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1 Introduction

One of the high-precision tests of the Standard Model (SM) is the test of the unitarity of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1, 2]. In particular, its first-row matrix
elements are required to satisfy the following relation:

Ackm = |Vaal? + [Vus? + [Vip|2 = 1 = 0. (1.1)

The contribution from V,;, is negligible, so the test only concerns |V,4| and |V,s|. The

quoted values of these two matrix elements in the “CKM quark-mixing matrix” section of
the 2018 Particle Data Group (PDG) read [3]:
|Viua| = 0.97420(21), |Vis| = 0.2243(5). (1.2)

With the numbers above, the deviation from the unitarity reads: Acxy=—0.0006(5), so
unitarity requirement is well-satisfied, and it turns into stringent bounds on parameters of



possible Beyond Standard Model (BSM) physics, e.g. the non-standard couplings{e;, €; } be-
tween quarks and leptons, and sets constraints to BSM physics at the scale 5-10 TeV [4-6].

The situation described above has changed since last year, following a series of re-
evaluation of the electroweak radiative corrections in superallowed beta decays, from
where V4 is most precisely extracted. Making use of a dispersion relation with existing
neutrino/anti-neutrino scattering data, ref. [7] reduces the existing theoretical uncertainty
in the so-called single-nucleon vW-box diagram by a half [8], but at the same time also
shifts its central value significantly. That calculation alone leads to an updated determi-
nation of Vq4:

V,a| = 0.97366(15), (1.3)

and Ackym = —0.0017(4), a 40 violation of unitarity, raising new interests within the preci-
sion community. In follow-up works [9, 10], several previously unconsidered nuclear effects
are also pointed out. Preliminary investigations indicate that they largely cancel each
other, and cause only a slight increase in the total uncertainty: Ackym = —0.0016(6) [10].
This is, however, not yet conclusive and needs to be further scrutinized. Further discussions
along this line have also led to the identification of well-defined steps toward the further
reduction of the |V,,4| uncertainty: first, next-generation neutrino experiments at the Long-
Baseline Neutrino Facility (LBNF) at Fermilab are expected to provide much more precise
neutrino data input to the dispersion integral [11], second, a direct lattice approach to the
yW-box diagram is recently suggested [12], alternative computational methods of the box
diagram are also proposed in comparison to the dispersive method [13], and finally, there
are plans to study the above-mentioned new nuclear effects with ab-initio methods [6]. In
short, one can be optimistic that the theoretical uncertainty in the |V,4| extraction will be
further reduced in the near future.

As a result of the increased precision in |V,4|, the value of |V,s| now plays a central
role in the first-row CKM unitarity. The quoted value in the PDG represents actually an
average over the results from two types of experiments: the K — v (Kj2) and K — wlv
(Kj3) decays, which disagree among each other at a ~20 level:

K : [Vis| = 0.2253(7)
Kis : |Vis| = 0.2231(8). (1.4)

This seemingly small difference, however, makes a huge impact on Ackyn when combined
with the updated determination of |V,4| in ref. [7]:

K+ Ackm = —0.0012(4)
Kis : Ackn = —0.0022(5). (1.5)

The first line in this equation exhibits an interesting hint for possible BSM physics, but
might be loosened after accounting for possible missing nuclear effects in the V.4 extraction.
The second line, on the other hand, represents almost a confirmed signal. Furthermore,
a recent lattice study of the Km form factor at zero momentum transfer improves the
Kjs-extraction: |V,s| = 0.22333(61), leading to Ackm = —0.0021(4), a 50 violation of



unitarity [14]. All of these call for an immediate re-examination of the theory inputs
that enter the Kj3 extraction of |Vys|, in particular the treatment of electroweak radiative
corrections in K;3 which is the purpose of this paper.

In standard treatments of K;3 decays, the total decay rate is given by the following
master formula (see, e.g. ref. [15]):

CiGEMg

Or— s
K SewlVas P ORI ) (1+ 050 +087)) + (16)

Iy =

with Mg the kaon mass. The main sources of theoretical input, according to the for-
mula above, are: (1) the Km form factor and its momentum-dependence encoded in
]ffoﬂ_ (0)\2—7%)()\1')7 (2) the strong isospin breaking effect encoded in 65&2), and (3) the
electroweak radiative corrections, encoded in Sgw and (552. In particular, the constant
logarithmic multiplicative factor:!
o, M2
Spw =1+ —In -2 + O(aas), (1.7)
™ M2
which is associated to the QED anomalous dimension of the effective four-fermion oper-
ators. It contains all universal, short-distance electroweak corrections that are not reab-
sorbed into the Fermi’s constant Gr and is common to all semileptonic transitions. Here,
Mz and M, denote the mass of the Z-boson and of the p-meson, respectively. In the mean-
time, 56[2 represents the model-dependent, long-distance electromagnetic correction. The
latter is calculated within the framework of Chiral Perturbation Theory (ChPT) with dy-
namical photonic and leptonic degrees of freedom [16, 17], currently up to the order O(e?p?).

In this paper, we argue that there exist several conceptual and practical issues in the
existing calculations which could be improved upon. Firstly, we demonstrate that the
existence of the “universal factor” Sgw implies an incomplete resummation of O(e?p?™)
(n > 2) terms that leads to a relative systematic error of the order O (10*3). In the current
treatment their effects are part of the quoted error budget, but we will show that this can be
significantly improved. Second, ChPT provides a model-independent framework. However,
within such calculations, all the ultraviolet (UV) physics from electromagnetic corrections
that are not fixed by chiral symmetry are contained in the low-energy constants (LECs),
which can only be estimated by models and contain somewhat uncontrolled uncertainties,
that turn into one of the main sources of theoretical uncertainties in the Kj3 decay rate,
and consequently to |Vys|. In view of the problems above, it is necessary to switch from
the pure ChPT treatment to a new formalism that: (1) allows for an inclusive treatment of
higher-order terms, and (2) minimizes the model-dependence, which is equivalent to effects
of the LECs in the traditional ChPT calculation.

We realize that such a method actually exists since the late 70s [18]. Making use of
current algebra, one is able to express all the short-distanced-enhanced terms in terms of the
momentum integral of a single hadronic tensor involving the time-ordered product between
the electromagnetic and the charged weak current. This allows for a more systematic

Throughout, o denotes the Quantum Electrodynamics (QED) fine-structure constant and a, the strong
coupling constant.



treatment of such terms, e.g. using the recently-developed dispersive method, that enables
a better account of the smooth transition between physics at different scales. Meanwhile,
for the non-enhanced terms that are suppressed in the neutron and superallowed beta
decays but not in K3, we develop a diagrammatic approach to calculate them order-by-
order in ChPT, and point out along this process that the K l% channel possesses a natural
advantage of having minimal dependence on the poorly-constrained LECs.

The outline of this paper is as follows. In section 2 we define our basic notations and
review the kinematics of Kj3 decay at tree level. In section 3 we present some important
universal features for electroweak radiative corrections in general semi-leptonic beta decays,
in particular how it is matched to a Fermi theory with definite multiplicative coefficients. In
section 4 we switch temporarily to an effective field theory (EFT) description, and calculate
the O(e?p?) corrections to the K7 form factors, which serve as important references in the
latter discussions. The next four sections are the core of this paper. In section 5 we review
the current algebra method developed in the late 70s that divides the radiative corrections
to the K form factor into a “three-point function” and a “two-point function”. The latter,
as well as the yW-box diagram, contain all the hadronic short-distance enhancements and
are elegantly expressed in terms of the momentum integral of a single hadronic tensor T#".
Based on this framework, we derive in section 6 the well-known short-distance logarithmic
factor, and demonstrate the advantage of our proposed method in the matching of physics
at different scales. In section 7 we develop a novel diagrammatic approach to calculate the
non-enhanced three-point function order-by-order in EFT, and use it in section 8 to split
the O(ep?) corrections in section 4 into two- and three-point functions. We demonstrate
that the unknown LECs in the three-point function makes a minimal impact on the decay
rate for the case of K l%v hence the latter is a preferred channel for the Vs extraction. Our
conclusions are summarized in section 9.

2 K3 decay at tree level

We start by defining the electromagnetic and charged weak current in the hadron sector
that are responsible for generic semi-leptonic beta decays:

2 1- 1
Jb, = gﬂ’y“u - gd’y“d - §§’y“s
J#V = Vg (1 — v5)d + Viysuy* (1 — 75)s. (2.1)

For the K3 decay, the involved charged weak current is J T, and it satisfies the following
equal-time commutation relation:

Tab(@, 1), JEL(F, 1) | = JEH(E, )69 (7 — 7), (2.2)

which is the well-known current algebra relation, and is protected from perturbative Quan-
tum Chromodynamics (pQCD) corrections.

Next we summarize some basic results from the tree-level K;3 phenomenology, which
are quite standard and are available in a number of references (e.g. refs. [16, 17]). There



are two types of Kj3 decays:

Ky o K(p) = 7~ (0 (o),
Kb K (p) = 70 (m) i), (2.3)
where | = e, u. We may define the momentum transfer ¢ = p — p’. At low energy, the

charged weak interaction between leptons and quarks is described by Fermi’s theory, with
the following effective Lagrangian:

E I8y, (1 = 35)v + hec. (2.4)

Gr
V2

Therefore, the decay amplitude at tree level is given by:

Lof=—

M) = _%Fﬁﬂ(p,ap)ﬂu@u)%(l —¥5)u(pr), (2.5)

where the charged weak form factor is defined as Ff._(p/,p) = (z(p')] J{/‘VT(O) |K(p)). One

could in general parameterize it in terms of two invariant functions:?

FiL(0,p) = Vi, [FE (@) + ) + 57 () -] (2.6)

By Lorentz covariance, it is obvious that only the vector component of J{/‘J contributes
to the form factor. It is also a standard procedure to explicitly factor out the ¢> = 0
component of ff ™ by defining:

2y _ @) 757 (¢?)
FEm(0)° FEm(0)”
as the overall factor f”(O) can then be studied with non-perturbative methods such as

lattice QCD.
We further define the following kinematic quantities:

™ (q () = (2.7)

C2pp 2pp M2 mj

= —, z= rr = ry =
2 5 I'w 2
My, My My

(2.8)

with M, and m; the pion and the lepton mass, in order. With these, the K;3 decay rate
at tree level is given by:

Y = 128715»\4[( |57 (0)? /D 3 dydzp\) (y, 2), (2.9)
where
Pier(v:2) = AP, ) | + A7 0,2 P (@) I (6 + A 0, 2) [ 77 (@)
AP(y,2) = 41 - y><y+z— 1) + 74y + 32 — 3) — dre + ry(re — 71)
Ago)(y, z2) =2r(3—2y—z+mr —7rg)
APy, 2) = n(1 — 2+ 7r — 7). (2.10)

2Tt is customary to isolate an isospin factor Cx out of the invariant functions fX™, but we do not do
it here because in the current algebra formalism, the most important pieces of the radiative corrections to
S fE™ will be expressed as momentum integrals, and it would look weird to have a factor Cgl in front.



The physical domain D3 of the three-body final state can be expressed in two equivalent

ways:
c(z) —d(z) <y <ec(z)+d(z), 2Vre <z<l4ry—m
=2+t —2) V2 A (Lt — 1 — 2)
o(z) = 21+ 7y — 2) ’ d(z) = 21+ 7 — 2) (2.11)
a(y) = b(y) <z <aly) + b(y), 2y <y<l+4mr—rg
=y tratrn—y) _ VP —An(l4+n -1 —y)

depending on whether y or z is first integrated.

An important observation from this analysis is that the contribution from f&7(¢?)
to the decay rate, which is always attached to Ag?%, is suppressed by r; = ml2 /MIQO even
for the muon, this factor still reads ~ 0.04 < 1 so the suppression is significant. This
also implies the following: the effect of any theoretical uncertainty in the electromagnetic

radiative correction to fX™ is suppressed in the total error budget of the Kj3 decay rate.

3 General formalism for radiative corrections in semi-leptonic beta de-
cays, and its application to K3

To start our discussions on electroweak radiative corrections, we first review the known
results of muon decay which serves as an important reference point. The Fermi constant
Gr = 1.1663787(6) x 10~° GeV 2 [3] is defined through the muon lifetime after the inclusion
of O(Gra) electromagnetic radiative corrections calculated in the Fermi theory [19]:

1 Gymj, a (25
= Toa8 F(x) [1 + o <4 -2+ O(me))] : (3.1)

where F(z) =1 -8z — 122°Inx + 82° — 2* and = = mg/mi
In connection to the full SM calculation, it is useful to follow Sirlin’s approach that
splits the full photon propagator in the fermion self-energy diagrams into two pieces [18]:

1 1 M3, 1

= . 2
[ R C R VR VR Y RV (3:2)

Here we have introduced a small photon mass M, as an infrared (IR) regulator. The first
term at the right hand side (r.h.s.) of eq. (3.2) describes a “massive photon”, whereas the
second term describes a massless photon with an extra Pauli-Villars (PV) regulator [20]
with A = Myy. The benefit of such a separation is evident: fermion self-energy corrections
involving the PV-regulated photon propagator, together with the v box diagram, give
exactly the PV-regulated electromagnetic radiative corrections to the Fermi theory as de-
scribed in eq. (3.1), up to O(G%) discrepancies which may be safely neglected. Meanwhile,



Figure 1. All one-loop weak corrections involving the hadronic piece in K;3 decay amplitude in
SM. ~~ denotes photon with a “mass” My .

all remaining O(Gra) SM corrections, including both one-loop and counterterm contribu-
tions shall be known, with a slight abuse of terminology, as “weak radiative corrections”
that are sensitive only to physics at k& ~ My, and give rise only to a constant renormal-
ization factor to the differential decay rate which is absorbed into the definition of Gg in
eq. (3.1). Notice also that, since a PV-regulator preserves Abelian gauge symmetry, the
PV-regulated Fermi theory description above is manifestly U(1)ep-invariant.

One may now proceed to discuss the general semi-leptonic beta decay of hadrons.
Through a sophisticated current algebra analysis [18], it is shown that most of the weak
radiative corrections (depicted in figure 1, using K3 as example) are identical to that in the
muon decay, which means that they are simply reabsorbed into the definition of G, the
only exceptions are a few definite, calculable pQCD corrections stemming from figure 1,
as well as the WZ box diagram from which the electroweak currents probe not only the
difference in the electric charge of the SU(2); doublet but also their average. These small
discrepancies are encoded as a constant multiplicative factor to the Fermi constant. As
a result, the semi-leptonic beta decay of a generic hadron is now fully described by the
following Lagrangian:®

L = Lqop + LQEDy< + Li (33)
where Lqcp is the ordinary QCD Lagrangian, Lqgp,,. is the QED Lagrangian with a

PV-regulated photon propagator at A = My, and Eﬁlf is the Fermi theory Lagrangian
with the above-mentioned multiplicative factor:

cy=-{1-% (2Q+1)lnM—5V+a Cr jut (1 —7s)v +h.e (3.4)
4f Ry M2 pQCD V2w Tu 5 .

Here, G is the experimentally-measured Fermi constant from the muon decay, Q) = 1/6
is the average charge of the quark doublet, and ap,qcp describes the pQCD correction (up
to O(ay)) to figure 1:

PQ 3 (K2 + M2)2 (k% + M2,)2(k2 + M2)?
M2 c2 _ g2 as (K2
o | 0|
(k2 + Mg,) (k2 + M3) | s, c2 T

3Under this formalism, the baryon masses (or squared masses for mesons) are given consistently by

mp = Mp,QoD + 0MpB ..



where ¢2, = 1—s% = M3, /M%. The first two terms at the r.h.s. in eq. (3.5) come from the
first two diagrams in figure 1, and the third term comes from the third diagram.

Before proceeding further, we have two comments on the Lagrangian in eq. (3.3).
First, the same result can be derived through a one-loop analysis with massless quarks as in
section 2 of ref. [21], although the latter does not explicitly spell out the multiplicative factor
in eq. (3.4). Second, we want to stress that eq. (3.3) is strictly speaking not a low-energy
EFT of the SM; it is, up to O(Gra), the SM itself in terms of describing semi-leptonic beta
decays. This is evident, as in eq. (3.3) the active energy scale still goes all the way to ¢ ~
My, and yet all the one-loop corrections are UV-finite. No extra counterterms are needed.

One can now apply the formalism above to Kj3. Up to O(Gra), the decay amplitude
is given by (after substituting Q = 1/6):

o M2 3 Gr
M=—/Z|1—— (ln=—"X4+°=% ZEFE a,m, (1 —
I [ 5 (n M2 + 4apQCD>:| 7 e UV (1 —75)v

—?/gapgwumu — s+ Do (3.6)
The first term at the r.h.s. contains the tree-level contribution, the weak+pQCD multi-
plicative factor as well as the electromagnetic radiative correction to the external charged
lepton (depicted in the first diagram of figure 2), expressed in terms of the K7 form factor
and the charged lepton wavefunction renormalization (in Feynman gauge, which we will
adopt throughout this paper):

o M?2 9 m?
Zj=1—— |mn—*¥4+=-_2In—L (3.7)
A ml2 2 M,g

The second term comes from the electromagnetic radiative correction to the Kx form factor
(the second diagram of figure 2):

FL (o, p) = Fi (0 ,p) +0FL (0, p). (3.8)

Finally, O, denotes the YW box diagram contribution (the third diagram in figure 2):

Gre* [ d*k WA (L—7s)(F —p, +mu)yo 1 M2
D’yW:_ r 4 2 F’l P) ) > A r2 v QT;LV(k;plvp)a
V2 (2m) (m — k)2 —my k2 — M2 Mg, — k
(3.9)
where
T (il ) = [ e (w()| T { 2, (2) 7 0)} | 0) (3.10)

which is known as the “generalized Compton tensor”. The factor M2,/(M3 — k?) in
eq. (3.9) comes from the W-propagator, except that we have neglected its dependence on
external momenta which brings only O(G%) corrections. By doing so, eq. (3.9) is completely
equivalent to the box diagram calculated in the Fermi theory with a PV-regulator, again
confirming our previous claim.

Up to this point we have identified all elements needed to fully understand the O(Gra«)
electroweak radiative corrections to the K3 amplitude: they are just 0F}.  and O, ie.



Figure 2. All one-loop electromagnetic corrections to the K3 decay amplitude in SM. . denotes
a PV-regulated photon propagator with A = My, .

the last two diagrams in figure 2. Of course in principle one also needs the real photon
emission diagrams to cancel the IR divergences, but the latter involve just standard tree-
level calculations so we shall not discuss them any further in this paper.

4 ChPT calculation of the electromagnetic radiative corrections to the
K form factors

The current standard treatment of radiative corrections in K3 is equivalent to calculating
87, 6F)._and O,y using ChPT, the low-energy EFT of QCD in the light quark sector.
The first systematic calculation to the order O(e?p?) appeared in ref. [16], and was subse-
quently updated in ref. [17] making use of more updated LECs obtained in refs. [21, 22].
A comprehensive review of general kaon decays in SM is also available in ref. [15]. Among
these results, the O(e?p?) corrections to Ff.  are most relevant to our work so we shall
devote this section to it.

We start from a short review of the basic ChPT formalism. Consider a three-flavor
QCD Lagrangian coupled with the photon field A, as well as an auxiliary, complex vector
field V,, which will be used later to derive the charged weak current:

. ) _ ) ) _ 1 1
LELD = GiPg — GMyq — eGQem™"q A + TV QwaVyu + T Qly V] — 1 GG = T F™,

(4.1)
where ¢ = (ud s)”, and the matrices read:
my 0 0 20 0 000
Mg=| 0 mqg 0 |, Qm=|0-%0 |, Qw=[|Vy00]. (4.2)
0 0 ms 00 -1 V00

Throughout this work we will further assume isospin symmetry, i.e. m, = mq = M, which
turns off the leading order (LO) 7" — 7 mixing. The vector component of the charged weak

current responsible for the kaon decays can then be obtained from Ea‘éD through:

8£ext
(v = ((;;CD) . (4.3)
B yyr=0



One could also re-express the Lagrangian above in terms of left- and right-handed quark
fields:

« : _ _ _ 1 ,
L3ED = LA + TrY'Tudr + @Y luar — GrMgar — @ Mjar — gL E (4.4)
where E%OD is the massless QCD Lagrangian, and the external fields

Li=70 = QuwVy + Qi Vi — eQemA, (4.5)

are vector spurions that are traceless in the flavor space.

With these one writes down the LO chiral Lagrangian with dynamical photons:

F? 1
Lypper =L <D“U(D#U)T + U Ut x> + Ze2Fh <QemUQemUT> — S Fuw " (46)

where D, U = 0,U —ir,U + iUl,, x = 2ByM, and (...) denotes the trace in flavor space.
Further, Fj is the pion decay constant in the chiral limit. In what follows, we will equate it
with its physical value. The first term in eq. (4.6) is the ordinary O(p?) ChPT Lagrangian,
while the second term encodes the effect of short-distance virtual photons at O(e?) [23].
The parameter Z can be related to the squared-mass difference of the pions:

M2, — M?,

At the same time, the squared masses of the neutral mesons that are not affected by Z,
satisfy the Gell-Mann-Okubo relation: 3M3 = 4M12{0 — Mzo.
The ChPT representation of the vector charged weak current at LO is:
iFg

(Jihvio = =2 <QW ({D“UT,U] + {D“U, UTD>

- (4.8)

VVi=0'
It is important to notice that the current above contains not only the meson fields but also
photon fields. Also, with this convention of charged weak current, one obtains ff’r = -1
at tree level, which has a sign difference with some other literature. Of course such a
difference does not affect any physical result as long as one sticks with a given convention
consistently throughout the whole calculation.

Applying the Lagrangian in eq. (4.6) to one loop yields UV-divergences which must be
absorbed by the O(p*) and O(e?p?) counterterms. The only O(p*) counterterm needed in
this work is [24]:

Ly = —iLy ({1 DMU(D"0)! + fL,(DM0) DU, (4.9)

where the field-strength tensors are defined as:

fR = 0ury — Oury —ilru i, fiy = Ouly — Ol — illy, 1) (4.10)

~10 -



At the same time, the part of the O(e?p?) counterterms needed in this work is given by [25]:

Loy = e2F02{K3 [<(D“U)TQemU> <(DNU)TQemU> + <D”UQemUT> <DHUQemUT>]
(DU) Qenl ) (DuUQunlU) + K5 Q2 | (D*U)' DU + DU (D, U] )

(D) DU Qe QunU + DU (D) QuanU QennUT)

+Ko ({0 + Uty + x0T+ Ux) Q2

K0 (U +U) QU Qenl + (xUT + UX') QU QenUT)

+ K12 ( (D0 [efi Qem, QemlU + D'Ulef Qem, Qen]U) |, (4.11)
where CﬁQem = —i[ry, Qeml, Cﬁ Qem = —i[ly, Qem). The definition of renormalized LECs is
as follows:

Li(p) = Li = T
K (p) = Ki — S, (4.12)

where

d—4
W 1 1

with p the scale of dimensional regularization, d the number of space-time dimensions, and
vE =~ 0.5772 the Euler-Mascheroni constant. The coefficients {I';,3;} we need to know
are [24, 25]:

1 3 9 3 1 3

1 1
Z’ 23 = _Z, 24 = 2Z7 25 = —1, 26 - *Z, Eg - _Z, 210 — *‘i_*Z, 212 - . (414)

T =
9 2 49 4

In a full ChPT treatment of K;3 decays, it is also necessary to introduce dynamical lep-
tons in the chiral Lagrangian; this leads to extra O(e?p?) counterterms with LECs denoted
as {X;} [26]. In our approach, however, Feynman diagrams with dynamical leptons (such
as the lepton wavefunction renormalization and the yW-box diagram) are not studied using
ChPT, so such terms are not needed. Finally, it is beneficial at this point to compare the
treatment of UV-physics between the representation in section 3 and in the EFT language.
In the former, all the physics at the scale k& ~ My, are explicitly evaluated, and all the
remaining loop integrals are finite due to the existence of the PV-regulator. On the other
hand, in an EFT which works intrinsically at a scale k < My, one does not need a PV-
regulator and the UV-divergences are regulated by dimensional regularization. All finite
multiplicative factors in section 3 that come from the UV-end, such as the In(M32,/M2)
factor and the O(as) corrections, are contained in the renormalized LECs K7, and {X'}.

Now let us focus on 0F. . There are two types of one-loop diagrams that give O(e2p?)
corrections to Ff._: the electromagnetic loops and chiral loops, see figure 3, and the full
analytical results are available in ref. [16]. In there, however, all these diagrams are treated
in the same footing, and in particular, the chiral loop diagrams contain simultaneously the
O(p*) and O(e?p?) corrections to Flk . We find this not the best representation because
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Figure 3. The electromagnetic (first two) and chiral (last three) loop diagrams that contribute to
SFI_in ChPT.

the former, including strong isospin-breaking effects, is a part of the pure-QCD dressings to
the K7 form factor, which could be studied more systematically with other methods, such
as in a dispersive representation [27-31] or in lattice QCD. It is the inclusion of dynamical
photons that greatly complicates the problem, for instance, it was not until very recently
that the first direct lattice calculation of the electromagnetic effects to Ko and 75 decay
rates was available [32], and the same method applied to semi-leptonic decays is expected
to be extremely challenging [33, 34]. Therefore, it would sound more natural to regard the
O(p*) and O(e?p?) corrections as two separate problems, and only the latter belongs to
the electromagnetic radiative correction which is the focus of this paper. For that purpose,
it is necessary to explicitly isolate and retain only the pieces linear in a.

Our results are given as follows: for K g,

M2 M2 Za M2 2
o T - [8+ —41n + [1+ln]
f¥ (e ) 1627 ]\42 2v/21 M2 M2 1
8t - - 3-
SRS ) + Fop () + 2hm<q2>]
Aoy 2 2
Vi [ oK + K} + 3[(5 + 3K6 + 2K7,
2 M? ., .
+§W( 6K3 +3K4 +2K5 +2K6 2K9 —2K10)
§pET _ [31nM2 _4]_ Za [HMI?(} 370 [HM?]
- 16\f7r 427 w2 827
Sz« K—M2—|—3q2 9 M2 M2 —3q° 9
L K K
S e R e Y

3F0 ) ) STZaFE Mg — M
2q (Hrx(q°) + Hrn(q ))] /2 Z apq + 5 bpq

_ 2
xKpq(q?) + bPQ hPQ( )} [4K3 —2K; - S K5 - 3Kg] , (4.15)

- 12 —



and for Kl%,

05— a [ M2 M? 1 _ 3-
5ff ™ (q2) = Tom 1nN;T+8—41nM’;] —8rZa |:2hK+7T0(q2)+h’KO7T(q2)+2hK+"7(q2)
L Y
—8ra kK7,
. [ M2 Za M2 Mg — M2 —¢
5K07r 2:i31i—4——1]—w—82 K—WKWQ
) = 15 B0 3 ar |15 | -8 Za 2 Kx(q°)
M3 — M? 3F}
M )+ S (e )+ Hic )
M2 —-M2\ _ 1 _
—87TZO4F022 [(CPQ—FdPQPQq2Q> KPQ(q2)+q2dPQhPQ(q2)]
PQ
8o
+%(K§+K§). (4.16)

Here {PQ} = {K™n% K=, K*n}. The coefficients {apg,bprq, crg,dpg} and the func-
tions { Hpg, Kpg} are defined in appendix A,C of ref. [16] (in particular, Lg is absorbed into
Hpq), except that here one have already explicitly factored out Z so one should take Z — 0
in all these quantities (which also means that M, + = M, 0o = M, and Mg+ = Mo = Mf).
The extra loop functions {Kpg, hpg} that are required for the isolation of O(e?p?) pieces
are defined in appendix. A. One sees that each of the invariant functions above is UV-finite
and scale-independent.

Let us pause and comment on the accuracy of the ChPT results above. There are two
main sources of uncertainties at a superficial level: (1) the neglected higher-order terms
that scale as O(e?p?), and (2) the uncertainties in the renormalized LECs. According to
the analysis in ref. [17], the former is assigned a universal uncertainty of 0.19% based on
chiral power counting, while the latter carries an uncertainty of (0.11-0.16)%. Let us first
consider the LECs. We see that the results above depend on {K7'}; if the yIW-box diagram
is also included, then they depend also on {X}. In present literature, they are expressed
in terms of a set of QCD correlation functions, which are then simply estimated within a
resonance model [21, 22, 35, 36]. Quantitative analysis of their corresponding theoretical
uncertainties are not available, and for most practical purposes they are simply taken as
a naive loop factor 1/(47)? ~ 6.3 x 1072 [16] or adopt an arbitrarily-assigned value, say
50% of the total counterterm contribution [21]. Such arbitrariness limits the possibility of
a future reduction of the error bars. Furthermore, as we advertised in the Introduction and
will prove in section 6, there is also the issue of an incomplete resummation following the
introduction of Sgw as a multiplicative factor. All the above-mentioned issues motivate us
to consider an alternative approach to the problem in contrast to the pure ChPT treatment,
which will be described in the following sections.

5 On-mass-shell formula, Ward identity, and current algebra

The method we propose in this paper is based on a representation of the first-order per-
turbation correction to strong-interaction amplitudes known as the on-mass-shell (OMS)
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formula, first introduced in the late 60s [37]. The statement is as follows. Suppose a form
factor F*(p/,p) is defined through the matrix element:

Frp',p) = (B®)] J"(0)|A(p)) (5.1)

where A, B are strongly-interacting scalar particles (just for simplicity), and p,p’ are on-
shell momenta: p? = Mi, p? = M%, where th p are the unperturbed squared masses.
If there exists a perturbative Lagrangian §£ that causes a first-order perturbation to the
form factor, F*(p/,p) — F*(p',p) + dF*(p', p), then the OMS formula states that § F* can
be written totally in terms of on-shell matrix elements as follows:

SFH(p',p) = lim ¢T%(g; p.p) = lim {iT"(g;p',p) —iB"(3:p',p)} (5.2)

where

(v, p) = /d4x€i‘7'm (B T{J"(2)0L£(0)} |A(p))

i M? i0M3
BYg;pp) = ———5 2= F*p—4,p) = F'0W .0 + Q) 5527 (53
Here, (5Mfl g are the first-order perturbation to the squared mass of A, B due to the effect

of 0L: MELB — Mf&,B + 5M31,B7 which can be written as:
SM3 = — (A(p)| 5L(0) |A(p)), SM = — (B()| 6£(0) | B®)). (5.4)

Notice that both T# and B* possess the same single-particle poles at (p — q)? = Mé and
(P +q)? = fo which cancel each other, making T* pole-free (more discussions are given in
section 7). Simply speaking, the validity of eq. (5.2) stems from the fact that the difference
between iB* and the one-particle-reducible piece in 7" in the ¢ — ¢ limit reproduces the
effect of the wavefunction renormalization as well as the mass perturbation of the external

states. Interested readers shall refer to ref. [37] for more details.
Sirlin further developed a Ward identity (WI) treatment on top of the OMS for-

mula [18]. One starts from the following mathematical identity:
0

iT(q; 0, p) = —q@=—iT"(q;p',p) +

o0, (@iT"(3:7',p)) - (5.5)

8qu

Furthermore, since T" involves a time-ordered product, one could use the following identity:
0T {(JH(x)5L(0)} = T {9, ()5L(0)) + 8(ao) [1°(x), 5£(0)] (5.6)

to rewrite the second term at the r.h.s. of eq. (5.5) as
GiT"(@p.p) = i(D— - B) - / d'2eT76(z0) (B(p)| [1°(x),6L(0)] |A®)) . (5.7)

where

D(g:p,p) =i / dhaei ™ (B()| T {0,7" (2)5L(0)} |A(p)) (5.8)
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After such rewriting, we can take the § — ¢ limit on both sides of eq. (5.5). Using the
OMS formula, eq. (5.5) now tells us that § F* can be split into two terms:

SFH(p',p) = 6FY (P, p) + 6FL (Y, p), (5.9)

where:

SFY(p',p) = — lim i /d4a:eiq"”5(xo) <B(p')‘ [Jo(x),éﬁ(O)] |A(p))

a—q 0qy
9 o
oot R PR =) - S s .
SFY(p,p) = Cljgr;qu—quzT (q,p,p)+%gr}zlfaqu (D(g;p',p) — - B(g:p',p)) (5.10)

shall be known as the “two-point function” and the “three-point function”, respectively.

The formalism above can be straightforwardly applied to study the electromagnetic
radiative corrections to dF I‘éw based on the setup in section 3. The only complication is
that L is not anymore a local interaction, but comes from one-loop QED corrections with
a PV-regulator to the photon propagator. That gives [37]:

62 d4k ik-x 1 M2 em
55«»::20/(2WV‘/}#xe Eomin T @) (5.11)

That means T now involves a time-ordered product of three currents. Its corresponding
WI can be derived using the following identity:

Oup LI (2) Tt () T O) =T {0, () i () T (0) 4+ 82 — 4O [ (), i (9)) ™ (0)
@) (@), S O W)} - (5.12)

Notice that the last two terms are equal-time commutators that satisfy the current alge-
bra relation (2.2). Therefore, through an identical derivation as before, one obtains the
following splitting for the electromagnetic radiative correction to F.  into two-point and
three-point functions:

5Fl’é7r(p',p) = 5Fl‘é7r72(p’,p) + 5F;é7r,3(p/,p), (5.13)
where
2 Ak 9 1 M?2
SF™ (. p) = —e/TA k; o W 14
K7r,2(p 7p) 9 (27_‘_)4 A( P 7p) 8k:u k2 — M,% Mi%[/ — k2 (5 )
0 0
14 / 1 =~ 7 =) : . Y — ! =, —
0F 30 p) = %gr;qua%zT (@7, p) +;1_r)r31’taqu (D(g:p',p) —q-B(@:p'.p))
with sT# = ¢T* — {B*, and
_ 2 d*k 1 M2
T/L g fd e/ 114
(Q7p ,p) 2 (27‘(’)4 k2 — M72 MI%V iy »)

< [ataete [ atye (w7 {4 @) )T O) } 1K)

ie? [ dk 1 M?2
D(a v — W 1
(@p.p) =5 /(27r)4 K2 — M2 M2, — k2 (5.15)

[ atacte [ atye ()| T {0,040 750 ) 0) } 1 0)
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Obviously only the vector component of J{f[;r contributes to T# and D. The definition of
BH(g;p/,p) is the same as in eq. (5.3), except that we adopt the form of 6L in eq. (5.11). An
important observation is that the two-point function depends on the generalized Compton
tensor TH (k; p’, p) as defined in eq. (3.10), which is exactly the same as that appeared in the
~W box diagram (except that here the Lorentz indices are contracted among themselves).

The original motivations for the OMS+WTI treatment of semi-leptonic beta decay form
factors are of three-fold. First, it provides a convenient framework to study the matching
between SM semileptonic beta decay and Fermi theory (i.e. the derivation of eq. (3.4)).
Second, for the electromagnetic radiative corrections to the form factor, all the In My -
enhanced terms are contained in the two-point function, so such a separation makes it
easy to discuss the large My, Mz behavior of the generic O(Gra) correction to the decay
rate [38]. Third, one observes that the three-point function would vanish if the vector
charged weak current is exactly conserved, i.e. (8,,J5‘j)v =0, and ¢* — 0. This is partic-
ularly important in superallowed beta decays of nuclei, because the three-point function
is then suppressed by ¢/M,m/M ~ 1073, where M is the nuclear mass, which makes it
completely negligible.

We argue that this formalism is equally useful in K;3. First, the most important pieces
in the O(Gpa) corrections, namely 0 F Ilé7n2 and [,y, are now collectively represented by
the momentum integral of a single hadronic quantity T"¥(k;p’,p). Therefore, through a
systematic non-perturbative study of the latter, one could go beyond the O(e?p?) result
in ChPT and sum up terms to all orders in the chiral power counting. Second, although
unlike the superallowed beta decay, the three-point function in Kj3 is not suppressed by
small scales, we are still able to calculate it order-by-oder in ChPT as we will demon-
strate in section 8, and we will find in certain channels that the unknown LECs in the
three-point functions have negligible impact on the decay rate. Therefore, the combined
OMS+WI+4+ChPT framework possesses both conceptual and practical advantages over the
pure ChPT framework, and thus is a better starting point.

6 Obtaining the large-logs and comparing with the pure EFT language

As the first application of the method, let us reproduce the short-distance logarithmic
factor which was first derived in ref. [38]. For simplicity, let us neglect the O(a;) pQCD
corrections. The key to study the asymptotic behavior is the following leading-twist, free-
field operator product expansion (OPE) for the generalized Compton tensor T+ (k;p', p)
at large and negative k? [39, 40]:

i

Sk = kg — kg = 2Qe Mo | (x(0)] Ty (0) K () (6.1)

= —1 in our convention. Eq. (6.1) can be obtained simply by taking the

™" (k;p',p) —

where 0123

expressions of the electroweak currents in eq. (2.1) and contracting a pair of quark fields
to obtain a massless quark propagator.
We can now split the two-point function in eq. (5.14) into two pieces:

2 d4k‘ 0 1 M2
SFY = _e/ 7T>\ ko v 2 My SFISH (] 6.2
K2 9 |> i (27()4 /\( P 7p) Oku k2 M‘%V 52 + Km?(u) ( )
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where [i is a scale above which the leading-twist, free-field OPE is valid (but at the same
time i < My, so a common educational guess is i = 2GeV), and:

2 d4k 9 (1 M
Fres,u _i w .

is the residual, non-asymptotic piece which is now ﬁ—dependent. Then, substituting the

expression in eq. (6.1) the |k| > i integral can be performed analytically:

62 d4k 8 1 ]\42 o ]\42
2 Tk == Fl . 6.4
2 Jipsp (2m)° k' p)ﬁk <k2 MZ, — k2> 8 <n i? ) (6.4)
Similarly, the vyW-box amplitude in eq. (3.9) can be split into two pieces:
Gpe d*k w7V (1 — v5)fyto 1 M2 ]
|:| = k res
w V2 Jiksp (2m)4 k2 k2 M2, — kQ (ks ', p) + Oy (1)
3 M2
= — |1 Dres ~ '
4w<”u )m” i () (6.5)

where we have again evaluated the integral in the first term analytically using the OPE

relation (6.1). Finally, one isolates the large-logarithmic term in the charged-lepton wave-
function renormalization in eq. (3.7) by writing:
a . My, 2

0Z;=——1In 0Z;(fa). 6.6

! i —+ () (6.6)

After these treatments, one can now write the total K;3 decay amplitude in eq. (3.6) as

M — 1—glnM5V—gnM3V 3a M2 Q M2 oMy
2r = MZ  8m [P A /ﬂ O fi2
GF — T I ~
=S L = 5 | 0T ) Pl + SFREAD) + 0Py | + O (1) (6.7)

3 /- Gp _ res res res [~
= Fiw(ﬂ)‘mo—\/iuﬂu(l—%)’/l[ 0Z1® () Frep + 0F3 (10 )+5FKW3] S (),

where
a. M2 Z

™

Sew (i) =1+ (6.8)

is the desired short-distance logarithmic factor. One observes that ng(M ») = SEW.

With the preparations above we are now able to compare the matching procedure of
physics at different scales in our formalism and in the usual ChPT formalism. Suppose §9
is the correction to the K;3 decay amplitude contributed from both the two-point function
and the vIWW-box, then we can always decompose it schematically as:

(07

Mo + 6N = My + = /d%%l(k) - + / d4k2A(k)
& ™ JIkl<@

Moy + / dRA(k)
T JIk|> R

w ()Mo + A(M)

ijw

= Sy + 2 [(m ]‘ZP) Mo + Aji )] (6.9)
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The two terms in the square bracket in the third line must add up to be fi-independent.
In the meantime, in a standard ChPT calculation of 690 up to O(e?p?), one obtains:

SIMEP* — :<1n Aﬂﬁf) g’ 42 [(m ]‘i) M+ AP (j )] (6.10)

where in fixed chiral order one is able to demonstrate explicitly that the terms in the square
bracket is indeed [i-independent (see, e.g. ref. [21]). The problem, however, comes from the
application of the result above to the master formula (1.6), which implies:

1 M,
Mo + My — S2y Mo + % [<ln u) M+ AP (ji )] (6.11)

The first term in the r.h.s. resums 9y to all order in chiral power counting, and that arises
naturally from eq. (1.6) due to the isolation of Sgw as a constant multiplicative factor.
51

In contrast, the terms in the square bracket goes into d4;. and are not resummed, unlike

those in eq. (6.9). Therefore, the existing ChPT treatment actually performs an incom-

2p?") terms from the two-point function and the yW-box. The

plete resummation of O(e
effects of these neglected terms are in principle embedded in the estimated universal 0.19%
uncertainty in ref. [17], but it is now clear that in our formalism this part is automatically
improved. The key is to study U,y and 5FI‘2W72 directly from their integral form, eq. (3.9)
and (5.14), without relying on chiral power expansion. Making use of a dispersion relation,

one may re-express the k-integrals not with respect to 7" but its discontinuity:*

WH (ks p) = ) (2m) 6" (k + p' — px) (x(0')] b X[ JGH0) K (), (6.12)
X

which consists of products of single-current on-shell matrix elements. With that one may
more easily identify the dominant intermediate states at different kinematical regions and
perform better matching on boundaries. One should, however, be aware of several extra
complications comparing to the case of neutron and superallowed beta decay [9]. For
instance, the tensor TH (k;p/,p) is highly non-forward, so one expects its corresponding
dispersion relation to be more involved. Detailed research along this direction will be
performed in a follow-up work.

7 Diagrammatic approach to the three-point function

To really make practical use of our new method, we must be able to calculate not just
Oyw, 5Fl’éﬂ72 but also the three-point function 6F[’ém3. The latter consists of time-ordered
products of three currents and it is more difficult to be studied in a completely non-
perturbative approach. Fortunately, since it is not short-distance-enhanced, one is able to
calculate it safely in an EFT. Below we describe a diagrammatic approach that permits
an order-by-order calculation of the three-point function. We shall begin with a generic
argument, and then apply it to Kj3.

4We display here only the right-hand discontinuity for illustration.
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Figure 4. Diagrammatic representation of iT# (or D). Grey boxes represent 1PI correlation
functions containing the insertion of J* (or 9,J%), i6L, or both, grey circles denote full single-
particle propagator, and dashed lines with black circle at the end depict the external momentum
insertion to the i6L vertex.

The general definition of a three-point function, as in eq. (5.10), consists of two terms.
To obtain the first term one needs to compute the quantity iT#(g;p’, p) based on its defi-
nition in eq. (5.3). From a simple analysis based on Wick’s theorem, one sees that iT* is
simply given by the three types of diagrams in figure 4, multiplied with the wavefunction
renormalization factor (Z4Zp)"/? due the on-shell external states A and B. In each dia-
gram, there is a momentum ¢ flowing out of the J* vertex, and a small external momentum
0q = q— q flowing into the 0L vertex. All these diagrams can be calculated using ordinary
Feynman rules. One also observes that the first two types of diagrams have a single-particle
pole in the § — ¢ limit whereas the third type does not. These poles are, however, exactly
canceled by those in iB*(g;p’, p), making iT*(q; p, p) pole-free. Such a cancellation can be
seen as follows: let us consider the first diagram in figure 4 as an example. We shall name
the one-particle-irreducible (1PI) correlation function due to the insertion of J# and 0L
as (Z4Zp)~ 2. Z"(p — G, p) and —iZgll“B(p’,p — q), respectively. They obviously satisfy
the following relations:

lim  FH(p—q,p)=F'(p—qp), lim Tp@p,p—q) =5Mp. (7.1)
(p—q)2—M?3 (p—0)2—M?3,

In fact one can be more specific about the form factor: if we parameterize ##(ps,p1) as:

FH(p2,p1) = F1 (93,0}, (p2 — 1)) o + Fo (p3, 0%, (02 — m1)?) Db (7.2)

where p1, po are generic off-shell momenta, then the on-shell form factor is simply defined
as:
F*(py,p1) = Fy (M, M3, (p2 — p1)*) i + Fo (M, M3, (p2 —p1)*) ps- (7.3)

On the other hand, the full propagator of the scalar particle B can be written as:

Se(p—1) = iZp

B L 7.4
p—q)?%— M3 74)

where “+...“ are the remaining, pole-free terms. Therefore, adding this diagram to the
first term of —iBH(q;p/,p) as in eq. (5.3) gives:

1

m [FB(p/7p -qQ)F"(p—q,p) — (5M]23F”(p - q‘,p)] + ... (7.5)

T (g;p',p) =
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which is obviously pole-free because the numerator vanishes as (p—q)? — M]23. The second
diagram in figure 4 follows the same argument, so we have proven that iT#(g;p’,p) is
pole-free.

To obtain the second term in the three-point function, one needs to similarly compute
the quantity D(q;p’,p) diagrammatically. Through its definition in eq. (5.8), it appears
to be exactly the same as iT*(g;p’,p) upon the replacement J*(z) — 9,J"(x) at the
latter; therefore the corresponding Feynman diagrams are also those in figure 4. However,
one would obtain erroneous results if one calculated it based on naive Feynman rules of
the operator 0,J% including the derivative. In fact, if one did so then one would obtain
D = q,T" which would invalidate the WI in eq. (5.7). Let us understand the origin of
this apparent paradox: in deriving eq. (5.7) one assumes the following definition of the
time-ordered product:

T[A(t)B(0)] = O(1)A(t)B(0) + ©(—t) B(0) A(t). (7.6)

Notice, however, that this is not necessarily the same time-ordered product as one calculates
using covariant perturbation theory (i.e. with ordinary Feynman rules), as the latter could
lead to extra additive terms proportional to §(¢) at the r.h.s. in order to maintain the
Lorentz covariance of the final result. Since T* is defined in covariant formalism, a more
rigorous way to write eq. (5.7) is as follows:

GiT" =i(D—q-B) — / d*ze' 5 (o) (B(p)| [J0(x), 6L(0)] |A(p)) + quidT",  (7.7)

where i6T" denotes the difference between i7" calculated with the covariant formalism
and with the definition (7.6); this term must be added to the commutator term to form a
complete, covariant two-point function §F}'.

Back to our discussion on D. We now know that the time-ordered product in D
is defined as in eq. (7.6), nevertheless there is still a way to calculate it using covariant
perturbation theory. The key is to realize that the discrepancy between these two methods
stems from the existence of derivative operator in 9, .J", which on the one hand picks up
the off-shellness of the intermediate-state momenta in the covariant formalism. On the
other hand, based on eq. (7.6) one could always insert a complete set of on-shell states
between the two operators, and now we are dealing with on-shell matrix elements of the
form (i| 9, JY(z) |j), which can be simplified using the equation of motion (EOM). Suppose
the current J#(x) satisfies the following EOM:

0, J" () = s(x) (7.8)

where s(z) is a scalar (or pseudo-scalar) current, then the identity (i|0,J"(x)|j) =
(7] s(z) |7) holds. Therefore one may first replace d,J” — s and then remove the com-
plete set of states. This is equivalent to rewriting D as:

D@ p) =i / diaeiT (B()| T {s(2)5£(0)} |A(p)) (7.9)
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Now since the derivative operator is removed, one could safely evaluate the expression
above with ordinary Feynman rules.

To end our generic discussion, let us demonstrate that the combination D — ¢ - B
appears in the three-point function is pole-free. Again we take the first diagram in figure 4
as an example. We name the 1PI correlation function due to the insertion of s(x) as
(ZAZp)~'?6(p — G,p). Then the following identity obviously holds due to EOM:

lim i&(p—¢q,p)= lim g F"(p—qp). (7.10)
(p—2)2— M3 (p-a)2—MZ

Therefore, combining with the first term of —q - B, we obtain:

D-g-B=——t—— [iCs(p.p— S — G.p) — SMEGF (p — G.p)] +... (7.11)
(p—q)?*— Mg
which is pole-free because the numerator vanishes as (p —q)? — M%. Hence we have shown
that the entire three-point function is indeed pole-free.

We shall now discuss the application of the generic method above in the calculation of
the three-point function of K;3 using ChPT, where there are a few details to be considered.
First: we notice that the electromagnetic perturbation Lagrangian d£ can be either local
or non-local. The local terms include the Z-dependent term in eq. (4.6) and the O(e?p?)
counterterms in eq. (4.11). The non-local terms, on the other hand, comes from one-loop
diagrams with virtual photons. The latter then possesses two vertices, and the external
momentum ¢ can flow into either one of them, provided that one divides each of such
diagram by 2. Next: we wish to calculate 5F;é7r73 to O(e?p?), consistent with the existing
ChPT result. Given that a meson propagator scales as O(p~?2), the requirement above
implies that one should calculate the 1PI correlation function with a (Jﬁj )v (or (8HJ{fJ W)
insertion to O(p?), that with an i6£ insertion to O(e?p?), and that with simultaneous
insertions of (J{/‘VT)V (or (8MJ{/{/T)V) and i6L to O(e?p?). The corresponding diagrams are
depicted in figure 5, 6 and 7. Third: to calculate D we need the EOM-simplified ChPT
representation of (GHJ{,‘J )v. It is a simple matter to show that its LO expression reads:

Ot vio = 22 (Qu ([ U1+ 1 01) ) (7.12)

And finally, we provide in appendix B a simple example to demonstrate all the steps in the
calculation of the three-point function, and show that it indeed adds up with the two-point
function to give the full 6F} .

8 Two-point and three-point functions of K7 form factors at O(e?p?)

We are now in the position to split the O(e?p?) ChPT corrections to FI’éﬂ in section 4 into
two-point and three-point functions. We shall do it in terms of the invariant functions
SFE™ e

SFE™(q?) = 0f£5(a%) + 0 fE5 (). (8.1)
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Figure 5. Feynman diagrams up to O(p*) for the 1PI correlation function with the (J{f; )v (or
(8NJ{}J )v) insertion. The grey crossed circle represents O(p*) counterterms.

Figure 6. Feynman diagrams up to O(e?p?) for the 1PI correlation function with the i6 £ insertion.
The black box represent the vertex proportional to Z whereas the grey crossed vertex represents
O(e?p?) counterterms.

Our results are as follows: for K l'g,

sy = 2 [y M} N BMj + MZ —¢*\ | My 11Mf +5MZ — 5¢°
+:2 16727 12 MF M3 2Mj
—4mV2a K7,
3MZ+ M2 —¢*\  MZ 15M% +5M2 — 542
557 = 0 [ (PR ) Al | BRI ZSE] )
162 M M2 2M%
P () = —— [Mfz( — M J”ﬂ [m M _ 5] Zo _ Mj [1 +In M%]
- 16v/27 M2 M2 2| 9yfan M2 — M2 12
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Figure 7. Feynman diagrams up to O(e?p?) for the 1PI correlation function with the simultaneous
insertion of (J{,‘J )v (or (5‘ng[; )v) and i0L. The black box represent the vertex proportional to Z
whereas the grey crossed vertex represents 0(62p2) counterterms.

S8nZa |1 - 3_
-2 [2hmo<q2>+hm-<q2>+thm?)}
Ao 2 8ra  M?
— 2KT + Kl + “K! + = KI, OKT + KI + = K!
ﬂ[ 3+ 4+3 5‘*‘3 6] \[Mg [ 3+ 4+3 5
2 2 2
M? 3M2 + M2 — ¢? M2 TM?% +5M2 — 5¢2
5f£(§7r0(q2>: o [—3111 £<+( KT o q >ln 12(_ KT r q }
’ 16v/2 M3, M2 2M}%
Za M? 3Za M?2
- 1+In—&| — [1 +1In }
421 [ 2 8v/ 21 2
8rZa [ M2 — M? + 3¢> M2 — M? - 3¢°
+ NG [ K 2 Krr(g?) + K& % Kin(q®)
3F2 ) ) 8TZakF? M3 — M},
=0 (H H Sdihainll ] — @y
+ 22 ( kx(q7) + Hiy(q )) ) % apQ + 22 PQ

_ 1- Ao
Kpo(¢*) + bpo—=h 2]+ [4K+2K+ KT+ K] 8.3
PQ(q°) Pqu PQ(q°) /2 3 4T 385 T 36 (8.3)

and for Kl%,
Kor— oy« M2 [(¢*—Mz—3M2\ M?2 5M12<+11M7%—5q2
Ofe2" (@) = 57 [l +< M2 n W 202 —8maki,
- 2 MZ-3M2\ . M? 5M 15M2 — 542
5F5 (@) = —— | (4 K ™ ) In % K DME T (8.4)
, 167 M2 M2 202
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0, a [MZ—M2—q? M2 5
SFY (¢?) = [K} [1 My 5

1- _
] —8nZ« [2hK+7ro (q2) +hgoq - (q2)

167 M2 M2 2
3_
+2hK+r](q2):|
5P (2 = - [31m %2+ = M —3MZ\ | M2 5Mj+7M; —5q?
-3 \4) = 760 112 M2 M2 202

 Za M2 M% — M2 — M3 — M?

3F2 M3 — Mg
+2—(HK7T( 2)+HK,,(q2))}—87TZaFOQZ (CPQ+dPQ2q2 ‘

_ 9 1 - 8T

xKpq(q )+qﬁdPQhPQ( 7°) +—5— (K5 +Kg). (8.5)

Each term above is UV-finite and scale-independent. Another interesting feature is that
the Z-dependent terms are totally contained in the three-point function.

We shall discuss the physical significance of the expressions above. First, we obtain an
EFT description of the two-point function 5FI’éW72 which depends on a poorly-constrained
LEC K75, however, we do not really need such an expression because we shall instead
study it in its integral form, eq. (5.14), which involves the generalized Compton tensor
TH” . All the hadronic subtleties of this term as well as the yW-box diagram which, in
the EFT description, depends on a few more poorly-constrained LECs {X;}, are fully
contained in the tensor T#”. At the same time, we also obtain an EFT description of the
three-point function 5FI’27T73 which depends on the LECs {K] };+12 and Lg, the former are
poorly-constrained. However, they receive no short-distance enhancement so there is less
ambiguity in their matching to UV-physics.

To end this section, we point out a particularly interesting feature in the K l% channel,
namely: the O(e?p?) counterterm contributions to the three-point function appear only in
of 5 g”f, which effect on the K l% decay rate is suppressed by the factor r; as we discussed in
section 2. Therefore, this channel possesses a significant practical advantage under our new
formalism over the traditional ChPT treatment, that at the order O(e?p?), instead of being
scattered among various LECs { K], X!}, almost all the radiative correction uncertainties
that go into the K l% decay rate come from the tensor T#”. The latter can then be studied
with the method outline at the end of section 6, which may lead to a better controlled
theoretical uncertainty, and consequently a more precise extraction of |V,|.

9 Conclusions

Existing standard treatments of K3 electroweak radiative corrections are based on ChPT
calculations: the short-distance effects are encoded in the universal factor Sgw, and the
long-distance electromagnetic effects are computed to O(e?p?). Within such a formalism,
the theory uncertainty to the radiative corrections range from 0.22% to 0.25% depending
on the actual decay channel. They come from (1) the neglected O(e?p*) terms which
contributes to a universal uncertainty of 0.19%, and (2) the associated uncertainties to the
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O(e?p?) LECs which range from 0.11% to 0.16%. The extracted value of V,s from these
results, combining with a recent update on V4, returns a 5o deviation of the first-row
CKM unitarity. This triggered us to consider alternative approaches which may further
reduce the uncertainties in electroweak radiative corrections in the Kj3 decays.

The new method we proposed is based on a hybridization of the current algebra formal-
ism by Sirlin in the late 70ties and the modern ChPT approach. Under this framework, all
the short-distance-enhanced terms in the K;3 radiative corrections are described collectively
by a single tensor T#, which could be studied using dispersion relations. Such a procedure
effectively resums an important subset of O(e?p?") terms to all orders, thus we expect the
existing 0.19% uncertainty from the neglected O(e?p*) terms in the ChPT calculation to
be significantly reduced. On the other hand, all the remaining, non-enhanced terms adopt
a ChPT description in our formalism. We point out in particular that these terms receive
only a minimal impact from the poorly-constrained LECs in the case of K 103’ therefore
the effect of their associated uncertainties will also be reduced. As a conclusion, although
further developments are still needed, we expect the new method to reduce the existing
uncertainty as much as by a factor 2 depending on the actual decay channel. This may
shed lights on various unanswered questions in kaon decay, including the 20 discrepancy
in the V5 extraction between K and Kj3.
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A Extra loop functions

In this appendix we define the extra loop functions {hpg, Kpg} needed to isolate the
O(e?p?) corrections to the K form factors from the chiral loops:

1

B M2 M2 o M2 _ q2 _

h 2y M2 o M2 M21 K K T J 2
K+7r0(q ) 647T2(M[2{ _Mg) I ™ Kk +Mzn Mg + 4q2 Kﬂ'(q )

B 1 r M2 MQ _ M2 _ q2 _

h B 2 — M2 . M2 M2 l K s K J 2
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2\ 2 2 2 K K n 2
hK+r](q ) - 647T2(Ml2( _ M2) Mn - MK + Mn In Mg:| + 4q2 JKU(q )
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Figure 8. The Feynman diagram for the calculation of ¢7* and D in appendix B.

Ricon () = 575 | ~Jacn(a®) + (M = M2)TR(0)]
Riconld®) = g0z [Trala®) + (& = MDIL o) (A1)

where Jpg(g?) is the standard mesonic loop function [24] and

. d
Troa®) =z rald’)
M2
[ Mp = MG - MgIn b 1
_ Q 4 |:q2 ~ M2+ M2
1672 (MZ — M3)? g2, M3, M3) @
Mé(Mg—Mé—&—qQ) M3 M3 — MQ—q
MEZoMZ M NaE gy Treld)
P Q Q ( y Py )
=(2 d -1
Tral0") = gy Trald’) = Topla’) (A2)

Here \(a,b,c) = a? + b% + ¢ — 2ab — 2bc — 2ca is the Killén function.

B An explicit example of the calculation of two- and three-point func-
tions

In this appendix, we use a simple example to demonstrate the steps to calculate the two-
point and three-point function within the framework of an EFT. We shall consider the
effect of the following 7° — 7 mixing counterterm due to short-distance electromagnetic

effects:

6L = €25,y0,m0"n° (B.1)
to the K E form factor. The answer is obvious from ordinary perturbation theory:

M2
51 H (p/ p) = \/>€2[/ T 6 (p +p/)'u. (B2)
+70 ) ™
K+ us [2 A [g
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Now we compute the quantities needed to evaluate the two-point and three-point
functions:

T (@srl ) = 1 [ et (2| T {4 @6LO)} K 0)
D@ dp) = i [ dlac™ ()| T {271 @ILO} KT (), (B3)

where one utilizes the ChPT representation of the charged weak current in eq. (4.8). Notice
also that there is no one-particle singularity in this case so the B* term does not exist. As we
discussed in section 7, there are two ways to calculate ¢T#: (1) using covariant perturbation
theory (see figure 8), and (2) using the definition of the time-ordered product in eq. (7.6);
the outcomes are named T} and ¢T3 respectively. On the other hand, one should calculate
D using covariant perturbation theory, but with the EOM-simplified version of GMJ{,‘J as
in eq. (7.12). The results are:

: 3 p-(p—2a y
vy 26 us n(p Q)2 Mg(p CI)

3
Ty = iT} — \/;621/; Sng" Pl

D = —’1:\/§€2V* 5 M (p—q) (B.4)
- 9 usvTn (p ) Mgp p—aq). .

In particular, the difference between 774" and 74" will later enter the two-point function.

The three-point function is therefore given by:

SFE, o .(p,p) = lim | —g O v i 2 p| = \Fe%/*a L2( +p )t —pt
K+t703 pb,p)= T—q Qv 3% 1 aq,u - 9 us¥mn M,% Mg pTp —-Pp :
(B.5)
Whereas, the two-point function is given by:
SFL s 0o (0p) = _3113317“ / a2 5 (o) (°(0)| [I802).5L(0)] | K )

+ﬁe2v; 500"y (B.6)

To compute the first term, one utilizes the canonical commutation relation for free real
scalar fields:

8(x0 — y0)[d(), ud(y)] = guii050* (@ — y). (B.7)
This gives:

3 * * 3 *
0F s 0P, p) = \/geQVu Srng"'pl + \/762‘/ Seng"pl = \/ge2Vus(5,mp’“. (B.8)

With this we have calculated both the two-point and three-point function, and they add
up to give the full result, eq. (B.2), as expected.
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