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Abstract 

The impact of DC electric fields on grain growth in strontium titanate is investigated 

between 1350°C and 1550°C for fields of up to 50 V/mm. To prevent joule heating by 

electrical currents, insulating Al2O3 plates separate electrodes from samples. The seeded 

polycrystal technique is used, which allows evaluating gradients induced by electric fields. 

The growth direction of the single crystalline seeds is perpendicular to the electric field; 

hence electrostatic forces do not influence its growth. Below 1425°C, the influence of 

electric fields is very weak. Above 1425°C the field results in an increase of the grain 

boundary mobility at the negative electrode. 

The enhancement of the boundary mobility at the negative electrode is attributed to electric 

field induced defect redistribution. Oxygen vacancies migrate towards the negative 

electrode, while strontium vacancies accumulate at the positive electrode. This defect 

redistribution is connected to the defect chemistry dependent grain growth in strontium 

titanate. 
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1. Introduction 

Within the last five years considerable efforts were expend in understanding electric field 

assisted sintering (flash sintering). Flash sintering refers to accelerated sintering in electric 

fields [1, 2]. This method involves high currents flowing through the sample and thereby 

joule heating. Different ceramic materials show this effect, for example alumina [3], silicon 

carbide [4], zirconia [1, 5-9], barium titanate [10] and strontium titanate [11]. The 

mechanism of flash sintering is under debate. While most likely joule heating is involved [12-
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14], different defect based mechanisms were proposed as well [1, 2, 5, 15]. Further 

experimental and theoretical work is ongoing in a multitude of working groups. 

However, flash sintering experiments are very hard to control: shrinkage occurs within 

seconds and the local temperature is undefined due to joule heating. Analyzing grain growth 

in an electric field simplifies these experiments and provides information on the active 

mechanisms. Only, few studies focused on the impact of electric fields on grain growth. In 

experiments with an electric current flow and joule heating in zirconia, a suppression of 

grain growth with electric fields of up to 40 V/mm was found [1, 16, 17]. The authors 

explained the observations by a reduction of the grain boundary entropy and energy by local 

joule heating of the interfaces and local point defect creation. These point defects are 

believed to segregate and to cause a solute drag-like [18] effect on boundary motion. 

Two similar studies have investigated grain growth in barium titanate in an electric field of 

20 V/mm at different dopant concentrations and atmospheres [19, 20]. The authors report 

diverse growth gradients across the samples depending on dopant concentration and 

atmosphere. Several complex grain growth effects seem to be coupled, for example a 

change of the boundary potential from positive (acceptor doped and undoped) to negative 

(donor doped) and a field induced wetting transition. Wetting is assumed to increase the 

boundary mobility drastically. The authors explain all growth effects observed in the samples 

by the grain boundary potential and its interaction with local defect concentrations, which 

are graded across the sample due to the electric field. However, the composition of the 

second phase, joule heating, a possible change in faceting and its impact of grain growth [21-

24] are not considered. 

At these fields, joule heating is expected due to the high conductivity of these materials at 

high temperature. Accordingly, the present study focuses on grain growth in the no-current 

case with insulating alumina plates to separate the electrodes from the samples. The seeded 

polycrystal method was used, in which a single crystal is joined to a polycrystalline matrix 

[25, 26]. This method allows evaluating the grain boundary mobility continuously across the 

sample and highlighting gradients induced by the electric field. In alumina [27] and sodium 

chloride [28], the general impact of electrostatic forces on grain boundary migration parallel 

to electric fields was documented. Thus in the present experiments the growth direction of 

single crystalline seeds was orthogonal to the electric field to prevent possible effects. The 

perovskite model system strontium titanate was chosen, since its grain growth behavior is 
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well-known in relation to defect chemical parameters (but in the absence of electric fields). 

For example a grain growth transition was documented resulting in strongly decreasing grain 

growth rates with increasing temperature [29-31]. Information on grain boundary energy 

[32, 33] and mobility anisotropy [25, 26] as well as grain boundary faceting [34-36] and 

atomic structure [37] are available. The impact of stoichiometry on grain growth was 

thoroughly examined [31, 38, 39] and the bulk defect chemistry is well-known [40, 41]. 

 

2. Experimental Procedure 

Stoichiometric strontium titanate powder was prepared by the mixed oxide/carbonate route 

based on high purity raw materials (SrCO3 and TiO2, both 99.9+%, Sigma Aldrich Chemie 

GmbH, Taufkirchen, Germany). The green bodies were sintered at 1425 °C for 1 h in oxygen 

to a relative density of 99.5 ± 0.2 %. Further details of the powder synthesis are published 

elsewhere [42]. Samples were cut into discs and polished (diamond slurry, 0.25 µm) and 

then scratched with a polishing disc (30 µm diamonds) to create pore channels. These pore 

channels mark the original position of the interface during growth experiments (cf. white 

broken line in Figure 1 a and c [26, 33]). 

The seeded polycrystal technique was used to evaluate the impact of an electric field on 

grain growth. A single crystalline disc (chemical-mechanical polished, impurity content: 

<10 ppm Si, <2 ppm Ba, <1 ppm Ca, SurfaceNet GmbH, Rheine, Germany) was placed 

between two polycrystalline discs and joined by a diffusion bonding process (1430°C, 20 min 

in air, 1 MPa). A typical microstructure of a seeded polycrystal is shown in Figure 1c. The 

single crystal grows into the polycrystal. The driving force for this growth is the interface 

area of the polycrystal consumed by the growing single crystal. Further details on this 

experimental setup are published elsewhere [26, 33]. 

Samples were again cut perpendicular to the single crystal in slices of a thickness of about 

2 mm. As shown in Figure 1b, samples were placed between two high purity alumina plates 

(thickness of 1 mm) to avoid joule heating by a current flowing through the sample. To 

prevent any reaction of strontium titanate with alumina, a very thin layer (<0.1 mm) of 

coarse zirconia powder was spread in the contact area to prevent any direct contact. No 

influence or reaction of the zirconia on the strontium titanate was found. 

On top of both alumina plates platinum sheets were used as electrodes. These sheets were 

contacted with platinum wires, which were passed outside the furnace to a voltage source 
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(XG 600-2.8, AMETEK, San Diego, USA). The applied fields were 25 V/mm and 50 V/mm. 

Voltage and current were measured and logged (Type GL200A, Graphtec Corp., Yokohama, 

Japan); no current was detectable for all experiments due to the insulating alumina plates. 

Grain growth experiments were done in a batch furnace between 1350°C and 1550°C in air 

(Gero GmbH, Neuhausen, Germany). 

The mean grain radius was obtained by the line intersection method on SEM micrographs. 

Due to the microstructural gradient for every sample three different positions were 

observed (at both electrodes and in the middle of the sample). For each measurement 

typically 200 grains were counted (min. 120). The growth front of the single crystal was 

documented across the entire sample by assembling 5-10 SEM images (Figure 1c). 

In these assembled images the growth length was measured in every pixel and plotted (thin 

line in Figure 1d). Additionally the data was fitted with a polynomial of second degree to 

highlight the trend of the growth length (thick line in Figure 1d). 

 



5 
 

a 

 

b 

 

c 

 

d 

0 250 500 750 1000 1250

0

10

20

30
 Side 1

 Fit side 1

G
ro

w
th

 l
e

n
g

th
 [

µ
m

]

Position [µm]

1460°C 2h 50V/mm

 

Figure 1: Microstructure of a seeded polycrystal after diffusion bonding (a). The initial 
position of the interface prior to bonding is marked by a row of small pores (white broken 
line). Sketch of the experimental setup with seeded polycrystal, insulating alumina plates 
and voltage source (b). Microstructure across a sample from negative (left side) to positive 
electrode (right side) after 2 h at 1460°C and 50 V/mm (c). The initial position of the 
interface prior to bonding is marked by a row of small pores (white broken line). The growth 
length between the initial and actual position is shown in d with respect to the position in 
the sample (d). 

 

3. Results and Discussion 

3.1. True external electric field in the chosen experimental setup 

Due to the experimental setup using insulating alumina plates, the true field distribution in 

the sample should be addressed. Not the entire potential is applied at the sample; the 

experimental setup can be understood as a set of capacitors in series (Figure 2a and b). In 

the following, the capacity of the two insulating alumina plates Ci,1 and Ci,2 is combined to a 
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single capacity Ci (Figure 2c). For this situation, the following equation can be obtained (see 

appendix for derivation) 

with the electric field at the sample 𝐸𝑠, the overall electric field 𝐸𝑡𝑜𝑡𝑎𝑙, the sample and 

insulator thickness 𝑑𝑠 and 𝑑𝑖 and the relative permittivity of strontium titanate 𝜖𝑟,𝑆𝑇𝑂 and 

alumina 𝜖𝑟,𝑎𝑙𝑢𝑚𝑖𝑛𝑎. In the present experiment, we can assume [43, 44] 

to estimate the true electric field in the sample: 

Thus, in the present experiments the true electric field at the sample is lowered significantly 

by the insulating alumina plates at the electrodes (13.25 V/mm instead of 25 V/mm and 

26.5 V/mm instead of 50 V/mm). The thin layer of zirconia powder (Figure 1b) may result in 

an additional reduction of the field: If we assume a powder layer thickness of 0.1 mm and a 

tentative dielectric constant of 5, we may lose another ~30% of the electric field according to 

Eqn. 1. Nevertheless, since this is just a rough estimation (e.g. the relative permittivity at 

high temperatures are uncertain), we used the overall electric fields in the discussion. 

 

 

Figure 2: Derivation of an equivalent circuit to estimate the true electric field across the 
sample. The sample and both insulators at the electrode (a) are assumed to represent 
capacitors with the capacity Ci,1, Ci,2 and Cs (b). Ci,1, Ci,2 can be combined to a single capacity 
Ci (c). 

𝐸𝑠𝑎𝑚𝑝𝑙𝑒

𝐸𝑡𝑜𝑡
=

𝑑𝑠 + 𝑑𝑖

𝑑𝑠 (1 +
𝜖𝑟,𝑆𝑇𝑂𝑑𝑖

𝜖𝑟,𝑎𝑙𝑢𝑚𝑖𝑛𝑎𝑑𝑠
)

 
1 
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𝐸𝑠

𝐸𝑡𝑜𝑡𝑎𝑙
≈ 0.53 3 
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3.2. Microstructure 

The microstructures of all samples are shown in Figure 3 (three images refer to the 

microstructure near the negative electrode, in the center of the sample and near the 

positive electrode). The microstructures are unimodal at 1350°C and 1550°C and bimodal at 

1425°C and 1460°C as expected for strontium titanate [26, 30, 45, 46]. No elongated or grain 

shapes could be found in the 2D cross sections in Figure 3; accordingly the electric field does 

not seem to generate a significant grain shape texture. Up to 1425°C (Figure 3a-d), no 

significant change of the microstructure from the negative to the positive side appears. 

Above 1460°C (Figure 3e-h) a gradient of the grain size develops: At the negative electrode 

the grain size is largest and at the positive electrode the grain size is smallest. In the center 

of the sample, the grain size is between these two extremes. This effect is stronger at higher 

electric fields (Figure 3 f and h). 

During the experiments the single crystals grow into the polycrystal. This effect was 

described elsewhere in detail and gives a simple approach to the grain boundary mobility 

[26]. In general, it can be shown that the single crystal exhibits the same growth behavior 

(i.e. grain boundary mobility) as polycrystals [25, 26]. Therefore, the growth length of all 

samples shows no gradient below 1425°C (Figure 3a-d). For 1460°C and 50 V/mm (Figure 3f) 

as well as for 1550°C (Figure 3g and h) a gradient appears similar to the grain size with the 

highest growth lengths at the negative electrode and the shortest at the positive electrode. 

However, at 1460°C and 25 V/mm no gradient of the growth length was found, although the 

grain size clearly shows a gradient. This is more obvious in the data shown in section 3.1. 
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Figure 3: Microstructures of the seeded polycrystals after 10 h at 1350°C (a, b), after 10 h at 
1425°C (c, d), after 2 h at 1460°C (e, f) and after 30 min at 1550°C (g, h). The electric field 
was 25 V/mm (a, c, e and g) and 50 V/mm (b, d, f and h). The original interface between 
polycrystal and single crystal is highlighted by a dashed line. Every set of images gives 
microstructures at the negative electrode (left), in the middle of the sample (middle) and at 
the positive electrode (right). 
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3.3. Growth of single crystalline seeds 

Figure 4 quantifies the growth effects described in section 5. The graphs give the growth 

length of the single crystal with respect to the position in the sample; additionally a fitted 

line highlights the trend of the growth length. In principle, the experimental setup (Figure 

1b) provides two growth fronts of the single crystal. However, due to the complexity of the 

experimental setup and sample preparation several samples were damaged; samples tend to 

cleave along the interface of the single crystal. Thus for some samples only one growth front 

could be examined (Figure 4e, f and h). For two samples only parts of the interface broke 

and some data is missing (Figure 4a, side 1 left and Figure 4d, side 2 left), but the position of 

the curves was corrected to ensure comparability with the second side of the sample. 

As in Figure 3, no significant effect of the electric field appears at 1350°C and 1425°C at 

25 V/mm (Figure 4a-c). At 1425°C and 50 V/mm, a slight gradient is evident with faster 

growth at the negative electrode. At 1460°C and 50 V/mm (Figure 4f) and at 1550°C (Figure 

4g and h) a strong gradient with much larger growth lengths at the negative electrode is 

visible. At 1550°C and 50 V/mm, the positive electrode reveals a plateau with small growth 

lengths. 

The position dependent mean grain size was added to the graphs in Figure 4 and shows the 

same behavior as the growth length with one exception at 1460°C where the ratio of growth 

length to mean grain size is higher compared to other temperatures. This effect is well-

known and seems to be related to exaggerated growth of the single crystalline seeds at this 

particular temperature [26]. The growth front of the single crystal also shows a pronounced 

scattering, which is caused by a macroscopic waviness of the interface between polycrystal 

and single crystal (cf. Figure 3 [26]). At 1460°C this scattering is strongest as microstructures 

are bimodal. 
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Figure 4: Measured growth length of the single crystals after 10 h at 1350°C (a, b), after 10 h 
at 1425°C (c, d), after 2 h at 1460°C (e, f) and after 30 min at 1550°C (g, h). The electric field 
was 25 V/mm (a, c, e and g) and 50 V/mm (b, d, f and h). The negative electrode was on the 
left side (and the positive electrode on the right side). The mean grain size was added to the 
graphs. For most samples two datasets are given according to the two sides of the single 
crystals. In two cases (side 1 in a and side 2 in d) some data is missing due to breakout during 
polishing. The thick lines represent a fitted polynomial of second degree to highlight the 
trend of the growth length. 
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3.4. Growth of polycrystals 

The grain sizes given in Figure 4 can be used to compare grain growth to literature data 

(Figure 5 [30]) using the standard grain growth equation [47] 

with the mean grain size D, the mean initial grain size D0 at time t = 0 and the grain growth 

constant k. The present dataset allow only estimating the grain growth constant on a very 

rough scale, since only one heating time was done for each experiment. For this estimation 

D0 was assumed as the mean powder particle size of 0.3 µm [45]. The obtained data is 

plotted in Figure 5 along with literature data [30, 31]. Strontium titanate is known to show a 

grain growth transition within the temperature range from 1350°C to 1425°C indicating non-

Arrhenius behavior of the grain growth constant. In general, the estimated grain growth 

constants fit the literature data very well. At 1550°C and at 1350°C the estimated k is lower 

than expected and at 1350°C the two samples (25 V/mm and 50 V/mm) differ slightly as 

well, but given the uncertainty in k due to the estimations the accordance is still sufficient. 

For all temperatures, k is higher at the negative electrode. This trend is most pronounced at 

1550°C. In most cases grain growth at the positive electrode and in the center of the sample 

is very similar. The magnitude of the electric field does not have a strong effect. 

In summary, the behavior of the grain growth constant k is very similar to the growth length 

of single crystals as discussed in section 3.3. However, a gradient in the growth length of the 

single crystalline seeds was significant only above 1425°C (with faster growth at the negative 

electrode), but the grain growth constant shows a gradient for all temperatures and fields. It 

is not clear why the grain size is more sensitive for field induced effects; possibly the electric 

field increases the driving force for growth of the polycrystal by electrostatic forces as 

described in the literature [27], but in this case a texture of the grain shape should occur, 

which was not observed. 

 

𝐷2 − 𝐷0
2 = 𝑘𝑡 4 
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Figure 5: Estimated grain growth constants at the negative electrode, in the center of the 
sample and at the positive electrode in comparison to literature data [30]. 

 

3.5. Impact of defects on grain growth in strontium titanate 

The growth effects observed in sections 3.1 and 3.3 can be explained by a defect polarization 

of the samples. The most important point defects in undoped strontium titanate are oxygen 

vacancies (𝑉𝑂
∘∘), electrons (𝑒′), holes (ℎ∘) and strontium vacancies (𝑉𝑆𝑟

′′ ) [41]. We propose 

that a redistribution of these defects causes the gradient in grain boundary mobility in 

strontium titanate. As discussed in the following, we correlate the local defect concentration 

and the defect chemistry dependent grain growth behavior of strontium titanate as 

published in the literature [25, 31, 38, 39, 42]. 

The defect concentration across the sample is sketched in Figure 6. Electrons and holes are 

ignored in this graph; their distribution is analogue to strontium and oxygen vacancies, 

respectively. In the absence of external electric fields the defects are distributed equally in 

the sample (broken lines in Figure 6). If the material is exposed to an external electric field, 

the equilibrium defect concentration between the electrodes is changed to the continuous 

lines with a high concentration of 𝑉𝑂
∘∘ and a low concentration of 𝑉𝑆𝑟

′′  at the negative 

electrode (and the inverse at the positive electrode). 

The impact of defects (i.e. 𝑉𝑂
∘∘ and 𝑉𝑆𝑟

′′ ) was already analyzed in previous studies. The oxygen 

vacancy concentration was controlled by changing the atmosphere from pure oxygen to 

reducing atmosphere [25, 36]. Faster grain growth (i.e. a higher grain growth constant k) was 

observed in reducing atmosphere (i.e. for high 𝑉𝑂
∘∘ concentrations). Several studies focused 
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on the impact of Strontium vacancies on grain growth at different length scales. 

Macroscopically, the overall stoichiometry was changed during powder processing. Faster 

grain growth occurred with excess Strontium in the powder (which accords to a relatively 

low 𝑉𝑆𝑟
′′  concentration) [31, 42]. Microscopically, two TEM studies compared the grain 

boundary mobility with the local defect concentrations at the interfaces. High Ti 

concentrations (i.e. high 𝑉𝑆𝑟
′′  concentration) at the boundary were found to be correlated 

with low grain boundary mobility. Both macroscopic and microscopic observations agree 

well. 

In summary, a high 𝑉𝑂
∘∘ concentration gives high grain boundary mobility whereas high 𝑉𝑆𝑟

′′  

concentrations result in low grain boundary mobility. Given the expected concentration 

profiles in Figure 6, faster grain growth is expected at the negative electrode. This was 

observed in experiment as well (cf. Figure 3 and Figure 4). Thus the assumption of a field 

induced redistribution of defects causing the growth gradients in the samples is plausible. 

However, kinetics needs to be addressed [48, 49]. The equilibrium defect profile with 

external electric field sketched in Figure 6 can only be reached, it the diffusion of defects is 

fast enough. The diffusion coefficient at 1400°C of 𝑉𝑂
∘∘ is in the order of 10-6 cm²/sec [41], 

the diffusion coefficient of 𝑉𝑆𝑟
′′  is in the order of 10-14 cm²/sec [50]. According to their high 

mobility, the oxygen vacancies can be assumed to redistribute across the entire sample 

thickness of 2 mm within minutes [51]. The concentration profile of 𝑉𝑆𝑟
′′  will need much 

longer times, possibly the dwell times used in the present experiments is not sufficient for 

complete redistribution across the sample. But the argumentation above will not change 

fundamentally, if strontium vacancies do not to reach the proposed equilibrium 

concentration profile (or even if 𝑉𝑆𝑟
′′  does not move at all), since the consideration of 𝑉𝑂

∘∘ is 

sufficient to explain the effects. Unfortunately, the current dataset does not allow 

estimating kinetics of defect migration; further experiments with intermitted heating times 

are needed. 

Besides of the issue of kinetics, several questions are still open. For example, the defect 

concentration profile in Figure 6 was sketched according to standard electrochemical models 

[48, 49, 52]. The exact shape of the profile is not known and most probably more 

complicated. Figure 4h shows a plateau of the growth length at the positive electrode, while 

all other data show almost linear gradients across the sample. Possibly this indicates 

saturation effects of the local defect concentration at high temperatures. Additionally, the 
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existence of grain boundaries and space charge layers in the polycrystal are ignored 

completely [53, 54]. Theoretical considerations of the defect concentration profile across the 

sample and their interplay with local space charge in the polycrystal are highly needed [48, 

49]. Additionally, it is not known whether the grain boundary mobility or energy is changed 

by the local defect concentration, since both are coupled in mean field modelling (i.e. the 

grain growth constant k). 

It should be noted that the defect redistribution shown in Figure 6 results in the formation of 

an internal electric field, which opposes and compensates the external field. Thus, the 

sample is field-free. The effect of an electric field on grain growth is not due to the field 

itself, but due to a change of local defect concentrations by the electric field. The present 

experimental setup demonstrates the importance of defects in grain growth. If the local 

defect concentration is calculated by defect chemical equations and under consideration of 

the electric field, the present experiment is a powerful tool to control defect concentrations 

continuously and to investigate resulting effects on the material. Other methods as doping 

and oxygen partial pressure are discontinuous or rather complicated. 

 

 

Figure 6: Sketch of the defect redistribution in the samples caused by external electric fields. 
The upper two lines give the oxygen vacancy (𝐕𝐎

∘∘) concentration profile, the lower two lines 
represent the strontium vacancy (𝐕𝐒𝐫

′′ ) concentration profile. Broke lines give the profiles 
without external electric field and continuous lines with external electric field. 
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4. Summary and conclusion 

This paper investigates the impact of weak electric fields on grain growth in strontium 

titanate. To highlight the gradient in grain growth induced by the electric field, the seeded 

polycrystal technique was chosen: single crystals were diffusion-bonded to polycrystals. The 

polycrystalline matrix provides a driving force for the single crystal to grow into the 

polycrystal. The experimental setup used insulating electrodes (alumina) to prevent currents 

and joule heating. The electric field was parallel to the interface of the single crystal. Thus 

the field does not change the driving force for the single crystal by electrostatic forces. Two 

different fields were observed (25 V/mm and 50 V/mm). 

The electric field does not have a strong effect on the growth of the single crystalline seeds 

below 1425°C. Above 1460°C a gradient of the growth length appears with faster growth at 

the negative electrode. This effect is stronger at higher temperatures and at higher electric 

fields. The grain growth constant of polycrystals was estimated and agrees well with 

literature data. Analogue to the growth of the single crystalline seeds, a gradient in the grain 

growth constant across the sample was found. 

The effect of electric fields on grain growth seems to be attributed to defect redistribution 

across the sample where positive defects (particularly oxygen vacancies) migrate to the 

negative electrode while negative defects (particularly strontium vacancies) accumulate at 

the positive electrode. This expected defect concentration profile was connected to defect 

chemistry dependent grain growth data available in the literature. Since for high oxygen 

vacancy concentration and low strontium vacancy concentration fast grain growth is 

expected, the assumed migration of charged defects due to the electric field is in very good 

accordance to the growth effects observed in this work. However, the details of the defect 

migration (i.e. kinetics and defect concentration profile) require further theoretical and 

experimental investigations to quantify the observed correlation between defects and grain 

growth. 

The current experiments demonstrate that even weak electric fields can have a strong effect 

on grain growth. However, it should be noted that not the electric field itself changes grain 

growth in strontium titanate, but rather a change of local defect concentrations. The chosen 

experimental setup provides a powerful tool co correlate grain growth and grain boundary 

properties to defect chemical parameters. 
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Appendix 

This section gives the derivation of Eqn. 1. The equivalent circuit in Figure 2c shows that the 

sample is assumed as two capacitors in series. The capacities in this system are 

with the capacity of the sample Cs, the insulator Ci and the overall capacity Ctot. The charge Q 

is the same for all capacitors due to the serial circuit. We can combine Eqn. 5a and b to 

The electric field at a dielectric with thickness d is 

and we obtain 

According to the capacity of a plate capacitor with thickness ds we obtain the capacity of the 

sample 

with the permittivity of vacuum 𝜖0, the relative permittivity of strontium titanate 𝜖𝑟,𝑆𝑇𝑂 and 

the area of the plates A. The overall capacity of the sample setup is 

Combining Eqns. 8, 9 and 10 we obtain Eqn. 1: 

with 𝜖𝑟,𝑎𝑙𝑢𝑚𝑖𝑛𝑎 as the relative permittivity of alumina and di as the thickness of both alumina 

plates. 

𝐶𝑠 =
𝑄

𝑈𝑠
 𝑎𝑛𝑑 𝐶𝑡𝑜𝑡 =

𝑄

𝑈𝑡𝑜𝑡
 5a and b 

𝐶𝑠 =
𝐶𝑡𝑜𝑡𝑈𝑡𝑜𝑡

𝐶𝑠
 6 

𝐸 =
𝑈

𝑑
 7 

𝐸𝑠𝑎𝑚𝑝𝑙𝑒

𝐸𝑡𝑜𝑡
=

𝑑𝑡𝑜𝑡𝐶𝑡𝑜𝑡

𝑑𝑠𝐶𝑠
 8 

𝐶𝑠 =
𝜖0𝜖𝑟,𝑆𝑇𝑂𝐴

𝑑𝑠
 9 

𝐶𝑡𝑜𝑡 =
1

1
𝐶𝑠

+
1
𝐶𝑖

 10 

𝐸𝑠𝑎𝑚𝑝𝑙𝑒

𝐸𝑡𝑜𝑡
=

𝑑𝑠 + 𝑑𝑖

𝑑𝑠 (1 +
𝜖𝑟,𝑆𝑇𝑂𝑑𝑖

𝜖𝑟,𝑎𝑙𝑢𝑚𝑖𝑛𝑎𝑑𝑠
)

 
1 
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