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Abstract
We construct several classes of hadronic matrix elements and relate them to the low-energy
constants in Chiral Perturbation Theory that describe the electromagnetic effects in the semilep-
tonic beta decay of the pion and the kaon. We propose to calculate them using lattice QCD, and
argue that such a calculation will make an immediate impact to a number of interesting topics
at the precision frontier, including the outstanding anomalies in |V,s| and the top-row Cabibbo-

Kobayashi-Maskawa matrix unitarity.



I. INTRODUCTION

The last few years have seen a rapid development in the theory of the electroweak radiative
corrections (RCs) in hadron and nuclear beta decay processes. In particular, a dispersion
relation analysis [II, 2] significantly reduced the hadronic uncertainty of the single-particle
RCs in free neutron and superallowed nuclear beta decays, and led to a new status of the top-
row Cabibbo-Kobayashi-Maskawa (CKM) matrix unitarity, as quoted in the 2020 Particle
Data Group (PDG) [3]:

|Vud|2 + |Vu8|2 + |Vub|2 = 0-9985(3)%,1(4)%57 (1>

in contrast to the result in the 2018 PDG [4] with 0.9994(4)y,,,(4)v,. at the right hand side
(RHS). The apparent violation of the top-row CKM unitarity at a 30 level and its impli-
cations on the possible physics Beyond the Standard Model (BSM) [5HI7] trigger renewed
interest from both the experimental and theoretical community in the precision frontier.
The improvements in the recent years mainly concern the reduction of the Standard Model
(SM) theory uncertainties in the extraction of V,4. And now, as indicated in Eq. (), the next
breakthrough must involve a similar reduction of the V,, theory uncertainties. In particular,

the outstanding disagreement between the V,, extracted from the kaon semileptonic decay

(Ki3) and leptonic decay (Kj2) [3)]:

0.2231(4) exp+res (0)1attice (Np=24+141, Kj3)

|VUS| -
0.2252(5) (Nf =2+1+1, KuQ)

(2)

has to be understood. Apart from possible BSM explanations, such a disagreement could
originate either from unknown systematic errors in the SM input of the K7 form factor
or, although somewhat less likely, the RCs in K;3. For the first case one simply needs a
better lattice Quantum Chromodynamics (QCD) calculation of the K7 form factor at zero
momentum transfer, whereas the second case is much more complicated and will be the
focus in this paper. In particular, we will discuss the possible roles that lattice QCD can
play in this aspect.

Recently lattice QCD has made a tremendous progress in first-principles studies of Quan-
tum Electrodynamics (QED) corrections to hadronic processes, see e.g. [I8-21]. In particu-
lar, Ref. [20] presented, for the first time, the full lattice study of the QED RCs to the K5

and 7,9 decay rates, which involves a direct calculation of both the virtual and real photon
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emission diagrams. The extension of the method above to semileptonic decay processes is,
however, expected to be extremely challenging [22-24]. On the other hand, Ref. [25] adopted
a completely different starting point, namely to calculate the so-called “axial YW box dia-
gram” on the lattice, which resulted in a significant reduction of the theory uncertainty in
Te3 [25], and also provided an independent cross-check of the dispersion relation analysis in
the neutron RCs [26]. This is the first time lattice QCD ever plays a decisive role in the
understanding of RCs of semi-leptonic beta decays, so a natural question to ask is whether
the same method is going to teach us anything useful about the RCs in K3, which is much
more complicated than w3 due to its larger Q-value.

The answer is yes if we appropriately combine lattice QCD with the existing theory
framework. We first recall that the standard approach to deal with the electroweak RCs
in K3 is based on Chiral Perturbation Theory (ChPT) [27, 28], in which the theoretical
uncertainties are from two sources: (1) the neglected terms that scale as higher-order in
the chiral power counting, and (2) the unknown low-energy constants (LECs). The first
can in principle be reduced by including higher-order loop corrections, whereas the second
represents a more fundamental issue: the LECs characterize the unknown dynamics of QCD
at the chiral symmetry breaking scale A, ~ 1 GeV. The LECs are not constrained by chiral
symmetry, and there is no reliable experimental constraint on the ones that describe the
electromagnetic interactions of mesons. They are so far only calculated within models [29, [30]
with no rigorous error analysis. Therefore, the ability to determine the relevant LECs with
high accuracy will serve as a first step in the breakthrough of the Vs theory.

There is also another motivation to get more reliable values of these LECs. In leptonic
decay processes, one extracts |V,,/Vuq4| by considering the ratio Ry = 'k, /I'x,, [31], be-
cause it turns out that the Ko and 7,2 decay rates share not only the same short-distance
electroweak RCs, but also the same combination of LECs at O(e%*p?) so they cancel out in
the ratio. This leads to a smaller theoretical uncertainty than the extractions of the indi-

vidual |V,s| and |V,4| themselves. Recently, a similar ratio Ry = 'k, /., was introduced

Te3
for the semileptonic decay processes [32], which provides another venue to extract |V,s/Viql
and could shed new lights on the Vs discrepancy mentioned above. However, we find that
I'k,, and I';, do not share the same LECs at O(e*p?) and so they do not fully cancel in the
ratio. Therefore, one could better make use of Ry if its residual dependence on the LECs

can be fixed through an extra lattice QCD calculation.



In this paper we demonstrate how all the LECs relevant for the RCs in K3 and 7.3 can be
pinned down by calculating two types of rather simple hadronic matrix elements on lattice.
The first type is just the axial YW box diagram, which has already been done for pion. We
derive a matching relation between this quantity and the relevant LECs, and show that the
lattice QCD result differs significantly from the widely-adopted value based on resonance
model estimation [30], which motivates us even further for a thorough re-analysis. A similar
calculation of the KY% box diagram at the SU(3) symmetric point will eventually fix all
the needed LECs that describe the lepton-hadron electromagnetic interactions. Finally, for
the remaining LECs that do not involve a lepton, we propose a lattice calculation of the
four-point correlation functions based on the construction in Ref. [29].

The contents in this paper are arranged as follows. In Sec. [[I| we review the existing
theory frameworks to study the electroweak RCs in kaon and pion semileptonic decays,
including the classical “Sirlin’s representation” and the modern ChPT representation. We
show in Sec. [l1I|that comparing these two representations in the SU(3) limit gives an elegant
matching relation between a subset of LECs and the axial v box diagram calculable on
lattice. We discuss the implications of the lattice result in Ref. [25] and propose a similar
calculation in the K7 system. In Sec. we construct a class of four-point correlation
functions that enable a direct lattice determination of the lepton-free LECs. Our final

conclusions are given in Sec. [V]

II. RADIATIVE CORRECTIONS TO SEMILEPTONIC BETA DECAYS IN TWO
REPRESENTATIONS

We start by reviewing the existing theoretical frameworks in the treatment of the semilep-
tonic decay of a generic spinless particle ¢, and its corresponding electroweak RCs. First,

the electromagnetic and charged weak currents in the quark sector are defined as:

2 1- 1
Jh = gﬂ’y“u — gd”y“d — 557“3, T = Vaauy* (1 — v5)d + Vyusuy" (1 — 75) s, (3)

and the matrix element of the charged weak current can be expressed in terms of two form

factors:

FL(p) = (6 ()| TG (0) |6:(p)) = FL'(8)(p + )" + F7'(t)(p — p)", (4)



where t = (p — p')%. Notice that in the definition above the form factors contain the CKM
matrix elements. It is useful to remember that the contribution from F'* to the decay rate
is suppressed at tree level by the factor m? /M 21,, where [ is the emitted charged lepton.

Now let us consider the decay process ¢;(p) — ¢¢(p')e™ (pe)ve(py), where ¢; ¢ are spinless
particles. At tree level the decay amplitude is given by:

My = =il = 1) F 1) 5)
Here, Gr = 1.1663787(6) x 107° GeV~2 is the Fermi constant measured in muon decay.
This definition has a natural advantage as it absorbs a large portion of the electroweak RCs
that is common to both the muon and hadron semileptonic beta decays into the definition
of Gp.

Next we discuss the two different representations of the electroweak RCs in this decay
process, namely Sirlin’s representation and the effective field theory (EFT) representation.
We will show later that the comparison between the results in these two representations leads
to useful relations between the LECs in ChPT and hadronic matrix elements calculable on
lattice. To avoid discussing issues such as the gauge-dependence of the LECs, throughout

this paper we simply adopt the Feynman gauge which is the standard choice in all papers

of similar topics.

A. Sirlin’s representation

Earliest theory analysis of electromagnetic RCs in Fermi interactions can be traced back
to the seminal work by Kinoshita and Sirlin in 1958 [33], and later by Sirlin. He derived
the universal function g(FE, E,,,, m) that summarizes the infrared (IR) physics of the RCs in
generic beta decay processes [34]. The analysis was then extended to the full electroweak
RCs, where the muon decay rate was taken as a normalization [35]. All these were later
integrated into a complete theory framework based on current algebra [36] and the on-
shell renormalization of the SM electroweak sector [37], which we shall name as Sirlin’s
representation. Despite being gradually superseded by the EFT representation, recently it
was re-introduced in the study of K3 RCs in a hybridized form with EFT, which aims to
further reduce the existing theory uncertainty [38].

In Sirlin’s representation, the O(Gra) electroweak RCs to the amplitude of a semi-



leptonic decay process of a spinless particle ¢;(p) — ¢¢(p')et (pe)ve(py) can be summarized

as [38]:

a M2 1. M 1.-mZ 9 3 1
oM = |i—% (IDFM%/ + Z HWI;V — §1D 2 + g + ZaPQCD> + §6§8D1 MO
e Y
Gp_
——Fuy%\(l — 75)%5}7}%1'(])/,]?) + 0Myw (6)

V2

The first line in the equation above represents the contributions from the “weak” RCs
(see Ref. [38] for rigorous definition) including its perturbative QCD (pQCD) corrections
apqep = 0.068, the electromagnetic RC to the electron wavefunction renormalization (with a
small photon mass M, as an IR regulator), as well as the contribution from the resummation
of the large QED logs, which is formally of higher order but numerically sizable: 53213 =
0.0010(3) [39]. The second line encodes the contribution from the electromagnetic RCs
to the charged weak matrix element and the yW box diagram. Employing the on-mass-
shell formula [40] and Ward identities, the form factor correction splits into two pieces:

OF}, = 0F}, 5 + 0F}, 5, among which the “two-point function” contribution reads:

e? d*q 0 1 M?2
5F/\- / — __/‘_Tu‘ ro ! - w 7
fz,2<p 7p) 2 (27’(’)4 fz'u,<q P 7p> aq:\ <q,2 — M,% M[%V _ q,Q ’ ( )
where we have defined the “generalized Compton tensor” that consists of the interference

between the electromagnetic and charged weak current as:

T3 (¢ p) = / d'we " (o (0)| T{Jhu(2) J (0)} |9:(p)) - (8)

On the other hand, the explicit form of the “three-point function” contribution § F’ }Lg is not
of our concern. One needs only to know that it vanishes when the vector charged weak

current is conserved and p — p’ = 0. Finally, the yIW box diagram contribution is given by:

Gre? [ diq W' (1—y)(d —p, +me)yve 1 Mg, T

SMy = —
w V2 J (2m) (pe — ') —m2 q% — M3 My, —q? ™

(¢0p) -
(9)
An important point to notice is that all the integrals above are ultraviolet (UV)-finite, so
there is no need to introduce any extra UV-regulators and unknown counterterms.
Further simplifications can be made to the expressions above. First, using the on-shell

formula (pe + me)ve = 0 and the Dirac matrix identity:

T2

YA = gy — gy 4 gt — e Py, (10)
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with €”'?® = —1 in our convention, the lepton tensor in Eq.(9)) can be rewritten as:

U,y (1 75)(% p +me) ‘ufue = uyfy)\(l 75)1]6 [g)\l/ /H+gAu v _gﬂu 12 2g p +Z€,uz/oz)\ } )
(11)

With this, the box diagram contribution in Eq. @ splits into two parts:
IMyw = §M w T 5M ) (12)

where 0 My, and 5M§‘W include the contribution from the first four terms and the last term
at the RHS of Eq.7 respectively.
Next, we recall that the generalized Compton tensor satisfies the following Ward identi-

ties:

4, T4 (¢0',p) = —iFf(,p)

@15 (¢ 0 p) = —iF(',p) — il (d5 0, p) | (13)
where ¢ = p' + ¢ — p, and

(a0 p) = / d'we " (o (p)| T{ T4 (2)0 - Tl (0)} |04(p)) - (14)

These Ward identities are derived from the equal-time commutation relation between the

JO and J#

em’

i.e. the current algebra relation, which is protected from perturbative Quantum
Chromodynamics (pQCD) corrections to all orders.
With the identities above, the two-point function contribution (i.e. Eq.(7)) and M3y,

sums up to give:

a ME 3 1 G pe? g M2
OMy+ MYy, = — [In—% ar® | M, (1= 75)ve -
2 + 0N QW[nme+4+29] o+ \/ﬁu%( 75)7)/(2#)4M3V—q’2
1 2pe - ¢'q . ey
“e—d7—m2 {(q’?—MQ)ZT}L"“(q,’p,’p)Jr M?Tfl (¢:7,p)
¢ v
p p i
( AE,’QTA“(Q v, p)+mF?i(Q’;p’,p)} : (15)
v

Here, ay* ~ 0.019 is a small pQCD correction to the two-point function. Using the free-
field operator product expansion (OPE) of the hadronic tensors, it is easy to see that the

remaining integrals in the equation above do not depend on physics at the scale ¢ ~ Myy.



B. The EFT representation

The second and more commonly adopted representation in studies of the RCs in beta
decays is based on the EFT of the SM at low energy. In such a formalism, one constructs the
most general Lagrangian consistent with the symmetry properties of the underlying theory
in terms of the relevant low-energy degrees of freedom (DOFs). UV-divergences due to loop
integrals are first regularized using dimensional regularization (DR) and then canceled by the
corresponding LECs. A power counting scheme is defined to ensure the finiteness of terms
in the Lagrangian for any given precision that one wants to achieve. Finally, a matching
with the perturbative calculation in the SM at the UV-end is carried out to determine the
dependence of the LECs on the UV-physics, e.g. large electroweak logarithms.

For the decay processes we are discussing in this paper, i.e. K3 and 7.3, the corresponding
EFT is simply the three-flavor ChPT with dynamical photons and leptons. Here we shall
simply quote the involved chiral Lagrangian for future reference. First, the pseudo-Nambu-
Goldstone boson (pNGB) octet is contained in the usual matrix U. To describe its coupling

with the dynamical photon field A, we introduce the following covariant derivative:
DU = 0,U —i(r, + qrA)U +iU(l, + qrA,) (16)

where we have introduced the left /right-handed external sources {l,,7,} and spurion fields

{qr,qr} that are traceless, Hermitian matrices in the quark flavor space. We also define

u=+/U, and
u, = i[ul (0, —ir, — igpA)u — u(0, —il, — iqrA)u'] (17)
as well as the covariant derivatives on the spurion fields:
Vudr = 0uqr = ilru, qrl, Vuar = 0uqr — illy, qu] - (18)

Finally, for the SM charged weak interaction Lagrangian, the external sources should be

identified as:

qr = qr, = —eQ", lu = Z(ZVMVZLQ‘ILV + h'c'>> Ty = 0, (19)
l
where
2/3 0 0 0 Via Vs
Q™= 0 -1/3 0 |, Q'=-2v2Gr|0 0 0 | . (20)
0 0 -1/3 00 0



One sees that the dynamical leptons enter through the left-handed source field ,,.

Now we can write down the chiral Lagrangian. In a consistent chiral power counting
scheme, p (a typical small momentum of the pNGBs) and e should carry the same chiral
order. Therefore at leading order (LO) we have:

1
28
a2 A A0+ ST + e — )l + idvi] (21)
9 Y [/ € my nipigvir|
l

F? 1
L2 = TO (D UD*O) + Ux' +xU"Y + ZEy) {qU'qrU) — ZFWFW — — (0, A")?

where Fj is the pion decay constant in the chiral limit, F),, is the photon field strength

tensor, x = 2ByM, with M, the quark mass matrix, and Z ~ 0.8 is obtained from the

7t — 79 mass splitting. The notation (...) represents the trace over the flavor space. As

stated above, throughout this work we choose & = 1, the Feynman gauge.

To absorb the UV-divergences generated from £ at one loop, one needs to introduce
the next-to-leading order (NLO) chiral Lagrangian, which could either scale as O(p*) or
O(e?p?). The former is just the standard Gasser-Leutwyler Lagrangian [41] so we shall
concentrate on the latter. There are two types of chiral Lagrangian at O(e?*p?). The first

type characterizes the short-distance electromagnetic effects of hadrons [42, [43]:

Loy = B {%Kl (D"U(DuU)) (qrar + qrqr) + Ko (D"U(DLU)) (qrUqrUT)
+K; (((D"U)qrU) ((DU)'qrU) + (D*Uq U (D, Uq U™))
Ky ((D"U)'qrU) (D, UqrU") + K5 {qrqr.(D"U)' DU + qrgr D*U (D, U)")
+ K {(D"U)'D,UqU"qrU + D*U(D,U) qrUqrU")
-%K? XU+ U (qrar + qwar) + Ks (XU + U'x) (qrUq U")
+Ko (XU + UX)arar + (XU + Ux")arar)
+ K10 {(X'U + U)qrUqrU + (xU' + Ux")qrUqrU)
+ K (XU = U)qrUqrU + (XUt — Ux")qrUqrUT)
+ K15 {((D"U)'[V uqr. qr)U + D*U[V uqr. qr)UT)

+ K13 (V*qrUV g U + K1y (V*qrV uqr + V“qLquL)}, (22)

although the lepton fields may still enter through the covariant derivatives. The second type

involves explicit leptonic degrees of freedom. The part relevant to K;3 and m.3 RCs is given
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S (%)

K%|0.99 4 0.19.2,1 +0.11 50

KZ%|0.10 £0.19,2,1 £+ 0.16150

1.40 & 0.19.2p0 + 0.11gc

0.016 £ 0.19.2)4 = 0.161EC

Table I: 65! calculated in ChPT [28].
by [44]:
£62p2 212 7, o em W 7, “w em W
oy = ¢k Z {Xll’YuVlL (u"{QR", QI'}) + Xalyumr (w* [QR", Q1)
l
+ Xzmyluy, (QF Of™) + hoc.} + € Z Xol(id + e Al , (23)
l

where Op" = uf Q™ and oy = uQiVuT.
The LECs {K;, X;} are generically UV-divergent, and their corresponding renormalized
LECs are defined as:

K[ (p) =K, =X\, X[ (n) =X, — 5\, (24)
where
d—4
7 1 1
= — — —[lndn — 1 2
A= 6 (d—4 y mdm—7p + ]>’ (25)

with p the scale introduced in DR, d the number of the space-time dimensions, and g the
Euler-Mascheroni constant. The values of {3;,Z;} are given in Refs. [42] [44], respectively.
In connection with the SM electroweak sector, we find that X§ and K7, are sensitive to
physics at the scale ¢ ~ My, (in another word, they carry the large electroweak logarithms).
It is customary to define the combination X2 (1) = X§ () — 4K7, (1) and take p = M, in
the numerical analysis.

With the effective Lagrangian above, the RCs to K;3 and m.3 were computed to
O(e*p?) [27, 28, [45], and we shall briefly discuss the main results. First, the master for-
mula of the K3 decay rate is given by:

C2G2 M}

s SewlFL 0PI ) (1+ 88+ 085p)) (26)

FKZS -

11



among which the short-distance electroweak factor Sgw is defined as':
———In =2 4 (XP™),. | + 055" = 1.0229(3) , (27)

where we take M, = 0.77 GeV. Here (X¢)E"* & 3.0 x 103 [30] summarizes the O(a,) pQCD
contribution to XP™* (but not from higher-order contributions such as O(al?), which we
shall discuss later). This value is consistent with that quoted in Ref. [46] as well as the more
commonly cited value of 1.0232 by Marciano and Sirlin [47]?. Meanwhile, the long-distance
EM correction is represented by the quantity 6%!. The ChPT estimations of their numerical
values in different channels are summarized in Tab. [ We see that there are two sources

5Kl

em’

of uncertainties in namely (1) the neglected higher-order terms in the chiral power
counting, and (2) the LECs { K7, X[}. Here we are only interested in its dependence on the

non-unsuppressed LECs (i.e. those contributing to 6 F7%)3:

8 1 = phys 2 2
0! = 2¢° {—gxl — GXE(My) = 25(M,) + K (M,) + S K5 (M,) + SKG(M,) | + .
S — 9¢? FX — 1f(p‘“YS(M )1 - (28)
em 3 1 2 6 P e

where XPS(M,) = XP™3(M,) + (27%) ' In(My/M,) — (X2™®),, removes the large elec-

s

troweak logarithm and the O(a;) pQCD correction from Xghys. As a comparison, we can

define a similar quantity for 7.3, and its LEC-dependence reads:

2 1
5T = 2¢? {—gxl - §Xé’hys(]\/[p) SR (29)

It is useful to contrast the results above with the case of the kaon and pion leptonic beta
decay. We notice that both the Kj» and 7 decay rate depend on the same combination of
LECs [44]:

8 8 20 20 4 s
B = S K{ + S Kj+ K + K — oX0 — AX] +4X5 — X, (30)

so it will be canceled out in the ratio R4 = I'k,,/T'r,,, which results in a reduced theory

uncertainty in the extraction of the ratio |V,s/Viq|. This is, however, not the case in the

! There is a typo in Eq. (94) of Ref. [30], the factor 1/2 in front of e? should not be there.
2 On the other hand, the quoted value of Sgw = 1.0223(5) in Ref. [48] was inconsistent with the subsequent

V.s phenomenology in the same paper, and therefore should not be used.
3 Notice that X; is scale-independent, so X = X;. The same goes for K7, K13 and K4 in the Feynman

gauge.
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ratio Ry = I'g,, /'y, recently introduced in Ref. [32], as we see that Egs. and
are not identical (except the Xg ™S term which is common to all channels). Therefore, to
reduce the theoretical uncertainty in Ry we propose a first-principles calculation of X; and

—2K7% + K} + (2/3)(K% 4+ K{) and outline an appropriate method below.

III. LATTICE QCD CALCULATION OF X; AND Xé)hys VIA THE ~W BOX

We start by discussing the LECs X; and XP™*. They describe the electromagnetic
interaction between leptons and pNGBs, so it is natural to expect that they could be related
to the hadronic matrix element that occurs in the v box diagram, Eq. @ This section
serves to derive such a relation.

We first consider the electroweak RCs in the decay process ¢; — ¢retr, in Sirlin’s
representation, and restrict ourselves to the case where My, ~ My, > m.. In this limit, we
can define a power counting where p — p’, p. and p, all scale as a small expansion parameter

A. An enormous amount of simplification is observed if we retain the terms in d M only up

to O(A):
1. The three-point function contribution to J F ﬁz vanishes;

2. The weak axial charged-current contribution to the integrals in Eq. vanishes. The
vector contribution does not vanish, but it survives only in the region where ¢’ ~ A, so
it is sufficient to replace T}, and I'}; by their respective “convection terms” [49] that
describe the IR behavior of these quantities. By doing so, the integrals in Eq. are

analytically calculable.

3. The remainder of the I box contribution simplifies to dMZ%y, = OV (e, ¢i) Mo,

where

ic? dq¢ 1 ME . T1i(q;psp)
OV (b, 1) = / T P ACLE TR

" qa i
oM2 ) (2m)* ()2 M7, — ¢ * R 0)

shall be denoted as the “forward axial v box”, as it probes the axial charged weak

current in 7).

From the above, we see that in the A — 0 limit the only unknown piece in dM is

D%A}(qﬁ . ¢i) which depends on the details of the non-perturbative QCD at the hadron scale.
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It is, however, a well-defined hadronic matrix element which is calculable on lattice. In
fact, Ref.[25] presented a first-principles calculation of (Y (7%, 7+) by combining the direct
computation of the relevant four-point contraction diagrams at small Q* = —¢* and a pQCD
calculation to O(a?) at large %, achieving an impressive 1% overall accuracy. Other possible
methods include the application of the Feynman-Hellmann theorem on lattice [50H52].
Now it is clear how one could obtained the LECs X; and X?™ on the lattice: One repeats
the calculation of M in the ChPT and take the A — 0 limit, in which the only quantities
that are not determined a prior: are the LECs. Therefore, comparing the expression of é M
in the A — 0 limit between Sirlin’s representation and the ChPT representation gives us
a relation between {X;, XP™*} and OY3*. Of course, one needs to calculate the latter at
least in two different channels to fix X; and X2™* individually. In what follows we choose

o3 and K% to fulfill this task.

A. Axial YW box diagram in 7.3 decay

In the 7.3 channel, since the strong isospin breaking effects are small, the A — 0 limit is
in fact quite well-satisfied in nature (the same holds for the free neutron and nuclear beta
decays). To evaluate the integrals in Eq. , we replace T* and I'* by their convection

terms:

i(2p — ¢ )+ (P, p)

T (d 0 p) —

(p—q)*— M2
(2p — @) (p' — p) - Fror+ (P, p)
FZoﬂA— (q/7p/7p) — = (p _ q/)g _ M2 . (32)

With these, the total one-loop electroweak RCs to the decay amplitude in Sirlin’s represen-

tation read (u = (p — pe)?, B = [pe|/Ee):

a [3. M3 M, m2 11 1. 1+
6M:MO{E {QIHW—21 W—{—Ql M2 Z—i—ag—i—élpe-pco(u,Mmme)—l—B nl_ﬂ
(0} pr Fo+1 1 —i—ﬁ
+0Y5 (7o, m4) + 5QED} ——, LA +0(A 33
w (o, T4.) \/—}7)( V5) Ve o 3013 (A) . (33)
Here, a, = —(3/2)apqep + ai° &~ —0.083 summarizes the O(a,) pQCD correction to all

one-loop diagrams except the axial YW box®. Meanwhile, Cj is the well-known IR-divergent

4 See Ref. [53] for an early attempt to compare these two representations.
5 This pQCD correction is small because it is not attached to a large electroweak logarithm, so it is not

necessary to include terms with higher powers in a. In fact this term is usually discarded in most papers.
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loop function:
Co(z,my,my) 2/

dq 1
in? (¢ — M2 +i€)((q + p1)2 — m3 +i€)((q — p2)? — m3 + ie)

, (34

with pf = m?, p3 = m3 and z = (p; + p2)?. On the other hand, taking the A — 0 limit in
the O(e*p?) ChPT expression [45] gives:

al 3 3, m me 1, 1+68] 1 g
oM = MO{E |:—§—§111F+21nm+4pepCO(U,MW,me>+Blnl_B +§5HO
2 1 a Gy _ p-Fro+ 1 1+
2(_Zx, - - xphs QTG (1 — o Lt 2 O(A) .
cer(2x - g b 28 (gt e L LR oy

(35)

We see that Eq. and agree completely in their IR behavior, which is of course
expected.

We now want to equate these two expressions to obtain the relation between X; and
DXV?}. In doing so, we find the definition of X2™* to be not particularly convenient, because
(1) in Ref.[25] the pQCD correction is evaluated up to O(al) instead of just O(a,), and (2)
in the first-principles evaluation of Eq. , one requires a smooth connection between the
pQCD-corrected integrand in the asymptotic region and the non-perturbative integrand at
small Q2. Thus, the procedure to “remove the pQCD correction” becomes rather unnatural.
Therefore, we choose instead to express our result in terms of

XE(My) = KPP (M) 4+ g o

p

(36)

that removes only the large electroweak logarithm but retains the full pQCD corrections to
all orders. With this we obtain

4 Sphvs 1 (0% M2 1 5 ~

§X1 ‘I‘Xg Y (Mp) = —— (D,‘;&é(ﬂo,ﬂ_&_) — _7r n%) + @ (Z — ag) s (37)

P
which is the first central result in this paper: It matches a specific linear combination of X
and X} WS o the axial YWV box in mes decay. We observe that in the first bracket at the
right of Eq. (37), the large electroweak logarithm contribution to [V has been subtracted
out due to the use of XP™* at the left.
Substituting the lattice QCD result 0% (o, 74.) = 2.830(28) x 1072 [25] gives:

4 - phys
§X1 + XPMS(M,) = 0.0140(6)pox (8)cnp (38)

Here we retain it for completeness.
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where the first uncertainty comes from the box diagram, and the second is the estimated
leading ChPT uncertainty that comes from the neglected 7° — 1 mixing terms which scale
as MZ/(M? — M2) ~ 6%. It is instructive to compare the result above with that from
the resonance model [30]. There, they estimated X; = —3.7 x 1073 and XP™* = XPhvs 4
(XP™),. = (10.4 + 3.0) x 1073, with no robust estimation of the theory uncertainty. That
implies

4

§X1 + XPMS(M,) = 0.0085, (resonance model) (39)

which is significantly below the lattice result. This suggests that a careful first-principles
study of the LECs could lead to a visible change in the central values of §ep,.

B. Axial YW box diagram in Kgg deacy

The same matching can in principle also be done on K% deacy in order to determine
another linear combination of X; and X} %S The only extra complication is that My is
significantly larger than M, so the A — 0 limit is not satisfied in nature. Nevertheless,
nothing prohibits us from considering an unphysical situation where Mg ~ M, = M,,
which is always achievable on the lattice, the well-known SU(3) limit. In this limit all
the simplifications in Sirlin’s representation work again, provided that the axial YW box
diagram for K% decay is now evaluated at the SU(3) symmetric point (i.e. m, = mg = my)
rather than on the physical point. Despite such an unphysical setting, the LECs extracted
from this procedure can still be applied to physical processes because they are by definition
independent of the quark masses.

To evaluate the integrals in Eq. , one again replaces T and I'* by their convection
terms. In this case they read:

_i2p 4+ ) FY 0 (P, p)
WP
20" + )"0 = p)  Faxo (¥, D)
(v +q')* — Mg '

T o (d'sp' p) —

(40)

' o(dsp,p) —

With these, the total one-loop electroweak RCs to the K% decay amplitude in Sirlin’s
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representation with the unphysical setting reads (s = (p' + p.)?, 8 = |p.|/E.)®:

a [3. Mj Mg, m2 11
oM = MO{E {élnm—g—Qlﬂﬁg‘i‘QlHE—Z+ag—4pe.p/CO(S’M¢,me>

—%111( 1;24-26) —i—(DXV?/(W_,KO)) v T (5QED}

a Gp_ P Frgol [1-8 .
_%Euyyﬁe(l — VS)UGWB In <— m + ZE) + O(A) . (41)

Here, the subscript in (D}//V‘é(ﬂ_, K 0))SU(3) reminds us that it should be evaluated at the

SU(3) symmetric point. On the other hand, in the A — 0 limit the ChPT expression [27]

reads:

3 3. m? m2
M = M, - —4pe - p Coy(s, My, m,
0{47T|:2 S M2 pe - P'Col(s, My, me)

2 [1— 4 1
_E In <— % + ie) + (5%813 +e (§X1 - §Xghys)}
aGp_ Frgol [1-3
\/— up( ) Wﬂl ( 1+B+l€>+O(A). (42)

Matching the two expressions gives:

8 . 1 A a MZ\ 1 (5
_gXl +Xg Y (Mp) = —— ((D’YW(W’KO))SU(?;) 8 — In M2 + W Z — Qg | , (43)

2T T

which is the second central result in this paper. Therefore, a future lattice calculation of

(DKV?/(W—’ KO))SU(3)

principles. A point to remember is that the matching above is valid only up to O(e?*p?),

allows a simultaneous determination of X; and X§™*(M,) from first

therefore taking M ; < A, in the lattice calculation will help suppressing the theory un-
certainties from the neglected O(e?*p?) terms. In the flavor SU(3) limit, the K% yW-box
diagrams share the same types of quark contractions as 7% in the lattice calculation. There-
fore, it is straightforward to extend the calculation of YW-box diagrams from the pion to
the kaon sector.

One may wonder if calculating the axial yIW box diagrams in more channels, such as K,

will also give us information about other LECS, for example the {K7} that appear in 6%

6 We take this opportunity to point out that the definition of the quantity X in Eq.(B.1) of Ref.[27] is
incorrect. The correct definition follows Eq.(2.7) in Ref.[54].
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(see Eq. ) This is, unfortunately, impossible because through a simple inspection of
Eq. one sees that the terms with these LECs can survive even without a lepton, which
means that they do not describe a short-distance lepton-hadron QED interaction, hence
the axial YW box cannot carry any information of these LECs. To study them, we must
construct another type of correlation functions calculable on lattice, which we shall discuss

in the following section.

IV. THE SETUP OF A LATTICE QCD CALCULATION OF THE {K]}

As far as the unsuppressed contribution to the K3 decay rate is concerned, the only extra
LEC we need to calculate is the combination —2K% + K} + (2/3)(K% + K§) (see Eq.(28)).
However, if we wish to be more precise by also studying the RCs to the form factor F™X,
then we need to know KJ, ..., K individually [27]. At the same time, K| and K} are also
interesting because in the large-V, limit they satisfy the relations K§ = —K7{ and K| = 2K7,
[42, 55], so by calculating them one could test the precision of the large- NV, predictions from
first principles. Therefore in this section we shall outline a strategy to calculate K7, ..., Kj
on the lattice. While the remaining { K7} are also interesting by themselves (e.g., K§, ..., KT,
contribute to the K* — K mass splitting at O(e?p?) [42,56]), we will not discuss them here.

Ref. [29] expressed the { K]} in terms of a series of four-point functions, which they later
calculated using resonance models to obtain an estimate of the LECs. We find that such
a formalism is indeed a good starting point to motivate a realistic lattice QCD calculation
upon appropriate modifications (for instance, the chiral limit, which is not attainable on
lattice). In what follows, we shall derive the modified four-point function representation of
the LECs. Of course we could work on the physical point, but since the variation of non-zero
quark masses do not give rise to extra singularities in these correlation functions (which can
be seen from the Feynman diagrams in Fig, and @, here we shall present our result in
the SU(3) limit, M, = My = M, = M,, which brings a great simplification to the involved

loop functions.
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A. Lepton-free Lagrangian with external sources and spurions

We start again by discussing the SM Lagrangian responsible for the semi-leptonic beta
decay processes, which was explained in some detail in Ref. [38]. First, the UV-divergences
in the electroweak sector are reabsorbed into the respective coupling constants and mass
parameters following the on-shell renormalization scheme [37]. Next, since here we are
only interested in the LECs that do not involve the lepton-hadron interaction, we can take
Gr — 0 so the leptons completely decouple with the quarks. We then retain only the
non-leptonic (denoted by the subscript “nl”) piece in the Lagrangian that reads:

£ut = Laco = e0QunA = TFEFE = S0 + IBATAL  (4)
with ¢ = (u,d,s)T, and £ = 1 for the Feynman gauge. Here A% represents the photon field
with its propagator being multiplied by a Pauli-Villars regulator with A = My :

d4q ) _Z'g,uu M2
DY (z) = Tlas v 45
<) ﬂqutmwrf (45)

This extra regulator comes from the splitting of the full photon propagator in the on-shell

renormalization scheme:
1 1 1 M 3[,

p— +_
q2 q2 _MI%V q2 MI%V _q2

To make a connection with the chiral Lagrangian in Sec. [[IB| we generalize £, by intro-

(46)

ducing external sources {l,,r,} and spurion fields {qz, ¢r}:

Ly = Lgcp + " (l + qLAS) Y + Ry (T + qrAy) U
1 v 1 2 1<
—ZF;,F“ — i(a ALY + §MWAH.A‘<‘. (47)
However, unlike Sec. [TB] here we do not identify the external sources and spurions with
the charge matrices and the fermion bilinears, but rather define {, = v, — a,, r, = v, + a,,

qr = Qv — qa, Qr = Qv + qa, and decompose them into flavor octet components:

a)\a )\a a A a)\a
UM:’UM?, au—a ny QVZQV?, QAZQA7 ) (48)

where {\?} are the Gell-Mann matrices. We may also define flavor-octet vector and axial

currents as:
)\a

-\
Viziﬂ%?d}, Aa 1/1%7571@- (49)
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Thus we can write:

Enl = EQCD + Ve (UZ + q“’/Aj) + A (az + quj)
1 , 1 1
—ZF;Fz — E(a,ﬂavz)2 + §M§A§A’i : (50)

B. Defining the four-point correlation functions

Using the generating functional of the action S, in the presence of external sources and

spurions:
1 , .
W aavaa) = 5 [ DO, AL expliSu(v,asav. ), 61)
we can define three types of four-point correlation functions [29]:

W (v, a,qv, qa)
da(x)da*? (y)dqy (2)dqi(0)
§W (v, a,qv, qa)
dae(x)da" (y)dq5(2)dq4(0)
W (v, a,qv,qa)
dvee (z)dvP? (y)dqs (2)dg(0)

W

)

0

(AAQQ0) = [ dsdiyatact

)

0

: (52)

<AZA%Q2Q%> = /d4xd4yd4zeik'y

<V£V[§’Q‘{,Q§l/> = /d4xd4yd4zeik'y

where k is a freely-chosen external momentum. The “|y” means that we take v, = a, =
qv = qa = 0 after the functional derivative, which decouples the quarks from the photon.
Obviously, the only possible Lorentz structures of these correlation functions are g,3 and
koks.

Using Eq. , it is straightforward to show that the correlation functions above can be

written as:
(ALAQ0QY) = [ ddtyatse™ O] T{AL AL VIV 10) D2 ()
(A AQRQH) = [ dadtydtsc™ O] T3 (0) A3(0) A5(2) 4300} 0) D ()
(VaVEQyQt) = [ dsdtyatse™ 0 T VIV VA0 D) . (53)

Note that (0| T{...} |0) are pure QCD matrix elements, so the RHS of the equations above
are in principle calculable on the lattice. For instance, the hadronic part in the correlation
functions defined in Eq. can be calculated using the sequential-source propagators.
Combining the hadronic part with the photonic weight function of D?’(z), the whole 4-

point correlation functions can be constructed in lattice simulations.
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Figure 1: Diagrammatic representation of <A3A% ‘{/Qil/>. The other correlation functions can be

represented in a similar way.

There is a simple diagrammatic interpretation of the correlation functions. Take
(A2 ALQ5 QY ) as an example: It is nothing but the amplitude iM (¢§ (0)g: (k) — a%(0)al(k))
calculated using the action Sy (v, a,qy,qa), see Fig. [1] (notice that v, a, gy, qa are not dy-
namical fields and do not propagate internally). Therefore, the strategy is to make use of
the ChPT representation of S, to calculate the correlation functions. The results obvi-
ously depend on the unknown LECs { K7}. Comparing the ChPT expression and the lattice
calculation of the correlation functions then allows us to determine the unknown LECs.

Before proceeding with the ChPT calculation, we make a final comment on the correlation
functions in Eq. (53)). Due to the existence of the Pauli-Villars regulator in D?’(z), all the
space-time integrals with respect to x, y, z are convergent. Still, if the LECs probe the physics
at the scale ¢ ~ My, then the corresponding correlation functions are not fully computed
by lattice QCD alone because this will require a lattice spacing of the size a ~ 1/My, which
is not achievable in practice. Fortunately, unlike K7, (see the discussion in Sec. [II Bf), none
of the LECs KT, ..., K{ is sensitive to physics at the UV-scale, so the use of a typical lattice

spacing is sufficient.

C. ChPT representation of the four-point functions

The four-point functions defined in Eq. were already calculated in ChPT to O(e?p?)
in Ref. [29], but there they worked in the chiral limit and retained only the g.s structure,
making the results not directly applicable for the lattice. Here, we redo the calculation at

the SU(3) symmetric point with non-zero M, and include both the g,s and k,kg structures.
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Figure 2: O(p?) contributions to <A“ Al QAQA>

Following that reference, we cast our results in terms of the four flavor basis defined below:
él — facgfbdg + fadgfbcg 7
ég — 5a05bd + 6ad5bc ’
é3 — dacgdbdg + dadgdbcg 7

6y = fob9feds, (54)

Up to O(e?p?), the four-point functions read:

kaks o= (i) -
(A2 ALQ5Q%) =zF§gaﬁZaAvez+zF3 o Zﬁi)vz

+<A“A QVQV> LT (Anal QVQV>

a a C F2 ac F
<A Al QAQA> = zFOZgaﬁ [(5 b m gacgbd 7] +zF§ga5;aAAel
2 k k,ﬁ - a a Ab e Nd
FiF o > Bl + (ALARQAQY)  + (ALARQLQY),
¢ =1
(VaVEQQY) = iFggasaviér + (VEVIQQY), - (55)

Let us explain the results above. First, the square bracket in <AaA Q5Q A> represents the
only O(p?) contribution that comes from the diagrams shown in Fig. [ I which is, for some
reason, missing in Ref. [29]. All the others are O(e?p?). The coefficients a(¥ and 3 contain
the contributions from the LECs (as depicted in Fig. |3]) as well as the UV-divergent part of
the loop contributions 7. The remaining parts that carry the subscript ¢ and ~ denote the
UV-finite contributions of the meson and photon loop diagrams, further detail can be found

in Appendix [A]

T We find that Eq. (2.15) in Ref. [29] is wrong by a sign.
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Figure 3: LEC contributions to the correlation functions. The gray dot represents the counterterm

vertex.

Let us concentrate on the coefficients a? and f®). They read:

1 T T r (d r 5Z - 2 MQ
oll) = 2K7 + 2K5 + 2K! + 2K, + 4K, — K13 + 2K14 + 5 M
@ _ v o4 4 37 P
Quy = _4K3 +2K4 + §K5 + gKﬁ + WIHW ,
3 T r r r QZ /_,[,2
oy = 6K} + 6K5 + 2K5 + 2K§ + 53 mﬁi , (56)
1 T r r r r 5—102 :U’Z
ﬁf(‘“)/ = —2Kp - 2K, - 2K - 2K _2K12+K13+W1n@ ;
2 T po A, A 37 1
B = 4G — 2K = G - g H e
3 . . . .97
W = —6K] — 6K} — 2K — 2K} — 293 IHW ,
(4) r 1 1
P = Rt R S 57
¢
5242 u
oty = 2KT — 2K} + 2K7 — 2K} + 4Ky + K1y + 2Ky — = ZIn 4t
321 be
(2) 4 4 37 2

Qpy = _4K§_2KZ+§Kg_§Kg_W n@,

) 97

¢
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5+107 . u?

0 = —2K{+2K5—2Kg+2f(g—QK{Q—K13+W1HW,

@ = 4K§+2K§-§K§+§K§+f’6—iln;‘4—;

) = —6K{+6K§—2K§+2Kg+3i—i21n]\‘;—;

"= —QKIQ—Klg—#InA/}—; (59)

and finally, 048‘), = K3+ 2K414. They provide an over-complete set of equations to solve for
the needed LECs, an example of solutions is given in Appendix [B] So in principle one could
calculate each correlation function with several flavor combinations to extract the needed
coefficients o and 8%, and with them one could determine all the {K!} individually.
However, if we are only interested in the unsuppressed combination of {K} that enters
5§nil (see Eq. (28)), things are much simpler: It can be obtained from a single four-point
function at zero external momentum:

AAZQVQy),_, = iFy akyvory+ orr A 32 (i 60
(AeARQVQV )y = 1FGap | —4K5 + e LN vl Rt vl N (60)

which is the last central result of this paper.

This completes the setup of the problem for the future lattice calculation. The chiral
LEC’s are unambiguously related to a 4-point correlation function and the axial YW box.
Using lattice QCD simulations, one can expect to determine the LECs with controlled un-

certainties and provide useful information for the electromagnetic corrections to K3 decays.

V. CONCLUSIONS

We have entered a new era where lattice QCD becomes increasingly important in the
studies of high-precision electromagnetic effects in low-energy phenomena. In particular, it
is now timely to extend its impact to the field of semileptonic beta decays which plays a
decisive role in the precision test of the top-row CKM matrix unitarity and the implications
for BSM physics therein.

It is expected to be extremely challenging to perform a full lattice QCD calculation to the
virtual + real QED corrections to the kaon semileptonic decay rate, of which the estimated

time span is of the order of 10! years. Given the current status of the CKM unitarity, it is
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highly desirable to look for an alternative starting point such that lattice QCD can make
immediate impact to the field. In this paper we propose a strategy of such kind. We first
point out that, at O(e?*p?) in chiral power counting, there are only three combinations of
LECs that are relevant for K3 and mes decays: X, XP™* and —2K; + K7 + (2/3)(KL +
K§). Based on a careful comparison between the Sirlin’s representation and the ChPT
representation of the QED effects, we show that these LECs can all be pinned down by
calculating a few simple quantities on the lattice.

To obtain the LECs X; and XP™®, we need to calculate the axial yWW-box diagrams for
the 7°7% and 7~ K° systems in the degenerate limit. The former was already performed
in Ref. [25], which translates into a determination of (4/3)X; + X" with 10% accuracy.
We observe that the outcome is significantly different from the resonant model calculation
widely adopted in the existing K;3 RC analysis, which adds to the urgency of our proposed
calculations. The 7~ K" axial box can be computed in exactly the same way, and in fact its
result will be available in the near future.

On the other hand, the extraction of the LECs { K]} will be based on the lattice calcu-
lation of the four-point correlation functions defined in Eq. which can be done using,
e.g., sequential-source propagators. In particular, we show an example in Appendix [Bl where
all individual {K} are obtained from the coefficients {3} in the four-point functions. In
practice it is of course not so trivial, because these coefficients are associated to the k,ks
structure that is sensitive to the direction of the external momentum k, which may lead to
extra systematic uncertainties due to the breaking of the exact rotational symmetry on the
lattice (it is not possible to solve for all individual { K7} using only the simpler coefficients
{a®} without imposing further assumptions, such as large-N, approximation, which one
normally avoids in first-principles calculations). Fortunately, as far as the relevant linear
combination —2K7% + K + (2/3) (K% + K{) is concerned, one needs only to calculate a single
four-point correlation function with zero external momentum, as indicated in Eq.. We
will defer the discussions of the actual lattice QCD setup needed for such a calculation to a
future work.

Our proposed calculation will not only improve the precision of the |V,;| extraction from
K3 alone, but will also reduce the theoretical uncertainty in the ratio Ry = I'g,, /I, , that

helps us to better understand the disagreement between the K and K3 extractions of |Vl
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Figure 4: Contributions from meson loops. The black circle denotes the O(e?) vertex. The third

diagram contains a meson pole.
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Appendix A: loop contributions to the four-point functions

In this Appendix we present the UV-finite parts of the one-loop contributions to the
four-point correlation functions in Eq. 8.

8 We acknowledge the power of Package-X that provides the fully analytic expressions of all loop integrals
in terms of elementary functions [57, 58].
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Figure 5: Contributions from photon loops without a meson pole.

1. O(e*p?) contributions from meson loops

The meson loop contributions are depicted in Fig. |4 The results are:

(AsAbQuQL), = — (ALALQLQY),

= Z‘FngWQ (gél +36; + gég) (1+ AR, My)) (gaﬁ — ij—l%>
(VaVEQsQt), = 0, (A1)
where
A M) = k2 (k2 — AM?) . k2(k? — AM?2) — k? + 202 "
e 2 2M ‘

2.  O(e*p?) contributions from photon loops

The photon loop contributions involve more Feynman diagrams, so for the benefits of
future cross-check, we split them into two pieces: (..) = (..)  + (..).,, where the two

terms on the RHS denote contribution without and with a meson pole, respectively.

a. without meson pole

The photon loop contributions without a meson pole are depicted in Fig. [5] The results

read:

1 é,—éy [K*— M2 M?
(AsAbQuQY) = —iFi——= 64( 2In—C— 1) gag

“16m> 2 k? M3 — k?

1 2M?2 — k? (k? — M2)? M2 ]
a Ab e NHd o -2 N é 9 & b
<AaA,8QAQA>71 = —iky 620 ( 2012 A(K®, My) + TRE In Ve +3 | 9as-

(A3)
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Figure 6: Contributions from photon loops with a meson pole.

b. with meson pole

The contributions from photon loops with a meson pole are depicted in Fig. [ff The

results read:

1 6, —é43k*+ M2 (K> — M2 M? kK
(ALALQVQY)., = i gy : R e

62 2 2 EE VR NV
| O — |2 2(2)3 — 3(k2)2M?2 + 2k2M* — MS
a Ab e Nd Y ) s |2 2 ¢ ¢ ¢
M? 3k 4+ M? k?)? 4 4k*M? — 5M} M?
X In — ¢ + d éy4 —( ) ¢ ? In 5 ¢
MZ—i2 AR 4(k2)? MZ— 2

k% + 5M?
_ ¢] } - kakg (A4)

e 2 ME
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Appendix B: Obtaining every K individually
In this Appendix we present one (out of the many possible) set of solutions for K7, ..., K{
in terms of the coefficients {a?, 3} defined in Eq. (55). Here we make use of only {8®}:

B N ANE ) R SN R SN SN O RS SN /i
K{ = 3 ( a4 — Baa — Baa + Bay — Bay — Bav — 1672 IHW

. 1 1 3 4 (4 Z MQ
K = 3 (-5&%4—5gi4-5224—52v B — A&__Z;§hljzg

K- (—355;; 99+ 85+ 98 + 3550 — 998 — 8 3550 - j—; ot
KT = é ( 380 + 8% + 389 — 380) 4 8@ 4 38 1697T2 nﬁj—})
Ki = (35 — 550k~ 340k~ 350 + B+ 364 — S ﬁ) . (B1)
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