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Institut für Kernphysik and Jülich Center for Hadron Physics,
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Abstract

We propose a new theory framework to study the electroweak radiative corrections in Kl3 decays

by combining the classic current algebra approach with the modern effective field theory. Under

this framework, the most important O(GFα) radiative corrections are described by a single tensor

Tµν involving the time-ordered product between the charged weak current and the electromagnetic

current, and all remaining pieces are calculable order-by-order in Chiral Perturbation Theory. We

further point out a special advantage in the K0
l3 channel that it suffers the least impact from the

poorly-constrained low-energy constants. This finding may serve as a basis for a more precise

extraction of the matrix element Vus in the future.
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I. INTRODUCTION

One of the high-precision tests of the Standard Model (SM) is the test of the unitarity

of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1, 2]. In particular, its first-row matrix

elements are required to satisfy the following relation:

∆CKM = |Vud|2 + |Vus|2 + |Vub|2 − 1 = 0. (1)

The contribution from Vub is negligible, so the test only concerns |Vud| and |Vus|. The quoted

values of these two matrix elements in the “CKM quark-mixing matrix” section of the 2018

Particle Data Group (PDG) read [3]:

|Vud| = 0.97420(21), |Vus| = 0.2243(5). (2)

With the numbers above, the deviation from the unitarity reads: ∆CKM = −0.0006(5), so

unitarity requirement is well-satisfied, and it turns into stringent bounds on parameters of

possible Beyond Standard Model (BSM) physics, e.g. the non-standard couplings {εi, ε̃j}

between quarks and leptons, and sets constraints to BSM physics at the scale 5 − 10 TeV

[4–6].

The situation described above has changed since last year, following a series of re-

evaluation of the electroweak radiative corrections in superallowed beta decays, from

where Vud is most precisely extracted. Making use of a dispersion relation with existing

neutrino/anti-neutrino scattering data, Ref. [7] reduces the existing theoretical uncertainty

in the so-called single-nucleon γW -box diagram by a half [8], but at the same time also shifts

its central value significantly. That calculation alone leads to an updated determination of

Vud:

|Vud| = 0.97366(15), (3)

and ∆CKM = −0.0017(4), a 4σ violation of unitarity, raising new interests within the preci-

sion community. In follow-up works [9, 10], several previously unconsidered nuclear effects

are also pointed out. Preliminary investigations indicate that they largely cancel each other,

and cause only a slight increase in the total uncertainty: ∆CKM = −0.0016(6) [10]. This is,

however, not yet conclusive and needs to be further scrutinized. Further discussions along

this line have also led to the identification of well-defined steps toward the further reduction

of the |Vud| uncertainty: first, next-generation neutrino experiments at the Long-Baseline
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Neutrino Facility (LBNF) at Fermilab are expected to provide much more precise neutrino

data input to the dispersion integral [11], second, a direct lattice approach to the γW -box

diagram is recently suggested [12], alternative computational methods of the box diagram

are also proposed in comparison to the dispersive method [13], and finally, there are plans to

study the above-mentioned new nuclear effects with ab-initio methods [6]. In short, one can

be optimistic that the theoretical uncertainty in the |Vud| extraction will be further reduced

in the near future.

As a result of the increased precision in |Vud|, the value of |Vus| now plays a central role in

the first-row CKM unitarity. The quoted value in the PDG represents actually an average

over the results from two types of experiments: the K → lν (Kl2) and K → πlν (Kl3)

decays, which disagree among each other at a ∼2σ level:

Kl2 : |Vus| = 0.2253(7)

Kl3 : |Vus| = 0.2231(8). (4)

This seemingly small difference, however, makes a huge impact on ∆CKM when combined

with the updated determination of |Vud| in Ref. [7]:

Kl2 : ∆CKM = −0.0012(4)

Kl3 : ∆CKM = −0.0022(5). (5)

The first line in this equation exhibits an interesting hint for possible BSM physics, but

might be loosened after accounting for possible missing nuclear effects in the Vud extraction.

The second line, on the other hand, represents almost a confirmed signal. Furthermore, a

recent lattice study of the Kπ form factor at zero momentum transfer improves the Kl3-

extraction : |Vus| = 0.22333(61), leading to ∆CKM = −0.0021(4), a 5σ violation of unitarity

[14]. All of these call for an immediate re-examination of the theory inputs that enter the

Kl3 extraction of |Vus|, in particular the treatment of electroweak radiative corrections in

Kl3 which is the purpose of this paper.

In standard treatments of Kl3 decays, the total decay rate is given by the following master

formula (see, e.g. Ref. [15]):

ΓKl3
=
C2
KG

2
FM

5
K

128π3
SEW|Vus|2|fK

0π−

+ (0)|2I(0)
Kl (λi)

(
1 + δKlem + δKπSU(2)

)
, (6)

with MK the kaon mass. The main sources of theoretical input, according to the for-

mula above, are: (1) the Kπ form factor and its momentum-dependence encoded in
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|fK0π−
+ (0)|2I(0)

Kl (λi), (2) the strong isospin breaking effect encoded in δKπSU(2), and (3) the

electroweak radiative corrections, encoded in SEW and δKlem. In particular, the constant

logarithmic multiplicative factor:1

SEW = 1 +
α

π
ln
M2

Z

M2
ρ

+O(ααs), (7)

which is associated to the QED anomalous dimension of the effective four-fermion operators.

It contains all universal, short-distance electroweak corrections that are not reabsorbed into

the Fermi’s constant GF and is common to all semileptonic transitions. Here, MZ and

Mρ denote the mass of the Z-boson and of the ρ-meson, respectively. In the meantime,

δKlem represents the model-dependent, long-distance electromagnetic correction. The latter

is calculated within the framework of Chiral Perturbation Theory (ChPT) with dynamical

photonic and leptonic degrees of freedom [16, 17], currently up to the order O(e2p2).

In this paper, we argue that there exist several conceptual and practical issues in the

existing calculations which could be improved upon. Firstly, we demonstrate that the exis-

tence of the “universal factor” SEW implies an incomplete resummation of O(e2p2n) (n ≥ 2)

terms that leads to a relative systematic error of the order O (10−3). In the current treat-

ment their effects are part of the quoted error budget, but we will show that this can be

significantly improved. Second, ChPT provides a model-independent framework. However,

within such calculations, all the ultraviolet (UV) physics from electromagnetic corrections

that are not fixed by chiral symmetry are contained in the low-energy constants (LECs),

which can only be estimated by models and contain somewhat uncontrolled uncertainties,

that turn into one of the main sources of theoretical uncertainties in the Kl3 decay rate,

and consequently to |Vus|. In view of the problems above, it is necessary to switch from

the pure ChPT treatment to a new formalism that: (1) allows for an inclusive treatment of

higher-order terms, and (2) minimizes the model-dependence, which is equivalent to effects

of the LECs in the traditional ChPT calculation.

We realize that such a method actually exists since the late 70s [18]. Making use of

current algebra, one is able to express all the short-distanced-enhanced terms in terms

of the momentum integral of a single hadronic tensor involving the time-ordered product

between the electromagnetic and the charged weak current. This allows for a more systematic

1 Throughout, α denotes the Quantum Electrodynamics (QED) fine-structure constant and αs the strong

coupling constant.
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treatment of such terms, e.g. using the recently-developed dispersive method, that enables a

better account of the smooth transition between physics at different scales. Meanwhile, for

the non-enhanced terms that are suppressed in the neutron and superallowed beta decays

but not in Kl3, we develop a diagrammatic approach to calculate them order-by-order in

ChPT, and point out along this process that the K0
l3 channel possesses a natural advantage

of having minimal dependence on the poorly-constrained LECs.

The outline of this paper is as follows. In Sec. II we define our basic notations and

review the kinematics of Kl3 decay at tree level. In Sec. III we present some important

universal features for electroweak radiative corrections in general semi-leptonic beta decays,

in particular how it is matched to a Fermi theory with definite multiplicative coefficients. In

Sec. IV we switch temporarily to an effective field theory (EFT) description, and calculate

the O(e2p2) corrections to the Kπ form factors, which serve as important references in the

latter discussions. The next four sections are the core of this paper. In Sec. V we review

the current algebra method developed in the late 70s that divides the radiative corrections

to the Kπ form factor into a “three-point function” and a “two-point function”. The latter,

as well as the γW -box diagram, contain all the hadronic short-distance enhancements and

are elegantly expressed in terms of the momentum integral of a single hadronic tensor T µν .

Based on this framework, we derive in Sec. VI the well-known short-distance logarithmic

factor, and demonstrate the advantage of our proposed method in the matching of physics

at different scales. In Sec. VII we develop a novel diagrammatic approach to calculate the

non-enhanced three-point function order-by-order in EFT, and use it in Sec. VIII to split

the O(e2p2) corrections in Sec. IV into two- and three-point functions. We demonstrate

that the unknown LECs in the three-point function makes a minimal impact on the decay

rate for the case of K0
l3, hence the latter is a preferred channel for the Vus extraction. Our

conclusions are summarized in Sec. IX.

II. Kl3 DECAY AT TREE LEVEL

We start by defining the electromagnetic and charged weak current in the hadron sector

that are responsible for generic semi-leptonic beta decays:

Jµem =
2

3
ūγµu− 1

3
d̄γµd− 1

3
s̄γµs

JµW = Vudūγ
µ(1− γ5)d+ Vusūγ

µ(1− γ5)s. (8)
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For the Kl3 decay, the involved charged weak current is Jµ†W , and it satisfies the following

equal-time commutation relation:[
J0†
W (~x, t), Jµem(~y, t)

]
= Jµ†W (~x, t)δ(3)(~x− ~y), (9)

which is the well-known current algebra relation, and is protected from perturbative Quan-

tum Chromodynamics (pQCD) corrections.

Next we summarize some basic results from the tree-level Kl3 phenomenology, which are

quite standard and are available in a number of references (e.g. Ref. [16, 17]). There are

two types of Kl3 decays:

K0
l3 : K0(p)→ π−(p′)l+(pl)νl(pν)

K+
l3 : K+(p)→ π0(p′)l+(pl)νl(pν), (10)

where l = e, µ. We may define the momentum transfer q = p − p′. At low energy, the

charged weak interaction between leptons and quarks is described by Fermi’s theory, with

the following effective Lagrangian:

L4f = −GF√
2
JµW l̄γµ(1− γ5)νl + h.c. . (11)

Therefore, the decay amplitude at tree level is given by:

M(0) = −GF√
2
F µ
Kπ(p′, p)ūν(pν)γµ(1− γ5)vl(pl), (12)

where the charged weak form factor is defined as F µ
Kπ(p′, p) = 〈π(p′)| Jµ†W (0) |K(p)〉. One

could in general parameterize it in terms of two invariant functions2:

F µ
Kπ(p′, p) = V ∗us

[
fKπ+ (q2)(p+ p′)µ + fKπ− (q2)(p− p′)µ

]
. (13)

By Lorentz covariance, it is obvious that only the vector component of Jµ†W contributes to

the form factor. It is also a standard procedure to explicitly factor out the q2 = 0 component

of fKπ+ by defining:

f̄Kπ+ (q2) =
fKπ+ (q2)

fKπ+ (0)
, f̄Kπ− (q2) =

fKπ− (q2)

fKπ+ (0)
, (14)

2 It is customary to isolate an isospin factor CK out of the invariant functions fKπ± , but we do not do it

here because in the current algebra formalism, the most important pieces of the radiative corrections to

δfKπ± will be expressed as momentum integrals, and it would look weird to have a factor C−1
K in front.

6



as the overall factor fKπ+ (0) can then be studied with non-perturbative methods such as

lattice QCD.

We further define the following kinematic quantities:

y =
2p.pl
M2

K

, z =
2p.p′

M2
K

, rπ =
M2

π

M2
K

, rl =
m2
l

M2
K

, (15)

with Mπ and ml the pion and the lepton mass, in order. With these, the Kl3 decay rate at

tree level is given by:

Γ
(0)
Kπ =

G2
F |V 2

us|M5
K

128π3

∣∣fKπ+ (0)
∣∣2 ∫

D3

dydzρ̄
(0)
Kπ(y, z), (16)

where

ρ̄
(0)
Kπ(y, z) = A

(0)
1 (y, z)

∣∣f̄Kπ+ (q2)
∣∣2 + A

(0)
2 (y, z)f̄Kπ+ (q2)f̄Kπ− (q2) + A

(0)
3 (y, z)

∣∣f̄Kπ− (q2)
∣∣2

A
(0)
1 (y, z) = 4(1− y)(y + z − 1) + rl(4y + 3z − 3)− 4rπ + rl(rπ − rl)

A
(0)
2 (y, z) = 2rl(3− 2y − z + rl − rπ)

A
(0)
3 (y, z) = rl(1− z + rπ − rl). (17)

The physical domain D3 of the three-body final state can be expressed in two equivalent

ways:

c(z)− d(z) < y < c(z) + d(z), 2
√
rπ < z < 1 + rπ − rl

c(z) =
(2− z)(1 + rl + rπ − z)

2(1 + rπ − z)
, d(z) =

√
z2 − 4rπ(1 + rπ − rl − z)

2(1 + rπ − z)
(18)

or

a(y)− b(y) < z < a(y) + b(y), 2
√
rl < y < 1 + rl − rπ

a(y) =
(2− y)(1 + rπ + rl − y)

2(1 + rl − y)
, b(y) =

√
y2 − 4rl(1 + rl − rπ − y)

2(1 + rl − y)
(19)

depending on whether y or z is first integrated.

An important observation from this analysis is that the contribution from fKπ− (q2) to the

decay rate, which is always attached to A
(0)
2,3, is suppressed by rl = m2

l /M
2
K , even for the

muon, this factor still reads ∼ 0.04 � 1 so the suppression is significant. This also implies

the following: the effect of any theoretical uncertainty in the electromagnetic radiative

correction to fKπ− is suppressed in the total error budget of the Kl3 decay rate.
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Figure 1: All one-loop weak corrections involving the hadronic piece in Kl3 decay amplitude in

SM. γ> denotes photon with a “mass” MW .

III. GENERAL FORMALISM FOR RADIATIVE CORRECTIONS IN SEMI-

LEPTONIC BETA DECAYS, AND ITS APPLICATION TO Kl3

To start our discussions on electroweak radiative corrections, we first review the known

results of muon decay which serves as an important reference point. The Fermi constant

GF = 1.1663787(6)×10−5 GeV−2 [3] is defined through the muon lifetime after the inclusion

of O(GFα) electromagnetic radiative corrections calculated in the Fermi theory [19]:

1

τµ
=
G2
Fm

5
µ

192π3
F (x)

[
1 +

α

2π

(
25

4
− π2 +O(me)

)]
, (20)

where F (x) = 1− 8x− 12x2 lnx+ 8x3 − x4 and x = m2
e/m

2
µ.

In connection to the full SM calculation, it is useful to follow Sirlin’s approach that splits

the full photon propagator in the fermion self-energy diagrams into two pieces [18]:

1

k2 −M2
γ

=
1

k2 −M2
W

+
M2

W

M2
W − k2

1

k2 −M2
γ

. (21)

Here we have introduced a small photon mass Mγ as an infrared (IR) regulator. The first

term at the right hand side (RHS) of Eq. (21) describes a “massive photon”, whereas the

second term describes a massless photon with an extra Pauli-Villars (PV) regulator [20]

with Λ = MW . The benefit of such a separation is evident: fermion self-energy corrections

involving the PV-regulated photon propagator, together with the γW box diagram, give

exactly the PV-regulated electromagnetic radiative corrections to the Fermi theory as de-

scribed in Eq. (20), up to O(G2
F ) discrepancies which may be safely neglected. Meanwhile,

all remaining O(GFα) SM corrections, including both one-loop and counterterm contribu-

tions shall be known, with a slight abuse of terminology, as “weak radiative corrections” that

are sensitive only to physics at k ∼ MW and give rise only to a constant renormalization
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factor to the differential decay rate which is absorbed into the definition of GF in Eq. (20).

Notice also that, since a PV-regulator preserves Abelian gauge symmetry, the PV-regulated

Fermi theory description above is manifestly U(1)em-invariant.

One may now proceed to discuss the general semi-leptonic beta decay of hadrons.

Through a sophisticated current algebra analysis [18], it is shown that most of the weak

radiative corrections (depicted in Fig. 1, using Kl3 as example) are identical to that in the

muon decay, which means that they are simply reabsorbed into the definition of GF , the only

exceptions are a few definite, calculable pQCD corrections stemming from Fig. 1, as well as

the WZ box diagram from which the electroweak currents probe not only the difference in

the electric charge of the SU(2)L doublet but also their average. These small discrepancies

are encoded as a constant multiplicative factor to the Fermi constant. As a result, the semi-

leptonic beta decay of a generic hadron is now fully described by the following Lagrangian3:

L = LQCD + LQED,γ< + L′4f (22)

where LQCD is the ordinary QCD Lagrangian, LQED,γ< is the QED Lagrangian with a PV-

regulated photon propagator at Λ = MW , and L′4f is the Fermi theory Lagrangian with the

above-mentioned multiplicative factor:

L′4f = −
{

1− 3α

8π

[(
2Q̄+ 1

)
ln
M2

W

M2
Z

+ apQCD

]}
GF√

2
JµW l̄γµ(1− γ5)ν + h.c. . (23)

Here, GF is the experimentally-measured Fermi constant from the muon decay, Q̄ = 1/6 is

the average charge of the quark doublet, and apQCD describes the pQCD correction (up to

O(αs)) to Fig. 1:

apQCD =
1

3

∫
dκ2

{
2M2

W

(κ2 +M2
W )2
− M2

W (M2
Z −M2

W )κ2

(κ2 +M2
W )2(κ2 +M2

Z)2

+
M2

W

(κ2 +M2
W )(κ2 +M2

Z)

[
c2
w

s2
w

+ 6Q̄
s2
w

c2
w

]}
αs(κ

2)

π
, (24)

where c2
w = 1 − s2

w = M2
W/M

2
Z . The first two terms at the RHS in Eq. (24) come from the

first two diagrams in Fig. 1, and the third term comes from the third diagram.

Before proceeding further, we have two comments on the Lagrangian in Eq. (22). First,

the same result can be derived through a one-loop analysis with massless quarks as in

3 Under this formalism, the baryon masses (or squared masses for mesons) are given consistently by mB =

mB,QCD + δmB,γ< .
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Section 2 of Ref. [21], although the latter does not explicitly spell out the multiplicative

factor in Eq.(23). Second, we want to stress that Eq. (22) is strictly speaking not a low-

energy EFT of the SM; it is, up to O(GFα), the SM itself in terms of describing semi-leptonic

beta decays. This is evident, as in Eq. (22) the active energy scale still goes all the way

to q ∼ MW , and yet all the one-loop corrections are UV-finite. No extra counterterms are

needed.

One can now apply the formalism above to Kl3. Up to O(GFα), the decay amplitude is

given by (after substituting Q̄ = 1/6):

M = −
√
Zl

[
1− α

2π

(
ln
M2

W

M2
Z

+
3

4
apQCD

)]
GF√

2
F µ
Kπūνγµ(1− γ5)νl

−GF√
2
δF µ

Kπūνγµ(1− γ5)νl + �γW . (25)

The first term at the RHS contains the tree-level contribution, the weak+pQCD multiplica-

tive factor as well as the electromagnetic radiative correction to the external charged lepton

(depicted in the first diagram of Fig. 2), expressed in terms of the Kπ form factor and

the charged lepton wavefunction renormalization (in Feynman gauge, which we will adopt

throughout this paper):

Zl = 1− α

4π

[
ln
M2

W

m2
l

+
9

2
− 2 ln

m2
l

M2
γ

]
. (26)

The second term comes from the electromagnetic radiative correction to the Kπ form factor

(the second diagram of Fig. 2):

F µ
Kπ(p′, p)→ F µ

Kπ(p′, p) + δF µ
Kπ(p′, p). (27)

Finally, �γW denotes the γW box diagram contribution (the third diagram in Fig. 2):

�γW = −GF e
2

√
2

∫
d4k

(2π)4

ūνγ
ν(1− γ5)(/k − /pl +ml)γ

µvl

(pl − k)2 −m2
l

1

k2 −M2
γ

M2
W

M2
W − k2

Tµν(k; p′, p), (28)

where

T µν(k; p′, p) =

∫
d4xeik·x 〈π(p′)|T

{
Jµem(x)Jν†W (0)

}
|K(p)〉 (29)

which is known as the “generalized Compton tensor”. The factor M2
W/(M

2
W−k2) in Eq. (28)

comes from the W-propagator, except that we have neglected its dependence on external mo-

menta which brings only O(G2
F ) corrections. By doing so, Eq. (28) is completely equivalent
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Figure 2: All one-loop electromagnetic corrections to the Kl3 decay amplitude in SM. γ< denotes

a PV-regulated photon propagator with Λ = MW .

to the box diagram calculated in the Fermi theory with a PV-regulator, again confirming

our previous claim.

Up to this point we have identified all elements needed to fully understand the O(GFα)

electroweak radiative corrections to the Kl3 amplitude: they are just δF µ
Kπ and �γW , i.e.

the last two diagrams in Fig. 2. Of course in principle one also needs the real photon

emission diagrams to cancel the IR divergences, but the latter involve just standard tree-

level calculations so we shall not discuss them any further in this paper.

IV. CHPT CALCULATION OF THE ELECTROMAGNETIC RADIATIVE COR-

RECTIONS TO THE Kπ FORM FACTORS

The current standard treatment of radiative corrections in Kl3 is equivalent to calculating

δZl, δF
µ
Kπ and �γW using ChPT, the low-energy EFT of QCD in the light quark sector. The

first systematic calculation to the order O(e2p2) appeared in Ref. [16], and was subsequently

updated in Ref. [17] making use of more updated LECs obtained in Ref. [21, 22]. A com-

prehensive review of general kaon decays in SM is also available in Ref. [15]. Among these

results, the O(e2p2) corrections to F µ
Kπ are most relevant to our work so we shall devote this

section to it.

We start from a short review of the basic ChPT formalism. Consider a three-flavor QCD

Lagrangian coupled with the photon field Aµ as well as an auxiliary, complex vector field

Vµ which will be used later to derive the charged weak current:

Lext
QCD = q̄i /Dq−q̄Mqq−eq̄Qemγ

µqAµ+q̄γµQW qVµ+q̄γµQ†W qV
†
µ−

1

4
Ga
µνG

aµν−1

4
FµνF

µν , (30)
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where q = (u d s)T , and the matrices read:

Mq =


mu 0 0

0 md 0

0 0 ms

 , Qem =


2
3

0 0

0 −1
3

0

0 0 −1
3

 , QW =


0 0 0

V ∗ud 0 0

V ∗us 0 0

 . (31)

Throughout this work we will further assume isospin symmetry, i.e. mu = md = m̂, which

turns off the leading order (LO) π0 − η mixing. The vector component of the charged weak

current responsible for the kaon decays can then be obtained from Lext
QCD through:

(Jµ†W )V =

(
∂Lext

QCD

∂Vµ

)
V,V†=0

. (32)

One could also re-express the Lagrangian above in terms of left- and right-handed quark

fields:

Lext
QCD = L0

QCD + q̄Rγ
µrµqR + q̄Lγ

µlµqL − q̄RMqqL − q̄LM †
q qR −

1

4
FµνF

µν , (33)

where L0
QCD is the massless QCD Lagrangian, and the external fields

lµ = rµ = QWVµ +Q†WV
†
µ − eQemAµ (34)

are vector spurions that are traceless in the flavor space.

With these one writes down the LO chiral Lagrangian with dynamical photons:

Lp2+e2 =
F 2

0

4

〈
DµU(DµU)† + Uχ† + U †χ

〉
+ Ze2F 4

0

〈
QemUQemU

†〉− 1

4
FµνF

µν (35)

where DµU = ∂µU − irµU + iUlµ, χ = 2B0Mq and 〈...〉 denotes the trace in flavor space.

Further, F0 is the pion decay constant in the chiral limit. In what follows, we will equate it

with its physical value. The first term in Eq. (35) is the ordinary O(p2) ChPT Lagrangian,

while the second term encodes the effect of short-distance virtual photons at O(e2) [23]. The

parameter Z can be related to the squared-mass difference of the pions:

Z =
M2

π± −M2
π0

8παF 2
0

≈ 0.8. (36)

At the same time, the squared masses of the neutral mesons that are not affected by Z,

satisfy the Gell-Mann-Okubo relation: 3M2
η = 4M2

K0 −M2
π0 .

The ChPT representation of the vector charged weak current at LO is:

(Jµ†W )V,LO =
iF 2

0

4

〈
QW

([
DµU †, U

]
+
[
DµU,U †

])〉
V,V†=0

. (37)
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It is important to notice that the current above contains not only the meson fields but also

photon fields. Also, with this convention of charged weak current, one obtains fKπ+ = −1 at

tree level, which has a sign difference with some other literature. Of course such a difference

does not affect any physical result as long as one sticks with a given convention consistently

throughout the whole calculation.

Applying the Lagrangian in Eq. (35) to one loop yields UV-divergences which must be

absorbed by the O(p4) and O(e2p2) counterterms. The only O(p4) counterterm needed in

this work is [24]:

Lp4 = −iL9

〈
fRµνD

µU(DνU)† + fLµν(D
µU)†DνU

〉
, (38)

where the field-strength tensors are defined as:

fRµν = ∂µrν − ∂νrµ − i[rµ, rν ], fLµν = ∂µlν − ∂νlµ − i[lµ, lν ]. (39)

At the same time, the part of the O(e2p2) counterterms needed in this work is given by [25]:

Le2p2 = e2F 2
0

{
K3

[〈
(DµU)†QemU

〉 〈
(DµU)†QemU

〉
+
〈
DµUQemU

†〉 〈DµUQemU
†〉]

+K4

〈
(DµU)†QemU

〉 〈
DµUQemU

†〉+K5

〈
Q2

em

[
(DµU)†DµU +DµU(DµU)†

]〉
+K6

〈
(DµU)†DµUQemU

†QemU +DµU(DµU)†QemUQemU
†〉

+K9

〈(
χ†U + U †χ+ χU † + Uχ†

)
Q2

em

〉
+K10

〈(
χ†U + U †χ

)
QemU

†QemU +
(
χU † + Uχ†

)
QemUQemU

†〉
+K12

〈
(DµU)†[cRµQem, Qem]U +DµU [cLµQem, Qem]U †

〉}
, (40)

where cRµQem = −i[rµ, Qem], cLµQem = −i[lµ, Qem]. The definition of renormalized LECs is as

follows:

Lri (µ) = Li − Γiλ

Kr
i (µ) = Ki − Σiλ, (41)

where

λ =
µd−4

16π2

(
1

d− 4
− 1

2
[ln 4π − γE + 1]

)
, (42)

with µ the scale of dimensional regularization, d the number of space-time dimensions, and

γE ' 0.5772 the Euler-Mascheroni constant. The coefficients {Γi,Σi} we need to know are

[24, 25]:

Γ9 =
1

4
, Σ3 = −3

4
, Σ4 = 2Z, Σ5 = −9

4
, Σ6 =

3

2
Z, Σ9 = −1

4
, Σ10 =

1

4
+

3

2
Z, Σ12 =

1

4
. (43)
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Figure 3: The electromagnetic (first two) and chiral (last three) loop diagrams that contribute to

δFµKπ in ChPT.

In a full ChPT treatment of Kl3 decays, it is also necessary to introduce dynamical leptons

in the chiral Lagrangian; this leads to extra O(e2p2) counterterms with LECs denoted as

{Xi} [26]. In our approach, however, Feynman diagrams with dynamical leptons (such as the

lepton wavefunction renormalization and the γW -box diagram) are not studied using ChPT,

so such terms are not needed. Finally, it is beneficial at this point to compare the treatment

of UV-physics between the representation in Section III and in the EFT language. In the

former, all the physics at the scale k ∼ MW are explicitly evaluated, and all the remaining

loop integrals are finite due to the existence of the PV-regulator. On the other hand, in an

EFT which works intrinsically at a scale k � MW , one does not need a PV-regulator and

the UV-divergences are regulated by dimensional regularization. All finite multiplicative

factors in Section III that come from the UV-end, such as the ln(M2
W/M

2
Z) factor and the

O(αs) corrections, are contained in the renormalized LECs Kr
12 and {Xr

i }.

Now let us focus on δF µ
Kπ. There are two types of one-loop diagrams that give O(e2p2)

corrections to F µ
Kπ: the electromagnetic loops and chiral loops, see Fig. 3, and the full

analytical results are available in Ref. [16]. In there, however, all these diagrams are treated

in the same footing, and in particular, the chiral loop diagrams contain simultaneously the

O(p4) and O(e2p2) corrections to F µ
Kπ. We find this not the best representation because

the former, including strong isospin-breaking effects, is a part of the pure-QCD dressings to

the Kπ form factor, which could be studied more systematically with other methods, such

as in a dispersive representation [27–31] or in lattice QCD. It is the inclusion of dynamical

photons that greatly complicates the problem, for instance, it was not until very recently

that the first direct lattice calculation of the electromagnetic effects to Kl2 and πl2 decay
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rates was available [32], and the same method applied to semi-leptonic decays is expected

to be extremely challenging [33, 34]. Therefore, it would sound more natural to regard the

O(p4) and O(e2p2) corrections as two separate problems, and only the latter belongs to the

electromagnetic radiative correction which is the focus of this paper. For that purpose, it is

necessary to explicitly isolate and retain only the pieces linear in α.

Our results are given as follows: For K+
l3 ,

δfK
+π0

+ (q2) =
α

16
√

2π

[
8 +

M2
K

µ2
− 4 ln

M2
K

M2
γ

]
+

Zα

2
√

2π

M2
K

M2
η −M2

π

[
1 + ln

M2
K

µ2

]
−8πZα√

2

[
1

2
h̄K+π0(q2) + h̄K0π−(q2) +

3

2
h̄K+η(q

2)

]
−4πα√

2

[
−2Kr

3 +Kr
4 +

2

3
Kr

5 +
2

3
Kr

6 + 2Kr
12

+
2

3

M2
π

M2
η −M2

π

(−6Kr
3 + 3Kr

4 + 2Kr
5 + 2Kr

6 − 2Kr
9 − 2Kr

10)

]
δfK

+π0

− = − α

16
√

2π

[
3 ln

M2
K

µ2
− 4

]
− Zα

4
√

2π

[
1 +

M2
K

µ2

]
− 3Zα

8
√

2π

[
1 +

M2
π

µ2

]
+

8πZα√
2

[
M2

K −M2
π + 3q2

2q2
KKπ(q2) +

M2
K −M2

π − 3q2

2q2
KKη(q

2)

+
3F 2

0

2q2

(
HKπ(q2) +HKη(q

2)
)]
− 8πZαF 2

0√
2

∑
PQ

[(
aPQ +

M2
P −M2

Q

2q2
bPQ

)
K̄PQ(q2) + bPQ

1

q2
h̄PQ(q2)

]
− 4πα√

2

[
4Kr

3 − 2Kr
4 −

2

3
Kr

5 −
2

3
Kr

6

]
, (44)

and for K0
l3,

δfK
0π−

+ (q2) =
α

16π

[
ln
M2

π

µ2
+ 8− 4 ln

M2
π

M2
γ

]
− 8πZα

[
1

2
h̄K+π0(q2) + h̄K0π−(q2) +

3

2
h̄K+η(q

2)

]
−8παKr

12

δfK
0π−

− (q2) =
α

16π

[
3 ln

M2
π

µ2
− 4

]
− Zα

8π

[
1 + ln

M2
π

µ2

]
− 8πZα

[
M2

K −M2
π − q2

q2
KKπ(q2)

−M
2
K −M2

π

q2
KKη(q

2) +
3F 2

0

2q2

(
HKπ(q2) +HKη(q

2)
)]

−8πZαF 2
0

∑
PQ

[(
cPQ + dPQ

M2
P −M2

Q

2q2

)
K̄PQ(q2) +

1

q2
dPQh̄PQ(q2)

]
+

8πα

3
(Kr

5 +Kr
6). (45)

Here {PQ} = {K+π0, K0π−, K+η}. The coefficients {aPQ, bPQ, cPQ, dPQ} and the functions

{HPQ, KPQ} are defined in Appendix A,C of Ref. [16] (in particular, Lr9 is absorbed into
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HPQ), except that here one have already explicitly factored out Z so one should take Z → 0

in all these quantities (which also means that Mπ± = Mπ0 = Mπ and MK+ = MK0 = MK).

The extra loop functions {K̄PQ, h̄PQ} that are required for the isolation of O(e2p2) pieces

are defined in Appendix. A. One sees that each of the invariant functions above is UV-finite

and scale-independent.

Let us pause and comment on the accuracy of the ChPT results above. There are two

main sources of uncertainties at a superficial level: (1) the neglected higher-order terms

that scale as O(e2p4), and (2) the uncertainties in the renormalized LECs. According to

the analysis in Ref. [17], the former is assigned a universal uncertainty of 0.19% based on

chiral power counting, while the latter carries an uncertainty of (0.11-0.16)%. Let us first

consider the LECs. We see that the results above depend on {Kr
i }; if the γW -box diagram

is also included, then they depend also on {Xr
i }. In present literature, they are expressed

in terms of a set of QCD correlation functions, which are then simply estimated within a

resonance model [21, 22, 35, 36]. Quantitative analysis of their corresponding theoretical

uncertainties are not available, and for most practical purposes they are simply taken as a

näıve loop factor 1/(4π)2 ≈ 6.3×10−3 [16] or adopt an arbitrarily-assigned value, say 50% of

the total counterterm contribution [21]. Such arbitrariness limits the possibility of a future

reduction of the error bars. Furthermore, as we advertised in the Introduction and will prove

in Sec. VI, there is also the issue of an incomplete resummation following the introduction

of SEW as a multiplicative factor. All the above-mentioned issues motivate us to consider

an alternative approach to the problem in contrast to the pure ChPT treatment, which will

be described in the following sections.

V. ON-MASS-SHELL FORMULA, WARD IDENTITY, AND CURRENT ALGE-

BRA

The method we propose in this paper is based on a representation of the first-order

perturbation correction to strong-interaction amplitudes known as the on-mass-shell (OMS)

formula, first introduced in the late 60s [37]. The statement is as follows. Suppose a form

factor F µ(p′, p) is defined through the matrix element:

F µ(p′, p) = 〈B(p′)| Jµ(0) |A(p)〉 (46)

16



where A,B are strongly-interacting scalar particles (just for simplicity), and p, p′ are on-shell

momenta: p2 = M2
A, p′2 = M2

B, where M2
A,B are the unperturbed squared masses. If there

exists a perturbative Lagrangian δL that causes a first-order perturbation to the form factor,

F µ(p′, p) → F µ(p′, p) + δF µ(p′, p), then the OMS formula states that δF µ can be written

totally in terms of on-shell matrix elements as follows:

δF µ(p′, p) = lim
q̄→q

iT µ(q̄; p′, p) = lim
q̄→q

{
iT̄ µ(q̄; p′, p)− iBµ(q̄; p′, p)

}
, (47)

where

T̄ µ(q̄; p′, p) =

∫
d4xeiq̄·x 〈B(p′)|T {Jµ(x)δL(0)} |A(p)〉

Bµ(q̄; p′, p) = − iδM2
B

(p− q̄)2 −M2
B

F µ(p− q̄, p)− F µ(p′, p′ + q̄)
iδM2

A

(p′ + q̄)2 −M2
A

. (48)

Here, δM2
A,B are the first-order perturbation to the squared mass of A,B due to the effect

of δL: M2
A,B →M2

A,B + δM2
A,B, which can be written as:

δM2
A = −〈A(p)| δL(0) |A(p)〉 , δM2

B = −〈B(p′)| δL(0) |B(p′)〉 . (49)

Notice that both T̄ µ and Bµ possess the same single-particle poles at (p − q̄)2 = M2
B and

(p′ + q̄)2 = M2
A which cancel each other, making T µ pole-free (more discussions are given in

Sec. VII). Simply speaking, the validity of Eq. (47) stems from the fact that the difference

between iBµ and the one-particle-reducible piece in iT̄ µ in the q̄ → q limit reproduces the

effect of the wavefunction renormalization as well as the mass perturbation of the external

states. Interested readers shall refer to Ref. [37] for more details.

Sirlin further developed a Ward identity (WI) treatment on top of the OMS formula [18].

One starts from the following mathematical identity:

iT µ(q̄; p′, p) = −q̄ν
∂

∂q̄µ
iT ν(q̄; p′, p) +

∂

∂q̄µ
(q̄νiT

ν(q̄; p′, p)) . (50)

Furthermore, since T ν involves a time-ordered product, one could use the following identity:

∂µT {Jµ(x)δL(0)} = T {∂µJµ(x)δL(0)}+ δ(x0)
[
J0(x), δL(0)

]
, (51)

to rewrite the second term at the RHS of Eq. (50) as:

q̄νiT
ν(q̄; p′, p) = i(D − q̄ ·B)−

∫
d4xeiq̄·xδ(x0) 〈B(p′)|

[
J0(x), δL(0)

]
|A(p)〉 , (52)
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where

D(q̄; p′, p) = i

∫
d4xeiq̄·x 〈B(p′)|T {∂µJµ(x)δL(0)} |A(p)〉 . (53)

After such rewriting, we can take the q̄ → q limit on both sides of Eq. (50). Using the OMS

formula, Eq. (50) now tells us that δF µ can be split into two terms:

δF µ(p′, p) = δF µ
2 (p′, p) + δF µ

3 (p′, p), (54)

where:

δF µ
2 (p′, p) = − lim

q̄→q

∂

∂q̄µ

∫
d4xeiq̄·xδ(x0) 〈B(p′)|

[
J0(x), δL(0)

]
|A(p)〉

δF µ
3 (p′, p) = − lim

q̄→q
q̄ν

∂

∂q̄µ
iT ν(q̄; p′, p) + lim

q̄→q
i
∂

∂q̄µ
(D(q̄; p′, p)− q̄ ·B(q̄; p′, p)) (55)

shall be known as the “two-point function” and the “three-point function”, respectively.

The formalism above can be straightforwardly applied to study the electromagnetic ra-

diative corrections to δF µ
Kπ based on the setup in Section III. The only complication is that

δL is not anymore a local interaction, but comes from one-loop QED corrections with a

PV-regulator to the photon propagator. That gives [37]:

δL(0) =
e2

2

∫
d4k

(2π)4

∫
d4xeik·x

1

k2 −M2
γ

M2
W

M2
W − k2

T
{
Jµem(x)Jem

µ (0)
}
. (56)

That means iT µ now involves a time-ordered product of three currents. Its corresponding

WI can be derived using the following identity:

∂x,µT
{
Jµ†W (x)Jνem(y)Jem

ν (0)
}

= T
{
∂µJ

µ†
W (x)Jνem(y)Jem

ν (0) + δ(x0 − y0)[J0†
W (x), Jνem(y)]Jem

ν (0)

+δ(x0)[J0†
W (x), Jνem(0)]Jem

ν (y)
}
. (57)

Notice that the last two terms are equal-time commutators that satisfy the current algebra

relation (9). Therefore, through an identical derivation as before, one obtains the following

splitting for the electromagnetic radiative correction to F µ
Kπ into two-point and three-point

functions:

δF µ
Kπ(p′, p) = δF µ

Kπ,2(p′, p) + δF µ
Kπ,3(p′, p), (58)

where

δF µ
Kπ,2(p′, p) = −e

2

2

∫
d4k

(2π)4
T λλ(k; p′, p)

∂

∂kµ

(
1

k2 −M2
γ

M2
W

M2
W − k2

)
δF µ

Kπ,3(p′, p) = − lim
q̄→q

q̄ν
∂

∂q̄µ
iT ν(q̄; p′, p) + lim

q̄→q
i
∂

∂q̄µ
(D(q̄; p′, p)− q̄ ·B(q̄; p′, p)) , (59)
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with iT µ = iT̄ µ − iBµ, and

T̄ µ(q̄; p′, p) =
e2

2

∫
d4k

(2π)4

1

k2 −M2
γ

M2
W

M2
W − k2

×
∫
d4xeiq̄·x

∫
d4yeik·y 〈π(p′)|T

{
Jµ†W (x)Jνem(y)Jem

ν (0)
}
|K(p)〉

D(q̄; p′, p) =
ie2

2

∫
d4k

(2π)4

1

k2 −M2
γ

M2
W

M2
W − k2

×
∫
d4xeiq̄·x

∫
d4yeik·y 〈π(p′)|T

{
∂µJ

µ†
W (x)Jνem(y)Jem

ν (0)
}
|K(p)〉 . (60)

Obviously only the vector component of Jµ†W contributes to T̄ µ and D. The definition of

Bµ(q̄; p′, p) is the same as in Eq. (48), except that we adopt the form of δL in Eq. (56). An

important observation is that the two-point function depends on the generalized Compton

tensor T µν(k; p′, p) as defined in Eq. (29), which is exactly the same as that appeared in the

γW box diagram (except that here the Lorentz indices are contracted among themselves).

The original motivations for the OMS+WI treatment of semi-leptonic beta decay form

factors are of three-fold. First, it provides a convenient framework to study the matching

between SM semileptonic beta decay and Fermi theory (i.e. the derivation of Eq. (23)).

Second, for the electromagnetic radiative corrections to the form factor, all the lnMW -

enhanced terms are contained in the two-point function, so such a separation makes it easy

to discuss the large MW ,MZ behavior of the generic O(GFα) correction to the decay rate

[38]. Third, one observes that the three-point function would vanish if the vector charged

weak current is exactly conserved, i.e. (∂νJ
ν†
W )V = 0, and qµ → 0. This is particularly

important in superallowed beta decays of nuclei, because the three-point function is then

suppressed by q/M, m̂/M ∼ 10−3, where M is the nuclear mass, which makes it completely

negligible.

We argue that this formalism is equally useful in Kl3. First, the most important pieces

in the O(GFα) corrections, namely δF µ
Kπ,2 and �γW , are now collectively represented by

the momentum integral of a single hadronic quantity T µν(k; p′, p). Therefore, through a

systematic non-perturbative study of the latter, one could go beyond the O(e2p2) result in

ChPT and sum up terms to all orders in the chiral power counting. Second, although unlike

the superallowed beta decay, the three-point function in Kl3 is not suppressed by small scales,

we are still able to calculate it order-by-oder in ChPT as we will demonstrate in Sec. VIII,

and we will find in certain channels that the unknown LECs in the three-point functions have
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negligible impact on the decay rate. Therefore, the combined OMS+WI+ChPT framework

possesses both conceptual and practical advantages over the pure ChPT framework, and

thus is a better starting point.

VI. OBTAINING THE LARGE-LOGS AND COMPARING WITH THE PURE

EFT LANGUAGE

As the first application of the method, let us reproduce the short-distance logarithmic

factor which was first derived in Ref. [38]. For simplicity, let us neglect the O(αs) pQCD

corrections. The key to study the asymptotic behavior is the following leading-twist, free-

field operator product expansion (OPE) for the generalized Compton tensor T µν(k; p′, p) at

large and negative k2 [39, 40]:

T µν(k; p′, p)→ i

k2

{
gµνkλ − kµgνλ − kνgµλ − 2iQ̄εµναλkα

}
〈π(p′)| J†Wλ(0) |K(p)〉 , (61)

where ε0123 = −1 in our convention. Eq. (61) can be obtained simply by taking the expres-

sions of the electroweak currents in Eq. (8) and contracting a pair of quark fields to obtain

a massless quark propagator.

We can now split the two-point function in Eq. (59) into two pieces:

δF µ
Kπ,2 = −e

2

2

∫
|k|>µ̃

d4k

(2π)4
T λλ(k; p′, p)

∂

∂kµ

(
1

k2

M2
W

M2
W − k2

)
+ δF res,µ

Kπ,2(µ̃) (62)

where µ̃ is a scale above which the leading-twist, free-field OPE is valid (but at the same

time µ̃�MW , so a common educational guess is µ̃ ≈ 2 GeV), and:

δF res,µ
Kπ,2(µ̃) = −e

2

2

∫
|k|<µ̃

d4k

(2π)4
T λλ(k; p′, p)

∂

∂kµ

(
1

k2 −M2
γ

M2
W

M2
W − k2

)
(63)

is the residual, non-asymptotic piece which is now µ̃-dependent. Then, substituting the

expression in Eq. (61) the |k| > µ̃ integral can be performed analytically:

−e
2

2

∫
|k|>µ̃

d4k

(2π)4
T λλ(k; p′, p)

∂

∂kµ

(
1

k2

M2
W

M2
W − k2

)
= − α

8π

(
ln
M2

W

µ̃2

)
F µ
Kπ. (64)

Similarly, the γW -box amplitude in Eq. (28) can be split into two pieces:

�γW = −GF e
2

√
2

∫
|k|>µ̃

d4k

(2π)4

ūνγ
ν(1− γ5)/kγµvl

k2

1

k2

M2
W

M2
W − k2

Tµν(k; p′, p) + �res
γW (µ̃)

=
3α

4π

(
ln
M2

W

µ̃2

)
M0 + �res

γW (µ̃), (65)
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where we have again evaluated the integral in the first term analytically using the OPE rela-

tion (61). Finally, one isolates the large-logarithmic term in the charged-lepton wavefunction

renormalization in Eq. (26) by writing:

δZl = − α

4π
ln
M2

W

µ̃2
+ δZres

l (µ̃). (66)

After these treatments, one can now write the total Kl3 decay amplitude in Eq. (25) as:

M =

[
1− α

2π
ln
M2

W

M2
Z

− α

8π
ln
M2

W

µ̃2
+

3α

4π
ln
M2

W

µ̃2
− α

8π
ln
M2

W

µ̃2

]
M0

−GF√
2
ūνγµ(1− γ5)νl

[
1

2
δZres

l (µ̃)F µ
Kπ + δF res,µ

Kπ,2(µ̃) + δF µ
Kπ,3

]
+ �res

γW (µ̃)

= S̃
1
2
EW(µ̃)M0 −

GF√
2
ūνγµ(1− γ5)νl

[
1

2
δZres

l (µ̃)F µ
Kπ + δF res,µ

Kπ,2(µ̃) + δF µ
Kπ,3

]
+ �res

γW (µ̃),

(67)

where

S̃EW(µ̃) = 1 +
α

π
ln
M2

Z

µ̃2
(68)

is the desired short-distance logarithmic factor. One observes that S̃EW(Mρ) = SEW.

With the preparations above we are now able to compare the matching procedure of

physics at different scales in our formalism and in the usual ChPT formalism. Suppose δM

is the correction to the Kl3 decay amplitude contributed from both the two-point function

and the γW -box, then we can always decompose it schematically as:

M0 + δM = M0 +
α

π

∫
d4kA(k) =

[
M0 +

α

π

∫
|k|>µ̃

d4kA(k)

]
+
α

π

∫
|k|<µ̃

d4kA(k)

≡ S̃
1
2
EW(µ̃)M0 +

α

π
∆(µ̃)

= S
1
2
EWM0 +

α

π

[(
ln
Mρ

µ̃

)
M0 + ∆(µ̃)

]
. (69)

The two terms in the square bracket in the third line must add up to be µ̃-independent. In

the meantime, in a standard ChPT calculation of δM up to O(e2p2), one obtains:

δMe2p2 =
α

π

(
ln
MZ

Mρ

)
Mp2

0 +
α

π

[(
ln
Mρ

µ̃

)
Mp2

0 + ∆p2(µ̃)

]
, (70)

where in fixed chiral order one is able to demonstrate explicitly that the terms in the square

bracket is indeed µ̃-independent (see, e.g. Ref. [21]). The problem, however, comes from the

application of the result above to the master formula (6), which implies:

M0 + δM0 → S
1
2
EWM0 +

α

π

[(
ln
Mρ

µ̃

)
Mp2

0 + ∆p2(µ̃)

]
. (71)
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The first term in the RHS resums M0 to all order in chiral power counting, and that arises

naturally from Eq. (6) due to the isolation of SEW as a constant multiplicative factor.

In contrast, the terms in the square bracket goes into δKlem and are not resummed, unlike

those in Eq. (69). Therefore, the existing ChPT treatment actually performs an incomplete

resummation of O(e2p2n) terms from the two-point function and the γW -box. The effects of

these neglected terms are in principle embedded in the estimated universal 0.19% uncertainty

in Ref. [17], but it is now clear that in our formalism this part is automatically improved.

The key is to study �γW and δF µ
Kπ,2 directly from their integral form, Eq. (28) and (59),

without relying on chiral power expansion. Making use of a dispersion relation, one may

re-express the k-integrals not with respect to T µν but its discontinuity4:

W µν(k; p′, p) =
∑
X

(2π)4δ4(k + p′ − pX) 〈π(p′)| Jµem(0) |X〉 〈X| Jν†W (0) |K(p)〉 , (72)

which consists of products of single-current on-shell matrix elements. With that one may

more easily identify the dominant intermediate states at different kinematical regions and

perform better matching on boundaries. One should, however, be aware of several extra com-

plications comparing to the case of neutron and superallowed beta decay [9]. For instance,

the tensor T µν(k; p′, p) is highly non-forward, so one expects its corresponding dispersion

relation to be more involved. Detailed research along this direction will be performed in a

follow-up work.

VII. DIAGRAMMATIC APPROACH TO THE THREE-POINT FUNCTION

To really make practical use of our new method, we must be able to calculate not

just �γW , δF µ
Kπ,2 but also the three-point function δF µ

Kπ,3. The latter consists of time-

ordered products of three currents and it is more difficult to be studied in a completely

non-perturbative approach. Fortunately, since it is not short-distance-enhanced, one is able

to calculate it safely in an EFT. Below we describe a diagrammatic approach that permits

an order-by-order calculation of the three-point function. We shall begin with a generic

argument, and then apply it to Kl3.

The general definition of a three-point function, as in Eq. (55), consists of two terms. To

obtain the first term one needs to compute the quantity iT̄ µ(q̄; p′, p) based on its definition in

4 We display here only the right-hand discontinuity for illustration.
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Figure 4: Diagrammatic representation of iT̄µ (or D). Grey boxes represent 1PI correlation func-

tions containing the insertion of Jµ (or ∂νJ
ν), iδL, or both, grey circles denote full single-particle

propagator, and dashed lines with black circle at the end depict the external momentum insertion

to the iδL vertex.

Eq. (48). From a simple analysis based on Wick’s theorem, one sees that iT̄ µ is simply given

by the three types of diagrams in Fig. 4, multiplied with the wavefunction renormalization

factor (ZAZB)1/2 due the on-shell external states A and B. In each diagram, there is a

momentum q̄ flowing out of the Jµ vertex, and a small external momentum δq̄ = q̄ − q

flowing into the iδL vertex. All these diagrams can be calculated using ordinary Feynman

rules. One also observes that the first two types of diagrams have a single-particle pole

in the q̄ → q limit whereas the third type does not. These poles are, however, exactly

canceled by those in iBµ(q̄; p′, p), making iT µ(q̄; p′, p) pole-free. Such a cancellation can be

seen as follows: let us consider the first diagram in Fig. 4 as an example. We shall name

the one-particle-irreducible (1PI) correlation function due to the insertion of Jµ and iδL as

(ZAZB)−1/2F µ(p − q̄, p) and −iZ−1
B ΓB(p′, p − q̄), respectively. They obviously satisfy the

following relations:

lim
(p−q̄)2→M2

B

F µ(p− q̄, p) = F µ(p− q̄, p), lim
(p−q̄)2→M2

B

ΓB(p′, p− q̄) = δM2
B. (73)

In fact one can be more specific about the form factor: if we parameterize F µ(p2, p1) as:

F µ(p2, p1) = F1

(
p2

2, p
2
1, (p2 − p1)2

)
pµ1 + F2

(
p2

2, p
2
1, (p2 − p1)2

)
pµ2 , (74)

where p1, p2 are generic off-shell momenta, then the on-shell form factor is simply defined

as:

F µ(p2, p1) = F1

(
M2

B,M
2
A, (p2 − p1)2

)
pµ1 + F2

(
M2

B,M
2
A, (p2 − p1)2

)
pµ2 . (75)
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On the other hand, the full propagator of the scalar particle B can be written as:

SB(p− q̄) =
iZB

(p− q̄)2 −M2
B

+ ... , (76)

where “+...” are the remaining, pole-free terms. Therefore, adding this diagram to the first

term of −iBµ(q̄; p′, p) as in Eq. (48) gives:

iT µ(q̄; p′, p) =
1

(p− q̄)2 −M2
B

[
ΓB(p′, p− q̄)F µ(p− q̄, p)− δM2

BF
µ(p− q̄, p)

]
+ ... (77)

which is obviously pole-free because the numerator vanishes as (p− q̄)2 →M2
B. The second

diagram in Fig. 4 follows the same argument, so we have proven that iT µ(q̄; p′, p) is pole-free.

To obtain the second term in the three-point function, one needs to similarly compute

the quantity D(q̄; p′, p) diagrammatically. Through its definition in Eq. (53), it appears to

be exactly the same as iT̄ µ(q̄; p′, p) upon the replacement Jµ(x) → ∂νJ
ν(x) at the latter;

therefore the corresponding Feynman diagrams are also those in Fig. 4. However, one would

obtain erroneous results if one calculated it based on näıve Feynman rules of the operator

∂νJ
ν including the derivative. In fact, if one did so then one would obtain D = q̄µT

µ which

would invalidate the WI in Eq. (52). Let us understand the origin of this apparent paradox:

in deriving Eq. (52) one assumes the following definition of the time-ordered product:

T [A(t)B(0)] = Θ(t)A(t)B(0) + Θ(−t)B(0)A(t). (78)

Notice, however, that this is not necessarily the same time-ordered product as one calculates

using covariant perturbation theory (i.e. with ordinary Feynman rules), as the latter could

lead to extra additive terms proportional to δ(t) at the RHS in order to maintain the Lorentz

covariance of the final result. Since T µ is defined in covariant formalism, a more rigorous

way to write Eq. (52) is as follows:

q̄νiT
ν = i(D − q̄ ·B)−

∫
d4xeiq̄·xδ(x0) 〈B(p′)|

[
J0(x), δL(0)

]
|A(p)〉+ q̄νiδT̄

ν , (79)

where iδT̄ ν denotes the difference between iT̄ ν calculated with the covariant formalism

and with the definition (78); this term must be added to the commutator term to form a

complete, covariant two-point function δF µ
2 .

Back to our discussion on D. We now know that the time-ordered product in D is defined

as in Eq. (78), nevertheless there is still a way to calculate it using covariant perturbation

theory. The key is to realize that the discrepancy between these two methods stems from
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the existence of derivative operator in ∂νJ
ν , which on the one hand picks up the off-shellness

of the intermediate-state momenta in the covariant formalism. On the other hand, based on

Eq. (78) one could always insert a complete set of on-shell states between the two operators,

and now we are dealing with on-shell matrix elements of the form 〈i| ∂νJν(x) |j〉, which can

be simplified using the equation of motion (EOM). Suppose the current Jµ(x) satisfies the

following EOM:

∂νJ
ν(x) = s(x) (80)

where s(x) is a scalar (or pseudo-scalar) current, then the identity 〈i| ∂νJν(x) |j〉 = 〈i| s(x) |j〉

holds. Therefore one may first replace ∂νJ
ν → s and then remove the complete set of states.

This is equivalent to rewriting D as:

D(q̄; p′, p) = i

∫
d4xeiq̄·x 〈B(p′)|T {s(x)δL(0)} |A(p)〉 . (81)

Now since the derivative operator is removed, one could safely evaluate the expression above

with ordinary Feynman rules.

To end our generic discussion, let us demonstrate that the combination D−q̄·B appears in

the three-point function is pole-free. Again we take the first diagram in Fig. 4 as an example.

We name the 1PI correlation function due to the insertion of s(x) as (ZAZB)−1/2S(p− q̄, p).

Then the following identity obviously holds due to EOM:

lim
(p−q̄)2→M2

B

iS(p− q̄, p) = lim
(p−q̄)2→M2

B

q̄µF
µ(p− q̄, p). (82)

Therefore, combining with the first term of −q̄ ·B, we obtain:

D − q̄ ·B =
−i

(p− q̄)2 −M2
B

[
iΓB(p′, p− q̄)S(p− q̄, p)− δM2

B q̄µF
µ(p− q̄, p)

]
+ ... (83)

which is pole-free because the numerator vanishes as (p− q̄)2 →M2
B. Hence we have shown

that the entire three-point function is indeed pole-free.

We shall now discuss the application of the generic method above in the calculation of

the three-point function of Kl3 using ChPT, where there are a few details to be considered.

First: we notice that the electromagnetic perturbation Lagrangian δL can be either local

or non-local. The local terms include the Z-dependent term in Eq. (35) and the O(e2p2)

counterterms in Eq. (40). The non-local terms, on the other hand, comes from one-loop

diagrams with virtual photons. The latter then possesses two vertices, and the external

momentum δq̄ can flow into either one of them, provided that one divides each of such
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Figure 5: Feynman diagrams up to O(p4) for the 1PI correlation function with the (Jµ†W )V (or

(∂µJ
µ†
W )V ) insertion. The grey crossed circle represents O(p4) counterterms.

diagram by 2. Next: we wish to calculate δF µ
Kπ,3 to O(e2p2), consistent with the existing

ChPT result. Given that a meson propagator scales asO(p−2), the requirement above implies

that one should calculate the 1PI correlation function with a (Jµ†W )V (or (∂µJ
µ†
W )V ) insertion

to O(p4), that with an iδL insertion to O(e2p2), and that with simultaneous insertions

of (Jµ†W )V (or (∂µJ
µ†
W )V ) and iδL to O(e2p2). The corresponding diagrams are depicted in

Fig. 5,6 and 7. Third: to calculate D we need the EOM-simplified ChPT representation of

(∂µJ
µ†
W )V . It is a simple matter to show that its LO expression reads:

(∂µJ
µ†
W )V,LO =

iF 2
0

4

〈
QW

(
[χ, U †] + [χ†, U ]

)〉
. (84)

And finally, we provide in Appendix B a simple example to demonstrate all the steps in the

calculation of the three-point function, and show that it indeed adds up with the two-point

function to give the full δF µ
Kπ.

VIII. TWO-POINT AND THREE-POINT FUNCTIONS OF Kπ FORM FACTORS

AT O(e2p2)

We are now in the position to split the O(e2p2) ChPT corrections to F µ
Kπ in Section IV

into two-point and three-point functions. We shall do it in terms of the invariant functions

δfKπ± , i.e.:

δfKπ± (q2) = δfKπ±,2 (q2) + δfKπ±,3 (q2). (85)

26



Figure 6: Feynman diagrams up to O(e2p2) for the 1PI correlation function with the iδL insertion.

The black box represent the vertex proportional to Z whereas the grey crossed vertex represents

O(e2p2) counterterms.

Figure 7: Feynman diagrams up to O(e2p2) for the 1PI correlation function with the simultaneous

insertion of (Jµ†W )V (or (∂µJ
µ†
W )V ) and iδL. The black box represent the vertex proportional to Z

whereas the grey crossed vertex represents O(e2p2) counterterms.
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Our results are as follows: For K+
l3 ,

δfK
+π0

+,2 (q2) = − α

16
√

2π

[
− ln

M2
K

µ2
+

(
3M2

K +M2
π − q2

M2
K

)
ln
M2

K

M2
γ

− 11M2
K + 5M2

π − 5q2

2M2
K

]
−4π
√

2αKr
12

δfK
+π0

−,2 (q2) =
α

16
√

2π

[
−
(

3M2
K +M2

π − q2

M2
K

)
ln
M2

K

M2
γ

+
15M2

K + 5M2
π − 5q2

2M2
K

]
, (86)

δfK
+π0

+,3 (q2) = − α

16
√

2π

[
M2

K −M2
π + q2

M2
K

] [
ln
M2

K

M2
γ

− 5

2

]
+

Zα

2
√

2π

M2
K

M2
η −M2

π

[
1 + ln

M2
K

µ2

]
−8πZα√

2

[
1

2
h̄K+π0(q2) + h̄K0π−(q2) +

3

2
h̄K+η(q

2)

]
−4πα√

2

[
−2Kr

3 +Kr
4 +

2

3
Kr

5 +
2

3
Kr

6

]
− 8πα√

2

M2
π

M2
η −M2

π

[
−2Kr

3 +Kr
4 +

2

3
Kr

5

+
2

3
Kr

6 −
2

3
Kr

9 −
2

3
Kr

10

]
δfK

+π0

−,3 (q2) =
α

16
√

2π

[
−3 ln

M2
K

µ2
+

(
3M2

K +M2
π − q2

M2
K

)
ln
M2

K

M2
γ

− 7M2
K + 5M2

π − 5q2

2M2
K

]
− Zα

4
√

2π

[
1 + ln

M2
K

µ2

]
− 3Zα

8
√

2π

[
1 + ln

M2
π

µ2

]
+

8πZα√
2

[
M2

K −M2
π + 3q2

2q2
KKπ(q2) +

M2
K −M2

π − 3q2

2q2
KKη(q

2)

+
3F 2

0

2q2

(
HKπ(q2) +HKη(q

2)
)]
− 8πZαF 2

0√
2

∑
PQ

[(
aPQ +

M2
P −M2

Q

2q2
bPQ

)
K̄PQ(q2) + bPQ

1

q2
h̄PQ(q2)

]
+

4πα√
2

[
−4Kr

3 + 2Kr
4 +

2

3
Kr

5 +
2

3
Kr

6

]
, (87)

and for K0
l3,

δfK
0π−

+,2 (q2) =
α

16π

[
ln
M2

π

µ2
+

(
q2 −M2

K − 3M2
π

M2
π

)
ln
M2

π

M2
γ

+
5M2

K + 11M2
π − 5q2

2M2
π

]
− 8παKr

12

δfK
0π−

−,2 (q2) = − α

16π

[(
q2 −M2

K − 3M2
π

M2
π

)
ln
M2

π

M2
γ

+
5M2

K + 15M2
π − 5q2

2M2
π

]
, (88)
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δfK
0π−

+,3 (q2) =
α

16π

[
M2

K −M2
π − q2

M2
π

] [
ln
M2

π

M2
γ

− 5

2

]
− 8πZα

[
1

2
h̄K+π0(q2) + h̄K0π−(q2)

+
3

2
h̄K+η(q

2)

]
δfK

0π−

−,3 (q2) =
α

16π

[
3 ln

M2
π

µ2
+

(
q2 −M2

K − 3M2
π

M2
π

)
ln
M2

π

M2
γ

+
5M2

K + 7M2
π − 5q2

2M2
π

]
−Zα

8π

[
1 + ln

M2
π

µ2

]
− 8πZα

[
M2

K −M2
π − q2

q2
KKπ(q2)− M2

K −M2
π

q2
KKη(q

2)

+
3F 2

0

2q2

(
HKπ(q2) +HKη(q

2)
)]
− 8πZαF 2

0

∑
PQ

[(
cPQ + dPQ

M2
P −M2

Q

2q2

)
K̄PQ(q2) +

1

q2
dPQh̄PQ(q2)

]
+

8πα

3
(Kr

5 +Kr
6) . (89)

Each term above is UV-finite and scale-independent. Another interesting feature is that the

Z-dependent terms are totally contained in the three-point function.

We shall discuss the physical significance of the expressions above. First, we obtain an

EFT description of the two-point function δF µ
Kπ,2 which depends on a poorly-constrained

LEC Kr
12, however, we do not really need such an expression because we shall instead

study it in its integral form, Eq. (59), which involves the generalized Compton tensor T µν .

All the hadronic subtleties of this term as well as the γW -box diagram which, in the EFT

description, depends on a few more poorly-constrained LECs {Xi}, are fully contained in the

tensor T µν . At the same time, we also obtain an EFT description of the three-point function

δF µ
Kπ,3 which depends on the LECs {Kr

i }i 6=12 and Lr9, the former are poorly-constrained.

However, they receive no short-distance enhancement so there is less ambiguity in their

matching to UV-physics.

To end this section, we point out a particularly interesting feature in the K0
l3 channel,

namely: the O(e2p2) counterterm contributions to the three-point function appear only in

δfK
0π−

−,3 , which effect on the K0
l3 decay rate is suppressed by the factor rl as we discussed in

Section II. Therefore, this channel possesses a significant practical advantage under our new

formalism over the traditional ChPT treatment, that at the order O(e2p2), instead of being

scattered among various LECs {Kr
i , X

r
i }, almost all the radiative correction uncertainties

that go into the K0
l3 decay rate come from the tensor T µν . The latter can then be studied with

the method outline at the end of Sec. VI, which may lead to a better controlled theoretical

uncertainty, and consequently a more precise extraction of |Vus|.
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IX. CONCLUSIONS

Existing standard treatments of Kl3 electroweak radiative corrections are based on ChPT

calculations: the short-distance effects are encoded in the universal factor SEW, and the long-

distance electromagnetic effects are computed to O(e2p2). Within such a formalism, the

theory uncertainty to the radiative corrections range from 0.22% to 0.25% depending on the

actual decay channel. They come from (1) the neglected O(e2p4) terms which contributes to

a universal uncertainty of 0.19%, and (2) the associated uncertainties to the O(e2p2) LECs

which range from 0.11% to 0.16%. The extracted value of Vus from these results, combining

with a recent update on Vud, returns a 5σ deviation of the first-row CKM unitarity. This

triggered us to consider alternative approaches which may further reduce the uncertainties

in electroweak radiative corrections in the Kl3 decays.

The new method we proposed is based on a hybridization of the current algebra formalism

by Sirlin in the late 70ties and the modern ChPT approach. Under this framework, all the

short-distance-enhanced terms in the Kl3 radiative corrections are described collectively by

a single tensor T µν , which could be studied using dispersion relations. Such a procedure

effectively resums an important subset of O(e2p2n) terms to all orders, thus we expect the

existing 0.19% uncertainty from the neglected O(e2p4) terms in the ChPT calculation to be

significantly reduced. On the other hand, all the remaining, non-enhanced terms adopt a

ChPT description in our formalism. We point out in particular that these terms receive only

a minimal impact from the poorly-constrained LECs in the case of K0
l3, therefore the effect

of their associated uncertainties will also be reduced. As a conclusion, although further

developments are still needed, we expect the new method to reduce the existing uncertainty

as much as by a factor 2 depending on the actual decay channel. This may shed lights

on various unanswered questions in kaon decay, including the 2σ discrepancy in the Vus

extraction between Kl2 and Kl3.
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Appendix A: Extra loop functions

In this appendix we define the extra loop functions {h̄PQ, K̄PQ} needed to isolate the

O(e2p2) corrections to the Kπ form factors from the chiral loops:

h̄K+π0(q2) =
1

64π2(M2
K −M2

π)

[
M2

π −M2
K +M2

π ln
M2

K

M2
π

]
+
M2

K −M2
π − q2

4q2
J̄Kπ(q2)

h̄K0π−(q2) =
1

64π2(M2
K −M2

π)

[
M2

π −M2
K +M2

K ln
M2

K

M2
π

]
+
M2

π −M2
K − q2

4q2
J̄Kπ(q2)

h̄K+η(q
2) =

1

64π2(M2
K −M2

η )

[
M2

η −M2
K +M2

η ln
M2

K

M2
η

]
+
M2

K −M2
η − q2

4q2
J̄Kη(q

2)

K̄K+π0(q2) =
1

2q2

[
J̄Kπ(q2) + (M2

K −M2
π)J̄

(1)
Kπ(q2)

]
K̄K0π−(q2) =

1

2q2

[
−J̄Kπ(q2) + (M2

K −M2
π)J̄

(2)
Kπ(q2)

]
K̄K+η(q

2) =
1

2q2

[
J̄Kη(q

2) + (M2
K −M2

η )J̄
(1)
Kη(q

2)
]

(A1)

where J̄PQ(q2) is the standard mesonic loop function [24] and

J̄
(1)
PQ(q2) =

d

dM2
P

J̄PQ(q2)

=
1

16π2

{
M2

P −M2
Q −M2

Q ln
M2

P

M2
Q

(M2
P −M2

Q)2
+

1

λ(q2,M2
P ,M

2
Q)

[
q2 −M2

P +M2
Q

+
M2

Q(M2
P −M2

Q + q2)

M2
P −M2

Q

ln
M2

P

M2
Q

]}
+
M2

P −M2
Q − q2

λ(q2,M2
P ,M

2
Q)
J̄PQ(q2)

J̄
(2)
PQ(q2) =

d

dM2
Q

J̄PQ(q2) = J̄
(1)
QP (q2). (A2)

Here λ(a, b, c) = a2 + b2 + c2 − 2ab− 2bc− 2ca is the Källén function.
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Figure 8: The Feynman diagram for the calculation of iTµ and D in Appendix B.

Appendix B: An explicit example of the calculation of two- and three-point func-

tions

In this appendix, we use a simple example to demonstrate the steps to calculate the two-

point and three-point function within the framework of an EFT. We shall consider the effect

of the following π0 − η mixing counterterm due to short-distance electromagnetic effects:

δL = e2δπη∂µη∂
µπ0 (B1)

to the K+
l3 form factor. The answer is obvious from ordinary perturbation theory:

δF µ
K+π0(p

′, p) =

√
3

2
e2V ∗us

M2
π

M2
π −M2

η

δπη(p+ p′)µ. (B2)

Now we compute the quantities needed to evaluate the two-point and three-point func-

tions:

iT µ(q̄; p′, p) = i

∫
d4xeiq̄·x

〈
π0(p′)

∣∣T {Jµ†W (x)δL(0)
} ∣∣K+(p)

〉
D(q̄; p′, p) = i

∫
d4xeiq̄·x

〈
π0(p′)

∣∣T {∂µJµ†W (x)δL(0)
} ∣∣K+(p)

〉
, (B3)

where one utilizes the ChPT representation of the charged weak current in Eq. (37). Notice

also that there is no one-particle singularity in this case so the Bµ term does not exist.

As we discussed in Section VII, there are two ways to calculate iT µ: (1) using covariant

perturbation theory (see Fig. 8), and (2) using the definition of the time-ordered product in

Eq. (78); the outcomes are named iT µ1 and iT µ2 respectively. On the other hand, one should

calculate D using covariant perturbation theory, but with the EOM-simplified version of

32



∂µJ
µ†
W as in Eq. (84). The results are:

iT µ1 =

√
3

2
e2V ∗usδπη

p′ · (p− q̄)
(p− q̄)2 −M2

η

(2p− q̄)µ

iT µ2 = iT µ1 −
√

3

2
e2V ∗usδπηg

µ0p′0

D = −i
√

3

2
e2V ∗usδπη

M2
K −M2

η

(p− q̄)2 −M2
η

p′ · (p− q̄). (B4)

In particular, the difference between iT µ1 and iT µ2 will later enter the two-point function.

The three-point function is therefore given by:

δF µ
K+π0,3(p′, p) = lim

q̄→q

[
−q̄ν

∂

∂q̄µ
iT ν1 + i

∂

∂q̄µ
D

]
=

√
3

2
e2V ∗usδπη

[
M2

π

M2
π −M2

η

(p+ p′)µ − p′µ
]
.

(B5)

Whereas, the two-point function is given by:

δF µ
K+π0,2(p′, p) = − lim

q̄→q

∂

∂q̄µ

∫
d4xeiq̄·xδ(x0)

〈
π0(p′)

∣∣ [J0†
W (x), δL(0)

] ∣∣K+(p)
〉

+

√
3

2
e2V ∗usδπηg

µ0p′0. (B6)

To compute the first term, one utilizes the canonical commutation relation for free real scalar

fields:

δ(x0 − y0)[φ̇(x), ∂µφ(y)] = gµii∂
i
xδ

4(x− y). (B7)

This gives:

δF µ
K+π0,2(p′, p) =

√
3

2
e2V ∗usδπηg

µip′i +

√
3

2
e2V ∗usδπηg

µ0p′0 =

√
3

2
e2V ∗usδπηp

′µ. (B8)

With this we have calculated both the two-point and three-point function, and they add up

to give the full result, Eq. (B2), as expected.
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