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unit. The nonlinear power consumption characteristic is replaced by an artificial neural network trained
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1 Introduction

Exploiting time-variable electricity prices induced by an increasing penetration of volatile renewable

electricity sources by demand side management (DSM) is nowadays recognized as an important measure

to ensure profitability of large industrial consumers1. For this purpose, scheduling formulations using

discrete-time representations have largely become the method of choice2. Here, the overwhelming ma-

jority of approaches relies on (mixed-integer) linear programming ((MI)LP) formulations that can be

treated efficiently by state-of-the-art solvers3–7.

In contrast, many real processes are characterized by strongly nonlinear characteristics. Thus, au-

thors proposed piecewise linearization approaches for capturing the nonlinearities by introducing logical

disjunctions represented by binary variables, still leading to MILP formulations8,9. At the same time,

potentials from using more sophisticated surrogate models for representing highly nonlinear relations

in chemical engineering10,11 are increasingly recognized. Consequently, the utilization of such mostly

nonlinear surrogate models to accurately capture the (nonlinear) process characteristics when making

scheduling decisions seems promising. However, only few authors tried a direct consideration of nonlinear

process models in discrete-time scheduling so far, as this leads to (mixed-integer) nonlinear programs

((MI)NLPs) with potentially multiple suboptimal local optima. Consequently, solution of these schedul-

ing problems either needs to be addressed by confining to local searches12,13 that involve the risk for

suboptimal choices or requires global solution approaches14. In the desired latter case, relevant planning

horizon lengths with adequate temporal discretizations however lead to large-scale nonlinear optimization

problems that are currently prohibitive for deterministic global solution methods.

In order to reduce the dimensionality when focusing on long horizons, time series aggregation has

become a widely applied approach in energy systems engineering (cf. the overview given by Teichgrae-

ber and Brandt15 and the references therein). Essentially, these approaches represent an entire horizon

comprising a large number of intervals by only few characteristic intervals, e.g., to consider operational

decisions during the design optimization of energy systems16–18. However, as classic time series ag-

gregation does not consider the chronology of intervals, its application to systems with time-coupling

constraints, such as storage or ramping limits, is problematic. In order to overcome this restriction,

recent literature proposes an aggregation method relying on the identification of characteristic periods,

in which the chronology is preserved19, finally enabling the consideration of long-term storage in design

decisions20.

As an alternative, there are approaches that allow for a low dimensionality of the optimization prob-

lem, while explicitly considering all intervals of the original time series and thus guaranteeing constraint

satisfaction for all intervals. These approaches make use of a re-assignment of degrees of freedom (DoFs),

leading to tailored time grids. More precisely, the dimensionality of the optimization problem is reduced

by assigning one DoF to multiple intervals. For instance, both Pineda and Morales21 as well as Palys
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and Daoutidis22 propose to cluster similar consecutive intervals. Likewise, our recent work presents an

approach to assign one DoF to multiple similar intervals that do not necessarily need to be consecutive23.

Considering the application to scheduling problems subject to time-variable electricity prices, we map

one DoF to multiple intervals with similar price data, which allows for exploiting repeating price pat-

terns in the course of the planning horizon. Moreover, we apply a wavelet-based adaptation procedure

that is largely based on the work of Schlegel et al. concerning suitable control vector parametrizations

in dynamic optimization24, to iteratively refine the temporal discretization and hence the number of

DoFs. Our results indicate that one can thereby identify feasible near-optimal solution points using only

a small fraction of DoFs23. This makes the algorithm highly advantageous when using reduced-space

formulations from previous works addressing both global dynamic25 and flowsheet optimization26. In

particular, our recent results demonstrate that the reduction in the number of DoFs, i.e., optimization

variables, through the grid-adaptation thereby translates into substantial savings in computational times

compared to solution approaches considering the full temporal dimensionality23.

Despite the successful demonstration that near-optimal solutions can be furnished with only few DoFs

actually used, the following issues remain:

(a) The refinement procedure needs several restrictions limiting the possibilities for inserting additional

grid points in one iteration in order to guarantee that the derivation of the assignment of DoFs to

intervals is unambiguous.

(b) Furthermore, the algorithm makes use of a systematic yet heuristic procedure for introducing

additional degrees of freedom. Consequently, there is no quantitative measure for the expected

improvement in the objective value through the refinement step providing a sound basis for decision-

making.

(c) As a consequence of points (a) and (b), the algorithm’s performance can be poor in cases where the

optimal schedule is strongly governed by ramping constraints, i.e., too many iterations are required

to identify promising schedules that involve the introduction of actually negligible DoFs and thus

unnecessarily prolong computational times.

Therefore, we herein present a further development of the algorithm resolving issues (a)-(c) in case

of scheduling problems comprising only continuous DoFs. For this purpose, we perform optimizations

directly in the space of coefficients of the wavelet transform of the time series of DoFs instead of the

space of permuted DoFs, making the explicit derivation of a temporal discretization superfluous (is-

sue (a)). Thereby, dimensionality reductions do no longer correspond to assigning one DoF to multiple

intervals but rather turn into a truncation of the wavelet transform by setting wavelet coefficients of

unused wavelet basis functions to zero, as is widely done in image compression27. This procedure allows

for calculating the marginal effect of relaxing the constraints truncating the wavelet transform, i.e., the
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Lagrangian multipliers. Hence, it provides the desired quantitative measure for the improvements in

the objective value from introducing additional optimization variables and enables decisions based on

sensitivity information instead of pure heuristics (issue (b)). Using this for iterative refinement steps

finally allows for determining the most important characteristics of the solution and overcomes issue (c).

We remark that the proposed refinement strategy using Lagrangian multipliers shows conceptual simi-

larities with approaches for column generation that have recently also gained attention in the context of

long-term operational decisions28–30; these approaches rely on initially exposing only a restricted number

of variables to the optimizer and then iteratively increase this number based on Lagrangian multipliers

as well.

The remainder of this article is structured as follows: in th next section, we briefly review key concepts

from our previous work, which are required for the proposed algorithm. Afterwards, we introduce both

the approach for dimensionality reduction by truncating the wavelet transforms and for sensitivity-based

refinements using Lagrangian multipliers. The efficacy of the proposed algorithm is assessed for a case

study, which we introduce in the fifth section. Therein, we address the production planning subject to

time-variable electricity prices for an industrial-scale air separation unit (ASU), which was designed for

increased flexibility in previous work31. We utilize high-fidelity power consumption data from steady-

state optimizations of a rigorous process model. The nonlinear power consumption characteristic is

incorporated into the scheduling problem by embedding artificial neural networks (ANNs) as powerful

surrogate models into the optimization11. In the sixth section, we finally present the results of our

computational study and analyze the convergence behavior of the algorithm with increasing number of

optimization variables as well as resulting savings in computational times.

2 Preliminaries

In the following, we focus on the solution of the generic reduced-space scheduling problem (1a)-(1d).

In contrast to our previous work23, we confine to problems comprising only continuous optimization

variables. Note that this limitation is not as restrictive as it appears: in fact, binary variables often

solely stem from piecewise linearizations of nonlinear functions9,32. Consequently, we emphasize that a

substantial ratio of the scheduling problems considered in the relevant literature could still be formulated

equivalently to (1a)-(1d).

min
di,t

Φpdi,1, . . . , di,T q “

T
ÿ

t“1

ϕtpdi,tq (1a)

s.t. 0 ď gl,tpdi,1, . . . , di,tq, @l, t (1b)

0 “ hmpdi,1, . . . , di,T q, @m (1c)

dli ď di,t ď dui , @i, t (1d)
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In (1a)-(1d), the optimal production schedule is identified by minimizing the objective function Φp¨q,

e.g., cost, with respect to the optimization variables, i.e, the DoFs di,t, which denotes the values of the

independent process variable di in time interval t P t1, . . . , T u. Furthermore, both inequality and equality

constraints denoted by glp¨q and hmp¨q respectively need to be satisfied. The assumptions concerning the

structure of (1a)-(1d) (e.g., objective is a summation of interval-specific, generally multivariate functions,

inequalities have to hold in every time step, etc.) are not necessarily required for the application of the

algorithm, but rather match common scheduling formulations involving operating limits that have to

be obeyed in each interval as well as cumulative production targets. Note that in a reduced-space

formulation, Φp¨q, gl,tp¨q, and hmp¨q are explicit functions of the optimization variables di,t.

Without loss of generality, we confine to cases with horizons lengths of T “ 2N , N P t1, 2, . . .u for the

ease of presentation. Work-arounds for different horizons lengths can be found in our previous work23.

Moreover, we introduce a permutation matrix P P RTˆT that orders the time series of DoFs according

to the electricity prices, i.e.,

P pdi,1, . . . , di,T qT “ pd̃i,1, . . . , d̃i,T qT ô pdi,1, . . . , di,T qT “ P´1pd̃i,1, . . . , d̃i,T qT (2)

with d̃i,1 denoting the value of the independent process variable di in the interval with highest electricity

price. As a result, the series d̃i,1, . . . , d̃i,T is likely characterized by less frequent fluctuations than the

original, i.e., chronological, time series di,1, . . . , di,T .

Essentially, the permutation procedure above is the key to substantial reductions in the dimensionality

of the scheduling problem (1a)-(1d) as it allows for low-dimensional yet accurate approximations of the

series of permuted DoFs d̃i,1, . . . , d̃i,T by neglecting numerous insignificant fluctuation patterns, i.e.,

differences between intervals with similar prices. For a systematic treatment, we further perform a

wavelet transform in the Haar basis33, which we denote by WψHaar p¨q. Thereby, we represent the entire

series d̃i,1, . . . , d̃i,T unambiguously by T coefficients λi,a,b with a P t´1, . . . , N´1u and b P t0, . . . , 2a´1u,

which we summarize in the vector λi. The coefficient λi,´1,0 corresponds to the scaled mean of the

transformed series, the other T ´ 1 coefficients correspond to scaled amplitudes of shifted square waves.

3 Dimensionality reduction by truncated wavelet transforms

In our previous work23, we used the information contained in the coefficients of the wavelet transform

to iteratively derive a tailored temporal discretization for the scheduling problem, assigning one DoF to

multiple interval. In contrast, we herein propose an alternative procedure making the derivation of a

temporal discretization superfluous. For this purpose, we insert both the inverse Haar-wavelet transform
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(3) and the permutation (2) into the optimization problem (1a)-(1d).

pd̃i,1, . . . , d̃i,T qT “ WψHaar

´1pλiq (3)

Following the described procedure allows for an equivalent reduced-space reformulation of (1a)-(1d)

exposing the coefficients λi as only variables to the optimizer (cf. (4a)-(4d)), i.e., we formulate the

objective (4a) as well as all constraints (4b)-(4c) as explicit functions Φψp¨q, gψl,tp¨q, and hψmp¨q of the

coefficient vector λi.

min
λi

Φψpλiq (4a)

s.t. 0 ď gψl,tpλiq, @l, t (4b)

0 “ hψmpλiq, @m (4c)
¨

˚

˚

˚

˚

˝

dli
...

dli

˛

‹

‹

‹

‹

‚

ď WψHaar

´1pλiq ď

¨

˚

˚

˚

˚

˝

dui
...

dui

˛

‹

‹

‹

‹

‚

, @i (4d)

As the inverse Haar-wavelet transform WψHaar

´1p¨q corresponds to a matrix multiplication by def-

inition, i.e., each value of the series d̃i,1, . . . , d̃i,T is a linear combination of 2N ` 1 coefficients, we do

not expect a substantial deterioration of the computational performance of optimization algorithms if

solving (4b)-(4c) instead of (1a)-(1d). Moreover, optimizations in the space of wavelet coefficients enables

an exploitation of their physical meaning described above. In particular, summation constraints on the

time series di,1, . . . , di,T that are commonly used to guarantee reaching desired production targets in the

scheduling problem can be equivalently reformulated by fixing the coefficient λi,´1,0:

T
ÿ

t“1

di,t “ γ ô λi,´1,0 “

?
2
log2 T

¨ γ

T
.

Using the scheduling formulation with the wavelet coefficients as optimization variables (4a)-(4d),

dimensionality reductions correspond to truncations of the wavelet transform, essentially taking up a

key idea from image compression using wavelet transforms27. Consequently, we only allow a subset of

all coefficients denoted by Ui to be nonzero. Coefficients λi,a,b, pa, bq R Ui are set to zero and thereby no

longer treated as optimization variable, adding (5) to the scheduling problem (4a)-(4d).

λi,a,b “ 0, @i, pa, bq R Ui (5)

We finally highlight that for any Ui, any feasible point of the scheduling problem (4a)-(5) becomes a

feasible point of the original problem (1a)-(1d) if transformed back using (3) and (2).

©Schäfer et al. Page 6 of 23



Sensitivity-based refinements 29.7.2020

Start (initial subsets 𝑈𝑖
0)

Solve (4a)-(5) to global 

optimality

If 𝜆𝑖,𝑎,𝑏
𝑠 < 𝜖𝑖

𝑑, delete pair (𝑎, 𝑏)

from 𝑈𝑖
𝑠+1

Calculate marginal effects 𝜇𝑖,𝑎,𝑏
𝑠 of 

relaxing equality constraints (5)

Add pairs (𝑎, 𝑏) with highest 

marginal effects 𝜇𝑖,𝑎,𝑏
𝑠 to 𝑈𝑖

𝑠+1

Stop

Stopping 

criterion 

reached?

Optimal solution: 𝝀𝑖
𝑠∗

New subsets: 𝑈𝑖
𝑠+1

No

Yes

Figure 1: Flowchart of the proposed algorithm for sensitivity-based refinements of truncated wavelet
transforms. The superscript s in the figure indicates the iteration count.

4 Sensitivity-based refinement strategy

In this work, we target the development of an algorithm for the efficient iterative adaptation of the set of

used, i.e., not-truncated, wavelet coefficients Ui, making the solution of (4a)-(5) converge to the solution

(1a)-(1d) with a substantially smaller number of optimization variables. For this purpose, we herein

propose to decide on adding a specific truncated pair pa, bq to the set Ui based on the marginal effect of

relaxing the constraints (5) (cf. Figure 1), thus exploiting the relation:

BΦψ,˚

Bλi,a,b

ˇ

ˇ

ˇ

ˇ

λi,a,b“0

“ µi,a,b, @i, pa, bq R Ui (6)

with Φψ,˚ being at least a local and preferably the global minimizer of (4a)-(5) and µi,a,b denoting the

Lagrangian multipliers of (5). Following this interpretation, we add those truncated pair pa, bq to Ui

where the (local) sensitivity |µi,a,b| of the objective with respect to the value of the coefficient is largest.

Thereby, (6) provides a quantitative measure for comparing the benefits in terms of objective value from

adding different coefficients to the wavelet representation, thus overcoming an important weakness of

our previous work as discussed in the introduction.

As a potential further development of the algorithm in the future, it might be promising to investi-

gate benefits from using higher-order sensitivity information, such as a quadratic approximation of the

improvements in the objective function. Along these lines, there would also arise opportunities for an

optimization-based selection of truncated pairs pa, bq to add to Ui. That is, having an accurate approxi-

mation would allow to construct subproblems for determining the truncated pairs pa, bq, whose utilization

would lead to the maximum improvement in the objective function, which could improve the convergence
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behavior.

Considering decisions upon deletion of insignificant optimization variables, i.e., determination of pairs

pa, bq to be truncated, we continue to apply the criterion proposed by Schlegel et al.24 and used also in

our previous work23. That is, we continue to decide upon deletions by comparing the absolute values

of used coefficients to a threshold ϵdi . Thus, if |λi,a,b| ă ϵdi , the pair pa, bq is removed from Ui. Note

that this criterion is already based on sound considerations. In particular, using a threshold value for

determining pairs pa, bq to be truncated is reasoned by the scaling of wavelet basis functions that ensures

a norm equality34:

›

›

›
pd̃i,1, . . . , d̃i,T qT

›

›

›

2
“ }λi}2 ,

which implies that truncating small absolute wavelet coefficients has only minor effects on the time series

of process variables and thereby will also only insignificantly impair objective values.

We emphasize that in contrast to our previous work23, the refinement procedure does not need to

obey certain rules; instead, any refinement step is possible at any time. In particular, this enables the

use of wavelet coefficients λi,a,b of a high level of detail, i.e., large a, without previously exploring all

levels below. Thereby, we are able to circumvent additional iterations of the algorithm and avoid the

introduction of insignificant DoFs, that otherwise unnecessarily prolong the computational times for

identification of a suitable discretization. Anticipating the presentation of the results below, this allows

for an efficient treatment of cases, in which optimal schedules are strongly governed by active ramping

constraints.

Finally, the algorithm relies on heuristic stopping criteria for terminating the refinement procedure,

such as a threshold on the relative improvement in objective values between consecutive iterations in the

previous work23 or simply a maximum number of used optimization variables. We emphasize that these

criteria are required in general to indicate that sufficiently near-optimal solution have been furnished.

Note that this is reasoned by the absence of global lower bounds, i.e., from solving relaxations of the

problem considering the full temporal dimensionality, in the general case and thus does not involve a

certificate of optimality.

5 Air separation case study

Due to their high electricity consumption as well as inherent possibilities for liquid product storage,

DSM-related scheduling of cryogenic ASUs is an important research field2. In this section, we first briefly

characterize the considered process configuration. Afterwards, we present the mathematical model as

well as the scheduling formulation and briefly discuss them in the context of the relevant literature.
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5.1 Process description

We focus on an industrial-scale ASU producing both high-purity liquid nitrogen (LIN) and oxygen (LOX)

that is stored in buffer tanks and distributed to off-site customers. The considered process configuration

has been tailored to a high load flexibility and is described in detail our in previous works31,35. Most

importantly, the process configuration comprises an integrated liquefaction cycle enabling a high ratio of

storable liquid products. Moreover, the configuration allows for liquid-assisted operation, where stored

cryogenic LIN is fed back to the rectification section. Thereby, the internal column flows and the

separation performance can be maintained in the desired operating range, although substantially reducing

the power consumption of the process and hence the liquefaction capacity.

The resulting wide operating range makes the considered process configuration on the one hand

promising for performing DSM with profitable capabilities for the exploitation of spot electricity market

price spreads on short to medium time-scales (e.g., between day and night or between working days and

weekends). However, on the other hand, the turbomachinery applied in ASUs is commonly characterized

by narrow low-loss operating ranges and significant off-design efficiency losses if leaving these ranges,

resulting in nonlinear process characteristics (cf. Fig 2). Consequently, scheduling of the considered

process has to be conducted carefully by accounting for its nonlinearities as precisely as possible.

5.2 Scheduling model

We herein consider scheduling of the described ASU subject to time-variable hourly day-ahead spot

market prices. We assume that all electricity is purchased at the day-ahead market and that prices for

the entire planning horizon are known. Price data provided in the Supplementary Material is retrieved

from EPEX Spot SE (www.epexspot.com, accessed Apr 2020) and corresponds to German day-ahead

prices from end of September/beginning of October 2018. Having fixed cumulative production targets,

the objective function to be minimized Φp¨q corresponds to the cost for electricity purchase, in accordance

with the formulation in (1a), given by :

ΦpLINt, LOXtq “

T
ÿ

t“1

ϕtpLINt, LOXtq with ϕtpLINt, LOXtq “ ct ¨ P pLINt, LOXtq

where ct denotes the day-ahead price for hour t and P p¨q the instantaneous power consumption given

as a function of the production rates LINt and LOXt. Note that throughout the manuscript, we omit

the multiplication with the interval length ∆t “ 1 h for readability. Furthermore, we impose operating

limits on the two production rates:

´50 mol/s ď LINt ď 150 mol/s, @t
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50 mol/s ď LOXt ď 130 mol/s, @t.

Note that in the inequalities above, the negative lower bound for the LIN production corresponds to

the aforementioned possibility to feed back stored LIN from the tank. In order to ensure reaching

the production targets, we require the average production rates to equal the nominal production of

LINnom “ LOXnom “ 120 mol/s in each case, thus demanding:

1

T

T
ÿ

t“1

LINt “ LINnom

1

T

T
ÿ

t“1

LOXt “ LOXnom.

The power consumption of the process PtpLINt, LOXtq is calculated using an ANN as nonlinear

surrogate model resulting in the surface given in Figure 2. Note that this surface is nonconvex, motivating

the use of deterministic global optimization for solving the scheduling problems in the following. In

particular, one finds univariate functions (fixed LIN and varying LOX and vice versa) with flat plateaus

comprising inflection points and partially even with local minima. For generating the training data, we

herein used steady-state optimizations of the rigorous dynamic process model from our previous work31,

extended by the consideration of off-design efficiency losses in the turbomachinery. The ANN is fitted

to 184 optimized stationary operating points, which are equally distributed across the entire operating

range, using the MATLAB R2019a Deep Learning Toolbox (MathWorks, Inc.) and comprises one hidden

layer with 6 neurons and hyperbolic tangent activation functions. The corresponding MATLAB object

including all weights and biases as well as the training data set is provided in the Supplementary Material.

The ANN fits the training data with a maximum relative error below 2% and a mean percentage error of

„0.5%. The use of a nonlinear surrogate model herein corresponds to an advancement compared to the

vast majority of previous literature that either use simplified linear characteristics4–6,36, which potentially

introduces significant approximation errors, or involve the identification of piecewise-linearized surrogate

models8,37–39, which potentially requires large numbers of disjunctions for being accurate.

We further assume that the process can be operated in a continuous way within its operating range.

In this case, we do not need additional binary variables indicating active modes. In particular, we thereby

also omit possibilities for temporary shut-downs of the entire plant, which have been considered in most

of the referenced works. However, in case of the herein considered process configuration, opportunities for

temporary shut-downs are of limited additional economic potential considering the existing possibilities

for reductions of the power consumption by ą50% (cf. Figure 2) on the one hand and large durations
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Figure 2: Operating range and power consumption characteristics of the considered ASU configuration
comprising an integrated liquefaction cycle and allowing for liquid-assisted operation. The power con-
sumption is calculated using an artificial neural network fitted to optimized steady-state operating points
using a rigorous process model from literature31.

with off-spec production during shut-down or start-up periods on the other hand40.

As ASUs are characterized by large liquid volumes41 that lead to time constants in a similar order

as time scales of spot electricity markets13, process dynamics further need to be accounted for in the

scheduling42. For this purpose, we impose constraints on the change in production rates, as widely done

in scheduling practice to ensure that load changes can be tracked without violating product require-

ments6,8,39. Revisiting the results presented in our previous work concerning the process dynamics35,

the following constraints appear suitable, so that common industrially applied control systems would be

able to track all scheduled set-point changes.

´15 mol/s ď LINt ´ LINt´1 ď 15 mol/s, @t

´15 mol/s ď LOXt ´ LOXt´1 ď 15 mol/s, @t.

Note that changing the control systems to more advanced ones, such as nonlinear model predictive

control, could involve substantially loosened ramping limits43,44 and thereby increase potential savings,

which should be thoroughly investigated in the future. Moreover, we acknowledge that numerous works

argue to construct dynamic surrogate models13,45,46 for explicitly capturing the process dynamics and

demonstrate their successful application to the scheduling of ASUs9,47,48. This discussion is however out

of the scope of this manuscript. Nevertheless, we emphasize that the presented approach is conceptually

also applicable to scheduling problems involving dynamic process models as will be briefly discussed in

the conclusion, but leave this for future work.

Finally, we consider that the storable amount of product is limited. In particular, we restrict the

cumulative over-/underproduction, so that the nominal production can be kept up for not more than
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12 h by using the available storage capacities , thus requiring:

´6 ¨ LINnom ď

t
ÿ

τ“1

pLINτ ´ LINnomq ď 6 ¨ LINnom, @t

´6 ¨ LOXnom ď

t
ÿ

τ“1

pLOXτ ´ LOXnomq ď 6 ¨ LOXnom, @t.

The entire scheduling problem can be formulated equivalently to (1a)-(1d) by selecting d1,t “ LINt

and d2,t “ LOXt, making the proposed algorithm applicable to this problem. Consequently, we expose

the coefficients λ1,a,b and λ2,a,b of the wavelet transforms of the permuted time series of production rates

as optimization variables to the solver. The objective and every presented constraint are formulated as

explicit function thereof by using (3) and (2). Note that according to discussion about the physical

meaning of the wavelet coefficients, the constraints that ensure reaching the production target can

be reformulated fixing the first wavelet coefficient to λ1,´1,0 “
?
2
log2 T

¨ T ¨ LINnom and λ1,´1,0 “

?
2
log2 T

¨ T ¨ LOXnom.

6 Performance assessment

The reduced-space scheduling problem is implemented and solved using our in-house open-source software

for deterministic global optimization MAiNGO49 based on McCormick relaxations25,50,51. The reduced-

space implementation substantially reduces the number of optimization variables when using ANNs,

leading to significant improvements in the computational performance11. The ANNs functions have

been made accessible using the MeLOn - Machine Learning models for Optimization toolbox (git.

rwth-aachen.de/avt.svt/public/MeLOn).

We apply a relative optimality tolerance of 2% in accordance with the maximum regression error

of the ANN, furthermore we impose a CPU time limit of 100,000 s. In order to get the values of the

Lagrangian multipliers of the constraints (5), we perform an additional a posteriori local search starting

from the best feasible point using IPOPT52. All calculation are conducted on one core of an Intel®

Xeon® CPU E5-2630 v3 @ 2.40GHz with 192 GB RAM.

Moreover, we apply threshold values ϵd1 “ λ1,´1,0 ¨ 10´3 and ϵd2 “ λ2,´1,0 ¨ 10´3 respectively for

truncating a coefficient of the wavelet transform in the optimization problem in the next iteration.

Afterwards, we add those pairs pa, bq of truncated wavelet coefficient to the set Ui for the next iteration,

where the marginal effect of relaxing (5), i.e., the absolute of the Lagrangian mutliplier, is highest. This

is done until the total number of optimization variables between two iteration is increased by four. Note
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that this procedure is primarily chosen for illustration purposes as it allows for displaying the effects of

adding additional optimization variables in a high resolution. With regard to a practical application of

the algorithm, other criteria are possible as well as discussed previously.

6.1 Convergence of the algorithm

In this section, we analyze the course of objective and optimal variable values over the iterations of the

algorithm. Note that global deterministic solutions when considering the full dimensionality, i.e., using

an untruncated wavelet transform, are computationally intractable. Thus, a stochastic global approach

relying on multi-start local searches is applied to obtain benchmark values for using the untruncated

transforms. This choice is justified by the good performance of local searches with IPOPT performed

during pre-processing in MAiNGO, i.e., no improvements of the upper bounds have been observed within

the CPU time limit in any case. Consequently, we herein scale all objective values for comparison purpose

between the benchmark from multi-start local optimizations using the untruncated transform (0%) and

the objective value of a constant production using only the fixed coefficients λ1,´1,0 and λ2,´1,0 (100%).

Consequently, the scaled objective values indicate which percentage of the maximal achievable cost

savings are discarded by truncating the wavelet transform.

In Figure 3, we show the course of the scaled objective value over the iterations of the algorithm for

the different horizon lengths of T “ 128, 256, 512 hourly intervals. The algorithm furnishes a series of

feasible solutions with objective values that decrease monotonically and converge towards the benchmark

values from multi-start local optimizations, i.e., the presumable global optima using the untruncated

wavelet transform, for all considered horizon lengths. Moreover, it can be seen that high percentages

of the maximal achievable cost savings can be reached even when using substantially truncated wavelet

transforms.

Table 1 further gives a comparison of the minimum numbers of optimization variables that are

required for reaching desired percentages of the maximal savings. Thereby, we illustrate how the algo-

rithm circumvents a linear scaling in the number of optimization variables with the number of considered

scheduling intervals by confining to low-dimensional yet accurate approximations that suffice for exploit-

ing large proportions of the saving potentials. For instance, if comparing the 128 h scheduling horizon

to the 512 h, i.e., four times as many intervals, we find that only „50% more optimization variables

are required if confining to 90% of the maximal savings. Likewise, „80% more optimization variables

are required for 95% of the maximal savings and 2.2 times as many for 98%. Even if demanding the

exploitation 99% of the saving potentials, 2.6 and thus still substantially less than four times as many

optimization variables are required.

In addition to the discussion of objective values, the courses of the optimal variable values over the

iterations of the algorithm, i.e., the optimized production schedules, are given in Figure 4. It can be seen
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Figure 3: Optimal objective value in the course of the algorithm as a function of the number of variables
exposed to the solver in the respective iterations. Values are scaled between a constant operation (100%)
and the benchmark from multi-start local optimization when using the untruncated wavelet transform
(0%). Symbols indicate varying horizon lengths. Squares (˝): horizon length of 128 hourly intervals,
diamonds (♢): 256 hourly intervals, triangles (△): 512 hourly intervals.

Table 1: Comparison of the minimum number of required optimization variables for reaching a desired
scaled objective value in case of varying horizon lengths.

#Opt. variables for desired objective value [-]
#Intervals 10% 5% 2% 1%
128 13 17 22 35
256 15 20 35 62
512 20 31 49 92

that the algorithm furnishes feasible solutions that converge to the benchmark time series considering

the full dimensionality, i.e., an optimal untruncated wavelet transform, even in cases where the optimum

is strongly governed by active ramping constraints. Furthermore, we notice that only a very limited

number of nonzero wavelet coefficients, i.e., optimization variables, suffices for a detailed reproduction of

the most important fluctuations of the optimum when considering the full dimensionality. In particular,

the iterations in Figure 4 correspond to reductions in the number of optimization variables compared to an

untruncated wavelet transform (d) of 93.75% (a), 87.5% (b), and 81.25% (c) respectively, demonstrating

the ability of accurately reproducing large and strongly fluctuating time series from only few important

wavelet coefficients.

Finally, in Figure 5, we compare the convergence behavior of our proposed sensitivity-based refine-

ment strategy to the systematic yet heuristic procedure from our previous work23 for a horizon length of

T “ 128 hourly intervals. As can be seen, the ability to identify suitable low-dimensional representations

tailored to the characteristics of the original problem, such as active ramping constraints, is substantially

enhanced by the sensitivity-based refinement procedure proposed herein. Thus, if we instead apply the

refinement procedure from the previous work, the performance is poorer, so that similarly close approxi-

mations of the optima when considering the full dimensionality in terms of objective and variable values
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(a) 16 optimization variables (iter. 4)
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(b) 32 optimization variables (iter. 8)
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(c) 48 optimization variables (iter. 12)
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(d) 2*128  optimization variables (full)

Figure 4: Optimized production schedules after selected iterations of the algorithm. (a): after the fourth
iteration using 16 optimization variables, (b): after the eighth iteration using 32 optimization variables,
(c): after the twelfth iteration using 48 optimization variables, and (d): from multi-start local solutions
considering the full time series, i.e., using an untruncated wavelet transform with 256 optimization
variables. Dashed lines depict the LIN production, solid lines correspond to LOX. The thin dotted lines
give the electricity price for comparison.

require more optimization variables. Note that due to a worst-case exponential scaling of computa-

tional times when performing deterministic global optimizations (see, below) in both cases, the achieved

reductions in the number of optimization variables through the sensitivity-based refinement strategy cor-

respond to highly promising times savings. Likewise, iterations using a similar number of optimization

variables and thus resulting in similar computational times furnish improved approximations through

the sensitivity-based refinement strategy.

6.2 Computational performance

In this section, we discuss the savings in computational time enabled by the use of the proposed algorithm

in comparison to solution approaches considering the full temporal dimensionality. In particular, we

observe beneficial effects of truncating the wavelet transform for converging the lower bound in branch

and bound algorithms to deterministic global optimization, that allow for obtaining converged solutions
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Figure 5: Comparison of the course of the optimal objective value for a horizon length of 128 using
the sensitivity-based refinement strategy presented in this work (squares ˝) vs. the algorithm from our
previous work23 using a heuristic criterion for refinements (asterisks ˚).

within the time limit. For illustration, we summarize the CPU times spent in MAiNGO’s branch and

bound procedure in Figure 6 for all problems, where a converged solution could have been obtained

within the time limit. As can be seen, using the proposed refinement strategy successfully circumvents an

unfavorable, worst-case exponential, scaling of computational times with the horizon length, that would

be observed in solution approaches considering the full dimensionality. One rather finds that the CPU

times only scale exponentially with the number of optimization variables (given a fixed horizon length),

whereas they scale linearly with the horizon length (given a fixed number of optimization variables).

Thus, by sensibly truncating the number of optimization variables, solutions are enabled in reasonable

time that leave only small percentages of the maximal achievable savings unexploited that are in a

similar oder of magnitude as the relative optimality tolerance of the solver. More precisely, the 2% gap

in savings is undercut after a CPU time of Op101 sq in case of T “ 128 hourly scheduling intervals.

In case of T “ 256, this can still be achieved within 103 . . . 104 s. Even for T “ 512, we expect this

to be computationally tractable, considering ready-to-use opportunities for speed-ups by using parallel

computing capabilities on local machines („10 cores).

Beside the opportunities for reducing the computational time for obtaining converged global optima,

we observe a nearly linear scaling of computational times in the pre-processing with the number of opti-

mization variables. Consequently, the algorithm appears also promising for reducing the computational

burden for obtaining stationary feasible points.

7 Conclusion

We present an algorithm for identifying low-dimensional yet highly accurate approximations of nonlinear

scheduling problems subject to time-variables electricity prices. We first apply a wavelet transform of
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Figure 6: CPU time spent in MAiNGO’s branch and bound (BaB) for converging the objective value
to within the optimality tolerance. (a): given as a function of the number of optimization variables,
(b): plotted over the corresponding objective value. Squares (˝): horizon length of 128 hourly intervals,
diamonds (♢): 256 hourly intervals, triangles (△): 512 hourly intervals. The vertical dashed-dotted line
further depicts the applied relative optimality tolerance for MAiNGO.

the time series of independent process variables, allowing to formulate a reduced-space optimization

problem exposing only the wavelet coefficients to the optimizer. Thereby, we enable reductions in the

dimensionality of the optimization problem by truncating the wavelet transform. Decisions concerning

the use of specific wavelet coefficients are iteratively made based on sensitivity information from the

Lagrangian multipliers. The algorithm is applied to the scheduling of an industrial-scale ASU, where we

use an ANN as a surrogate model representing the nonlinear power consumption characteristics of the

plant obtained from optimizations using a rigorous process model.

We demonstrate that substantially truncated wavelet transforms are still able to reproduce time series

that allow for the exploitation of high percentages of the maximal achievable savings. Moreover, we

show that the reductions in the dimensionality of the optimization problems lead to significant savings in

computational time when performing deterministic global optimizations. This circumvents a worst-case

exponential scaling of solution times with the horizon length, which characterizes solution approaches

considering the full dimensionality. Consequently, we hold the proposed algorithm to be highly useful if

targeting the solution of strongly nonconvex optimization problems involving multiple local solutions.

Furthermore, the identified savings in computational times for local searches make the algorithm

promising for applications where solution times are of crucial importance, e.g., to ensure real-time ca-

pability. Here, we highlight in particular that single-shooting approaches to dynamic optimization are

formulated in a similar way as the reduced-space quasi-stationary scheduling addressed in this work with

both the objective as well as the path-constrained variables being explicit functions of the parametrized,

commonly piecewise-constant input signals while hiding the actual model, that is, the state integration in

case of dynamic optimization, from the optimizer53. Consequently, such a formulation would also allow
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to expose the coefficients of the wavelet transforms of the input signals as only variables to the optimizer,

making the proposed refinement strategy applicable. Thus, promising future fields of application will

certainly also include moving horizon applications involving nonlinear dynamic optimizations, which aim

at integrating both the scheduling and the control perspective. The application of the presented algo-

rithm for scheduling with low-dimensional dynamic surrogate models47,54 and economic optimizations

directly in the control layer using a detailed dynamic model35,55,56 is thus left for future work.

An important research perspective lies in the extension of the algorithm towards the handling of

scheduling problems that comprise logic disjunctions or conditional statements, i.e., to those problems

where binary variables in state-of-the-art formulations do not solely stem from piecewise linearizations

and could thus not be eliminated by using the original (smooth) nonlinear function. Here, it should be

thoroughly investigated if alternative formulations exist that describe the relationships but forgo binary

variables. In particular, progress mostly made in the area of dynamic optimization regarding nonsmooth

optimization57–60 as well as the handling of complementarity constraints61–64 already bear a potential for

eliminating the binary variables in many conventional problem formulations, which would in these cases

allow for the direct application of the proposed sensitivity-based refinement strategy using Lagrangian

multipliers. In addition, we are still interested in a tailored treatment for binary DoFs similar to that

of continuous ones, i.e., using truncatable transforms and providing quantitative measures for decisions

upon refinements. Along these lines, future research should also investigate if the underlying concepts

of our work (in particular, the reduced-space optimization and the truncated wavelet transforms) are

computationally beneficial as well in case of mixed-integer linear scheduling problems, which have been

extensively studied in literature.
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