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Abstract: At low energies, the strong interaction is governed by the Goldstone bosons
associated with the spontaneous chiral symmetry breaking, which can be systematically
described by chiral perturbation theory. In this paper, we apply this theory to study the θ-
vacuum energy density and hence the QCD axion potential up to next-to-leading order with
N non-degenerate quark masses. By setting N = 3, we then derive the axion mass, self-
coupling, topological susceptibility and the normalized fourth cumulant both analytically
and numerically, taking the strong isospin breaking effects into account. In addition, the
model-independent part of the axion-photon coupling, which is important for axion search
experiments, is also extracted from the chiral Lagrangian supplemented with the anomalous
terms up to O(p6).ar
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1 Introduction

A CP-violating topological term, i.e., the θ-term, is allowed in the Quantum Chromody-
namics (QCD) Lagrangian. It can be written as

Lθ = θ0
αs
8π
Gµν,cG̃cµν , (1.1)

where αs is the QCD coupling constant, Gµν,c is the gluon field strength tensor, with c

a color index, and G̃cµν = εµνρσG
ρσ,c/2 its dual. Because none of the quarks is massless,

physical observables only depend on a combination of the θ0 parameter and the phases
present in the quark mass matrix Mq, i.e., θ = θ0 + arg detMq. Being a dimensionless
parameter, the natural value of θ is expected to be O(1), which would significantly affect
physical systems such as atomic nuclei, and lead to measurable effects, as nucleons, for
instance, would possess a nonvanishing electric dipole moment [1]. However, the so-far
negative results of experimental searches for the nucleon electric dipole moment lead to a
tiny upper limit: |θ| . 10−10 [2–7]. To understand why the value of θ is so small is the so-
called strong CP problem. One elegant possible solution of this problem is the Peccei–Quinn
(PQ) mechanism [8, 9], which introduces a global U(1) symmetry, called PQ symmetry. This
symmetry is spontaneously broken at energies much higher than the typical QCD scale of
order O(1GeV) and is also broken by an anomalous coupling to gluon fields. The axion
appears as the corresponding Goldstone boson [10, 11] which has an anomalous coupling
to GG̃. The parameter θ is then dynamically driven to zero at the minimum of the axion
potential, giving rise to a possible solution to the strong CP problem.

In the past few decades, there have been tremendous efforts searching for the axion,
denoted by a, as well as constraining to its mass ma and decay constant fa, see, e.g., [12–
24]. Some important quantities in axion physics, such as the axion mass and self-coupling,
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are dictated by the axion potential. The visible axion models [10, 11] with the axion
decay constant at the electroweak scale or even smaller are believed to have been ruled
out by experiments. For the invisible axion [25–28], its mass window is usually assumed
in the range from about 10−6 eV to 10−2 eV. According to constraints from astrophysical
observations, the present bounds on the axion decay constant is 109 GeV . fa . 1012 GeV

[29, 30] (we refer to Refs. [24, 31–34] for several recent reviews).1 Within the above available
parameter space, the axion may be the main source of cold dark matter in the universe [36–
41]. In addition, it may form a Bose–Einstein condensate [42] or even compact boson
stars [43–49]. The axion can couple to the Standard Model (SM) particles like electrons,
nucleons, photons and so on. However, all these couplings are suppressed by the axion
decay constant fa, which is remarkably large, resulting in the invisible axion which has
very weak couplings to the SM particles [36]. Since the axion-photon coupling vertex, see
Eq. (4.1) below, allows for the production of an axion from the interaction of a photon
with a background magnetic field, the axion-photon coupling gaγγ plays a central role in
axion searches in both laboratory experiments and stellar objects [24]. In this case it is
very useful to study the axion properties, especially the axion-photon coupling, at a high
precision from the theoretical point of view.

At low energies in QCD, all hadronic degrees of freedom are frozen and thus can
be neglected except for the pseudo-Goldstone bosons of the spontaneous chiral symmetry
breaking. Chiral perturbation theory (CHPT) [50–52], as the low-energy effective theory
of QCD, can be used to describe the vacuum properties as well as the dynamics of QCD in
the non-perturbative regime reliably. In this paper, we will calculate the θ-vacuum energy
density, or equivalently the QCD axion potential, up-to-and-including next-to-leading order
(NLO) in SU(N) CHPT. Setting N = 3, the mass and self-couplings of the axion can then
be extracted from a Taylor expansion of the axion potential. In addition, we also compute
the NLO corrections to the axion-photon coupling.

Before continuing, we would like to stress that a similar study was performed in
Ref. [53], where the QCD axion potential derived in two-flavor CHPT up to NLO (the QCD
θ-vacuum energy density up to NLO was first derived in Ref. [54]) is used, and a matching
between two-flavor and three-flavor CHPT is performed to determine the axion-photon cou-
pling. Here, the calculations are explicitly done in SU(N) CHPT for the θ-vacuum energy
density and with N = 3 for the other quantities. In SU(3) CHPT, the topological suscep-
tibility as well as the fourth cumulant of the topological distribution up to NLO have been
calculated before using the Goldstone boson masses at θ = 0 [55–57]. Very recently, the
topological susceptibility and axion mass are calculated up to next-to-next-to-leading order
and including electromagnetic corrections up to O (αem) in SU(2) CHPT [58]. The axion-
nucleon coupling is also calculated up to the leading one-loop order in Ref. [59]. Here,
we derive the one-loop contribution to the SU(N) θ-vacuum energy density by a direct
calculation of the logarithm of the functional determinant for the Goldstone bosons in a
θ-vacuum, extending the two-flavor treatment in Ref. [54] to the case of N non-degenerate

1It was recently argued that there is still a possibility for a viable QCD axion model with a mass in the
MeV range [35].
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flavors.2 This study is useful when the up and down quark masses take values close to the
strange quark one. This could happen in lattice QCD calculations where the quark masses
are parameters that can be chosen freely.

The outline of the paper is as follows. In Sec. 2, we generalize the calculation of the
θ-vacuum energy density in the framework of SU(2) CHPT [54] to the SU(N) case with
N non-degenerate quark masses. In Sec. 3, we derive the axion properties, including the
mass and self-coupling, in detail for N = 3. In Sec. 4, the model-independent part of
the axion-photon coupling is determined from the chiral Lagrangian supplemented with
the odd-intrinsic-parity sector of the chiral effective Lagrangian. Section 5 contains a brief
summary and discussion. The appendix provides a relatively detailed derivation of the
recursion relation giving rise to the general solution of the vacuum angles φf .

2 θ-vacuum energy density up to NLO

The QCD axion potential as a function of a/fa has the same form as the QCD θ-vacuum
energy density as a function of θ. In this section, we compute the θ-vacuum energy density
in SU(N) CHPT with N non-degenerate quark masses, which is an extension of Ref. [54],
where the θ-vacuum energy is computed up to NLO in the SU(2) and SU(N)-symmetric
cases.

2.1 Leading order

The discovery of instantons not only solved the U(1)A problem, but also implied that there
is a θ-term in the QCD Lagrangian. In order to study the physics with a θ parameter, it is
common to rotate away the θ-term by performing a chiral rotation on the quark fields. At
low energies, we can then match the resulting Lagrangian to the chiral Lagrangian since now
the relevant degrees of freedom are the pseudo-Goldstone bosons [51, 52]. The Lagrangian
density of the SU(N) CHPT at leading order (LO) in a θ-vacuum is

L(2) =
F 2

0

4

[
〈DµUD

µU †〉+ 〈χθU † + Uχ†θ〉
]
, (2.1)

where χθ = 2B0Mq exp[iXaθ] contains the θ angle and the diagonal and real quark mass
matrix isMq = diag{m1,m2, ...,mN}, and 〈. . .〉 denotes the trace in the flavor space. The
matrix Xa takes the following general form:

Xa = diag{X1,X2, ...,XN}, 〈Xa〉 = 1, (2.2)

which arises from a U(1)A chiral rotation on the quark fields eliminating the θ-term in the
QCD Lagrangian. In this case, the θ-dependence is completely captured by the quark mass
term. The U(1)A chiral rotation can be distributed to different quark flavors, leading to
different choices of Xa. F0 is the pion decay constant in the three-flavor chiral limit, and
B0 = −〈q̄q〉/F 2

0 is related to the scalar quark condensate. U(x) is the field configuration

2For an investigation of the axion interactions with mesons and photons using a 3-flavor chiral Lagrangian
including the U(1)A anomaly, see Ref. [60].
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for the vacuum and the Goldstone bosons of the spontaneous breaking of chiral symmetry.
It can be written as U(x) = U0Ũ(x), where Ũ(x) collects the Goldstone bosons, and U0

describes the vacuum, parameterized as

U0 = diag{eiϕ1 , eiϕ2 , ..., eiϕN } (2.3)

subject to the constraint
∑N

i=1 ϕi = 0 [55, 61]. For the SU(3) case, Ũ = eiΦ/F0 , with Φ

given by

Φ =

 π3 + 1√
3
η8

√
2π+

√
2K+

√
2π− −π3 + 1√

3
η8

√
2K0

√
2K−

√
2K̄0 − 2√

3
η8

 . (2.4)

Note that the neutral flavor eigenstates in the octet of the pseudoscalar mesons as shown
above, i.e. π3 and η8, are not mass eigenstates. Diagonalizing the mass matrix of the meson
fields, one gets the physical mass eigenstates π0 and η, which are mixtures of π3 and η8.
By expanding the LO Lagrangian in terms of the meson fields to quadratic order, the LO
θ-dependent meson masses including isospin breaking effects are obtained as

M̊2
π± = B0(m1 cosφ1 +m2 cosφ2),

M̊2
K± = B0(m1 cosφ1 +m3 cosφ3),

M̊2
K0 = M̊2

K̄0 = B0(m2 cosφ2 +m3 cosφ3),

M̊2
π0 = B0(m1 cosφ1 +m2 cosφ2)− ξ,

M̊2
η =

1

3
B0 (m1 cosφ1 +m2 cosφ2 + 4m3 cosφ3) + ξ , (2.5)

where for convenience we have defined (m1,m2,m3) ≡ (mu,md,ms) and

φf ≡ Xfθ − ϕf . (2.6)

The parameter ξ is given by

ξ =
4

3
B0

(
m3 cosφ3 −

1

2
(m1 cosφ1 +m2 cosφ2)

)
sin2 εθ

cos(2εθ)
= O

(
ε2θ
)
, (2.7)

with εθ the π0-η mixing angle in the θ-vacuum, which arises due to strong isospin breaking.
Diagonalization of the mass matrix requires

tan 2εθ =

√
3(m2 cosφ2 −m1 cosφ1)

2m3 cosφ3 −m1 cosφ1 −m2 cosφ2
. (2.8)

Obviously, the above θ-dependent Goldstone boson masses reduce to the standard SU(3)
relations [52] by taking the limit θ = 0 and setting φf = 0. The dependence of φf on the θ
angle needs to be determined by minimizing the vacuum energy to be discussed below.

To determine the ground state, i.e. the vacuum, we set Ũ = 1. Performing the trace
in Eq. (2.1), one obtains the LO potential energy density

e(2)
vac = −F 2

0B0

∑
f

mf cosφf . (2.9)
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Moreover, minimizing Eq. (2.9) with respect to the parameters φf with the constraint∑
f φf = θ gives the following equations3{

m1 sinφ1 = m2 sinφ2 = m3 sinφ3,∑
f φf = θ,

(2.10)

for SU(3), and similar equations for SU(N), i.e., mf sinφf is the same for all flavors. The
above equations depend only on the linear combination φf given in Eq. (2.6), instead of on
Xf and ϕf separately. This implies that φf is physical while Xf and ϕf are not. One can
use this freedom to choose the “gauge" most convenient for the question of interest. One
possible choice is to choose Xa = 1/N , which is commonly used in the literature (see, e.g.,
Refs. [54, 55, 61–63]). Noticing that the only constraint on Xa is 〈Xa〉 = 1, one may also
choose the U(1)A rotations to be

Xf =
φf
θ
, and ϕf = 0 (2.11)

to simultaneously shift the θ angle to the quark mass matrix phase and align the vacuum
properly. This is a convenient choice for the aγγ coupling (with θ changed to the dynamical
axion field a/fa) to be discussed in Sec. 4 since this removes the leading order a-π0 and a-η
mixing.

The equations (2.10) do not admit an analytical solution in terms of elementary func-
tions in a compact form.4 In the isospin symmetric case, the up and down quark masses
are degenerate m1 = m2 ≡ m but m 6= m3, we have φ1 = φ2 ≡ φ, and then Eq. (2.10)
becomes [64]

m sinφ = m3 sin(θ − 2φ), (2.12)

which allows for analytic solutions, though complicated ones.
If one focuses on the cumulants of the QCD topological distribution, which are deriva-

tives of the vacuum energy density, evac(θ), with respect to θ,

c2n =
d2nevac(θ)

dθ2n

∣∣∣∣
θ=0

, n ∈ N, (2.13)

one may solve Eqs. (2.10) by expanding in powers of θ. Specifically, c2 corresponds to the
topological susceptibility. Up to O

(
θ3
)
, one gets [55]

φf =
m̄

mf
θ +

[( m̄
mf

)3
− m̄4

mfm̄[3]

]
θ3

6
+O(θ5), (2.14)

where we have introduced
1

m̄
=
∑
i

1

mi
,

1

m̄[3]
=
∑
i

1

m3
i

(2.15)

3For the vacuum alignment in SU(2) CHPT up to NLO, we refer to the appendix of Ref. [62], which
also shows that it is sufficient to consider the LO vacuum alignment for the computation of the cumulants
up to O

(
p4
)
.

4In the SU(2) case, there is an analytic solution [61], which then allows to derive a closed form of the
vacuum energy density up to NLO in the chiral expansion [54].
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with i running over all the flavor indices considered in the theory. The solutions in Eq. (2.14)
are not restricted to the three-flavor case but also valid for N > 3. Consequently, the θ-
dependence of the vacuum energy density at LO can be obtained by substituting the solution
in Eq. (2.14) into Eq. (2.9), which gives [55]

e(2)
vac(θ) = F 2

0B0

(
1

2
m̄θ2 − m̄4

24m̄[3]
θ4

)
+O(θ6). (2.16)

In App. A, we work out a recursion relation for φf up to an arbitrary power of θ,

φf =

∞∑
n=0

Cf,2n+1θ
2n+1, (2.17)

with Cf,1 = m̄/mf and

Cf,2n+1 =
n∑
t=1

∑
(k1,...,kt)

sKt

(
Kt

k1, . . . , kt

)[
m̄

mf

N∑
i=1

t∏
j=1

C
kj
i,2j−1 −

t∏
j=1

C
kj
f,2j−1

]
, (2.18)

where kj are non-negative integers, Kt ≡
∑t

j=1 kj ,
∑

(k1,...,kt)
means that the sum runs over

all possibilities of kj satisfying k1 + · · · + (2t − 1)kt = 2n + 1, sKt = (−1)(Kt−1)/2/(Kt!),
and

(
Kt

k1,...,kt

)
= Kt!/(k1! · · · kt!) are the multinomial coefficients.

In the next subsection, we will compute the one-loop contribution of the Goldstone
bosons to the energy density.

2.2 Next-to-leading order

To study the θ-vacuum energy up to the NLO, O(p4), one has to include both the tree-level
diagrams from L(4) and the one-loop diagrams with innsertions from L(2). The SU(N)
chiral Lagrangian at NLO is given by

L(4) = L6〈χθU † + Uχ†θ〉
2 + L7〈χθU † − Uχ

†
θ〉

2

+L8〈χ†θUχ
†
θU + U †χθU

†χθ〉+H2〈χ†θχθ〉, (2.19)

where we only display the terms relevant for the vacuum energy. The Li and H2 are the
so-called low-energy constants (LECs) and the high-energy constant (HEC), respectively.
The latter is only required for renormalization and does not appear in observables. After
setting U = U0 and evaluating the traces, one gets the tree-level contribution to the NLO
vacuum energy density

e(4,tree)
vac = −16B2

0

[
L6

(∑
i

mi cosφi

)2

− L7

(∑
i

mi sinφi

)2

+
L8

2

∑
i

m2
i cos(2φi) +

H2

4

∑
i

m2
i

]
. (2.20)

The LECs and HEC contain both ultraviolet (UV) finite and divergent parts. They are
related to the renormalized ones, denoted by an upper index r, by [52, 65]

L6 = Lr6 +
N2 + 2

16N2
λ, L8 = Lr8 +

N2 − 4

16N
λ, L7 = Lr7, H2 = Hr

2 +
N2 − 4

8N
λ, (2.21)
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with

λ =
µd−4

16π2

{
1

d− 4
− 1

2

[
ln(4π) + Γ′(1) + 1

]}
(2.22)

the UV divergence at the space-time dimension d = 4, where µ is the scale of dimensional
regularization. The UV divergence in the NLO tree-level contribution exactly cancels the
one arising in the one-loop contribution, as will be seen below.

Now let us calculate the one-loop contribution to the θ-vacuum energy density. In the
classical CHPT papers [51, 52], the one-loop effective generating functional is expanded
around the free-field configuration at θ = 0. This treatment is then applied to derive the
topological susceptibility and the fourth cumulant in SU(N) CHPT in Refs. [55, 56, 63].
The expression for the vacuum energy density at NLO in SU(2) with non-degenerate quark
masses, as well as that in SU(N) with degenerate quark masses, is derived in Ref. [54],
where the generating functional is expanded around the free-field configuration in the θ-
vacuum. The result allows for an evaluation of any cumulant of the QCD topological charge
distribution, and is the QCD axion potential at NLO [53]. Here, we generalize the result
in Ref. [54] to SU(N), with N non-degenerate quark masses. The effective action for the
free-field configuration in the θ-vacuum is

Z0(θ) =
i

2
ln detD0(θ) =

i

2
Tr lnD0(θ), (2.23)

where “Tr" denotes traces over both the flavor (in the adjoint representation) and the
coordinate spaces, and the differential operator D0(θ) takes the following form

D0,PY (θ) = δPY

[
∂µ∂µ + M̊2

P (θ)
]
, (2.24)

where P, Y = 1, . . . , N2 − 1 are the flavor indices of the Goldstone bosons, and M̊P (θ) are
θ-dependent meson masses at LO given in Eq. (2.5). Within dimensional regularization,
one gets the one-loop contribution to the vacuum energy density as [54]

e(4,loop)
vac = −Z0(θ)

V

= − i
2

∑
P

∫
ddp

(2π)d
ln
[
−p2 + M̊2

P (θ)
]

=
∑
P

M̊4
P (θ)

{
λ

2
− 1

128π2

[
1− 2 ln

M̊2
P (θ)

µ2

]}
, (2.25)

where V is the space-time volume, the P runs over the Goldstone boson mass eigenstates
(for the SU(3) case, they are given in Eq. (2.5)), and the term proportional to λ collects all
the UV divergences in the one-loop contribution.

Noticing that the matrix elements of the diagonalized mass-squared matrix of the Gold-
stone bosons are given by

δPY M̊
2
P (θ) =

1

8

〈{
λP , λ

†
Y

}(
χ†θU0 + U †0χθ

)〉
≡ σPY , (2.26)
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we obtain ∑
P

M̊2
P (θ) =

∑
P

σPP =
2(N2 − 1)

N

∑
i

mi cosφi. (2.27)

Similarly, we have∑
P

M̊4
P (θ) =

∑
P,Y

σPY σY P

= 2B2
0

[
N2 + 2

N2

(∑
i

mi cosφi

)2
+
N2 − 4

N

∑
i

(mi cosφi)
2

]
. (2.28)

With Eqs. (2.20), (2.21), (2.25) and (2.28), it is straightforward to check that the UV
divergence in the one-loop contribution exactly cancels that in the tree-level contribution.
Finally, we obtain the θ-vacuum energy density up to NLO as

evac = −F 2
0B0

∑
i

mi cosφi −
∑
P

M̊4
P (θ)

128π2

[
1− 2 ln

M̊2
P (θ)

µ2

]

−16B2
0

[
Lr6

(∑
i

mi cosφi

)2
+N (NLr7 + Lr8)m2

1 cos2 φ1

]
, (2.29)

where we have used the SU(N) version of Eq. (2.10) to replace all mi sinφi by m1 sinφ1,
and have neglected the θ-independent terms.

From the above θ-vacuum energy density, the lowest two cumulants of the topologi-
cal charge distribution up to NLO can then be easily extracted. It can be checked from
Eq. (2.29) that we can reproduce the expression of topological susceptibility at NLO keeping
all orders in strong isospin breaking exactly given in Ref. [66]. We are more interested in
the axion mass and its self-coupling, and thus we will extract them from the axion potential
based on the relation between the θ-vacuum energy and axion potential in the following sec-
tion. Numerical values of the topological susceptibility and the normalized fourth cumulant
will also be given for reference.

3 Axion mass and self-coupling

Both the axion mass and self-coupling are important quantities, since they directly affect
experimental searches for the axion. For example, one tries to detect the axion in microwave
cavities by stimulating their conversion to photons via the Primakoff effect within an ex-
ternal magnetic field [24]. The axion self-coupling plays an important role in the formation
of an axion Bose-Einstein condensation [42] as well as possible boson stars [43–45, 47, 67].
This motivates the study of these two quantities in this section to high precision. Before
we proceed to derive the axion mass and self-coupling up to NLO, let us discuss a little bit
about the axion solution to the strong CP problem, and start with the effective Lagrangian,

LGG̃ =

(
θ +

a

fa

)
g2
s

32π2
GcµνG̃

c,µν , (3.1)
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where in addition to the θ-term, a pseudoscalar axion field is introduced which couples to
gluons. As shown by Peccei and Quinn [8, 9], the periodicity of the vacuum expectation
value (VEV) 〈GG̃〉 in θ+a/fa forces the minimum of the axion VEV to be at θ+〈a〉/fa = 0,
and thus the θ-dependence is eliminated. Expanding the axion field around its VEV, one
sees that the θ-vacuum energy density derived in the previous section, with θ being replaced
by aphys/fa, gives the axion potential, where aphys = a− 〈a〉 is the physical axion field. In
the following we will denote aphys as a for simplicity, and then the axion potential is given
by V (a) = evac(a/fa).

Expanding V (a) in powers of the axion field around the vacuum, we obtain

V (a) =
1

2
m2
aa

2 +
∞∑
n=2

1

(2n)!
λ2na

2n . (3.2)

Comparing the above equation with the definition of cumulants of the QCD topological
distribution in Eq. (2.13), one finds the following relations for the axion mass and axion
self couplings:

m2
a =

c2

f2
a

, λ2n =
c2n

f2n
a

, (3.3)

where c2n are the cumulants defined in Eq. (2.13) with n ≥ 2. Thus, the axion mass and
four-axion self-coupling at LO are given by

m2
a,LO =

F 2
πM

2
π+m̄

2f2
am̂

, λ4,LO = −
F 2
πM

2
π+m̄

4

2f4
am̄

[3]m̂
, (3.4)

respectively, where m̂ = (mu +md)/2, and we have replaced B0 and F0 by M2
π+/(2m̂) and

Fπ, the physical pion mass squared and decay constant, respectively, which is legitimate at
LO. One sees that at LO, the difference between the SU(3) and SU(2) expressions resides
merely in the definitions of m̄ and m̄[3] in Eq. (2.15).

In the same way we have calculated the axion mass and self-couplings at LO. Their
expressions at NLO, including the higher order corrections, can be extracted from Eq. (2.29).
The former reads

m2
a =

F 2
πM

2
π+m̄

2f2
am̂

{
1 +

16M2
π+

F 2
π

[
3m̄

m̂
(3Lr7 + Lr8)− Lr8

]

+
m̄

ms

(
µπ0 + 2µπ+ − µη

)
+

(
2
m̄

md
− 1

)
µK+ +

(
2
m̄

mu
− 1

)
µK0 +O

(
δ2

m2
s

)}
,(3.5)

with µP =
M2
P

32π2F 2
π

ln
M2
P

µ2
and δ = md −mu, where we have used the NLO expressions for

the pion mass and decay constant [52]:

M2
π+ = B0(mu +md)

{
1 + µπ0 −

1

3
µη +

16B0

F 2
0

[m̂ (2Lr8 − Lr5) + (2m̂+ms) (2Lr6 − Lr4)]

}
,

Fπ = F0

{
1− µπ+ − µπ0 −

µK+

2
−
µK0

2
+

8B0

F 2
0

[m̂Lr5 + (2m̂+ms)L
r
4]

}
. (3.6)
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Similarly the self-coupling up to NLO can be easily obtained as

λ4 =−
F 2
πM

2
π+m̄

4

2f4
am̂m̄

[3]

{
1 +

16M2
π+

F 2
π

[
3m̄[3]

m̂m̄2
Lr6 + 36

m̄

m̂
Lr7 +

(
12
m̄

m̂
− 1
)
Lr8

]

+

[
3m̄[3]

m3
u

(
1− mu

md

)2(
1 +

mu

md

)
+

4m̄

ms
− 3

] (
µπ0 + 2µπ+

)
+

[
6m̄[3]

m3
s

(
1− ms

md

)2(
1 +

ms

md

)
+

8m̄

mu
− 7

]
µK0

+

[
6m̄[3]

m3
s

(
1− ms

mu

)2(
1 +

ms

mu

)
+

8m̄

md
− 7

]
µK+

+

[
3m̄[3]

m3
s

− 4m̄

ms
− m̄[3](ms + 3m̄)2

m2
sm̄

2(mu +md + 4ms)

]
µη +O

(
δ2

m2
s

)}

+
3m̄4

32π2f4
a

[
3M4

π+

m2
um

2
d

+
2M4

K+

m2
um

2
s

+
2M4

K0

m2
dm

2
s

+

(
2muM

2
K0 + 2mdM

2
K+ −msM

2
π+

)2
9m2

um
2
dm

2
s

]
. (3.7)

The numerical evaluation requires the values of the quark mass ratios and of the LECs,
which have been determined by the lattice QCD calculations and experimental data. A
review of the present knowledge of the LECs appearing in the chiral Lagrangian for the
meson sector can be found in Ref. [68]. Using the input values listed in Table 1, we find
the axion mass and the quartic axion self-coupling at NLO to be

ma = 5.89(10)µeV · 1012 GeV
fa

, (3.8)

λ4 = −
(

5.86(19) · 10−2 GeV

fa

)4

, (3.9)

respectively. Here we have used the charged pion mass in Eq. (3.6) for eliminating the overall
B0(mu+md) factor in m2

a and λ4. Although the difference between the charged and neutral
pions from QCD is of O

(
δ2
)
, the charged pion receives an electromagnetic contribution at

LO. Such an effect to the quantities of interest here can be eliminated if using the neutral
pion mass instead, which amounts to replacing M2

π+ by M2
π0 in Eqs. (3.5) and (3.7) and

adding the following terms inside the curly brackets of these two expressions [52]:(
M2
K+ −M2

K0

)2
QCD

3M2
π0

(
M2
η −M2

π0

) [1 +
8

3
∆GMO +

M2
K0

8π2F 2
π

(
1 + 6 ln

M2
K0

M2
η

)
+O (m̂,ms)

]
, (3.10)

with (
M2
K+ −M2

K0

)
QCD = M2

K0 −M2
K+ −M2

π0 +M2
π+ ,

∆GMO =
2M2

K0 + 2M2
K+ − 2M2

π+ +M2
π0 − 3M2

η

M2
η −M2

π0

, (3.11)
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where the electromagnetic effects have been taken into account. As a result, the values in
Eqs. (3.8) and (3.9) become

ma = 5.71(9)µeV · 1012 GeV
fa

, (3.12)

λ4 = −
(

5.77(18) · 10−2 GeV

fa

)4

, (3.13)

which are regarded as our results for these quantities and will be used in the following.
As we mentioned earlier, both the axion mass and its self-coupling are tightly related

to the cumulants of the QCD topological charge distribution through the θ-vacuum en-
ergy density, see Eq. (3.3). Thus, from Eq. (2.13) or (3.3) we can further extract the
numerical values of the topological susceptibility χt and the normalized fourth cumulant
b2 = c4/(12χt) [56] with the inclusion of isospin breaking effects at zero temperature, i.e.,

χ
1/4
t =

√
mafa = 75.6(6) MeV , (3.14)

b2 =
λ4f

2
a

12m2
a

= −0.028(3) . (3.15)

Since the masses of the octet of pseudoscalar mesons are well-known from experiments, the
uncertainties are in fact dominated by the renormalized LEC Lr7, while the subdominant
uncertainties are from the quark mass ratio z = mu/md and the LECs Lr6 and Lr8. In
comparison, the values of these quantities obtained here remain almost the same as the
one in SU(2) case numerically, which are χ1/4

t = 75.5(5) MeV and b2 = −0.029(2) [53].
And the result for the topological susceptibility is in perfect agreement with recent Nf =

2+1+1 lattice QCD simulation at the physical point giving χ1/4
t = 75.6(1.8)(0.9) MeV [69].

This indicates that the explicit inclusion of the strange quark degree of freedom does not
induce large differences on the axion properties. There are at least two compelling reasons
accounting for this feature. First, the effects from the heavier quark flavors have been largely
included in the corresponding SU(2) LECs. Second, in Ref. [53] the authors performed their
numerical calculations with a matching between two-flavor and three-flavor CHPT LECs.
Thus, the inclusion of the strange-quark degree of freedom does not change the results
sizeably. Yet, the expressions given here should be useful for chiral extrapolation of lattice
results performed at unphysical quark masses, in particular when the up and down quark
masses are close to the strange quark one.

4 Axion-photon coupling

The axion-photon coupling is defined by the following Lagrangian (see, e.g., Refs. [53, 71,
72]),

Laγγ =
1

4
gaγγaF

µνF̃µν , (4.1)
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z r Mπ+ Mπ0 MK+ MK0 Mη

0.485(19) 27.42(12) 139.57 134.98 493.68(2) 497.61(1) 547.86(2)

Fπ Lr6 Lr7 Lr8 CW7 CW8

92.28(9) 0.0(4) −0.3(2) 0.5(2) ≈ 0 0.60± 0.20

Table 1. Numerical inputs used in this paper. The pion decay constant Fπ, and experimental
meson massesMP are in units of MeV, and are taken from Ref. [33]. The renormalized LECs Lri are
in units of 10−3; they correspond to values at scale µ = 770 MeV and are taken from Ref. [68]. The
NNLO anomalous LECs CW7 and CW8 are given in units of 10−3 GeV−2; for their determinations,
see the text. For the quark mass ratios defined as z = mu/md and r = ms/m̂, we take the FLAG
average of the Nf = 2 + 1 lattice results [70].

where F̃µν = 1
2εµνρσF

ρσ, with Fµν the electromagnetic field tensor with the sign convention
ε0123 = +1. Specifically, the axion-photon coupling is given by

gaγγ =
αem

2πfa

E
C

+ gQCD
aγγ ,

gQCD
aγγ = − αem

2πfa
6〈XaQ2〉+ gmix

aγγ = − αem

2πfa

(
2

3
+ 2Xu

)
+ gmix

aγγ , (4.2)

where E/C is the ratio of the electromagnetic and color anomaly coefficients, which is given
by
∑

n(QPQQ
2)/
∑

n(QPQT
2), with the sums running over all fermions with PQ charges

QPQ, and T a the QCD color generators satisfying 〈T aT b〉 = T 2δab/2. The value of E/C
depends on the specific axion models. The first term in gQCD

aγγ is the contribution from the
axial rotation of the quark fields, q → exp

(
i a

2fa
Xaγ5

)
q with 〈Xa〉 = 1 (here we use the

convention γ5 = iγ0γ1γ2γ3), which was introduced to eliminate the term a
fa
αs
8πG

c
µνG̃

c,µν

from the axion Lagrangian. The second term in gQCD
aγγ , gmix

aγγ , is the contribution from the
a-π0 and a-η mixings, with the π0 and η coupled to two photons.

As discussed below Eq. (2.10), there is a freedom of choosing the diagonal matrix Xa
satisfying 〈Xa〉 = 1. If it is chosen as Xa = diag {m̄/mu, m̄/md, m̄/ms} = m̄M−1

q as in
Refs. [29, 73], then U = Ũ = eiΦ/F0 , see Eq. (2.11), and there is no a-π0 or a-η mixing term
in the LO chiral Lagrangian. One obtains the O

(
p4
)
contribution to the model-independent

aγγ coupling to be

gQCD,(4)
aγγ = − αem

2πfa

2 (mu + 3m̄)

3mu
. (4.3)

This result recovers the one derived in SU(2) CHPT [53] at O(p4) in the limit of ms →∞.
The same result can also be obtained by using other choices of Xa. In that case, one

needs to consider a-meson mixing. The Wess–Zumino–Witten (WZW) Lagrangian [74, 75]
with an external photon field can be used to get the mixing contribution. The Lagrangian
is given by [76–78]

Lem
WZW = − eNc

48π2
εµνρσAµ

〈
Q∂νUU

†∂ρUU
†∂σUU

† +QU †∂νUU
†∂ρUU

†∂σU
〉

+i
e2Nc

48π2
εµνρσ∂νAρAσ

〈
2Q2(U∂µU

† − U †∂µU)−QU †Q∂µU +QUQ∂µU
†
〉
, (4.4)
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Figure 1. Feynman diagrams for the computation of the axion-photon coupling up to O
(
p6
)
. Here

the dashed lines denote Goldstone bosons and wavy lines photons. Only pseudoscalar mesons are
running in the loops.

where e > 0 is the electric charge unit, Q and Nc denote the usual diagonal quark charge
matrix, Q = diag{2/3,−1/3,−1/3} for the three-flavor case, and the number of quark
colors, respectively. Here the convention is such that U transforms under SU(3)L×SU(3)R
as U → gRUg

†
L with gL and gR elements in SU(3)L and SU(3)R, respectively. According to

Weinberg’s power counting scheme, the above WZW Lagrangian starts to contribute from
O(p4). The axion-meson mixing contribution can be obtained by substituting U in the
above Lagrangian by exp

(
−iYa afa

)
with Ya = Xa − m̄M−1

q . One finds

gmix
aγγ =

αem

2πfa

(
2Xu − 2

m̄

mu

)
. (4.5)

Using Eq. (4.2), one again gets the expression given in Eq. (4.3).
Our goal in this section is to compute the axion-photon coupling to O(p6). The chiral

Lagrangian with a minimal set of terms in the anomalous-parity strong sector at O(p6) has
been given in Ref. [79], not only for SU(2) but also for SU(N) with N ≥ 3. Based on the
anomalous Lagrangians, several works have been done in the anomalous-parity sector [80,
81]. In this work, only the terms proportional to CW7 and CW8 are relevant to the axion-
photon coupling, which read

L(6)
ano = iCW7 εµνρσ 〈χ−f+µνf+ρσ〉+ iCW8 εµνρσ 〈χ−〉 〈f+µνf+ρσ〉 , (4.6)

where CW7 and CW8 are two LECs. We have taken the same notation as in Ref. [79].
In the following, we choose Xf = m̄/mf and U = Ũ for the computation of the aγγ

coupling. With this convention the diagrams relevant for the computation of the O(p6)

corrections to gaγγ are depicted in Fig. 1: (a) the axion-pion and axion-eta mass mixing
from the NLO tree-level Lagrangian; (b) the tree-level diagram from L(6)

ano; (c) one-loop
diagrams with one vertex taken from LWZW and the other one taken from the LO chiral
Lagrangian; the contributions from diagrams (d) and (e) exactly cancel with each other
with the upper photon line in diagram (d) being on shell. It is interesting to note that
for the anomalous processes such as π0, η and η′ decaying into two photons, the one-loop
contributions vanish when the up-down quark mass difference is neglected [82, 83]. Likewise,
in the SU(2) case the sum of all one loop corrections vanishes when both photons in the
final state are on-shell [53]. However, in the SU(3) case, diagram (c) does contribute to the
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axion-photon coupling at O(p6) when taking isospin breaking effects into account. Note
that the pion-eta mixing needs to be considered in order to keep gaγγ scale-independent
and UV finite.

Putting together all the pieces, we obtain the axion-photon coupling keeping all orders
in strong isospin breaking up to O(p6) as

gaγγ =
αem

2πfa

{
E
C
− 2

3

mu + 3m̄

mu

−1024π2

3m̂
m̄M2

π0

(
CW7 + 3CW8

)
+

2m̄M2
π0

3m̂

[
f+(cos, sin)√

3M2
η

+
f−(sin, cos)

M2
π0

]}
, (4.7)

where

f±(cos, sin) =
√

3
(
µπ0 − µη

)
cos(3ε)± 3

(
µK0 − µK+

)
sin ε−

√
3
(
µK0 + µK+ − 2µπ+

)
cos ε

−
8M2

π0

F 2
πm̂

(3Lr7 + Lr8)
[
2
√

3(m̂−ms) cos ε± 3δ sin ε
]
. (4.8)

The functions f±(sin, cos) are equivalent to f±(cos, sin) with the sine and the cosine in-
terchanged, i.e., f±(sin, cos) = f±(cos → sin, sin → cos), and ε is the LO pion-eta mixing
angle in the vacuum as can be obtained by setting θ = 0 in the expression of εθ in Eq. (2.8).

For the parameters CW7 and CW8 , it was argued in Ref. [80] that CW7 is largely sup-
pressed compared to CW8 as the latter receives a strong contribution from the η′ while the
former does not. The authors also suggested |CW7 | < 0.1|CW8 |. We use Γ(η → γγ) =
M3
η

64π |Tη|
2 with the η → γγ amplitude given by [80]

Tη =
e2

√
3Fπ

[
Fπ

4π2Fη
(1 + xη)−

64

3
M3
πC

W
7 +

256

3
(r− 1)M2

π

(
1

6
CW7 + CW8

)
+O(m2

s)

]
(4.9)

to extract the value of CW8 from the measured value of the η → γγ width: (0.516 ±
0.020) keV [33]. Following Ref. [80], we take Fη = (118.4 ± 8.0) MeV and assign a 30%
uncertainty for the O

(
m2
s

)
contribution compared to that of O (ms), we get CW8 = (0.60±

0.20)×10−3 GeV−2, as listed in Table 1. We have set CW7 to 0 as its effect can be absorbed
into the uncertainty of CW8 .

With the input parameters presented in Table 1, one gets

gaγγ =
αem

2πfa

(
E
C
− 2.05(3)

)
=

[
0.197(3)

E
C
− 0.404(12)

]
ma

GeV2 . (4.10)

The error for the axion-photon coupling is also dominated by the uncertainties of CW8 , r
and Lr7, which are of similar size. From Eq. (4.10), we obtain gaγγ ' 1.2 × 10−16 . . . 1.2 ×
10−13 GeV−1 for the axion mass in the range 1 . . . 1000 µeV with E/C = 8/3. Especially for
ma = 6.7 µeV, this equation predicts gaγγ ' 8.1× 10−16 GeV−1 for models with E/C = 8/3

like the Dine–Fischler–Srednicki–Zhitnitsky (DFSZ) model [28], which is still in the allowed
region by the recent axion dark matter search, with ma around 6.7 µeV [84].

The Primakoff effect plays a key role in axion searches. For example, the working
principle for an axion helioscope [85, 86] is that axions produced in the core of the Sun are
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N ma

[
µeV·1012 GeV

fa

]
(−λ4)1/4 [10−2GeV/fa] g

QCD
aγγ

[
αem
2πfa

]
χ

1/4
t [MeV] b2

2 [53] 5.70(7) 5.79(10) −1.92(4) 75.5(5) −0.029(2)

3 5.71(9) 5.77(18) −2.05(3) 75.6(6) −0.028(3)

Table 2. Summary of the main numerical results of the present work shown in the third line. For
comparison we also show the results in the second line obtained in the framework of the SU(2)
CHPT [53]. For the axion-photon coupling gaγγ , only the model-independent part, denoted by
gQCD
aγγ , is shown.

converted back into photons in a strong magnetic field. Clearly, if the ratio E/C = 2, which is
quite a possibility as shown by Kaplan in Ref. [71], then the gaγγ would be highly suppressed.
The axion detection using the Primakoff effect, such as microwave cavity experiments, or
light shining through wall experiments (for a recent review, see Ref. [87]) would thus be
extremely difficult. Here, we present the reference values of gaγγ for E/C = 2 and 8/3:

gaγγ =

{
−0.06(4)× 10−3/fa, E/C = 2,

+0.71(4)× 10−3/fa, E/C = 8/3.
(4.11)

With the expressions of the axion mass and the axion-photon coupling, it is straight-
forward to estimate the axion lifetime, namely,

τa→γγ =
64π

g2
aγγm

3
a

=
3.4× 1054 s[
E/C − 2.05(3)

]2(µeV

ma

)5
. (4.12)

As the axion lifetime is inversely proportional to m5
a, the axion is more stable when its

mass is smaller. The axion lifetime is estimated as τa→γγ & 1033 s if the lower limit
fa & 0.5× 109 GeV is employed. Such a cosmologically stable particle is a well-motivated
cold dark matter candidate [32, 88].

5 Summary

In this paper, we have calculated the QCD θ-vacuum energy and in turn the axion potential
up-to-and-including NLO corrections in SU(N) CHPT. Unlike the SU(2) case, no analytic
solutions exist for SU(N) with N ≥ 3. We work out for the first time a recursion relation for
φf , up to an arbitrary order in θ. Then, as an extension of Ref. [54], by expanding the one-
loop effective generating functional around the free-field configuration in a θ-vacuum, we
have calculated the θ-vacuum energy density up NLO, including the one-loop contribution,
in SU(N) CHPT with N non-degenerate quark flavors. With the recursion relation for the
φf angles, one can compute any-order cumulants of the QCD topological charge distribution
as well as the axion mass and self-couplings.

Since the QCD axion potential as a function of a/fa takes the same form as the QCD
θ-vacuum energy as a function of θ, we have also calculated the axion mass and self-coupling
to NLO from the SU(3) θ-vacuum energy density taking into account the strong isospin
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breaking effects. With the determination of the LECs from experimental data and lattice
simulations, we have further evaluated the numerical values for axion mass and self-coupling
up to NLO, which are similar to those obtained in the SU(2) case in Ref. [53].

We also computed the axion-photon coupling up to O(p6). Numerically, it is given by
gaγγ = αem

2πfa
[E/C−2.05(3)], which implies that if E/C = 2, the axion-photon coupling would

be extremely small. In this case the axion searches using gaγγ , such as light shining through
a wall or microwave cavity experiments, would be very difficult. This might also have an
important impact on the axion electrodynamics as well as the possible existence of boson
stars, in which the axion-photon coupling plays a crucial role.
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A Full solution of the vacuum angles for the SU(N) case

Let us derive the expressions of the vacuum angles φf , and thus the LO vacuum energy, to
all orders of θ for SU(N) here. The starting equations are the SU(N) version of Eqs. (2.10)

mf sinφf = constant,
N∑
f=1

φf = θ.
(A.1)

We use the following expansions,

sinφf =

∞∑
n=0

s2n+1φ
2n+1
f , with s2n+1 ≡

(−1)n

(2n+ 1)!
,

φf =
∞∑
m=0

Cf,2m+1θ
2m+1. (A.2)
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Once we solve all the coefficients Cf,2m+1, we then get the general solution of φf . Let

mf sinφf =
∞∑
n=0

α2n+1θ
2n+1, (A.3)

then Eqs. (A.1) are decomposed into equations for each odd order of θ.
At O (θ), one has

mfCf,1 = α1, and
N∑
f=1

Cf,1 = 1. (A.4)

Thus, one gets
Cf,1 =

m̄

mf
(A.5)

with m̄ defined in Eq. (2.15).
At O

(
θ3
)
, one has

Cf,3 + s3C
3
f,1 =

α3

mf
, and

N∑
f=1

Cf,3 = 0, (A.6)

the solution of which is

Cf,3 = s3

(
m̄

mf

N∑
i=1

C3
i,1 − C3

f,1

)
. (A.7)

Combining Eqs. (A.5) and (A.7), one gets the known result in Eq. (2.14).
At O

(
θ5
)
, one has

Cf,5 + 3s3C
2
f,1Cf,3 + s5C

5
f,1 =

α5

mf
, and

N∑
f=1

Cf,5 = 0, (A.8)

the solution of which is

Cf,5 = 3s3

(
m̄

mf

N∑
i=1

C2
i,1Ci,3 − C2

f,1Cf,3

)
+ s5

(
m̄

mf

N∑
i=1

C5
i,1 − C5

f,1

)
. (A.9)

Notice that for the expansion of sinφf in powers of θ in Eq. (A.3), the terms at O
(
θ2n+1

)
are closely related to the partition of 2n + 1 into odd parts (e.g., the partitions of 5 into
odd parts include 5, 3 + 1 + 1 and 1 + 1 + 1 + 1 + 1, see the left side of Eq. (A.8)) studied
in number theory.

One can go to higher orders and solve for Cf,2n+1 in the same way. Finally, one gets
the recursion relation for all the coefficients as

Cf,2n+1 =

n∑
t=1

∑
(k1,...,kt)

sKt

(
Kt

k1, . . . , kt

)[
m̄

mf

N∑
i=1

t∏
j=1

C
kj
i,2j−1 −

t∏
j=1

C
kj
f,2j−1

]
, (A.10)

where kj are nonnegative integers, Kt ≡
∑t

j=1 kj ,
∑

(k1,...,kt)
means that the sum runs over

all possibilities of kj satisfying k1 + · · ·+(2t−1)kt = 2n+1, and
(

Kt
k1,...,kt

)
= Kt!/(k1! · · · kt!)

are the multinomial coefficients.
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