (subscript /) and right (subscript r) cavities [30].

N was considered a healthy nasal cavity with only slightly swollen turbinates on the
left side. Case N, suffered from a bent septum, and swollen lower and center turbinates
on the right side. Nasal cavity N3 previously underwent a surgery in which the lower
turbinate on the right side and the center turbinate on the left side were removed.
Furthermore, a large orifice to the paranasal sinus on the left side existed. For further
details, the interested reader is referred to the original publications [30, 35].

There are various results of a respiratory flow simulation that are of interest. As
mentioned before, the difficulty to inhale can be quantified by considering the total
pressure loss in the nasal cavity.

This is also a good parameter to juxtapose nasal cavities, i.e., to classify nasal
cavities by their respiratory capabilities. Such a juxtaposition is shown in Fig. 6.17a
for three nasal cavities Ny, N», and N3. Obviously, case N3 has the lowest pressure
loss on both sides as the respiratory tract misses several turbinates. However, compared
to N; the advantage is not excessive. In contrast, the swollen turbinates in N, lead
to a high pressure loss and hence to impaired respiration. To furthermore find local
phenomena responsible for the pressure loss, the total pressure along a stream line can
be considered. The distribution of the mass flux in the nasal cavity can be analysed by
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Figure 6.18: Results of highly resolved simulations from Lintermann [30, 33].

measuring it in different cross sections or by visualising stream lines (see Fig. 6.18a).
Another interesting parameter is the capability of a nasal cavity to heat the inhaled air.
Figure 6.17b shows an evaluation for the same nasal cavities as in Fig. 6.17a. Undis-
turbed respiration in case N3 comes with a diminished heating capability compared to
cases N| and N;, which almost heat up the air up to body temperature. To also analyse
the impact of the flow on the tissue, i.e., to quantify the forces acting on the tissue,
which might lead to irritations or even to inflammations, the wall-shear stress can be
evaluated. Figure 6.18b shows a visualisation of the wall-shear stress mapped to the
nasal cavity surface of case N,. Obviously, the swollen turbinates and the bent septum
lead to strong wall-shear stresses. Similar to the wall-shear stress, the heat flux can be
evaluated by considering ¢ = k9T /dx,, with heat conduction coefficient . A result
for case N, is shown in Fig. 6.18c. From both the wall-shear stress and the heat-flux it
is clear that in narrowed geometries the less tempered inhaled flow passes close to the
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tissue and is thereby heated up quite well.

Further in-depth details on respiratory flows can be obtained by analysing vortical
structures, e.g., by means of visualisation techniques (A-, Q-criterion, or A, contours),
the Reynolds stress tensor, the turbulent kinetic energy, root-mean square values, cross-
and autocorrelations, eddy tunraround times, and power spectral densities. These are
quantities that directly have an impact on the important parameters such as the pressure
loss, the temperature increase, the wall-shear stress, and the heat flux but are not
necessarily crucial to classify and evaluate nasal cavities in preparation of a surgery.
Further details can be found in [28-30, 35, 55].

6.6.3 Recapitulation: Using Highly-Resolved Meshes

Simulations in the nasal cavity can be run with varying grades of detail with DNS
delivering results with the highest accuracy and RANS with the lowest. Although DNS
are quite expensive in terms of computational costs they deliver an extraordinary variety
of data that is to both the fluid-mechanics expert and the medical doctor of interest.
Concerning the physics of respiration, a doctor might be interested in phenomena caus-
ing certain functional degradations, e.g., local constrictions in the airways, which lead
to strenuous respiration. The pressure loss and the wall-shear stress are good indicators
to find such locations that are potential candidates for a surgery. The latter might also
help to find locations with an increased risk of dry-out, irritation, or inflammation. The
capability of the nasal cavity to increase the temperature contributes to the well-being
of the patient and is hence another key component of the fluid mechanics of respiration.
While the global increase along the airways delivers rather superficial information on
the heating capability, an analysis of the local heat flux distribution allows to locate
regions with low heat flux and hence regions that have a low impact on the temperature
increase.

The expert in fluid mechanics is furthermore interested in the finest details of the
flow, i.e., in the formation of recirculation zones, the energy distribution, frequency
analyses of fluctuating flow, Reynolds stresses, and so forth, to advance fundamental
research. Obviously, experts from the medical community, engineering, and HPC need
to work together in an interdisciplinary context to extract the maximum of information
from highly resolved simulations that are important to treat patients and to advance the
fluid-mechanical understanding of respiration and computer science research.

6.7 Summary and Conclusion

In this chapter, an introduction to meshing complex shapes such as the human respiratory
tract has been given. Different kinds of meshes, i.e., unstructured and structured meshes
with different kinds of mesh elements have been considered and their advantages and
disadvantages have been discussed. Using structured meshes, although they allow for an
efficient computation and require only a small amount of memory, has shown not to be
feasible for complex geometries. Despite their disadvantages from an efficiency point
of view, unstructured meshes can be generated fully automatically and are applicable to
intricate shapes. However, in this case one has to take care that the quality of the mesh
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elements is guaranteed. This can be realised by avoiding skewed cells or elements with
a too high or too low aspect ratio, and by guaranteeing a sufficient resolution. The latter
can be analysed with the help of mesh independence studies.

In addition to fundamentals in meshing, a parallel grid generator has been presented.
It is capable of creating large scale hierarchical Cartesian meshes fully automatically
on HPC systems in a short amount of time. The grid generator scales up to several
hundred thousands of processes. Boundary and patch refinement methods enable high
resolutions where necessary to capture of all key flow features. The parallel meshing
algorithm is hence a reasonable tool to construct meshes for highly-resolved flow
simulations, e.g., in the human airways. Other than that, there also exist other solutions
to generate unstructured meshes. They are frequently part of commercial software
packages or are free to use and can be used in combination with commercial solvers.

Furthermore, the lattice-Boltzmann method to simulate complex flows in intricate
geometries has been presented. It shows high flexibility and high scalability on state-
of-the-art supercomputers and is hence well suited to run fully-resolved and highly
accurate simulations in the human respiratory tract. This method has been applied to
different nasal cavities and a mesh independence study has been presented. It shows
to be a suitable tool to evaluate nasal cavities from a fluid-mechanics point of view.
Analyses of the pressure loss, the heating capability, the wall-shear stress, and the heat
flux are in line with clinical findings.
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