arXiv:2007.09907v2 [nucl-th] 31 Aug 2020

Towards the continuum coupling in nuclear lattice effective field

theory I: A three-particle model

J-J. Wu*! and Ulf-G. MeiBnerf? 34

18School of Physical Sciences, University of Chinese

Academy of Sciences, Beijing 100049, China
2Helmholtz-Institut fiir Strahlen- und Kernphysik and Bethe Center for Theoretical Physics,
Unwversitat Bonn, D-53115 Bonn, Germany
IInstitute for Advanced Simulation, Institut fir Kernphysik,
and Julich Center for Hadron Physics,

Forschungszentrum Juilich, D-52425 Jilich, Germany

4 Thilisi State University, 0186 Tbilisi, Georgia

Abstract
Weakly bound states often occur in nuclear physics. To precisely understand their properties,
the coupling to the continuum should be worked out explicitely. In a first step, we use a simple
nuclear model in the continuum and on a lattice to investigate the influence of a third particle on

a loosely bound state of a particle and a heavy core.
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I. INTRODUCTION

Along the nuclear chart, there are a number of weakly bound states like in case of halo
nuclei or for isotopes close to the drip lines. These states are characterized by binding
energies in the keV range rather than the few MeV typical for nuclear binding. Such loosely
(or weakly) bound states are thus closely located to decay thresholds and the corresponding
continuum of states. Under such circumstances the coupling of such a bound state to the
continuum can no longer be neglected, for reviews see e.g. [IH3]. For conventional nuclear
models, like e.g. the shell model or the no-core-shell model, the coupling to the continuum
based e.g. on Berggren’s representation [4, 5], that treats bound, resonant and continuum
states on the same footing, is well established, see e.g. [618]. In addition, ab initio calculation
for systems such as *He+n-+n and A = 7 isotopes have been performed including continuum
effects [9-IT].

Nuclear lattice effective field theory (NLEFT) is a novel method for performing ab initio
calculations in nuclear structure and reaction physics [12) [13]. The basic idea is to discretize
space-time on a finite volume L? x L;, with L (L;) the spatial (temporal) size. Nucleons
are placed on the lattice sites and their interaction are given in terms of properly modified
chiral potentials, consisting of pion exchanges and short-distance operators. Strong isospin-
breaking effects and the long-ranged Coulomb potential are also included, leading to a
number of intriguing results, like e.g. the ab initio calculation of the Hoyle state in 2C [14]
or the first microscopic calculation of low-energy a-« scattering [15]. What is missing in this
framework is the coupling to the continuum. Of course, on the lattice we have only real-
valued energies, so a direct application of the Berggren approach is not possible. However,
as shown by Liischer in this seminal work, the complex-valued scattering phase shift can be
mapped onto the volume-dependence of the lattice energy levels [16] [I7]. We seek a similar
formalism to explicitely describe the continuum coupling.

In this work, we use a simple model of a heavy core A coupled to one or two nucleons N,
as described in Sect. [[I In Sect. [[T]] the consider AN — AN scattering and adjust the AN
interaction such that a very weakly bound state emerges. Using the Hamiltonian formalism
of Refs. [I8-24] we calculate the energy levels of this system in a finite volume. The full
ANN system is considered in Sect. [[V] where we adjust the parameters so that there is no

three-particle bound state and we can thus study the influence of the unbound third particle



on the AN scattering matrix. We conclude with a summary and outlook in Sect. [V] The

Appendix contains a short discussion of the normalization of the scattering equation used.

II. THE MODEL

Consider a three-particle model (AN N system), with the mass of the A particle about 10
times the mass of the IV particle with mass m. The A particle thus mimics the nuclear core.
To be specific, let us calculate AN — AN scattering. For simplicity, we use a separable

potential of the form

1 1
VigN(p,p') = 9f (0, M) f (', A) : (1)
" 2wa(p)2wn (p) 2wa(p)2wn (p)
with the regulator function
A2
f(p, A) = Az (2)

with w;i(q) = \/m2 + ¢ and g is the coupling constant. The normalization is explained in
the Appendix. In what follows, we set m4 = 10 GeV, m = A = 1 GeV. We are interested in
the case that the AN system has a very weakly bound state B with keV binding energy, so
the coupling g will be tuned accordingly.

Then we can construct the Hamiltonian in the finite volume and find its eigenvalues [19].

The Hamiltonian matrix is defined as follows:

H = Hy+ Hj,
(Ho)y; = 0ij (walks) +wn (ki) , (3)
(), = YD (35 ), (@)

where k; = Vi2r/L and Cs(i) represents the number of ways to sum the square of the
three integers to equal 7. Further, the factor (1/Cs(i)C3(j))/(4m)(2n/L)? is due to the
quantization in a finite box with size L as explained in Refs. [18, [19].

For the full ANN system with a fixed total momentum, we have two free momenta.
This will lead to a Hamiltonian matrix in the finite volume with a huge dimension. For
simplification, we thus consider the BN system instead of ANN, that means we use a
version of the dimer approximation, see e.g. [25], reminiscent of the so-called Faddeev
fixed center approximation, see e.g. Refs. [20], 27]. We thus consider the scattering process

BN — BN.



FIG. 1: Effective diagrams for the BN — BN process

The left diagram of Fig. [1| shows the attractive interaction between B and N since the
AN system has a weak attractive interaction. To calculate this diagram, we need to get the
coupling of B — AN process. Since the B is a loosely bound state of AN, one gets the
coupling from the amplitude of AN — AN around the pole position of B as follows,

1 1 72

TAN EN — E g E =
i (B ~mpq=a(B).d =oE) = 5-—o T omp(E —mp)’

(5)

where go(E) is the on-shell momentum with energy E, and T4V is obtained from Eq.(22)
with the potential V4Y. The factor 1/(2m4) - 1/(2my) originates from the the difference
between Vi and V7, (see the Appendix), the momentum is on-shell, so it is close to the mass
of the particle, and the factor 47 is from the angular integration, since we only consider
the s-wave. Further, the coupling g has dimension energy. With that, the potential of
BN — BN from A-exchange takes the form

BN1 _ 2m
V ( ) B \/2&)3 QCUN )
7’ 1
X /dCOSQ(Ei) "GP —mE V205) QWN(p)7 (6)
B} = %((wB(p)—wN(p’))2+(wN(p)—wB( 0)?) - (7)

Since our potential should be independent of the total energy, we take the average of the
two processes B — AN and NA — B. Next, we need to pick out the s-wave contribution of
this diagram, so we perform the angular integration between p'and p”’. At last, the equation
for the potential takes the form
g m
v 2wg(p)2wn (p)2wp (p') 2w (') o'
< 1o (mB +my —mi — (wWe(p)wn(
m +miy —m — (wa(p)wn(

VN (p,p) =




Note that this potential should be negative, because in Eq. @ the propagator of the ex-
changed A particle is negative.

Now let us consider the contribution from the right diagram of Fig. [Il This includes a
triangle loop, and the main interaction is the NN — NN interaction. First, the NN — NN

interaction can be written as,

! gan F(. N F(,A) ! , (9)

VH (p p) \/QWN QWN ) QWA(p)2WN(p)

where the regulator function is chosen the same as for the AN interaction. In this model,
we want to describe the situation that BN system can not form a bound state, therefore
the coupling gy n is only parameter which allows to achieve that.

Next, we work out the potential based on the diagram on the right side of Fig. [1}

27 1
VENp, ) = [ acoso VN ) |
\/QwB 2wy () \/2w3(p')2wN ()
(10)
where

VNG = [da g :

L 7 a3 — @ —m% (ws(p) — @)* — (P — §)* —m%)
1
x TN

(wa(P) —@)* =@ —@*—m

Ny !
204(0) (@(p) — wa(@))? — (7~ D — iy

1 NN
wn@) —wa@P -7 - =) b (11)

where T)V is the amplitude of NN — NN. In the calculation of TV, we make some
further assumptions. First, we assume T7Y ~ VNV which should be acceptable as we are
not interested in the detailed structure of the NN scattering amplitude. Also, we require
this interaction in a boosted frame. Although the form of V is not Lorentz invariant, we

can rewrite the potential in a special form and define all inputs the center-of-mass (CM)



system. This means that we write V¥V as

TN ~ VN = gun f(E*, N f(K*, ), (12)
k2 = EXn/4—ma, (13)
2
EYy = (\/((f—@2+m?\,+\/ﬁ2+m?\,) — ¢, (14)
K2 = E2y/4—my, (15)
2
Egy = (\/(cj—ﬁ’)2+m?v+ ﬁ/2+m?v) — ¢ (16)

Then at last we can get VFN? as defined in Eq.([10{16]) as follows:

BN?2 no_ 4m? 2 9NN /
Vi C(p,p) = N R AL ) / q dqQWA(q)H(p,Q)H(p,Q), (17)

where

1
H = [ dcost
(p.q) / o8 mp +m? — my — 2wp(p)wa(q) + 2pg cos d

4\?
X

3
<\/q2+p2 — 2pqcos B +m3 + \/pZ—i-m%V) —¢® —4m3, +4A?

which can easily be evaluated numerically.

ITI. RESULTS FOR 2 — 2 SCATTERING

First, we must fix the coupling constant g. In the left panel of Fig. [2, we show the binding
energy of the two-particle system as a function of the coupling g. The latter is chosen in
a range so that the binding is weak, and indeed at ¢ = —30.65, there is no more bound
state. In what follows, we choose g = —31.0, for which one finds a loosely bound state at
|Ep| = 11.15keV. In the right panel of Fig. [2| the corresponding scattering phase shift in
the close-to-threshold region is shown, it exhibits the typical features of a weakly bound
state close to threshold.

The corresponding energy levels in the finite volume are shown in Fig. 3] The bound
state level is clearly visible, its bending downwards for smaller lattice sizes is an expected
finite volume effect. For sufficiently large L, these finite volume effects are visibly absent.

It is also instructive to compare our formalism with the Liischer equation [16, [17]. For

that, we pick out 17 energy levels at L = 10 fm, and then we use following Liischer equation
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FIG. 2: Left panel: Binding energy of the AN system as a function of the coupling constant g.
Right panel: Phase shift for AN — AN scattering for g = —31.0. The black points are calculated

from the corresponding energy levels depicted in Fig. |3| using the Liischer equation.

to calculate the phase shifts from the corresponding energy levels,

o —1 QELﬁ nr
d(qe) = tan <—22(1;(M)2)> + (19)

2w

where qg is on-shell momentum corresponding to the energy F,

g (o)) (- () e

and Z(1;¢?) is well known Zeta-function. After regularization it can be calculated as follows,

1
2L = ), 5

nezs q

4

1 2
= — g — 891363202+ 16.53231596¢" + > = (21)

T
2 )

We find that the so calculated phase shifts are all on the phase shift curve calculated directly
from the scattering function, see Fig. [2l This shows that our calculation is consistent with

the Liischer equation.

IV. RESULTS FOR THE FULL SYSTEM

Before showing the results, a few remarks are in order. We note that the atractive

potential of BN — BN by A-exchange will have a sizeable magnitude at threshold, because
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FIG. 3: Energy levels for the weakly bound AN system in a finite volume L3. The meaning of the

black squares at L = 10 fm is explained in text, the also Fig.

the propagator of the A-particle will be very close to zero since B is a loose bound state
of AN. Similarly, the repulsive potential BN — BN generated by the triangle-loop will
also have a large value close to the threshold, since at that time, both nucleons can be to
their mass shell. We will therefore consider various choices to adjust the coupling gy, cf.
Eq. (9). One is that these two contributions cancel exactly at threshold (case 1) and the
other corresponds to the case that the total potential is repulsive (case 2). In Fig. {4 we

show the potential for various choices of the coupling gy n-.

Case 1: With gyy = 48.34, there is a repulsive interaction between BN — BN, but at
threshold, the potential is just zero. Above threshold the potential increases fast and then
drops almost with the same slope as the potential from the loop. Then from this potential,
the corresponding finite volume spectrum can be computed as shown in the left panel Fig[o]
It is surprising that there is still a energy level below the threshold of BN system since
there is pure repulsive potential. This is due to the strange structure of potential at the
threshold: At threshold, the potential is exactly zero, and therefore the first term of full
Hamiltonian matrix in the finite volume is just the sum of the masses of B and N. On the
other hand, in the finite volume the momentum is discrete, therefore, the off-diagonal term
in the Hamiltonian matrix will provide an attractive potential weather the original potential

is attractive or repulsive. Combing these two factors, the first energy level will be lower
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FIG. 4: Potentials in the AN (black solid line) and the BN system. In the latter case, two choices
for the coupling gy n are made as discussed in the text (blue dash-dotted and green dotted lines).

The red dashed line shows the attractive BN potential from A-exchange.

than the threshold in the finite volume, especially for small lattice size. The corresponding
phase shift for BN — BN is shown in the right panel of Fig. [f| It is almost the same
as that in AN scattering, but we note that in the region very close to the threshold the
phase is increasing to about 10° as shown in the inset of right panel of Fig. [}l The steep
fall-off of the phase can be traced back to the fast decrease of the potential, as shown by
the green dotted curve in Fig. [l We also check our method in comparison to the Liischer
equation here. The black points in the phase shift figure are calculated from the energy
levels at L = 10 fm which are shown as black points in the left panel of Fig/sl Within small
fluctuations, all of the points are consistent with the curves of phase shift which directly

calculated from scattering function. These fluctuations will be discussed in the next case.

Case 2: With gyy = 96.68, there is a repulsive interaction and even at the threshold it
has a large value, although it still increases slightly with energy, see the blue dash-dotted
line in Fig. [l There is no bound state below the threshold in the finite volume spectrum
as shown in the left panel of Fig.[6] In this case, the phase shift has a similar behaviour to
that in the case 1 in the threshold region, but the magnitude is much smaller, the largest

phase shift here is around 1°. This corresponds to a potential barrier, so that the phase
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FIG. 5: Left panel: Energy levels for the BN system in a finite volume L? for gy = 48.34. Right
panel: Phase shift for BN — BN. The inset shows the phase shift very close to threshold. The
black points in the left panel are the data at L = 10 fm. The black points in the right panel are
calculated from the corresponding data in the left panel with L = 10 fm by using the Liischer

equation as shown in Eq. .

almost does not increase and very quickly starts to fall as fast as the case 1, shown as
the blue dash-dotted curve in Fig. Analogous to casel 1, we also check the consistency
with Liischer equation. From the left panel of Fig. [0 the first four points are far away
from the curve of the phase shift, which means that there is some inconsistency at the
low energy levels. Actually, our methods has a systematic difference with the Liischer
equation, which is the difference between summation and interaction of a regular function
as shown in the appendix of Ref. [19]. This difference would be large when the regular
function has some sharp structure and it is proportional to exp(—Lm), where m is the
scale corresponding to the variation of the potential close to threshold. In our case, the
potential contributes significantly to the regular function and is very quickly varying around
the threshold, therefore, such difference between summation and integration will be very
large in this case. However, in the A+ N — A 4+ N case, the potential is much more flat,
and this leads perfect consistency between our method and the Liischer equation as shown
in the left panel of Fig. [2l In other word, the fine structure at the threshold will be missing
in the finite volume, when a too small volume is used. It can be resolved by increasing the
lattice size, as shown in Fig. [6] The red circles are for the larger volume L = 17 fm and are

well consistent with the phase curve. Therefore, in principle, our method is consistent with
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FIG. 6: Left panel: Energy levels for the BN system in a finite volume L3 for gyn = 96.68. Right
panel: Phase shift for BN — BN. The inset shows the phase shift very close to threshold. The
black points and red circles in the left panel are the data at L = 10 fm and 17 fm, respectively.
The black points and red circles in the right panel are calculated from the corresponding data in

the left panel with L = 10 fm and 17 fm, respectively, using the Liischer equation as shown in

Eq. .

Liicher equation.
From these observation we speculate that refined calculations will make it possible to
find a compact formula for the influence of the continuum on a weakly bound state on the

lattice.

V. SUMMARY AND OUTLOOK

In this letter, we have made a first step to evaluate the influence of the continuum on
weakly bound states. We have shown that there is a visible interplay between the weak
bound state B in the two-particle system and the third particle, which leaves its traces in
the lattice energy spectrum. To draw more definite conclusions, the model used requires
much refinement. In a first step, the full three-body AN N system should be investigated.
Since the threholds of BN and ANN are very close, we expect that the inelastic effects due
to breakup reaction B+ N — A+ N + N will affect the spectrum. Then, the interaction
potentials have to be refined so that they resemble more closely the nuclear case. Also,

higher partial waves need to be included. Work along these lines in under way.
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Appendix: Normalization of the scattering equation

Here, we briefly discuss the normalization of our scattering T-matrix. This normalization
is similar to the formalism used in Ref. [28]. Consider the s-wave of the process AN — AN,

with the scattering function given by

Tu (B, |k|, |K']) = Va(|k|,|F])

. 1
+/q2quH(|k!,Q)

E —walq) —wn(q) + ic

Ty (E,q,|F)) , (22)

where w;(¢) = \/m? + ¢*>. Correspondingly, in the Bethe-Salpter function, where k, k" are

four-momenta, takes the form

Tr(P kK = V(P k, k)

1 1
d*qVi (P, k
+/ avi(P, ’Q)q2—m2A+ie(P—q)2—m?V+ie

T‘L(P7 q, ]f/) .
(23)

Actually, Eq. can be recognized as the three-dimensional reduction of Eq. by using

/d4q 1 1
@? —m? +ie (P —q)? — m% +ic
1 1

~ 2d , . 24
/q TE = wa(a) — won(a) + ic 2w0a(q) 20n (q) 24
Therefore, we can get the relationship between the Vg and V7,
Vi (B[R, |7)) = 2n /dcosev P,k ) ! (25)
R /2w (k) 2w (k) BT owa (W) 2wn (0)
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Note that we have been cavalier with some factors, such as (27)", since these will be absorbed

into the coupling in V7. Also, this equation is the simple form of Eqs.(23-24) of Ref. [2§].
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