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Mixed topology ring states for Hall effect and orbital magnetism in skyrmions of Weyl semimetals
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As skyrmion lattices are attracting increasing attention owing to their properties driven by real-space topology,
properties of magnetic Weyl semimetals with complex k-space topology are moving into the focus of research.
We consider Hall transport properties and orbital magnetism of skyrmion lattices imprinted in topological
semimetals by employing a minimal model of a mixed Weyl semimetal which, as a function of the magnetization
direction, exhibits two Chern insulator phases separated by a Weyl state. We find that while the orbital magne-
tization is topologically robust and Hall transport properties exhibit a behavior consistent with that expected for
the recently discovered chiral Hall effect [F. R. Lux et al., Phys. Rev. Lett. 124, 096602 (2020)], their evolution
in the region of the Chern insulator gap is largely determined by the properties of the so-called mixed topology
ring states, emerging in domain walls that separate the skyrmion core from the ferromagnetic background. In
particular, we show that these localized ring states possess a robust orbital chirality which reverses sign as a
function of the skyrmion radius, thereby mediating a smooth switching dynamics of the orbital magnetization.
We speculate that while the emergent ring states can possibly play a role in the physics of Majorana states,
probing their properties experimentally can provide insights into the details of skyrmionic spin structures.
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I. INTRODUCTION

Topological chiral spin textures such as magnetic
skyrmions have been established as an exciting platform for
the realization of novel physical effects and for innovative
ideas in the realm of practical applications of magnetic sys-
tems [1–9]. On the other side of the topology scale, magnetic
materials which exhibit nontrivial k-space topology in the
electronic structure, such as quantum anomalous Hall insu-
lators [10,11] and antiferromagnetic topological insulators
[12,13], are at the heart of current research in solid-state
physics and spintronics. Bringing together the benefits of
skyrmions, such as their efficient dynamics and stability, and
the advantages of k-topological materials, normally associated
with dissipationless transport and topological protection, ap-
pears to be an exciting avenue to pursue. To date, however,
skyrmions have been mostly realized in metallic ferromag-
netic materials that do not exhibit a distinct nontrivial k-space
topology, such as metallic ferromagnetic materials [14,15].
And while the interest in skyrmions realized in insulating
materials is rising [16–18], the emergence of global Chern
insulating states in skyrmion lattices was recently shown the-
oretically [19–23].

At the same time, another flavor of k-space topology ex-
hibited by magnetic Weyl semimetals is gaining increasing
attention, and the number of specific material candidates
which exhibit distinct topological band crossings in their
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electronic structure is constantly growing [24,25]. In three
dimensions, Weyl semimetals host band crossings known as
Weyl nodes that appear in pairs and carry an opposite nonzero
topological charge. Recently, it was suggested that in two
dimensions (2D) it is natural to interpret the emergence of
topological band crossings in the context of mixed Weyl
points, emphasizing that their topology and properties can
be classified most optimally by including the magnetization
direction m̂ and the mixed components of the Berry curvature
tensor into the topological analysis [26,27]. The 2D mixed
Weyl semimetals thus behave in many aspects similarly to
the three-dimensional (3D) Weyl semimetals in (k, m̂) space.
Recently, it was realized that the presence of Weyl points in
spin textures in 2D or 3D Weyl semimetals can have a drastic
effect on their magnetoelectric properties, orbital magnetism,
and dynamics (see, e.g., Refs. [26–30]).

In this work, by performing explicit tight-binding cal-
culations of skyrmion lattices imprinted onto a 2D Weyl
semimetal, we attempt to understand the role that the complex
mixed topology can have in the Hall transport properties and
orbital magnetism in these systems. Our main finding is the
demonstration that properties of skyrmions of mixed Weyl
semimetals, whose chemical potential resides in the vicinity
of Weyl points, are largely determined by so-called ring states,
which are localized at the skyrmion boundary and carry an
orbital moment of a specific orbital chirality. While we discuss
how the transport properties and orbital magnetization in these
systems can be used to get insights into the details of spin
distribution, we also consider a range of phenomena in which
ring states can be utilized for shaping skyrmion dynamics
and for mediating the emergence of novel topological phases.
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This paper is structured as follows. In Sec. II, we describe
the tight-binding model and parameters used in this paper.
The details of the setup and transport calculations are given
in Sec. III. In Sec. IV we present and discuss the results of our
calculations, providing an outlook in Sec. V.

II. MODEL

In order to assess the transport properties of 2D skyrmions
in mixed Weyl semimetals we choose the tight-binding model
such that the underlying electronic structure of the ferro-
magnetic host exhibits a mixed Weyl point in an extended
phase space of the magnetization direction and k space. A
similar model was used to study the topological properties
of ferromagnetic mixed Weyl semimetals in the past [26].
The tight-binding Hamiltonian of this model on a honeycomb
lattice with two structurally inequivalent atoms per unit cell
and two spin-split orbitals per site reads

H = λ
∑
iεζ

(m̂i · σ )c†
iεciζ

− t
∑
〈i j〉ε

c†
iεc jε + itso

∑
〈i j〉εζ

êz · (σ × d̂i j )c
†
iεc jζ . (1)

The properties of this model of magnetic graphene with
Rashba spin-orbit interaction were extensively studied in the
past for collinear ferromagnetic and antiferromagnetic cases
[31–33]. In Eq. (1), t is the magnitude of the nearest-neighbor
hopping, tso is the magnitude of Rashba-like spin-orbit cou-
pling [34], and λ characterizes the magnitude of the Stoner
exchange splitting [35,36]. In the above expression the indices
i and j run over nearest-neighbor atoms, while ε and ζ mark
the spin channel. Further, êz is the unit vector in the z direction
(out of the two-dimensional plane), while d̂i j is the unit vector
connecting atom sites i and j. The operators c†

iε and ciε are the
creation and annihilation operators of an electron on site i with
spin ε. The vector of Pauli matrices is denoted as σ , while
m̂i is the unit vector of the magnetization direction at atom
i, which generally varies in real space when a spin texture is
present.

Throughout this work, we choose t = −1.0 eV, tso =
0.4 eV, and λ = 1.4 eV in order to realize a mixed Weyl
point in the electronic structure for the ferromagnetic case
when all m̂i are aligned along a single direction m̂. The band
structure of the model for the out-of-plane direction of the
ferromagnetic magnetization with these parameters is shown
in Fig. 1(a). The emergence of the mixed Weyl point upon
varying the magnetization direction is shown in Fig. 1(c). The
topologically nontrivial character of this crossing point can be
shown by computing the flux of the Berry curvature tensor
with components in k and θ space, which quantifies the mixed
topological charge of the mixed Weyl point as +2 for θ = π/2
and −2 for θ = −π/2 [27].

III. COMPUTATIONAL APPROACH

Like in our previous work on transport properties of chiral
bobbers [37], we calculate the Hall conductance and orbital
magnetization of the system by employing the k-space Berry
curvature formalism, with the only nonvanishing component

FIG. 1. (a) The band structure of the ferromagnetic model with
an out-of-plane magnetization. The green dashed line marks the
region [−0.47, −0.46] eV. (b) The band structure of a skyrmion
with the parametrization described in the text. The red shaded area
in (a) and (b) indicates a band gap region of about 0.6 eV of the
ferromagnetic model. (c) A section of the band structure is shown for
different angles θ that the magnetization in the ferromagnetic model
makes with the z axis. (d) The magnetization is characterized by the
azimuthal angle θ and the polar angle φ. The skyrmion is placed in
the xy plane. (e) The Hall conductance and (f) orbital magnetiza-
tion of the ferromagnetic model with an out-of-plane magnetization
(along +z) as a function of band filling. Red shaded areas coincide
with the band gap marked in (a). All plots except for (b) and (d) are
for φ = 0.

of the Berry curvature tensor in k space being

	n
xy = −2Im

〈
∂unk

∂kx
|∂unk

∂ky

〉
, (2)

where unk is the lattice-periodic part of the Bloch wave func-
tion of the band n for a Bloch vector k. The intrinsic Hall
conductance (in units of e2/h) is then evaluated as the Bril-
louin zone integral of the Berry curvature of all occupied
states [38]

σxy =
occ∑
n

∫
BZ

	n
xy(k)dk. (3)

For an insulator the Hall conductance is quantized, and it is
proportional to the value of an integer Chern number C :=∫

S 	xydS/2π = −σxy/2π . We calculate the out-of-plane com-
ponent of the orbital magnetization (OM) in the system Morb

employing the modern theory of orbital magnetism [39–41],
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according to which

Morb = MLC
orb + MIC

orb = e

2h̄c
Im

∫
BZ

dk
(2π )2

occ.∑
n

〈
∂unk

∂kx

∣∣∣∣(Hk + εnk − 2μ)

∣∣∣∣∂unk

∂ky

〉
, (4)

where MLC
orb and MIC

orb are the local circulation and itinerant
circulation parts of the OM, respectively, εnk is the energy of
the nth Bloch state at k, and Hk is the lattice-periodic part
of the Hamiltonian Hk := e−ikrHeikr. In order to compute the
derivatives of the Bloch states in the tight-binding basis we
employ first-order perturbation theory:∣∣∣∣∂unk

∂ki

〉
=

∑
m �=n

〈umk|∂Hk/∂ki|unk〉
εnk − εmk + iη

|umk〉, (5)

which results in the well-known gauge-invariant expression
for the Berry curvature and OM [41,42]. In order to avoid
divergences for (nearly) degenerate states a broadening η =
10−8 hartree is introduced.

The calculated Hall conductance (HC) and OM of the
model as a function of band filling for the out-of-plane mag-
netization are shown in Figs. 1(e) and 1(f), respectively. As is
evident from these plots, at half filling the system is a Chern
insulator with a Chern number of −2. Therefore, the variation
of the OM in the topologically nontrivial gap is linear with
the chemical potential μ, according to the relation valid for
insulators [41]:

dMorb

dμ
= e

(2π )2h̄c
σxy, (6)

where e is the electron charge and c is the speed of light. The
emergence of the metallic point in the spectrum of the model
is due to the change in the Chern number from −2 to +2 at
half filling upon reversing the direction of m̂.

Based on the model (1) we imprint the skyrmion lattice
by varying the direction of m̂i in real space according to
the parametrization of the skyrmions discussed below. We
consider a hexagonal lattice of skyrmions where in the center
of each unit cell we place a Néel skyrmion. Skyrmions of
this type can be stabilized experimentally in the presence
of a small external magnetic field, the effect of which on
the electronic properties we do not take into account. The
chemical unit cell contains two atoms, which are located at
(0,±a, 0)T . The lattice vectors of the chemical unit cell are
(lchem, 0, 0)T and lchem · ( 1

2 ,
√

3
2 , 0)T , where lchem = √

3a and a
is the distance between the inequivalent atoms in the chemical
unit cell. The unit cell of the skyrmion lattice is hexagonal
and contains 1568 atoms. The lattice vectors of the supercell
are (lmag, 0, 0)T and lmag · ( 1

2 ,
√

3
2 , 0)T , where lmag = 28 lchem.

This corresponds to 28 atoms in between the centers of neigh-
boring skyrmions and 1568 atoms in the unit cell. We use
an adaptive integration scheme to evaluate the integrals in
Eqs. (3) and (4). This leads to the convergence of the results
presented below in Figs. 3, 4 and 5 with 6144 k points, and
results presented in Figs. 1(e) and 1(f) with 16 042 k points.
The full source code is available as open source [43].

FIG. 2. Emergence of mixed topology ring states (MTRSs) in a
skyrmion lattice of a mixed Weyl semimetal with skyrmion radius of
rmax = 1

2 lmag. (a)–(c) The local density of states (LDOS) in real space
integrated over the energy range from −0.3 to +0.3 eV, correspond-
ing to the gap of the ferromagnetic system in Figs. 1(a) and 1(b).
The magnitude of the integrated LDOS is indicated by the color bar.
The arrows to the right indicate the spin direction along the orange
line in the (xy) plane. Here the dark red (blue) arrows indicate an
m = (−)êz magnetization direction. In (a) d = 0.2, in (b) d = 0.5,
and in (c) d = 0.8. The LDOS marks the formation of MTRSs.
(d) The LDOS integrated in the energy range [−0.47, −0.46] eV,
away from the gap, is marked by a green dashed line in Fig 1(a).
The magnetic structure is identical to (c). In this energy region the
MTRSs are absent. In the center of the skyrmion m = +ez, while
m = −ez at the edges of the unit cell.

IV. RESULTS

A. Emergence of mixed topology ring states in
skyrmions of mixed Weyl semimetals

Here, we analyze the electronic structure of a skyrmion
lattice of a mixed Weyl semimetal at half filling, and in the
following the zero of energy is associated with the position
of Fermi energy for the case when exactly two electronic
states per structural unit cell are occupied. For the ferromag-
netic system this corresponds to the position of the metallic
Weyl point in the spectrum when the magnetization is in
plane [see Fig. 1(c)]. Correspondingly, in the limit of very
large skyrmions, when the regions with homogeneous out-of-
plane magnetization in the skyrmion center and in between
the skyrmions are large, we expect an emergence of electronic
states around the zero energy. This state is expected to be
localized to the region where the magnetization lies in plane,
i.e., within the domain wall separating the skyrmion center
from the outside region.

We verify this by performing explicit calculations of the
electronic structure of the skyrmion lattice with the model
described above. Néel skyrmions of radius R (with its max-
imal value being Rmax = lmag/2) are parameterized by the
angle α that a spin at a distance r from the center of the
skyrmion makes with the z axis, while the parameter d is
introduced to tune the width of the domain wall region where
the spins are lying in plane so that larger d results in a larger
region of “flat” magnetization [see examples in Figs. 2(a)–
2(c) for different values of d]. Note that the rate of change
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FIG. 3. Transport properties of a skyrmion lattice of a mixed
Weyl semimetal with R = Rmax/2. (a) The real-space cut through the
skyrmion profile along the path connecting two skyrmion centers for
different values of parameter a (see text for more details). The depen-
dence of (b) the Hall conductance σxy and (c) orbital magnetization
M on the band filling and parameter a. The inset in (b) zooms into
the region of quantization where MTRSs reside. (d) The HC of the
skyrmions with profile shown in (a) but with a reversed sense of the
spin rotation in the walls (for an impression see the sketch shown in
the inset). In all plots the color indicates the value of a in accordance
with the color scale shown in (a).

of the magnetization outside of the in-plane regions does
not change. We use this parametrization to artificially tune
the internal width of the states which emerge in the “flat”

region. Below we consider the case of R = Rmax/2 when
introducing the parametrization in terms of r and d as follows:
α(r, d ) = π

β(r/Rmax,d )−β(1,d )
β(0,d )−β(1,d ) , with β(x, d ) = atan[Rmax(6x −

3d − 3)] + atan[Rmax(6x + 3d − 3)]. As we show below, this
parametrization allows us to manipulate the spatial spread of
states associated with the transition between the two out-of-
plane domains.

In order to analyze the spatial localization of the electronic
states, we compute the space-resolved local density of states
(LDOS), presenting the results in Fig. 2. Namely, we look at
the LDOS of states which appear in the electronic structure
of the skyrmion in the gap of the out-of-plane ferromagnetic
system between −0.3 and +0.3 eV [see Figs. 1(a) and 1(b)].
In Figs. 2(a)–2(c) the spatial distribution of the skyrmion’s
LDOS, which has been integrated in this energy region, is
shown for different widths of the domain wall as controlled by
the parameter d . Quite remarkably, our calculations show that,
irrespective of the domain wall width, the LDOS is vanishing
exactly outside of the domain wall, i.e., in the center of the
skyrmion and in the region between the skyrmions. This is in
sharp contrast to all other states of the skyrmion lattice which
lie outside of the gap in the “metallic” region: as an example,
in Fig. 2(d) the LDOS of the system, which has been inte-
grated over the energy region [−0.47,−0.46] eV [i.e., outside
of the gap as marked by a green dashed line in Fig. 1(a)], is
finite at any point in the unit cell which marks the delocalized
character of the constituting states.

The precise localization of the gap states in the domain that
we observe irrespective of the domain wall width allows us
to directly associate them with the emergence of the band
crossing in the electronic structure of the model ferromag-
netic system for the in-plane magnetization. Recently, it was
shown that this band crossing acquires a nontrivial topological
character once the magnetization direction m̂ is included in
the topological analysis. In this sense the ferromagnetic 2D
model that we study is an example of what is called a mixed
Weyl semimetal [26,27], a term motivated by the necessity of
including the so-called mixed Berry curvature in the analysis
of the band topology. Since the gap states that we observe arise
as a result of the nontrivial mixed topology of our model, we
refer to them as mixed topology ring states (MTRSs). It has
been shown that, depending on the symmetry of the model, the
mixed Weyl points can be associated with a transition between
the Chern insulating phases with different Chern numbers
arising for different directions of m̂ [26,27]. This is exactly
the case for our model: as the direction of m̂ is changed from
along the z axis to opposite to it, the Chern number at half
filling changes sign from +2 to −2. The skyrmion lattice that
we consider thus presents a lattice of domains with oppo-
site Chern numbers separated by the domain walls, and the
MTRSs can naturally be interpreted as the topological edge
states localized at the boundary separating the two domains.

B. Hall conductance and orbital magnetization in
skyrmions of a mixed Weyl semimetal

In this section we investigate the possible influence of
MTRSs on the Hall transport properties and orbital magne-
tization exhibited by the skyrmion lattices of mixed Weyl
semimetals. In order to do that, we parametrize the magnetiza-
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tion distribution within the skyrmion of radius R in a way that
α(r) = π (1 − δ(r)−δ(0)

δ(Rmax )−δ(0) ), with δ(x) = − atan[a(r − R)] +
π
2 . Unlike the previous parametrization used in Sec. IV A,
which exhibits a pronounced flat region in the middle of the
wall, the parametrization we use from here on is designed to
model most closely the skyrmions in systems which favor an
out-of-plane magnetization direction, which leads to domain
walls with a roughly constant magnetization gradient across
the wall.

When compared to the approach used in the preceding sec-
tion, the parametrization employed from now on is very close
to that routinely used to model skyrmion profiles in micro-
magnetic studies [44]. It is important to note that the MTRSs
emerge for both types of the profile parametrization. More-
over, we test the robustness of the results discussed below for a
spin distribution corresponding to realistic skyrmions. In order
to do this, we generate a stable hexagonal lattice of skyrmions
using the Spirit code [45], which implements the extended
Heisenberg model for spin interactions and computes the
dynamics of the system using the Landau-Lifshitz-Gilbert
equation. For simulations, we assumed the following mag-
netic parameters: magnetocrystalline anisotropy energy of
1 meV, Heisenberg exchange strength of 50 meV, strength
of the Néel Dzyaloshinskii-Moriya interaction of 7 meV
[26], and an external magnetic field of 3 T. As follows
from our explicit calculations of the nearest-neighbor Heisen-
berg exchange interaction as well as the magnetocrystalline
anisotropy energy within our model, the latter values fall well
within the range of the values exhibited by the model as a
function of the band filling. We confirm that for the most part
the computed HC as a function of band filling computed for
the obtained realistic profile is very close to that correspond-
ing to a skyrmion lattice with the same size but parametrized
in a way used here and discussed below.

We first consider the case of R = Rmax/2 and show the
skyrmion profile along the path between the skyrmion centers
for various values of a in Fig. 3(a). We present the results of
our calculations of the Hall conductance and orbital magne-
tization in the system in Figs. 3(b) and 3(c) as a function of
band filling and parameter a, of which the latter controls the
domain wall width and, correspondingly, the MTRSs spread
in real space. Concerning the overall energy dependence for
all values of a, while HC exhibits a symmetric structure with
respect to the middle of the bulk gap at EF = 0 eV, the OM
is antisymmetric, which originates in the symmetry of the
ferromagnetic band structure and the properties of the OM
around the mixed Weyl points [27]. Overall, excluding the
region of the bulk gap, which is marked by a shaded area in
Figs. 3(b) and 3(c) and will be considered in detail below, the
computed HC appears to be extremely sensitive to the domain
wall width. This manifestly “nontopological” behavior of the
HC emerges in contrast to the expectations of the topological
Hall effect in this system, insensitive to the details of the spin
distribution but determined by the overall topological charge,
with the latter remaining constant in our calculations.

The observed sensitivity of the HC to the domain wall
width, i.e., to the magnitude of the magnetization gradient
in it, can be best understood by referring to the novel phe-
nomenon of the chiral Hall effect [46], which was recently

shown to be prominent in chiral skyrmions with interfacial
spin-orbit coupling and which originates in the change in
the magnetization within the walls as given by their chiral-
ity along the line which passes through the center of the
skyrmion. Within the theory of the chiral Hall effect, which
is emerging already for spin-spiral solutions [46], the chiral
signal is proportional to the sense of the spin chirality among
the neighboring spins Si × S j , and thus, the change in sign
of the Hall conductivity upon changing the sign of the spin
chirality serves as one of the trademarks of the chiral Hall
effect [47]. In Fig. 3(d) we present the results of the HC cal-
culations as a function of the domain wall width but assuming
that the domain wall has an opposite sense of spin rotation
from that shown in Fig. 3(a). While the topological charge in
the skyrmion does not depend on the chosen chirality, the sign
of the HC is opposite for two opposite chiralities for almost
all values of a and the majority of energies. This underpins
the idea that the origin of the observed HC in the chiral
Hall effect originated in the domain walls of skyrmions. A
perfect reversal of the HC at a given energy with chirality (i.e.,
reversal in sign but not in magnitude) is not expected given
the very strong spin-orbit interaction strength, which makes
the electronic structures of two flavors of skyrmions different.

On the other hand, the overall value of the orbital magne-
tization is remarkably insensitive to the domain wall width.
While the emergence of the chiral orbital magnetization, aris-
ing in analogy to the chiral Hall effect, would also be expected
for interfacial skyrmions [46], for our particular choice of the
model and symmetric parametrization of the skyrmion profile
the chiral part of the OM vanishes from symmetry arguments,
thus reducing to the well-known effect of topological orbital
magnetization [30,48–51]. The topological OM remains ex-
tremely robust with respect to the changes in the details of spin
distribution, which is visible in Fig. 3(c), and its behavior is
manifestly not very sensitive to the change in the spin chirality
of the skyrmion (not shown).

In the following, we focus on the region in energy which
corresponds to the position of the bulk gap of the model for
the out-of-plane magnetization, marked by a shaded area in
Figs. 3(b) and 3(c) and zoomed in on in the inset of Fig. 3(b).
The behavior of the HC, shown in the inset, displays isolated
spikes on the background of a plateau value of −2 e2

h . The
latter value can be traced back to the quantized value of the
HC for the out-of-plane ferromagnetic model [see Fig. 1(e)]
because for the given value of R the overall out-of-plane mag-
netization in the unit cell is positive. On the other hand, the
spikes at isolated positions correspond to the contributions of
ring states to the HC. These contributions become somewhat
more pronounced as the width of the domain wall increases,
owing to the increased spread of the ring states and increased
probability of electron hopping among the ring states posi-
tioned in different unit cells. In order to investigate this effect
in more detail, we study the dependence of the HC and OM
on the radius of the skyrmion R while assuming a very large
value of parameter a, thus localizing the ring states in a narrow
region of the domain wall; see the sketches in the right column
of Fig. 4. The overall qualitative behavior of the HC and OM
with R, discussed below, does not qualitatively depend on the
value of parameter a chosen.
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We first discuss the evolution of the HC with the relative
radius R/Rmax, presented in Fig. 5(b). Over a very large range
of radii R < 0.8Rmax the conductance is ideally quantized to
−2 e2

h in the gap, despite a large number of MTRSs [see
Figs. 4(a) and 4(b)]. In this case the Hall effect is dominated
by the ferromagnetic background in between the skyrmions
with m̂ along +z, which provides a Chern number of −2.
The ring states are strongly localized in the wall region
[which explains the flat dispersion of the ring states visible
in Fig. 4(a)], do not hybridize with each other across the
unit cell boundaries, and do not contribute to the HC. In the
other limit of R = Rmax [see Fig. 4(f) for a sketch], the film
comprises mainly areas of the texture with m̂ along −z, which
explains the mostly quantized value of the HC of +2 e2

h . The

crossover point of the HC from σxy = −2 e2

h to σxy = 2 e2

h
is positioned between R/Rmax = 0.7 and R/Rmax = 0.8. This
coincides with the point where the out-of-plane component
of magnetization integrated over the unit cell changes sign as
a result of the competition between domains with m̂ along
+z and domains with m̂ along −z. The region of 0.8Rmax �
R � Rmax is the region of where the MTRSs interact with
each other strongly across the unit cell boundaries, exhibit
a strong dispersion [see Fig. 4(b)], and give rise to a drastic
variation in the HC. In the limit of R = Rmax the MTRSs are
localized in the unit cell corners, thus interacting noticeably
along the unit cell boundaries, which gives rise to a small
but finite dispersion of the bands [see Fig. 4(c)] and peaklike
contributions to the HC.

We come now to the discussion of the OM of the skyrmion
lattice exhibited in response to the variation of the radius. This
behavior, presented in Fig. 5(a), is distinctly different from
that exhibited by the Hall conductance. Clearly, in the limiting
cases of R = 0 and R = Rmax the slope of the OM as a function
of energy in the gap has to be opposite, which follows from
Eq. (6); however, while in the case of the HC the transition
between the two Chern insulator cases is relatively abrupt, the
same transition in terms of the OM seems to be quite smooth,
with the overall slope of the OM changing continuously as
a function of R and the OM curves being quite smooth as a
function of energy, when compared to the case of the HC. This
can be understood by looking in detail at the contributions of
the MTRSs to the OM variation in the gap [Figs. 4(a)–4(c)].
Here we observe that although the slope of the OM in between
the groups of MTRSs is strictly constant and consistent with
the sign of the quantized value of the HC in the same region
[Fig. 4(b)], the overall curve of the OM for all values of R
displays a characteristic sawtooth shape, where the overall
slope is “renormalized” by the contributions from MTRSs.
Interestingly, these contributions are consistent in sign among
all MTRSs for a given R: they are positive in the region of
R < 0.8Rmax and negative for R � 0.8Rmax. This “coherence”
of MTRSs is the reason that the slope of OM consistently and
gradually increases as R goes from zero to Rmax.

According to our calculations, the OM of MTRSs pre-
dominantly originates in the local circulation part, which is
consistent with the strong localization of the ring states. In a
sense, the ring states can be envisaged as a group of local-
ized electronic states which have a common unique sense of
bound orbital current circulation around the skyrmion center,

FIG. 4. The evolution of the band structure around the Fermi
energy in the region of MTRSs (in green, scale on the left) and of
the orbital magnetization M (in blue, scale on top, as a function of
band filling) with respect to R/Rmax. The positions of the jumps in
the sawtooth pattern of the orbital magnetization coincide with the
positions of the MTRSs. The sketches on the right mark the division
of the unit cell into regions with roughly magnetization up (in blue)
and roughly magnetization down (in red), with R/Rmax = 0.3 in (d),
R/Rmax = 0.8 in (e), and R/Rmax = 1 in (f).

which we can naturally refer to as having a specific sense of
orbital chirality. And while in the case of the Hall effect it
is the Hall conductance which changes abruptly at the point
of phase transition between two areas of out-of-plane magne-
tized domains, the corresponding marker in terms of orbital
magnetism is the orbital chirality of the ring states which
exhibits a sharp transition. The calculations of the OM with
reversed spin chirality of the skyrmions show that while the
number and exact energetic positions of the states depend on
the width of the domain wall for both spin chiralities, the
orbital chirality of MTRSs remains a robust quantity even
under the change in the skyrmion chirality.
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FIG. 5. Transport properties of a skyrmion lattice of a mixed
Weyl semimetal in the region of the bulk gap as a function of relative
radius R/Rmax and a value of parameter a of 105. (a) The energy
dependence of the orbital magnetization as a function of R/Rmax. The
color of the line corresponds to the magnitude of the relative radius
according to the color bar. (b) The energy dependence of the Hall
conductance as a function of R/Rmax. The HCs of the systems with
R/Rmax � 0.7 are plotted with a solid line, those with R/Rmax = 0.8
are plotted with a dashed line, those with R/Rmax = 0.9 are plotted
with a dash-dotted line, and those with R/Rmax = 1 are plotted with
a dotted line.

V. DISCUSSION

In our work, we have considered the intrinsic Hall effect
and orbital magnetism exhibited by skyrmion lattices of mixed
Weyl semimetals by referring to the Berry phase framework.
Our main finding is the discovery of the special type of ring
states which form as a result of complex mixed topology in
real-space textures of these materials. These electronic states
reside at the domain wall region, which serves as the boundary
between the two Chern insulator phases and separates the
skyrmion cores from the ferromagnetic background. We have
shown that the degree of the localization of the ring states
and the strength of their intercell interaction can be controlled
by the parameters which determine the texture details. In turn,
the ring states mediate the transition between the two Chern
insulating phases that occurs upon switching of the magneti-

zation direction from out of plane to the opposite, when, e.g.,
an external magnetic field changes its strength and sign in
experiment. This concerns the Hall conductance but mostly
the orbital magnetization of the samples, as the ring states
carry a specific orbital chirality and orbital momentum.

The scaling of the Hall conductance as a function of
the skyrmion domain wall width is a strong indicator of a
prominent chiral Hall effect; such a behavior was recently
predicted and could have possible ramifications for the un-
ambiguous electrical detection of magnetic skyrmions [46].
In simplified model systems, the emergence of this effect can
be understood from the interplay of spin-orbit interaction and
exchange coupling which gives rise to an effective magnetic
field [52]. This phenomenology is similar to the topological
Hall effect (THE) [53], but in contrast, it materializes already
at the leading-order perturbation theory, whereas the THE is
subleading [46]. From the viewpoint of Weyl semimetals, the
coaction of chiral magnetism and spin-orbit coupling (which
is responsible for the chiral Hall effect) is directly linked to
an emergent chiral anomaly [54]. Our model elevates this
phenomenological interpretation to a more realistic setting. To
what degree this explanation can be upheld will be the subject
of future investigations.

Ultimately, the ring states arise as a result of a strong
variation in the electronic structure around a specific magne-
tization direction, and thus, it will be rewarding to explore
in the future what impact the ring states can have on the
local real-space variation of the spin-orbit torques and the
Dzyaloshinskii-Moriya interaction, as well as current-induced
skyrmion dynamics [26–28,55–58], where the ring states can
play the role of local “hooks” strongly coupling skyrmions to
applied currents. On the other hand, the unique orbital prop-
erties of the ring states lend themselves as a possible platform
for obtaining detailed information on the skyrmion parameters
with, e.g., x-ray magnetic circular dichroism (XMCD) types
of techniques. Additionally, the peculiar topological nature of
these one-dimensional edge states emerging in skyrmions of
Weyl semimetals hint at exceptional possibilities that the ring
states can play in mediating the physics of Majorana states
emerging upon the deposition of skyrmions on superconduc-
tors [59–63], which presents an exciting future direction to
pursue.
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