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We review and extend, in a self-contained way, the mathematical foundations of numerical simulation methods that
are based on the use of random states. The power and versatility of this simulation technology is illustrated by
calculations of physically relevant properties such as the density of states of large single particle systems, the specific
heat, current—current correlations, density—density correlations, and electron spin resonance spectra of many-body
systems. We explore a new field of applications of the random state technology by showing that it can be used to analyze
numerical simulations and experiments that aim to realize quantum supremacy on a noisy intermediate-scale quantum
processor. Additionally, we show that concepts of the random state technology prove useful in quantum information

theory.

1. Introduction

Random numbers are ubiquitous in computational and
theoretical physics. A prime example is random matrix
theory, whose application in physics emerged when Eugene
Wigner introduced the notion of random matrices to model
the nuclei of heavy atoms, explaining the level spacing in the
spectra of the nuclei.” In the meantime, random matrix
theory has found applications in many other fields such as
quantum chaos,” quantum optics,” and quantum comput-
ing, as well as in other disciplines of engineering and
finance.” In quantum statistical mechanics, a way to study
eigenstate thermalization is to introduce a small perturbation
in the form of a random matrix.®’ The resulting model is
assumed to be applicable to physical situations, in particular
to the study of equilibration of local observables.”®

In the past two decades, the concept of the so-called
canonical typicality has been developed.’!> In essence, the
idea is that the reduced density matrix of a system is a
thermal state if the state of the whole system is a pure state of
the overwhelming majority of wave functions, that is a
random state on the subspace defined by a small energy
interval containing the energy of the microcanonical
ensemble. Similar ideas appear in the works from Bocchieri
and Loinger,'® and Tasaki,'” who did not emphasize the
role of the random state though. Gemmer et al. studied the
process of equilibration of a two-level system coupled to a
special many-level bath and derived a rate equation for the
two levels by Hilbert space averaging.'® The derivation
implicitly uses the notion of the bath being in a pure random
state. The idea of the thermal pure quantum state formulation
of statistical mechanics was given in Refs. 19 and 20, some
elements of which were already contained in S. Lloyd’s Phd
thesis in 1988.2" This thesis was barely noticed in the
community of typicality until the relevant chapter was made
available on arXiv in 2013.2"

In the numerical-simulation arena, (pseudo-)random num-
bers are key to all Monte Carlo methods.??>">» The focus of
this paper is on the theory and application of a numerical
method for computing properties of quantum systems, based
on the use of a random state, which in essence is just a
collection of random amplitudes defining the state vector of
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the quantum system. We coin this numerical tool to calculate
various static and dynamic properties of quantum systems as
random state technology. In the literature, this technology is
also referred to as quantum dynamical typicality.>>2%

Calculating traces of square matrices is one of the basic
computational problems in quantum statistical physics. If
calculating each matrix element (i|X|i) fori = 1,..., D takes
O(D) arithmetic operations, computing Tr X = Zgl(ilei)
requires O(D?) arithmetic operations. In general, D is the
dimension of the Hilbert space containing the state vectors
describing the quantum system. D grows exponentially with
the system size; for instance, for a system of n qubits,
D =2". Random state technology makes calculations
feasible that would otherwise be out of reach with present-
day supercomputers because it changes the operation count
from O(D?) to O(D), a significant reduction if D is large.

To the best of our knowledge, the basic idea of the random
state technology is due to Alben et al., who used a random
phase vector to reduce the numerical work of calculating the
density of states (DOS) for a particle moving on a lattice.?”
Similar ideas have been used in the quantum transfer matrix
Monte Carlo Method,’” the estimation of the eigenvalue
spectrum (by calculating the moments of the distribution
of eigenvalues),3') the calculation of the DOS and other
properties of the Anderson model and of the spin-1/2
Heisenberg model,> and in the calculation of the
DOS*37 and linear response functions.>®*) A rigorous
justification of the working principle of the random state
technology and applications to the calculation of the
eigenvalues of very large matrices, the DOS, and static
properties of spin models were given by Hams and
De Raedt.*?

One area of applications for which the random state
technology proves very useful is the study of decoherence,
thermalization, and dissipation of a quantum system
interacting with a bath, that is an open quantum system.*>
A simple but approximate method to treat the dynamics of an
open quantum system is to use a master equation for the
reduced density matrix of the quantum system.*> A direct,
approximation-free simulation of a relatively large system
(quantum system + bath) becomes possible**% if we use
random state technology to represent the bath state by a
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Table I.

Overview of the combination of probability densities p(€) and amplitudes ¢;(€) that we consider in this paper. Columns four to six give the moments

that appear in Egs. (3) and (4). Columns seven and eight give the exact expressions (see Appendix A for the proof) of the average and the variance of

D(®|X|D)/(D|D), respectively.

Case p&) ci(®) E[|c]*] E[|c|*[2]] Ellc]] E[D<<$||§;»>] Var[Dg\‘)g?z}
D 1 —g? 5l 1 1 2 DTr XX —|Trx)>
A [T 5! Tt b DO+ DO+ Trx B e
B [T2, Leler & 5 L 2 Trx DTexC e
D ia, + . .
¢ (22) 75" b o = TrX TrXx' — Y2 [(ilx|i)]

projected random state, the so-called thermal pure quantum
state.!?”  Another important class of applications is
calculation of various static and dynamic properties, such
as the DOS, the specific heat, the diffusion constant, the
optical conductivity, etc., for systems such as the spin-1/2
Heisenberg model, 220D the Hubbard model, 0263 tight-
binding models of 2D materials, %7 etc.

For the efficient calculation of dynamic properties, the
random state technology has to be supplemented by an
efficient method for computing the result of applying the
time-evolution operator to the state vector. Methods most
often used are Suzuki-Trotter product formula algo-
rithms,®®%? the Chebyshev polynomial algorithm,”*"? a
Lanczos-iteration based method,”>’® and the Runge—Kutta
method.?”7>

The paper is structured as follows. In Sect. 2 we present an
extensive, rigorous analysis of the random state technology
using basic tools of calculus only. We derive general results
for the mean and variance for different random states, and use
Markov’s lemma to derive bounds. Then, we discuss various
applications of the random state technology such as the
calculation of the DOS (Sect. 3), the specific heat (Sect. 4),
current—current and density—density correlations, and elec-
tron spin resonance (ESR) spectra (Sect. 5). Sections 6 and 7
apply the ideas of the random state technology to analyze
numerical simulations and experiments that aim to establish
quantum supremacy on a noisy intermediate-scale quantum
processor’® and generalize a statement in quantum informa-
tion theory.””-”® Section 8 summarizes the material presented
in this paper.

2. Theoretical Background

The underlying idea of the random state approach is
that accurate approximations to Tr X may be obtained by
computing (®|X|®) with the pure state |®) defined by

D
|©) = > ¢li), (1)
j=1

where {|j)|j=1,...,D} denotes (any) complete set of
orthonormal basis states spanning the D-dimensional Hilbert
space and where the complex-valued amplitudes {c; =
cj(€);1j=1,...,D} are functions of complex-valued ran-
dom variables & = (£i,...,&p), ie., § = a; + ib; with real-
valued a; and b;, distributed according to a probability
density p(§). We denote the expectation and variance of a
random variable z = z(€) with respect to p(€) by E[z] and
Var[z] = E[z%] — E*[z], respectively. By construction, we
have E[1] = 1 and Var[1] = 0.

We focus on the case where p(€) = p(a;, b1,...,ap,bp) is
a symmetric function of the a’s and b’s, meaning that its
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value does not change if we interchange its arguments.
Furthermore, we impose the constraint that p(§) =
plai,by,...,ap,bp) is an even function of each of the a’s
and b’s and that both the real and imaginary part of
cj(é) = cj(ai, b1, ...,ap, bp) are odd functions of each of the
a’s and b’s. Exploiting these symmetries, it is easy to see that

E[cf] = E[¢j] = E[cicj] = E[c;"c]’f‘] =0, 2)
E[c}¢;] = 8 jEl|cil*] = 8;Ellcl*]. 3)
Elcicjcrc;] = (1 = 8:)[8;0k1 + 848, 1Elcil*|ci|*]
+ 84810k Elcil*]
= (1 = 8;)[8: 61 + 8;x8;1E[|cl*[C1*]

+ 814810k Ellcl "], €5
where we used the symmetries of p(€) to drop subscripts in
the argument of E[.] and introduced ¢ to keep track of the
fact that |c|*> and |¢|? correspond to two different random
variables &; and & with j # k.

In this paper, we limit the discussion to the random states
listed in Table 1. We refer to states generated by the methods
implied by Case A and B as Gaussian random states and
those generated by the method implied by Case C as random
phase states.”® Salient features of these random states are that
in practice they are easy to generate and that exact results for
their statistical properties can be derived. In Appendix D, we
present two different algorithms for Case A and show that the
Gaussian random state is drawn from a uniform distribution
on the D-dimensional sphere (Haar measure). The Gaussian
random state generated by Case B does not have this
property by itself; however, as we normalize the state vector
in most applications of quantum theory, Case B is very
similar to Case A. Generating the random phase state is close
to trivial.

In the following, we first prove general results using the
symmetries of the probability density only. Then, if no
further progress can be made, we use Table I to obtain
explicit expressions for the Cases A, B, and C. Using Eq. (3),
we find

D
E[(®IX|®)] = Y Elc/¢(ilX]j) = E[lcF1 TrX. (5)
ij=1
Evaluating Eq. (5) for the special case X =1 yields
E[|c|*] = E[{®|®)]/D. Using this to eliminate E[|c|*], we
have
_ DEK®|X|®)]

TrX = , 6
"X = Tl o) ©

which shows that the O(D?) computational effort of
evaluating the trace (see above) is replaced by the O(D)

©2021 The Author(s)
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effort of evaluating the matrix elements in Eq. (6) and the
estimation of the expectation values E[.].

A further, significant reduction of work is possible if we
can obtain accurate estimates of the averages in Eq. (6) by
using only one “realization” of the random vector €.
Therefore, in practice, we generate a random vector &,
construct the pure state |®), compute D(®|X|D)/(D|P) and
expect that

D(®|X|D)

TrX ~
(D)

(N

Markov’s lemma®” (see below) tells us that if the variance of
D(®|X|®)/(D|P) vanishes, the probability that D(®|X|D)/
(O|®) is equal to TrX approaches one. Therefore, in
order to assess the usefulness of the “one random state”
approximation, we have to compute the variance of
D(D|X|D)/(D|D).

In Appendix A, we derive the exact expressions for the
average and the variance of the right-hand side of Eq. (7).
These expressions are listed in the seventh and eight column
of Table I, respectively. From column seven, it follows
directly that on average D(®|X|D)/(®|®D) is equal to TrX.
Note that in Case A and B, the variance does not depend on
the choice of the basis, whereas in Case C, it does. Therefore,
in Case C, a proper choice (depending on X) of the basis may
help to reduce the variance.”

At this stage of the discussion, X can be any matrix with
entries of any size. In order to have a numerically meaningful
measure of the statistical fluctuations we define the relative
variance rVar by

a{%?éﬁ}

[D<<1>IXI<D>D
(D|®)
[D<<I>IX|¢>}
(D|D)
|Tr X|?
Clearly, Eq. (8) only makes sense if E[X] is not a small
number. If it is, we should take Var[X] as a measure for the

absolute statistical error. Let us consider the physically
relevant case where X = X' with real eigenvalues 1;,

D([X]|®)
W{<®®

e

8)

j=1,...,D. Then, for Cases A and B we have
v D(®|X|®)] DTrXX" —|TrX|?
rvar =
(D|D) (D + 1)|TrX|?

D D 2
Dy i - (D—l ZA,)
j=1 j=1
D 2
(D + 1)(0—1 Zz,»)
j=1

1 2=-7

D
DTy A
j=1

D 2
D(D—l Zx,»)
j=1

122

D’
where Af = D~ Z 1 /1J" denotes the average with respect to
the index j. The last factor in Eq. (9) is the relative mean
square deviation of the eigenvalues of X. If we assume
that this number does not increase faster than D+ 1, a
reasonable assumption for physically relevant problems, then
rVar[D(®|X|®)/(D|P)] vanishes as D — oco. Similarly, if
A2 /712 does not increase faster than D, then the left-hand side
of Eq. (10) vanishes as D — .

The vanishing of the relative variances as D — oo is the
key idea behind any successful, practical application of the
random state technology. Indeed, once it has been shown that
relative variances vanish as D — oo, for large D (which is a
very large number in most cases of interest) it suffices to use
only one realization of a random state |®) to obtain an
accurate estimate of Tr X, implying that the computational
burden has been reduced by a factor D. This can be shown by
the following argument. Appealing to a variant of Markov’s
inequality (Chebyshev’s inequality)®”

mn>><V““,

(10)

P(A —

€> 0, (11)
we see that if the variance of A is sufficiently small, the
probability that the value of this random variable deviates
from its average value will also be small. We use this basic
result in the form
D(D|X|D
P< 7< 11 >— TrX
(@|®)
< VarlD(Q[X|®)/{P|P)]
e2|Tr X|?
- D<<1>IX|¢>]
2
=¢ “rVar| ———|, ¢e¢>0.
[ (@[®)

> €|TrX|)

(12)

This shows that if (D Tr XX* — |Tr X|)/|Tr X|* (Case A and
B) or Tr XX /|Tr X|? (Case C) do not increase faster than D,
the probability that the right-hand side of Eq. (7), computed
from one realization of a random state, deviates from its
expectation value Tr X, vanishes as D increases.

It is instructive to estimate the expected error of using
Eq. (7) in a different, somewhat more general manner. Let us
multiply both sides of Eq. (7) by (®|®) and define

X = D(®|X|®) — (®|D) TrX.

Obviously, Eq. (6) implies E[X] =
deviation is given by

(13)

0. The mean square

R ©) Var[X] = E[|D(®[X|®) — (®|®) TrX|’].  (14)
D+1) . .
By straightforward application of Eqgs. (2)—(4) we find
and for Case C we have E[|(®|X|D)*]
v [D(<D|X|<I>):| < Trxx* D D
(®|®) |~ |TrXx|? = Elc}cjerey il X1 7)kIXI)*
ij=1kl=1
012001-3

©2021 The Author(s)



J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by Forschungszentrum Juelich GmbH on 01/19/21

J. Phys. Soc. Ipn. 90, 012001 (2021) Invited Review Papers F. Jin et al.
D D
= Ellcl’[C11 ) D 1816 + 8148:1CiIX 1) (kI X|1)* LDOSy (@) = (¥|6(w — H)I'¥)
i,j=1kil=1 oo
1 . .
D =3 e (Wle ™MW dr
+ (Bllel*] = 2ELIelPIED D _ilX1i) (i1 !
=1 1 * it i
- ~— Wle @Y gy, 18
= E[|c/?[¢P1(Tr XX + |TrX|?) ), ¢ (Ple™™|¥) (18)

D
+ (Ellc|"] = 2E[[cl*[1P]) Y I<ilX[i)[? (15)
i=1
E[(®]X|)(®|P)"]
D D
= > > Elejcjeict KilX1 )kl
i,j=1kl=1
= {(D = DE[[c|*[¢]*] + E[|c|*]} Tr X, (16)

and therefore
Var[X] = D’E[|[(®|X|®)|*] + E[[(®|®)|*]| Tr X|*
— 2DR(E[(®|X|D)(D|D)*] Tr X)
= D?E[|c/*|)1(Tr XX + |TrX|%)

D
+ D*(Ellel*] - 2E[|clP[eP]) Y Kil x|y
i=1

+ D(D — DE[|c*|e|*1|ITr X|* + DE[|c|*]|Tr X|?
- 2D(D — DE[|c[*[¢]*]|Tr X|*
— 2DE[|c|*Tr X|?
= D*E[|c]*|"1 Tr XX T
+ D(E[|c|*[¢]*] = E[|c|*DITr X|?

D
+ D*(E[[c|*] = 2E[|cl*[e1*]) Y (ilXli)*
i=1

(DTrXxX" —|TrX>)/(D+ 1), Case A

(DTrXX" —|TrX|*)/D, Case B a7

D
TrXX" = " [(ilx]i)P, Case C
i=1

where the last line follows by substituting the corresponding
values of E[|c|?], E[|c|*|€]|*], and E[|c|*], given in Table I.
Except for Case B where there is an irrelevant difference
(D + 1 instead of D) in the denominator, the final expressions
given by Eq. (17) agree with the exact expressions for the
variance given in Table I. Therefore, the expressions in
Eq. (17) for the mean square deviation Var[X] lead to the
same conclusion as the one obtained for the exact expressions
listed in Table I.

3. Application: Density of States

To our knowledge, the first application of the random state
technology was for the calculation of the DOS of an alloy.?”
In this section, we present a discussion of this kind of
application from a more general perspective. An example
implementation that can be used to reproduce the figures
presented in this section and to compute the DOS of many
other lattices is available online at Ref. 81. In the following,
we set i = 1 for convenience.

Given a state |¥'), the local density of states LDOSy(w) of
a system described by a Hamiltonian H is defined by
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where [—T, T denotes the relevant time interval (see below
for a criterion on how to choose T given H). In practice, T is
limited by the amount of computational work it takes to
calculate the matrix element in Eq. (18). If |¥) is taken to be
a random state |®), applying Eq. (5) yields,

+00

1 . )
E[LDOSy(@)] = o Ellc[’] / ¢ Tre ™ dr
T

—00

D

=E[lc[]) 8w — Ey)

n=1

= DE[|c|*IDOS(w), (19)
where DOS(w) = Zf:] 6(w — E,)/D is, by definition, the
density of states. For numerical work, problems with large D
are demanding, but by using the random state technology we
can reduce the computational burden by writing

1 +T ) )
DOS(w) ~ ————— [ (Dl |D)dt. 20
@)% g [ @@l @yd o)
In practice, we perform the integration over time in Eq. (18)

by means of the Discrete Fourier Transform (DFT). To this
end we rewrite Eq. (18) as

T = )
LDOS\p(kﬂ'/T) = ﬁ\] Z emjk/N<\P|g_WH|lP>

=N
= L DFT(wle iy @1)
22N ’
T N-1
DOS(kn/T) = —————— Y "N(®|e 7™ |®
(kz/T) QHNDE“C'Z]];V (®le™7|D)

DFT[(®e” 7 |®D)], (22)

"~ 2aNDE[|c|*]
where 7 = T/N 1is the time step at which we sample the
function (¥|e " |¥). Accordingly, we obtain DOS(w) at
frequencies w = kz/T for k = —N,...,N — 1. As before, we
see that the random state technology reduces the amount of
computational work from O(D?) to O(D).

In practice, the most efficient method to compute
(P|e~™|¥) for t=r,27,...,Nr is to solve the time-
dependent Schrodinger equation (TDSE)

; 9 =H 23

i~ 14) = Hlg), (23)
using a suitable method such as the Suzuki-—Trotter product
formula algorithm,®®%” the Chebyshev polynomial algo-
rithm,”%7® a Lanczos-iteration based method,”>’® or the
fourth-order Runge-Kutta method.?””’”> The values of
(¥|e”™|W¥) for t = —7,—21,...,—Nr are obtained by using
<1P|e+izH|\P> — (Tle_ilHl\P>*.

In numerical work, the matrix H is bounded. Denoting by
[|[H]|| the maximum absolute value of the eigenvalues of H
(i.e., the spectral norm or 2-norm of H), the function
LDOSy(w) = 0 if |w| > ||H||, that is this function is band

©2021 The Author(s)
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(Color online) DOS as a function of the frequency in units of the hopping constant v,,, = v [see Eq. (24)]. (a) One-dimensional chain with

D = 1000000 sites; (b) two-dimensional square lattice with D = 1000000 sites; (c) graphene lattice with D = 1080000 sites; (d) kagome lattice with
D = 1008200 sites. All lattices have periodic boundary conditions. In all cases, DOS(w) has been obtained with the random state technology Eq. (22), where
N =1000 and T = Nz with 7 = 0.8z/||H||,, and where ||H||; = 2v for the ring, ||H||; = 4v for the square and kagome lattices, and ||H||; = 3v for the
graphene lattice. The TDSE (23) is solved by using the second-order real-space product-formula algorithm® with a time step /5 [see Eq. (25)]. The source

code to reproduce this figure can be downloaded at Ref. 81.

limited. Then Nyquist’s sampling theorem tells us that we
should sample with a time step v < z/||H|| in order to cover
the full range of eigenvalues and avoid aliasing.’® As
7 = T/N, this means that the time interval should be chosen
such that 7' < Nz/||H||. Eigenvalues that differ by less than
7/ T cannot be resolved.

In summary, the number of samples 2N determines the
resolving power of the method, and the time interval 27 has
to satisfy 7 < Nz/||H|| to cover the full range of eigenvalues.
For many problems of interest, ||H|| is not known, but
it can be replaced by a bound such as ||H|| < ||H||, =
maxi<j<p Zﬁl |H;;| (i.e., the maximum absolute column
sum, which is closely related to the concept of the Gershgorin
disk®?) which is easy to compute.

We illustrate the application of the random state-based
technique by computing the DOS for a single particle
hopping on a one-dimensional ring, a square, a graphene, and
a kagome lattice. The Hamiltonian is given by

H= Z Unn(@ha, +h.c.) + Z W@,

(m,n) m

(24)

where a (a,) is the fermion creation (annihilation) operator
of a particle at site m (n), v,,, are the hopping integrals, and
w,, is an on-site potential. The sum over (m,n) is over all
nearest-neighbor bonds of the lattice with m < n. Note that
because of the restriction to a one-particle problem, it does
not matter whether we use fermion or boson operators.
Being a one-particle problem, we can compute all physical
properties if we can diagonalize the quadratic form defined
by the matrix V with elements v,,, + 6,,,w,,. In some cases
(see below), V can be diagonalized analytically for any size
or shape of the lattice. If that is not possible, we can
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diagonalize V numerically if its dimension is not too large, in
practice limiting this approach to matrices with a linear
dimension in the range 10000 to 100000. The random state
technology can handle (much) larger matrices.*?

The numerical procedure consists of three steps (see also
the demonstration available at Ref. 81):

1. Generate a Gaussian random state |®) = > c,al|0)

and a copy: |¥) = |D).
2. Use the first-order real-space Suzuki—Trotter formula

e~ U(F)

= [ expl=iTvm(aja, +h.c)]
(m.n)
X 1_[ expl—iTwnatanl,
m
to construct the second-order approximation U,(7) =
UT(7/2)U,(7/2). The order in which the matrix
exponentials in Eq. (25) appear can be chosen freely
but once chosen, this order has to be kept fixed. Solve
the TDSE by repeating |¥(r+ 7)) < (U2(7))'|¥ (1)),
where 7 = 7/l and with / > 1 controlling the accuracy
of the product formula approximation. During the time
stepping, at each time ¢ = 7,27, ..., Nz, store the values
f(©) = (@|¥) and f(—1) = f(D".
3. Compute the DFT of f(#)g(f) where g(¢) is a Gaussian
window function.
In Fig. 1, we present the (well-known) results for the DOS of
the four mentioned lattices with v,,, = v and w,, = 0, as
obtained by the above procedure.
For problems for which all eigenvalues of V are known in
analytical or numerical form, such as the examples for a
particle moving on one of the lattices considered above, there

68)

(25)
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Fig. 2. (Color online) DOS for square lattices of dimension D = L X L =
1000000 for which all the eigenvalues of V cannot be computed analytically
or by numerical diagonalization. (a) Anderson model with random energies
w,, drawn uniformly from [—-W,W]; (b) sinusoidal bond model with
anisotropic bond strengths v, = v sinQ(ﬂkx/ZL) and vy, = v wherex=1,...,
L — 1 enumerates the horizontal bonds of the square lattice (the case k = 2
corresponds to strong bonds in the center and weak bonds at the boundaries
and the case k = 500 corresponds to alternating weak and strong bonds with
a period of four sites). In all cases, DOS(w) has been obtained with the
random state technology Eq. (22), where N = 1000 (or N = 10000 if stated
in the legend) and T = Nz with = = 0.8z/||H||;, where ||H||; = 4v + |W]| for
the Anderson model and ||H||; = 4v for the sinusoidal bond model. The
TDSE (23) is solved by using the second-order real-space product-formula
algorithm® with a time step /5. The source code to reproduce this figure
can be downloaded at Ref. 81.

exist much more efficient methods to compute the (L)DOS
than the one based on solving the TDSE. For instance, simply
counting the number of times that the energies fall in bins
[E,E+ AE] gives the DOS in the form of a histogram.
However, the method based on random states in combination
with the solution of the TDSE excels when the calculation of
all the eigenvalues of H is prohibitive. We illustrate this point

by Fig. 2 where we present DOS results for the two-
dimensional Anderson model of localization and a square
lattice with rather exotic anisotropic hopping integrals.

4. Application: Quantum Statistical Physics

An important class of problems for which the random state
technology can be put to good use is the calculation of
thermal equilibrium averages of observables of a quantum
system, described in terms of its Hamiltonian H = H If
y=v" represents the matrix of such an observable, the task
is to compute

Tre Py Tre PH2yePH/2
Tre#H Tr e 1 ’

(¥) = (26)
where £ denotes the inverse temperature in units of 1/kg, and
we used the invariance of the trace under cyclic permutation
(TrAB = Tr BA) to bring (Y) into a form that is most suited
for the application of the random state technology. According
to the general recipe laid out in Sect. 2, the idea is to replace
the calculation of the traces by the calculation of only one
matrix element.

The first step in the procedure is to generate a random
state |®), by using for instance one of the methods given
in Appendix D. Next, we compute the so-called random
thermal state defined by

|Dp) = e P12 D), (27)

whereby it is implicitly understood that one has an efficient
and accurate algorithm to compute e #/2|®). In practice, the
Chebyshev polynomial representation of e ##/2 can be used
to compute, with close to optimal efficiency, e ##/2|®) to
almost machine precision.’®7%718%) The final computational
step is then to estimate the thermal equilibrium expectation
value according to

() = Tre M2y P2 (4| Y|Dy) _(®X|®)
Tr e FPH (Pp|Dp) (®)Z|®)°

where X = e PH/2yePH/2 and Z = ¢ P, As before, in order
to show that the replacement of the traces by single matrix
elements makes sense, one has to show that the variance of
the right-hand side of Eq. (28) is small. Because of the
presence of Z in the denominator, we are unable to calculate
the average or the variance of (®|X|®)/(D|Z|P) exactly,
except if =0 in which case the problem reduces to the
one treated in Sect. 2. Therefore, we have to resort to the
approximate treatment based on Egs. (B-1) and (B-2). To
calculate the first three terms in Eqgs. (B-1) and (B-2), we only
need

(28)

E[(®|X|®)] = E[|c|*] Tr X = E[|c|*] Tr e P2Y = E[|c|*] Tr ZY

E[(®|Z|®)] = E[|c|*] TrZ

D

E[(@]X|®)°] = E[|c/ [P I(Tr(ZY)* + (Tr ZY)?) + (Ellc|*] = 2E[lc[*[e*]) ) _(ilX[i)?

i=1

D
E[(®|Z|®)’] = E[|c|*[¢]*)(Tr Z> + (Tr 2)*) + (El|c|*] - 2E[|cl*[2]*]) D _(ilZli)?
i=1

D
E[(@[X|®)(®|Z|®)] = E[|c|’[¢]*)(Tr Z¥ Tr Z + Tr Z*Y) + (Ellc|*] = 2El[cl*[e1*]) Y_(ilX|i)(ilZli).

012001-6

(29)

i=1
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It is now straightforward to use the expressions for the moments given in Table I and obtain the expressions for the average
and variance of (®|X|®)/(®|Z|D). For example, in Case B we find

[<q>|X|<I>>] _Trzy TrZ%Y N TrZY TrZ?
(@Z|®) |~ TrZ (Trz)*> TrZ (TrZ)

_Trzy Trz® (TrZY TrZ?Y 30)
T TrZ  (Trz)? | TrZz TrZz2 |
and
(D|X|D) Trz> |Tr(zy)* _TrZYTrZ?Y (Trzy\’
Var i~ — + . 31)
(®Z|®) |  (Trz)* | TrZz? TrZ TrZ? TrZ

The absolute values of the contributions in the curly brackets are readily shown to be bounded by 2| Y|| [Eq. (30)] and 4] Y||?
[Eq. (31)]. In practice, we are only interested in observables Y for which ||Y|| = O(log D). Therefore, the magnitude of
correction [second term of Eq. (30)] to and the variance of the thermal average of Y are primarily determined by the factor

TrZ?/(TrZ)* = 1/D. As TrZ = Tre " = ¢7PFP) where F(p) is the free energy, we have, in general,

1 TrZz2
<

D~ (TrZz)?

= ¢ WFHFP) < 1

(32)

where the first inequality follows from applying the Schwarz inequality to the inner product Tr ATB. The second inequality
follows by writing Tr Z = Z,’?:l exp(—pE;), TrZ? = ZiDzl exp(—2pE;) and noting that

TrZ?

1

(Tr Z)Z = D D -
1+ (Z exp(—pBE; + Ej)) / (Z CXP(—ZﬂEi))

i#]

From the left-hand side of Egs. (32) and (33), it follows
immediately that F(2) > F(f). This is in concert with the
second law of thermodynamics. Furthermore, since the free
energy is an extensive quantity, TrZ?/(TrZ)*> vanishes
exponentially with increasing system size. If we assume that
[| Y]] is at most proportional to the system size then, using the
fact that the terms in the curly brackets are bounded and their
prefactors vanish exponentially with increasing system size,
the correction to the average and the variance itself vanish in
the same manner.

As FQ2p) =~ F(f) = E, for f — o0, Eq. (32) suggests that
the efficiency of the random state approach is lost when
p — . Indeed, when f — oo, the random thermal state
turns into the ground state |0) of H, that is lims_ o [Pp) —
|0), but we cannot recommend calculating the ground state
by projection with e /2 because for large f3, the efficiency
of this projection is inferior to that of the Lanczos method, for
instance.

It is instructive to illustrate these general features through
a very simple example. To this end, we compute
e PECH-FP) = Tr 72 /(TrZ)* for a system of N non-
interacting spins, described by the Hamiltonian H =
-Q Zil o° where o° is the z-component of the Pauli-spin
matrices, having eigenvalues +1. A simple calculation yields

Trz> _ (1+tanh® pQ\"

(Trz)y* ( 2 ) ’
which shows that e=22FZH-F(A) smoothly increases from
D' =27V to one when f increases from zero to infinity.
For f < 0, Eq. (34) vanishes exponentially with increasing
N.

In summary, the factor Tr Z2/(Tr Z)* determines the rate
at which the variance Eq. (31) vanishes with the system size
but this factor can, depending on the temperature 1/f, vary
from 1/D to close to one. In the latter case, the random state
technology loses its efficiency.

(34)

012001-7

<l (33)

i=1

4.1 Specific heat

In this section, we use the random state technology to
calculate the specific heat of frustrated and non-frustrated
spin-1/2, nearest-neighbor, antiferromagnetic Heisenberg
models. The Hamiltonian is defined by

H=-J)"S:-S;,
(i)

where S; = (57, S;V,Sf) is the spin-1/2 operator at the i-th
site, (i,j) refers to the nearest-neighbor sites on the lattice,
and J = —1 is the antiferromagnetic coupling. The specific
heat is calculated from the fluctuation of the energy, i.e., as
C= %ﬂz((H)2 — (H?)), where N is the number of lattice
sites.

Numerically, there are only two important operations
involved. The first is the preparation of the random thermal
state [projection on a random state, Eq. (27)] and the second
is the operation H|®g). There are several ways to do the
projection, e.g., by the power method,*” a product formula
algorithm, %) or the Chebyshev polynomial algorithm.”®"?
These methods only need storage for a few state vectors, and
the numerical errors are well under control. Another method,
widely used in the solid-state physics community, is the
finite-temperature Lanczos method.”® This method uses the
eigenvalues and eigenstates obtained from the standard
Lanczos method to calculate the matrix element of the
operator Y. It requires storage of wave functions proportional
to the Lanczos iteration order M and reproduces the results of
the high-temperature expansion up to order M. According to
the theory given in the previous section, the errors due to the
use of the random state are bounded (simply replace Y by H
or H?) and vanish as D — co.

Figure 3 shows the results for the specific heat for three
different lattices, namely, the square, triangular, and kagome
lattice. For all cases, the lattice size N = 36 and periodic
boundaries are used. For both triangular and kagome lattices,

(35)
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Fig. 3. (Color online) Specific heat for the square (triangles and pluses),

triangular (crosses and circles), and kagome (stars and squares) lattice with
N =36 spins. For each lattice, we show results obtained by using two
different seeds to generate the initial random state.

the shape of the lattice is a rhombus. Within the range of
temperatures covered, we clearly see that for the square and
triangular lattice, there is only one peak in the specific heat,
located around 7/J = 0.6 and 0.2, respectively. The specific
heat for the kagome lattice shows multiple peaks. The first
peak is around T/J = 0.6. The second peak is around
T/J = 0.1, shoulder-like and greatly reduced compared to
results obtained for system sizes less than N = 36 (data not
shown).

Our results are consistent with those obtained from exact
diagonalization,®®  finite-temperature  Lanczos method
(FTLM),3*87 and the transfer-matrix quantum Monte Carlo
methods.®® Shimokawa and Kawamura used the random
state technology to calculate the finite-temperature properties
of the antiferromagnetic Heisenberg model on the kagome
lattice up to size 36.3” Sugiura and Shimizu developed the
same method and demonstrated its use by calculating the
specific heat on the same model up to size 30.2” At even
lower temperatures, a third peak appears, see Ref. 86, in
which the finite-temperature Lanczos method was used to
calculate the thermal properties for a kagome lattice with up
to N = 42 spins.

As the temperature decreases further, the factor
Tr Z?/(Tr Z)* approaches one. The corresponding loss of
statistical accuracy can only be compensated for by averaging
over different realizations of the random states,*” see also
Appendix C. As this paper focuses on the basic principles of
the random state technology, we do not pursue the aspect of
averaging over different realizations of the random states here
and therefore, we do not calculate the specific heat for
T/J < 0.01. Instead, as an illustration, we also include in
Fig. 3 the results obtained by using different random states,
for temperatures down to 7//J = 0.1. Figure 3 shows that the
data for the kagome lattice, obtained using two different
initial random states, agree with each other up to 7/J = 0.1,
while the results for the other two lattices only agree up to
temperatures of about 7//J = 1. This can be understood as
follows. At sufficiently low temperatures, we have TrZ?/
(TrZ)? ~ (1 + e 2PE=E0) /(1 4 e PE=E)2 where E| — Ey
is the gap between the ground state and the first excited state.
The gaps for square, triangular, and kagome lattice with

012001-8

N = 36 sites are E} — Eg = 0.29, 0.34, and 0.01, respec-
tively. Therefore, for fixed N, the temperature at which
TrZ?/(TrZ)* approaches one (and the variance may
become large) is about 30 times higher for the square and
triangular lattice than for the kagome lattice. In other words,
if we want to compute temperature-dependent averages with
approximately the same accuracy and exp[—p(E; — Ey)]
becomes small, it is necessary to average over more than
one realization of the random state.

For extremely low temperatures, the specific heat can be
calculated through the exact low-lying eigenvalues which can
be obtained by several methods, such as Lanczos-based
algorithms®® and the Sakurai-Sugiura method.”” For
moderately low temperatures, Morita and Tohyama proposed
two algorithms improved from FTLM by utilizing the exact
low-lying eigenvalues and eigenvectors.’” The first so-called
replaced FTLM algorithm replaces the energies by the exact
low-lying energies in the FTLM. The second so-called
orthogonalized FTLM is to start the FTLM by random states
orthogonal to all the exact low-lying eigenvectors. The
effectiveness of these algorithms is illustrated by results for
the specific heat and structure factor for Kitaev—Heisenberg
models on kagome and triangular lattices for systems with up
to N = 36 spins. The second algorithm can be easily adapted
to the projection method used to calculate the specific heat in
the present paper.

5. Application: Quantum Dynamics

Random state technology can be used for the calculation
of the expectation value of time- or frequency dependent
observables as well. In this section, we illustrate this fact
by showing calculations of the current—current correlation,
density—density correlations, and ESR spectrum for spin-
1/2 models. For examples of the application of the random
state technology to the calculations of the dynamic properties
of 2D materials see Refs. 64 and 65.

5.1 Current—current correlation
In this subsection we focus on the current—current
autocorrelation function defined by

Tr e "j(1)j(0)
TrefH °
where j is the (problem-dependent) current and j(f) =
e™je=™ If we set Y = j()j(0), it is obvious that the random
state technology can be applied to calculate the current—
current correlation, Eq. (31) guaranteeing that the variance of
C(t) vanishes exponentially with increasing system size. In
numerical work, we introduce two auxiliary states

lp() = e e P12 | D), (37)
lp(t)) = e™™je P12 | D), (38)

and obtain the autocorrelation function C(f) by computing

_ {p0ljle®)
(Dl D)

As already mentioned, the action of the time evolution

c@) = (36)

C() (39)

operator e ' on a state vector can be computed by
algorithms such as the fourth-order Runge—Kutta
scheme,?’” the Suzuki-Trotter product formula algo-

rithm, %% and the Chebyshev polynomial algorithm.”%-7
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We take as an example the 1D spin-1/2 Heisenberg XXZ
ring defined by
+ ASFS?

i+1>

(40)

H==J) SiSLi+S'S},
L

where J = —1 sets the energy scale and A = 1.5 is the
anisotropy. From the lattice version of the continuity
equation, it follows that the spin current operator j is given
by

j= =Ty SIS - 8ISk @n

l

Spin transport properties can be obtained by Fourier trans-
form of the current—current correlation function.

Figure 4 shows the results of the current—current autocor-
relation function for two system sizes N = 37, 38 obtained by
using the random state technology. The Suzuki-Trotter
product formula algorithm®%” was used to compute the
time evolution of the two state vectors. For simplicity, we
choose = 0. The data for the two different system sizes
follow the same curve up to #J =~ 15 and then start to deviate
from each other. This suggests that the current—current
autocorrelation function shows strong finite size effects,
except for relatively short times. The data presented here are
in concert with earlier results.?”*** A way to alleviate this
effect is to apply the idea of numerical linked cluster
expansion, which allows the accurate estimation of C(f) for
much longer times.?>%%

5.2 Density—density correlation

The density—density correlation is intimately related to the
current—current correlation via the continuity equation but is
of interest by itself. It is defined by

Tr e ""n()n(0)

¢ = Tre?H °

(42)
where 7 is the density operator and n(¢) = e n(0)e=". We
only have to set Y = n(f)n(0) to see that also in the case of
the density—density correlation function, the random state
technology can safely be applied. Numerically we can
calculate this quantity by exactly the same technique as the
one used for the current—current correlation, namely from the
time evolution of two projected state vectors. For f = 0, we
can eliminate one of the time evolutions. For a local density
operator, it is always possible to find its square root, either
analytically or if necessary numerically. Then, it is
straightforward to show that

Tr /n(0)n(r)/n(0)
D

~ (@Y n(0)n()y/n(0)|P)
= (w()|nO)|y(0)),

where |y(f)) = e /n(0)|®) is an unnormalized state
vector. Note that if the density operator has negative
eigenvalues, the square root of this operator is obtained by
shifting the eigenvalues by the lowest eigenvalue, and the
above formula should be changed accordingly.

We illustrate the method by considering once more the
Heisenberg XXZ model Eq. (40). As the density operator, we
take the local occupation number n; = S7 + 1/2. Note that

Cc =

(43)
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Fig. 4. (Color online) Current—current autocorrelation function normalized

by the lattice size for the 1D XXZ model with A = 1.5 for system sizes
N = 37 (dashed line) and N = 38 (solid line).
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Fig. 5. (Color online) Density plot for the time evolution of the local
occupation number p; for the 1D XXZ model [see Eq. (40)] with A = 1.5
and N = 39.

/ni = n; here. The density—density correlation function at
p =0 is given by

Cw) = Trm@nep _ TrngpnOng,

D D
R A@|nppni(tngp|®) = (w@)|nly(®)) = pi/2,  (44)

where |y(1)) = e ™np | @), (w(t)|lw(n)) = 1/2, and p is the
expectation value of n; (after proper normalization of the
state vector). As only one time evolution of the state vector
[y (1)) is needed, using the same resources as in the case of
the current—current correlations allows us to simulate a
system with one extra spin, that is the 1D XXZ model with
N = 39 spins.

Figure 5 shows the results p;. The initial state produces a
peak in the center of the chain, i.e., poo = 1. As a function of
time, this peak then spreads over the neighbors and the
density profile shows a tendency to become stationary.
Within the maximum time #J = 30 shown, the profile does
not reach the boundary yet, indicating that up to this time
finite size effects are not yet relevant. It is clear that the width
of the profile develops slowly, which, in fact, fits well to a
square-root increase after an initial linear increase for short
time scales #J < 1. The data provides clear evidence for
diffusion in the integrable XXZ model with large anisotropy
A > 1. Our results agree with results obtained from time-
dependent density matrix renormalization group calcula-
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tions.”” Further detailed discussions about diffusion and data
for other models can be found in Refs. 58, 60, 61, and 63.

5.3 Electron spin resonance

According to linear response theory, the ESR signal is
related to the Fourier transform of the autocorrelation
function.”® The ESR signal averaged over a period 27 is
proportional to”®

1 (T Tre?HC@)
C((IJ) = ﬁ /:T w COS wt dt, (45)
where
1 . .
C =5 {e"M¥e ™ M*Y, (46)

and M* is the x-component of the total magnetization. We set
X(w) = e PH2Y(@)eP/? and Y(w) = 2 [T C(t) cos wi d.
Because Y(w) = YT (w) and X(w) = X'(w), we can use
Eq. (31) to show that the variance of C(w,T) vanishes
exponentially with increasing system size.

Again, we take the XXZ model as an example, except that
now we add an extra term to Eq. (40), given by H, =
—hY) ;S? to represent the external magnetic field. For
simplicity, we do not include the dipole—dipole interaction
term.”” The parameters are taken to be J = —1, A = 0.84,
and & =5 and we adopt open boundary conditions.

Figure 6 presents the results for the ESR spectra obtained
from simulating the given XXZ model up to times #J = 4096
for N = 30 and #J = 2048 for N = 32 and 34, respectively.
As the scale of the x-axis of Fig. 6 indicates, this particular
calculation requires a high resolution in the frequency
domain. Accordingly, we need simulation data for a very
large time interval, effectively limiting the system sizes we
can study within a reasonable amount of elapsed time.
Therefore, we computed data for system sizes N = 30,32, 34
and $ = 0 only.

As Fig. 6 shows, the ESR line shape clearly displays a
four-peak structure, which fits well to a sum of four
Lorentzians.!”” The separation between the two central
peaks seems to decrease as N increases from N = 30 to 34.
This may suggest that the central double-peak structure
disappears in the thermodynamic limit. However, on the basis
of numerical data, it is difficult to draw a definite conclusion
about the vanishing of the central double-peak structure. In
fact, this is a subtle issue and we refer the interested reader to
Refs. 101-103 for additional data on the size and temperature
dependence of the ESR line shape.

6. Application: Quantum Supremacy

Recently, Gaussian random states (see Table I, Case A)
found new applications in the field of quantum information
processing. In this rather long section, we scrutinize the
possibility of letting a universal quantum computer generate
Gaussian random states. We address the conceptual dif-
ferences of realizing such states on a conventional digital
computer and a hypothetical, universal quantum computer.
We also discuss the difficulties that arise in designing and
testing quantum circuits which are tailored to generate states
that exhibit features characteristic of Gaussian random states.

A demonstration that a programmable quantum device can
perform a (not necessarily useful) task which is out of reach
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Fig. 6. (Color online) ESR spectrum [see Eq. (45)] for N = 30 (stars),

N = 32 (squares), N = 34 (circles), and g = 0 for the 1D XXZ model given
by Eq. (40) with an additional term H,, = —h ), S? to represent the external
magnetic field. The inset shows the spectrum C(w) for 4.98 < w/J < 5.02.

for present-day and near-future supercomputers is called
quantum supremacy.*’%1% Assessing the potential of such a
quantum device involves performing a series of established
tests, so-called benchmarks. In this section and in Sect. 7, the
term “benchmarking” refers to measuring the quality of a
quantum information processor as a computing device by
comparing experimental data produced by the processor with
results obtained from (a computer simulation on a digital
computer of) the quantum theoretical model for the device.
More specifically, this section discusses benchmarking of
the Sycamore superconducting processor’® using the cross
entropy® (see Sect. 6.3) as a measure. In Sect. 7, we present
theoretical results related to the theory of randomized
benchmarking, %1% which involves averaging the fidelity””
of experiments performed with different, randomly chosen,
quantum circuits.

We start by giving an outline of the content of this section.
In Sect. 6.1, we analyze the general problem of sampling
from a probability distribution that is specified through the
amplitudes of a pure quantum state such as the Gaussian
random state of Table I, Case A. We compare the resources
that are needed to perform this sampling on a digital
computer and on the theoretical model of a quantum
computer. We also address the complexity of constructing
and validating quantum gate circuits that are designed to
generate states that exhibit features characteristic of Gaussian
random states.

Section 6.2 discusses general aspects of the recent
quantum supremacy experiment with the Sycamore super-
conducting processor.”® Section 6.3 introduces the measure,
the cross entropy, that is used to discriminate between
outcomes that are distributed uniformly over all possibilities
and outcomes reflecting the quantum gate sequence that the
device was instructed to carry out.

In Sect. 6.4, we use the maximum entropy method and
the knowledge of the measured cross entropy to establish
a relation between the theoretically expected probability
distribution and the unknown probability distribution that
describes the observed outcomes.
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In Sect. 6.5, we adopt the Gaussian random state (see
Table I, Case A) as the model of the theoretically expected
probability distribution. We show that, given a numerical
estimate of the cross entropy, the maximum entropy
method'?” yields a unique solution for the probability
distribution that describes the observed outcomes. This
solution indeed allows us to discriminate between a device
that generates outcomes reflecting the applied quantum gate
sequence and a device that produces uniformly distributed
outcomes.

Finally, in Sect. 6.6, we combine supercomputer simu-
lations with the experimental data produced by the Sycamore
superconducting processor’® to assess the claim that
quantum supremacy has been demonstrated.

6.1 Using a quantum computer to sample from a random
state

Up to this date, applications of the random state
technology employ digital computers to solve problems.
Obviously, for this purpose, we need to be able to store at
least one pure state |®) = ZjD:?)] ¢jlj) in the computer’s
memory. This means that the computer should have enough
memory to store the D complex numbers ¢;. A supercomputer
with 1 PiB (2°° bytes) of random access memory (RAM) can
store 2%¢ complex double-precision coefficients c;. Trans-
lating this into how many qubits (or S = 1/2 spins) we can
represent with such a large amount of RAM, we find the
disappointingly low number L = 46. Every time we add a
qubit to the system, we have to double the amount of
memory, just to be able to store the state |®). The required
amount of memory D = 2L grows exponentially with the
number of qubits L. Clearly, the cost of such a digital
computer, its power consumption, and its speed of operation
severely limit the number of quantum objects one is able to
study by application of the otherwise very efficient random
state technology.

Random states |®) that are drawn from the uniform
distribution on the 2D-dimensional unit sphere, Case A of
Table I, are not only very convenient for many applications
of the random state technology but, as shown in Sect. 7 and
will become clear later in this section, they are important for
the theory of randomized benchmarking of real quantum
processors too. Therefore, in this section, we limit the
discussion to random states that are drawn from the uniform
distribution on the 2D-dimensional unit sphere and, to
simplify the writing, will refer to such states as random states
in the following.

Applications of the random state technology generically
involve the calculation of

(X) = (P|X]|D), (47)

that is the expectation value of a matrix X for a random state
|®). Let us simplify the discussion by considering matrices X
which are diagonal with respect to the (computational) basis
states {|0),...,[D — 1)}, X|j) = x;|j). Using this, Eq. (47)
becomes

D-1
1
X)) = P ~ — .
X) =D _xlel ~ —3 . (48)
Jj=0 JjeTJ
were Jis a set of m < D states drawn with probability |c;
and we have used the law of large numbers®” to approximate

|2
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the exact expressions by a sum of m instead of D terms. The
problem of computing (X) has now been replaced by the
problem of sampling integers j with probabilities |cj|2 (recall
ZjD:f)l |cJ-|2 =1). The generic way for performing this
sampling on a digital computer is to compute the cumulative
probability distribution P(j) =Y "_, lci]* for all j=0,...,
D — 1, generate a uniform pseudo-random number 0 <
r < 1, and output the largest value of j for which P(j) < r.

Let us now ask ourselves how difficult, in terms of
memory and computation time, it is to compute and store the
cumulative probability distribution P(j). It may not be too far
off to assume that the total amount of storage available in the
world at this time is of the order of 10EiB (~ 2% bytes,
although it is not easy to find a reliable number). For a value
of D of that order, the calculation of P(j) needs to be
performed with 8-byte floating point arithmetic. This implies
that with 10EiB of storage, we may be able to store 2°°
values of the P(j)’s, the corresponding quantum system is
described in terms of 59 qubits.

Using the algorithm described in Appendix D.2, we can
generate cg,cy,...,cp—; independently. Thus, to fill the
table of P(j)’s, we can simply generate ¢; and set P(j) =
P(j—-1)+ |cj|2 for j running from 0 to D —1 [with
P(—1) =0]. This takes of the order of D floating-point
operations. To reduce the elapsed time, we may distribute
this calculation over many processors. Suppose that we can
really get exclusive access to the huge amount of storage
that our application needs, can we then sample from the
cumulative distribution P(j)? Disregarding the fact that this
storage is distributed over the whole world and access times
to memory locations may be relatively long, we probably can
because for a given random number r, we can find j by binary
search, that is in a number of steps that is proportional to L,
not to D = 2L, The upshot of these considerations is that the
limit on the value of D of the random state from which we
would like to sample is dictated by the amount of available
memory.

Can a gate-based quantum computer do better than a
digital computer in terms of problem size? According to the
mathematical model of gate-based quantum computing, the
state of an L-qubit quantum computer is described by a linear
superposition of the D = 2! computational basis states.!*®
As the state of the quantum computer changes, all D = 2%
coefficients change in parallel.'®® Thus, the mathematical
model of a quantum computer provides us with a machine
that exhibits an unprecedented level of intrinsic parallelism
and a tremendous amount of memory (with each additional
qubit, we double the amount of coefficients describing the
state). The relevant question then is “can we exploit these
features in practice?”.

Returning to the conceptually simple task of sampling
from a random state, with a quantum computer at our
disposal we would proceed as follows:

1. Design a gate circuit C, that is a sequence of unitary
operations,'!®® that changes the state |j = 0) into the
random state |®) = Zj':)l cilf)-

2. Apply C to the initial state |j = 0).

3. With the quantum computer in the state |®) =
ZjD:?)l ¢jlj), perform a measurement of all the qubits.

This measurement yields values g; = 0,1 for each of
the k=0,...,L— 1 qubits. The sequence of values
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qr-1---qo is called a bitstring and is equivalent to the
integer j = Zﬁ;& 2kgy, corresponding to the index of
the state [j) € {|0),...,|D — 1)}. By Born’s rule, the
probability for this event is given by |cj|2.

4. Store the m values of j, obtained by m repetitions of

steps 2 and 3, to form the set M.
5. Compute m~! Zje M X to obtain the desired approx-
imation to (X).
Note that designing such circuits C is by no means trivial, as
C should act on all D coefficients to create the random state.
To the best of our knowledge, there is no rigorous proof that
such circuits can be constructed with a depth polynomial in
the number of qubits. Instead, Boixo et al. constructed so-
called random circuits from single- and two-qubit gates.* For
those circuits which can be simulated numerically, they
demonstrated that they have a depth which grows poly-
nomially with the number of qubits and produce states that
yield the Porter—Thomas distribution, a direct consequence of
the state being a Gaussian random state.¥ We make the
plausible assumption that the length/depth of the circuit C
and the time it takes to measure all qubits are of order L, not
of order D. Then in the mathematical realm, the gate-based
quantum computer can sample from a random state of
dimension D, for values of D which are out of reach for a
digital computer. Memory is not an issue.
Although the mathematical model holds great promise
for very fast and very large computation, the technological
hurdles to build a quantum information processor that
realizes (part of) these promises seem enormous. In fact,
there still is a wide gap between the mathematical model
and its physical realizations. For instance, experiments with
publicly accessible quantum processors show that they are
not yet capable of reliably performing simple computa-
tional tasks such as adding two small integers.!”” More-
over, the performance of the current generation of gate-
based quantum information processors is adversely affected
by various sources of noise. For this reason, they are often
referred to as Noisy Intermediate-Scale Quantum (NISQ)
devices. The prospects of building a fully error-corrected
quantum processor with NISQ technology are rather dim.
Therefore, in order for quantum information processing to
become a practical reality on short terms, it is necessary
to
(1) characterize the performance of NISQ devices by a
well-defined procedure

(ii) develop algorithms for solving practically relevant,
nontrivial problems using these error-prone NISQ
devices.

The recent quantum supremacy expen’ment%) targets

point (i), not point (ii).

6.2  Quantum supremacy: General aspects

As mentioned earlier, current NISQ devices have difficul-
ties to perform, e.g., simple arithmetic operations. However,
because of their noisy operation, they excel at producing
“random” output. The latter feature may be put to good use to
demonstrate that a NISQ device can perform a computational
task which is prohibitive for state-of-the-art digital (super)-
computers. Such a demonstration is coined “quantum
supremacy”’. Quoting Boixo et al.: “we propose the task of
sampling from the output distribution of random quantum
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circuits as a demonstration of quantum supremacy”.” The
output distribution Boixo et al. have in mind corresponds to a
realization of a state drawn from the uniform distribution on
the 2D-dimensional unit sphere, Case A of Table I, that is a
random state. The Case A distribution is exceptional among
multidimensional distributions because for any D, many of its
properties can be studied analytically through closed form
expressions. For instance, one can show [see the derivation of
Eq. (A-11)] that the exact expression for probability density
p(z) of “the probability z = |c.,<|2 to observe the bitstring j”
is given by p(z) = (D — 1)(1 —2)P~% [see Eq. (A-11) in
Appendix A]. For large D, p(z) ~ e7P%, a result which is
often referred to as the Porter—Thomas law.!!9)

Referring to item 1 in Sect. 6.1, the first step is to design
circuits C that perform the desired task. To this end, Boixo
et al. use what they call a “random circuit”, denoted by R
in the following, These R’s are specifically designed to
generate states that are close to random states. Heuristics
and simulation are used to guide the construction of the
R’s. 476110 Boixo et al. have constructed a large number of
such R’s.+70)

The quantum supremacy demonstration
different components:

(a) Design of a random circuit R, operating on L qubits,
for which the output distribution is known through
simulation of the same (or approximately the same)
circuit on a digital computer.

(b) A real quantum processor that can execute the random
circuit R and can produce a set of measured bitstrings
M.

(¢) A measure for the relation between the set of observed
bitstrings and the random circuit executed on the ideal
quantum computer.

(d) An error model to account for the NISQ character of the
quantum processor and a procedure to extrapolate the
results to values of L that cannot be simulated by a state-
of-the-art digital computer.

Regarding (b), recall that simulating an L-qubit circuit C
on a digital computer requires resources of the order D. At
the time of writing, this prohibits the simulation (with an
accuracy of 10 digits or better) of a universal quantum
computer with L > 45.11? Therefore, merely executing C on
a real quantum processor having say, L = 53 qubits, is a
trivial kind of “quantum supremacy”’. One has to demonstrate
that the output distribution is indeed the one expected for the
circuit C. In principle, this requires taking of the order of
S X D samples where S is the number of repetitions (say of
the order of § = 10000) required to estimate each |cj|2 with
sufficient statistical accuracy. Obviously, for large L (even for
L = 45), this sampling task is prohibitive, even with a noise-
free quantum computer. Therefore, in order to proceed, one
has to be less demanding and feel content with showing
that the measured set of bitstrings M complies with the
hypothesis that these bitstrings are samples drawn from the
distribution corresponding to R. This then requires the
specification of one or more measures for the correlation, as
mentioned in item (c), which is the topic of the following
subsection. Item (d) is essential for the interpretation of the
data produced in the quantum supremacy experiment’® but is
outside the scope of this paper.

479 has four
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6.3 Cross entropy

Consider an ideal quantum computer with L qubits
executing a gate circuit U represented by a unitary matrix
U. This quantum computer generates states labeled by j =
0,...,D —1 (D = 2) with probabilities py(j). Assume that
we have a physical realization of the quantum computer. As
discussed above, currently only NISQ devices are able to
execute the gate circuit U. This physical device produces
bitstrings j with a-priori unknown probabilities denoted by
pv(j). We denote the collection of bitstrings (represented by
integers) generated by this device by J = {ji,...,jn} Where
each j, € {0,...,D — 1}. The key question is now

To what extent are the probability distributions py
and py similar?

If we had enough data to build a histogram that approximates
pv and we knew py, we could resort to standard statistical
tests for comparing the two distributions.?¥ However, even
for small L (say L = 20, D = 2L = 1048576), a large number
of bitstrings (say m > 100D) is required in order to estimate
the histogram with some confidence, rendering this approach
useless for practical purposes if L is large. Boixo et al.¥)
proposed to circumvent this “sampling problem” by using the
Cross entropy,
D-1

C(V,U) = =) pv(i)log pul,
j=0

(49)

as a measure for the difference between the observed (py)
and expected (py) distribution of bitstrings. Note that the
cross entropy C(V,U) is closely related to the Kullback—
Leibler divergence D(V. U) = 374 py(j) loglpv(j)/pu( ).
ie., C(V,U)=S(V)+D(V,U), where SV) =
- ZJD:BI pv((j)log py(j) is the Shannon entropy. By invoking
the central limit theorem, Boixo et al. use the sample average

1
cy=——) logpuy()),

o8
of the elements in the set 7 (i.e., the m bitstrings generated by
the device) to approximate the sum over all j in Eq. (49). This
circumvents the problem of not being able, in practice,
to collect enough data to estimate all the py(j)’s. For
completeness, we mention that the recent quantum suprem-
acy demonstration used, in addition to Eq. (49), also the
“linearized” cross entropy L(V,U) = ZjDz_ol pv(HNDpy(j) —
)& (1/m) Y ;(Dpy(j) = 1).7° For the purpose of dis-
cussing the ideas behind these recent quantum supremacy
experiments, it does not seem to matter if one uses C(V, U)
or L(V, U).”® Therefore, in the remainder of this section, we
only consider the cross entropy C(V, U).

For a fixed py,cy is a positive number, obtained by
computing the cross entropy Eq. (50) using a data set of
bitstrings 7, generated by a device. The key question can
now be reformulated as

(50)

Given py and the numerical value cy > 0,

what can be said about the unknown distribution py?

In order to make a statement, one has to adopt a model. In the
next subsection we appeal to the principle of maximum
entropy, a recipe to obtain a probability distribution with
specified averages of functions of variables (and nothing else)
and which otherwise is as uniform as possible.!?”

012001-13

6.4 Maximum entropy method
We follow Jaynes (Ref. 107, Sect. 11.6) and search for the
extrema of
D-1

1
F= Z[—pm) log pv(j) + l(ﬁv(j) - D)

=0

+u(pvii)logpu(j) + %’)} (51)

where the Lagrange multipliers A and u account for the con-
straints Z;Vzlpv(j) =1 and cy=-(1/m) Zjejlogpy(j),
respectively. There is only one extremum, namely the
maximum of F.'? Hence, we solve the problem of
maximizing the first term in Eq. (51) which is the entropy
(or Shannon information), subject to the named constraints.
The solution for the maximum is given by py(j) =

exp(d+p — 1+ plogpy(j)). Using the named constraints

we find exp(l — A — p) = ZjD:_ol py(j) and

) etlogpru()) i)
(i) = 5o =2 (52)
et logru()) PZ(])
We can find p by solving
D-1 D-1
- Y piilogpu() = cu Y pii). (53)
Jj=0 j=0

In summary, if we combine the knowledge that the cross
entropy C(V,U) = cy with the principle of maximum
entropy, there is a definitive relation between the known
probabilities py(j) and the unknown probabilities py(j) from
which the samples J are drawn. Given the value of ¢y and
probabilities py(j)’s the maximally non-committal proba-
bility distribution is given by Eq. (52) with p being the
solution of Eq. (53). Phrased differently, there are many more
probabilities to be assigned than there are constraints (the
normalization and the value of c¢y/) and the maximum entropy
principle yields the broadest distribution that is compatible
with these constraints. Therefore Eq. (52) may be viewed as a
minimally prejudiced assignment complying with the named
constraints.

Assume that an experiment with a device yields a value of
cy for which the solution of Eq. (53) yields p# = 1, Then,
from Eq. (52), it follows that py(j) = py(j). In other words,
excluding all other knowledge we might have, the principle
of maximum entropy suggests (but not guarantees) that the
device is working properly, meaning that it generates
bitstrings according to the probabilities py(j) that corre-
spond to the circuit U. Similarly, if the device produces a
value of ¢y for which the solution of Eq. (53) yields 4 = 0,
the principle of maximum entropy suggests (but not
guarantees) that py(j) = 1/D, that is the states are sampled
from a uniform superposition of basis states (see Case C in
Table 1).

Up to this point, the discussion has been entirely general,
independent of a particular choice of the gate sequence U.
Clearly, in combination with the maximum entropy principle,
the cross entropy estimate Eq. (50) is a useful measure for the
correspondence between the observed bitstrings 7 produced
by a quantum device and the ideal gate sequence U that one
would like this device to carry out.
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6.5 Quantum supremacy: Theory

A key advantage of using the cross entropy is that it can be
estimated without having to perform a prohibitively large
number of measurements. To be useful, the only requirement
is that py(j) is known, through simulation on a digital
computer’®!12113) or through a model that can be treated
analytically. For an arbitrary sequence U, memory require-
ments limit the calculation of the py(j)’s to less than
50 qubits (D < 2°°) on current supercomputers.’®!'? To
demonstrate that a quantum processor can perform a task
which cannot be performed by a digital computer, one has to
resort to circuits U for which the cumulative probability
distribution cannot be determined analytically and is not
amenable to computation by a digital computer.

It is instructive to first consider the case in which the
circuit E generates a set of bitstrings £ for the uniform
superposition state by applying a Hadamard gate to each
qubit,'® that is Case C of Table I (with all ;’s equal to zero)
for which pg(j) = 1/D and, from Eq. (50), cg = log D. Then
Eq. (53) is an identity for arbitrary u and Eq. (52) yields
pv(j) = pe(j) = 1/D. Thus, assuming the device to work
properly, the circuit E is expected to generate m bitstrings £
for which cg = log D (up to statistical fluctuations).

Next, we consider somewhat less trivial states, namely
those that are distributed uniformly on the 2D-dimensional
unit sphere. These are the states A of Table I that are at the
heart of the random state technology. In the recent quantum
supremacy experiment,76) the quantum processor executes a
so-called random circuit R and produces sets of bitstrings R
for each instance of the circuit R. The basic idea is that the
state produced by R is an instance of the uniform distribution
on the 2D-dimensional unit sphere. Each sample R of m
bitstrings carries a “fingerprint” of the particular circuit R
that produced these bitstrings. In symbols, for a particular
random circuit R, the state of the ideal quantum computer
executing R reads |Wg) = ZjDz_Ol zjlj) where (z1,...,2p-1) is
a sample drawn from a uniform distribution over the 2D-
dimensional unit sphere. However, if we assume that the
state generated by such a circuit is indeed an instance of
the uniform random state |®), we can use random state
technology to explore its features analytically.

In the remainder of this subsection, we consider the case
that the quantum processor executes the circuit R without
producing any error and that the resulting state seems to have
been drawn from the uniform distribution over the 2D-

dimensional unit sphere. The first issue to address is whether,
for the application to cross-entropy benchmarking, we can
obtain accurate estimates from one realization of the state |®)
if D is large. It follows by calculation (see Appendix A) that

bl 7’ —-9 1
Var ZPR(j) logpr()) | = Y, + O(ﬁ)’ (54)

j=0
such that also in the case of random sampling from |®), we
can expect an accurate estimate of the entropy from one
realization (if D is large). Similarly, it follows that for large
D, the variance of the difference between entropy and its
estimate computed from the set R having J elements is given
by

D D-1 2
E (7 > pr(i)logpr(j) = Y pr(j) longm)

JER j=0

— 2 _
_ 1-J/D [ﬂ 9 (55)

J 3

where y =~ 0.577 is Euler’s constant. As logD =~ 0.69L,
Eq. (55) shows that if J>> L%, any subset R will yield an
estimate of the entropy which, on average, will be an accurate
approximation to the entropy — ZjD:] Pr(j)log pr(j).

Finally, we consider the solution of the maximum entropy
problem Eq. (53). According to Eq. (54), if D is large, we
may replace the calculation based on one realization of the
random state by the average over all equivalent random
states. This amounts to performing integrals over multi-
dimensional Gaussians, which is straightforward. It then
follows from Eq. (A-12) that we have to find the value of u
that satisfies the equation

+ (logD +y— 2)2i|,

cg = log D — PolyGamma(0, + 1), ¢>0. (56)

The function PolyGamma(0,u + 1) is the logarithmic
derivative  of the Gamma  function, that is
PolyGamma(0, ¢ + 1) = I"(u + 1)/T'(u + 1). This function
is monotonically increasing function for x> —1 with a
divergence at —1, negative for —1 < pu < 0.46163, and
positive for u > 0.46164. For large u, we have
PolyGamma(0, 4 + 1) = log u + 1/2u + O(1/u?).  There-
fore, Eq. (56) has a unique solution for u.

Instead of solving Eq. (56) for u, it is easier to compute,
for a chosen value of y, the difference between the value of
cg = log D of the uniform distribution pg(j) = 1/D and the
theoretical value cg given by Eq. (56). We find

0, u = 0 « uniform distribution over all D states

CE+}/—CR= 1,

3/2, p=2

In the next subsection, we use the analytical results of this
subsection to interpret the experimental results of a recent
quantum supremacy experiment.76)

6.6 Quantum supremacy: Experiment and simulation

In this subsection, we scrutinize the results for the cross
entropy, obtained by combining the bitstrings M produced
by the 53-qubit Sycamore superconducting processor’® and
probabilities pg(j) calculated with the universal quantum
computer simulator JUQCS-E.!2-11¥

012001-14

# =1 < uniform distribution on the 2D-dimensional unit sphere.

(57)

For a given quantum circuit R, designed to generate a
random state, JUQCS-E!'? executes R and computes the
probability distribution pg(j) for each quantum state j €
{0,...,D—1}. JUQCS-E also computes the cumulative
distribution function Pg(k) = Zf:o pr(j) and samples states
from this distribution, yielding a set of bitstrings R. All these
calculations are numerically exact (up to at least 10 digits). A
feature of JUQCS-E, not documented in Ref. 112, allows the
user to specify a set M of m bitstrings for which JUQCS-E

calculates pg(j) for all j € M. The latter feature allows us to
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compute the estimate —(1/m) ZJEM log pr(j) for the cross
entropy.
Following the methodology for cross-entropy benchmark-

ing,*’® the quantities of interest are
D-1
agr = cp+y—cg=1logD+y+ Y pr(j)logpr(j), (58)
=0
1 .
agx=logD+y+— Y logpr(j), (59)
m

jex
where XY=R, M, &, and R and M are sets of bitstrings
generated by JUQCS-E and by the Sycamore processor,’®
respectively. £ is a set of bitstrings sampled from the uniform
distribution [pg(j) = 1/D]. From the theoretical model
presented in Sect. 6.5, it follows that ag o4 = 0 if a quantum
processor produces bitstrings that are distributed uniformly.
The larger the value of ag u, the more likely it is that the
quantum processor has been sampling from the correct
distribution. In this sense, the uniform distribution corre-
sponding to ag ¢ &~ O provides a baseline for the assessment
of the quality of a NISQ device.

If m is sufficiently large (m = 500000 for the experimental
data sets’?), we may expect that ag g & agg. If the circuit R
produces a genuine random state, averaging over all such R’s
yields (agrr)r = 1, see Eq. (57). Note that the last term in
Eq. (58) [Eq. (59)] is equal to minus the cross entropy
C(R,R) [C(R, X)].

In Table II, we present results for the a’s defined by
Eqgs. (58) and (59). Most of these results were included in the
original report on the quantum supremacy experiment.’®
Note that if we use Eq. (5§5) to estimate the standard
deviation of ag y we find that for m = 500000 samples, the
standard deviation is about 0.0014. The second and third
column show that the results produced by JUQCS-E are in
excellent agreement with the theoretical prediction Eq. (57)
for p=1. Recall that the latter has been obtained by
averaging over all states distributed uniformly over the 2D-
dimensional unit sphere whereas the former is obtained from
a simulation with a single instance of the random circuits
which have been “engineered”’® to generate instances of
such a state. The fact that ag g & 1 may suggest, but is not a
proof, that the circuit R, executed by JUQCS-E, produces a
random state of the type A (see Table I). In the fourth column
we present the results obtained by using the sets of bitstrings
M measured in the recent quantum supremacy experiment.’®
The fifth column shows two results for ag i, obtained by
using the JUQCS-E data for pg(j), computed for cir-
cuit 39[b], and the experimental data generated by circuits
39[c] and 39[d], respectively. The s obtained by replacing
the measured bitstrings M by bitstrings £ sampled from
a uniform distribution are given in the sixth column of
Table II.

The numerical results presented in Table II can be
summarized as follows:

(1) For L =39,42,43, the experimental bitstrings yield
values of ag u( in the range 0.018-0.038 (column four).
The value of ag ¢ decreases exponentially as the
number of qubits L increases (analysis not shown, see
Ref. 76).

(ii) The values of |ag ¢| (column six) are at least one order of
magnitude smaller than those of |ag r¢| (column four).
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Table II. Results for the a’s (directly related to the cross entropies)
defined by Egs. (58) and (59). The probabilities pg(j) for the circuit R have
been obtained by JUQCS-E.''"” The corresponding sets of m = 500000
bitstrings M have been obtained from experiments.”® In the first column,
the letter in brackets identifies the instance of the different random circuits R
used in the experiments.”® The results obtained by using the circuit 39[b]
and the measured data generated by the circuit indicated in the corresponding
row are listed as a3o;5) . R: pseudo-random circuit; R: sampled states,
obtained by executing R on the simulator JUQCS-E; M: sampled states,
produced by the Sycamore processor executing R;’® &: states sampled from a
uniform distribution.

qubits[circuit ID] ARR ARR AR M A39[b], M age
30[a] 1.0000  0.9997 0.0708 0.0026
39[a] 1.0000  0.9992  0.0281 —0.0003
39[b] 1.0000  1.0002  0.0350 0.0006
39[c] 1.0000 0.9996 0.0351 -0.0013 0.0034
39[d] 1.0000  0.9999 0.0375 —0.0007 0.0036
42[a] 1.0000  0.9998  0.0287 —0.0024
42[b] 1.0000  1.0027  0.0254 0.0014
43[a] 1.0000 1.0013 0.0182 —0.0010

(iii) Replacing bitstrings produced by the experiment
implementing circuit 39[b] by bitstrings M generated
by an experiment performing a different circuit R =
39[c], 39[d] yields values of |a3z9p 01| (column five).
They are at least one order of magnitude smaller than
those of |ag | (column four).

On the basis of (i) alone, it seems that there is little evidence

in support of the hypothesis that the states of the set M have

been sampled from the distribution that is characteristic for
the circuit R. In fact, one might even be tempted to conclude
that the Sycamore processor executing circuit R samples
bitstrings from a uniform distribution. However, even though
the numerical values of az ¢ are small, they are still
significantly larger than the values of agrg obtained by

sampling from the uniform distribution, see (ii).

We can make this tentative conclusion more quantitative
by using the model derived by the maximum entropy method
and by performing a hypothesis test. First, given a value of
cg, the solution of Eq. (56) is unique. Therefore, ag = 0
implies that p ~ 0. From Eq. (52) it then follows that

pv(j) = 1/D. Second, following Jaynes (Ref. 107,
Sect. 9.11), we consider the expression
D-1 ",
wx = n~10g<—’.> >0, (60)
. jzzo ! mpx(J)

where n; is the number of times a bitstring j has been
observed in m repetitions of the experiment and we have
omitted constants that are irrelevant for the present purpose.
The larger the value of yy, the less weight the hypothesis X
has relative to any alternative hypothesis belonging to the
same Bernoulli class (represented by probabilities for the
bitstrings that are independent and stationary).'°” Thus,
according to this hypothesis test, the data gives more weight
to hypothesis R than to hypothesis E if wg > wg. From
Eq. (60), we have wg —wg < agp —y. Therefore, we
should opt for hypothesis R if ag_1( > 7, an inequality which
is obviously not supported by the data (since ag = 0).
Note that this test does not rule out that there are other, better
hypotheses than the two, E and R, that we have considered.
At any rate, on the basis of the values of ag s alone, we
should conclude that the processor is more likely to execute E
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than R. However, this conclusion is premature because the
preceding analysis focuses on the sampling and hypothesized
distributions without taking into account what the circuit R
actually does when it is executed by Sycamore processor.

According to (ii), feeding JUQCS-E with the bitstrings &,
generated on a digital computer using a uniform distribution,
does not support the latter conclusion. Indeed, the values of
|ag el (column six) are at least one order of magnitude
smaller than those of |ag (| (column four). Furthermore,
from (iii) it follows that the |agap|’s of bitstrings M’
produced by another circuit R" are also much smaller than
those obtained by using bitstrings M produced by circuit R.
This observation strongly suggests that the bitstrings M
produced by the Sycamore processor carry a definite (albeit
weak) signature of the circuit R that was used to generate
bitstrings M. An important missing element in the above
analysis is mentioned in (d) above in Sect. 6.2, namely the
fact that the NISQ processor is error-prone. In fact, these
errors are substantial.”® For a detailed discussion of the
analysis that incorporates an error model, see Ref. 76.

To refute a claim that quantum supremacy has been
demonstrated, the relevant question is then “for each R, can
we construct an approximation that uses only a (non-
exponential) fraction of the D-dimensional Hilbert space
and yields values of ag n¢ similar to those shown in Table II.
A recent paper suggests that the answer to this question may
be affirmative although the results presented in that paper do
not refute quantum supremacy yet.''> By restricting state
vectors of the quantum computer to a class of matrix-product
states, the paper shows that it is possible to generate states
that carry signatures (expressed through fidelities rather than
cross entropies) of the generating circuit with quality similar
to those observed in the quantum supremacy experiments.’®
However, using an approximation based on matrix-product
states allows computation on a digital computer at a cost that
does not increase exponentially with the number of qubits.'!>
Clearly, the last word about a quantum processor surpassing
the power of a digital computer for a specific computational
task has not been said yet.

7. Application: Quantum Information Theory

It has become common practice to characterize NISQ
devices through what is called randomized benchmark-
ing.!95199) In essence, randomized benchmarking character-
izes a quantum processor in terms of averages over many
different (random) instances of sequences of gates.

In this section, we use elements of the random state
technology to address some theoretical aspects of character-
izing NISQ devices through randomized benchmarking. The
result will be a generalization of a well-known formula for
the average fidelity’””’® to non-trace-preserving quantum
operations.

Let p and o denote the density matrices describing the state
of the mathematical idealization of a quantum processor and
of a real device, respectively. The fidelity defined by''®

2

F(p.0) = (Trv/\/poyp) 1)
is a measure of the difference between the density matrices p
and o. In the case that p = |y){y| is a pure state, we have
p=wyl, Jp=p= p?, and the fidelity simplifies to the
overlap, that is F(p, 6) = (ylo|y).

012001-16

A mathematically convenient way to discuss the result of a
sequence of quantum gate operations applied to the initial
state |y) is through the language of linear maps and quantum
operations.*>!%® In short, a quantum operation transforms an
initial density matrix p as p' = E(p) = ), EapEl where the
E, are the so-called operation elements (also known as Kraus
operators; not to be confused with gate operations).!%®) The
number of different E,’s is at most D?.'°® In general,
p = E(p) defines a completely positive map*>!%® which need
not be trace-preserving, meaning that Tr ) E'E, may be
less than one.**'%) In the special case that & is trace-
preserving, we have Tr &(p) = Trp = 1.

In this language, an ideal quantum gate operation
corresponding to a unitary matrix U is described by the
map Eq(p) = UpU'. We imagine that a real quantum device,
prepared in a pure state p = |y)(y|, actually carries out a
slightly different operation denoted by the linear map Ex.(p).
We consider the quantum operation &(p) = Exe(E5'(p)) =
E(UTpU). If the device’s implementation of U was perfect,
the operation £ would be equal to the identity operation. The
fidelity of the operation is given by

F(p,&(p)) = (WIE(w){wDlw).

Clearly, the fidelity in Eq. (62) is a numerical measure for
how well a quantum processor performs the gate sequence
represented by the unitary matrix U. If the fidelity is equal to
one (or zero), the quantum processor is performing perfectly
(or producing output that has no relation to U).

Instead of estimating the fidelities of NISQ devices for a
collection of different states |y), randomized benchmarking
is motivated by drawing a sample of |y)’s from a uniform
distribution on the unit sphere and computing the average
over the fidelity in Eq. (62),

(62)

Fusl) = [CIEQ) Wblv) de (©3)
where the integral in Eq. (63) is over all pure states or,
equivalently, over all points on the surface of a unit sphere of
dimension 2D. These integrals can be evaluated by the same
method that we have used before. Writing |y) = ZjD:I cilj)
[see Eq. (1)], we have

D D
Fod€) = 3002 3 GUEMDEm) [ ercionde

a jk=1Ilm=1

D D
=22 D GIERUEIm)EL  ercienl. (64)
a jk=11lm=1
where the integral is over all complex-valued ¢’s such that
ZJD:] c;cj=1. Using Eq. (4) and the results given in the
first row of Table I, we have E[c;‘ckc;‘cm] = (0jk01m +
O;mOr1)/D(D + 1), and Eq. (64) becomes

< ITrE,)*+ TrELE,
Fae(8) = Xa: DD+ 1)

D*Fen(E) + Y TrE}Eq

- DD+ 1) ’ (65)

where Fep(€) =), |Tr Eq|*/D? is the so-called entangle-

ment fidelity.!%!17) In the case that £ is trace preserving we
have Y, Tr E{E, = D and Eq. (65) reduces to''®
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DF () + 1

Favg(g): D+1

(66)
The relation Eq. (65) generalizes an earlier result’”-’® to the
case of non-trace-preserving quantum operations and also
yields simple expressions for the average and entanglement
fidelity in terms of the operation elements E,.

8. Final Remarks

As mentioned in the introduction, for several decades many
scientists have used random states in their simulation work. In
this paper, we have presented a systematic and rigorous
analysis of the mathematical foundation of the random state
technology as it is being used in numerical simulation.
Applications of this technology in areas of quantum statistical
physics, quantum dynamics, and quantum information
processing have been given, with the primary aim to illustrate
the power and versatility of the random state technology.
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Appendix A: Some Useful Integrals

We first consider the Gaussian random states listed in the
first two rows of Table I. Since the expressions of interest
involve averages of (®|X|®)/(®|D) only, both choices for
¢j(€) yield the same expressions for (@|X|P)/(P@|P). In
other words, the exact expressions to be derived apply to both
choices of ¢;(&). Some of the integrals used below can also be
found in Ref. 120.

Using the symmetries of the probability densities and
the fact that both the real and imaginary part of c;(€) =
cj(ay,by,...,ap,bp) are odd functions of each of the a’s
and b’s, we have

- D
In essence, the random state technology as applied in the Z crei(ilX|j)
numerical simulation arena reduces the computational burden (@IX|D) | | ij=1
from O(D?) to O(D), where D is the dimension of the Hilbert E (d|®) |~ E D
space used to describe the quantum system. For such Zc;‘ci
applications, there are rigorous bounds on the errors and L=l
statistical fluctuations that result from the use of random [ cier T
=E Tr X
states. D
We have also shown how the random state technology ZC?Ci
can help to analyze numerical simulations and experiments L =1
that aim for establishing quantum supremacy on a NISQ M &7é T
=E TrX, (A-1)
processor, as well as to prove a statement for non-trace- D
preserving maps in quantum information theory. Z &éi
In view of the computational power, flexibility and L =1 -
versatility of the random state technology and the fact that and
it is based on solid principles, we may expect to see many
new applications in the near future.
giéi L[ a% + b% —(@2+b3+aP+b 4t ad +b2)
El =222 | = — ayroytayth; 4*%) day dby - - - dan db
D P J_o a%+b%+a%+b%+---+aé+b%e aram 4D oD
Z 5,‘ 51’
i=1
L / / / " f T R0 R dQy dQop» (A-2)
7TD Sy JSap_nr JO 0 r2+R2
Using fS dQ, = 2z"/?/T(p/2) and making the change of variables r = xcos § and R = xsin 6, we obtain
»
* 4 0 prr/2
E St = 2P 1e™% cos? 0sin®P 3 O dx do
o | Trro-nlty Jo
D &
i=1
_ 4 rero-0 (* py o, IOy 1 (A3)
T -1) 4TD+1) Jy " I+1) D’

where we used the identity [ 2 cos?P~1 9sin2~' 9dH = T(p)T'(q)/2T(p + ¢) and made the substitution y = x2.

Similarly, we have

2
(cier)

D 2
*

E C; Ci

i=1

(G905

D 2
(}j&a)
i=1

(a2 + b3)?

1 + 00
_nD/_co (@ +D+a}+ b3+ +ah+ b))
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— (2 2 2 24 ... 2 2
e (ay+bi+as+bs+-+ap+bp) dal db] . 'dal) dbD
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L f / / " / " Le_(r2+R2)rR2D_3 drdR dQ, dQap_»
7l Js, Jspo Jo Jo P2+ R2)?
4 2 2 2 5 2D-3 2
= 7/ f X271 cos® Osin?P P Odxdf = ————, (A-4)
raoro-nJt, Jo DD + 1)
and
ciacier 7 _ &858
D 2 D 2
<Z c;‘ci) <Z 5?5:’)
i=1 i=1
- L / N it bz)(a2 +6) e @D A a0, o db - - dap dby
P w(a2+b2+a2+b2 +aD+b)2

2D-5 —(r2+sz+R2)
r2(1)1“(0 2)/ / / (r2+52 e e dxdydz

/2 pr/2
3 -3 : 5 2D-5 n 2D—1 —x*
= cos” ¢ sin” ¢ sin” 6 cos Ox e dxdld
FZ(I)F(D -2) /0 /o /0 / / ’
1

— _, A-5
DD+ 1) (A-5)
from which it follows that
2 2
TrXX" + |TrX
‘ _Tr + |TrX| (A-6)
(D|D) DD+ 1)
Combining Egs. (A-1), (A-3), and (A-6), we obtain the exact expressions
D{D|X|®
[ (@I >} mex
(®[D)
D{(®|X|D DTrxX' —|TrX|?
v [D(@IXI®)] _ DTrxx’ - [TrX] A
(®|D) D+ 1)

In the case of the random phase state (Case C in Table 1), (®|®) = 1 by construction. Then, from Eq. (5), it follows directly
that E[D(®|X|D)/(®|D)] = Tr X. Using Eq. (17), (®|P) = 1, and the expressions for the moments given in the third line of
Table I we find

D
= TrXx" =Y |GIX)P = Z(l = &I GIXIR. (A-8)

j=1 Jk=1

Var[D(@X@)]
(o|@)

Note that unlike in the case of the Gaussian random states, for the random phase state the variance depends on the choice of the
basis states {[j)|j=1,...,D}.

Given a real number z, we may ask for the probability density p(z|D) that the j-th basis state occurs with probability
p(j) = z. For a given random state, we have p(j) = (a; + b7)/(a} + bi + --- + ap, + b,). By symmetry, all basis states are
equivalent and it suffices to consider only j = 1, for instance. Because 0 < p(j) < 1 we have p(z|D) =0ifz < 0 or z > 1. For
0 <z <1 we can use the same tricks as before and by some elementary algebra we obtain

2
-+ ap + by

271'271’D 1 2 2
—-r=/2 —R*/2 d R2N—3 dR
(z,z)D - 1)/ / ( r2+R2> ¢ ra

27 27P1 2 32 —y2
(2;;)041“(0—1)[ /(, ( x+y>yD e 2 dxdy

aj+bf
p(Z|D)=/5 Z_a2+b2+ 5 play,by,...,ap,bp)day ---dbp
: 2o

N 2% ro-0J, (1- z)2 ey
= i (=P =@~ (1 -2 (A9)
More generally, we can ask for the probability density that p(j),...,p(jr) (all j°s different from each other) take the values
21, ..., 2k, respectively. A calculation similar to the one used to obtain Eq. (A-9) yields for 1 < k < D
PG 22s . ulD) = (D= 1D =2)- (D= k)(1 =z — 29 — -+ - — )P ~*!
XO(z1): - O@)O( —z1 =22 — -+ = %). (A-10)
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Table B-1.

Expressions for the various terms that appear in Eqs. (B-1) and (B-2), corresponding to the combination of probabilities P(€) and amplitudes c;(€)

listed in Table 1. We use the shorthand x = D(®|X|®) and y = (®|D). The last two columns show the result of keeping the first three terms in the expansions

Eqgs. (B-1) and (B-2).

Ely] El[x] E[xy] cov[x,y] Var[y] Var[x] E[%] Var(3]
DTrXX —|TrX| DTrXX —|TrX|
1 TrX TrX 0 0 rTllr\ TrX r D+]| rX|
1 TrX blry STrx L Trxx' TrX DITEXX~{Te X
1 TrX TrX 0 0 Trxx" — 32, 1(ilX]i)|? TrX Trxx" — 0, 1GIX]i))?

The results of Egs. (A-3), (A 4), and (A- 5) are now readily
obtained by calculating fo dzzp(z|D), fo dz 7’ p(z|D), and
fo dz z122p(21, 22| D), respectively.

If D is large and zD is not, we have

p@D) = (D - 1)(1 - P2

DAL
~ D(l - —Z> ~ e P2
D

which is known as Porter—Thomas distribution.!'?) Note that
for evaluating averages over the unit hypersphere there is no
advantage of using the (approximate) Porter—Thomas dis-
tribution in place of the exact distribution Eq. (A-9).

With Egs. (A-9) and (A-10), it is straightforward to
compute the averages, denoted by (.), over all random states
|®). In general, we have (F(p(]))) = fo dz F(2)p(z| D),

(F(p()G(p(k # ) = [y [ dz1 dza F(z1)G(z2)p(z122| D),
etc. Specifically we have

(A-11)

D-1
> (P logp(j))
=0
D—1
pTAO)
j=0
= PolyGamma(0, D + u) — PolyGamma(0, u + 1)
D—-o
~ log D — PolyGamma(0, u + 1)
logD + v, u=20
=1qlogD+y—-1, u=1, (A-12)

logD+y—-3/2, u=2
where y is Euler’s constant. For large D, we have
((p()log p(j)*) = (p(j)log p(j))?
72/3 4+ (log D +y)> —4(logD +y) + 1

1
- +0(5),

(A-13)

Appendix B: Approximate Treatment

The presence of the fraction in Eq. (7) makes it difficult to
derive a generally valid expression for the average and the
variance. However, generally valid approximations can be
obtained through the use of the multivariate Taylor expansion
for the average

o
y

E[y]
and a similar expansion for the variance

_ Elwy] - EE[]
E*[y]

E[x]Var[y]
E*[y]

(B-1)
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v |:x:| _ Var[x] E[x](E[xy] — E[x]E[y])
ar|= | % —— - 3
y E“[y] E’[y]
E?[x]Var[y]
- el B2
E*[y] 2

where, x and y can be any functions of the random variables
&

In Sect. 2, we give explicit expression for the expectation
values of x, y, etc., in terms of the moments that are listed in
Table I. Table B-I summarizes the results of the calculations.
It directly follows that up to the three terms of the expansions
shown in Eq. (B-1), E[x/y] = Tr X, for each of the choices
listed in Table I and that the expressions for the variances
agree with those given by Eq. (17).

Appendix C: Sampling over Random States

In the main text, we focus on the calculation of the
trace by using only one random state. Here we consider
the case that further averaging over R > 1 different random
states is necessary to produce results with good statistics.
This is necessary for small systems or at very low
temperature.

We assume that samples of pairs of variables (x;,y;) for
i=1,...,R have been obtained from different independent
realizations of a random variable €. Obviously, for i # j,
E[x;y;] = E[x;]E[y;] = E[x]E[y] = pxu, and the correlation
vanishes. For i = j, E[x;y;] # E[x]E[y] = u.u,, i.e., there can
be a non-zero correlation because x; and y; are obtained from
the same realization of the random variable €. Furthermore,
E[x}] = E[x*] and E[y;] = E[y’].

There are two ways to average over the R samples,?%’¥
namely
1 R Xi
Ml=-S"% (€1
R i=1 Vi
or
R
»
M2= = (€2)

Before we use Egs. (B:-1) and (B-2) to analyze the mean
and variance for the two different ways of computing
the average of the R samples, we first recall the well-
known formulas for the ensemble mean and variance. We
have
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'1 R ] 1 &
E E;xi = E;E[xi] = pr, (C3)
'1 R ] 1 &
E| = i| =) Elvl=puy, C-4
R | = g 2B =k (C4)
(1 & ] &\ 1T&, 1 & )
Var E;xi =E E;xi —u;=E ﬁ;xi+ﬁ;xixj — W
1 £ 2 1 X 2 1 2 R-1 2 2
= —ZZE[xi]JrFZE[x,»x,»]—ﬂx = B+ —— B’ - 1}
i=1 i
_ E[x?] - ’u% _ Var[x] , (C5)
R R
1 & Var[y]
Var| — = , C-6
ar[ R;y} R (C-6)
1T & 1 1 & 1E 1 & 1 &
1 & 1 & 1 R-1
= E[ﬁ iny,- + ;xm} — Hapty = Z Elxyl + ——EIELY] - oty
i= i#j
Cov[xy]
= c7
R (C7)
Therefore, for the first way of averaging Eq. (C-1), we have
E E — E[x]E E[x]V
EWI]:E[{] o Elxl_ Elwl ! [x]E[y] [x]3 ar[y]
vl EDl E-[y] E-[y]
Var[f]
Var[M1] = — =1 (C-8)
R
whereas for the second way of averaging Eq. (C-2), we obtain
>
~ Yy
R = E[x] 1 E[xy]—E[x]E[y] 1 E[x]Var[y]
EM2] =E| —=L | 20— T e
1 Ely] R E-[y] R E’[y]
R - Vi
1 R
Yy
Var[M2] = Var| —=
1 .
R - Vi
Var[{:|
_ IVarlx] 1 E[x](E[xy] - EIxJE[y]) 1 E*[x]Var[y] _ y (C-9)
TREN R E3[y] R E'y] R

Comparing Eqgs. (C-8) and (C.9), it is clear that the variances
show the same 1/R dependence (as usual for independent
samples). However, the presence of the factor 1/R in the
second and third term of the expression for the mean
Eq. (C-9) obtained using Eq. (C-2) implies that these
correction terms vanish as R — oo, unlike in the case the
mean Eq. (C-8) is computed according to Eq. (C-1). In other
words, if possible, we should use Eq. (C-2) to compute the
average of independent realizations of the random states.

012001-20

Appendix D: Numerical Methods for Uniformly Picking
Points from the Unit Sphere

D.1  Muller’s method
Muller’s method'?? for generating a vector x that is
distributed uniformly on the 2D-dimensional unit sphere
consists of the following steps:
1. Using the Box—Muller method?® to generate D pairs of
real-valued pseudo-random numbers with a normal
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(Gaussian) distribution and use these pairs to assign
values to the elements of x.
2. Compute the Euclidean norm ||x|| of x and replace x by
x/|Ix]I.
We now show that this procedure indeed generates points
that are distributed uniformly over the 2D-dimensional unit
sphere.

Specifying an unnormalized vector in the D-dimensional
Hilbert space requires 2D real numbers. In this subsection,
we simplify the notation by introducing the symbol d = 2D.
We start from the normalized Gaussian distribution

2

PO Xa) = e, (D)
and write it in spherical coordinates
Xx; =rcosfsinb,sinfs---sinb,;_;
X, = rsinf; sinf, sinfs - --sinG,_,
X3 = rcos@,sinfs ---sinf,_;
X4 = rcosfs---sinfy_
Xg_1 = rcos @y, sin b,
Xg = rcosf,_1, (D-2)

where 0 < 0; <27, 0 < 60; < 7 for j> 1, and the condition
X4+ 5 = r? is automatically satisfied. The Jacobian |J|
of this transformation reads!??

IJ] = r?'sin?26,_; sin? 3 6,_, - - - sin 0, (D-3)
and we have

p(r701’°'~’9d)

1 1o e . .
= T/zrd Ye™" sin% 2 0,_; sin 30,5 - -sinh,. (D-4)
z

Using the identity

0 2 7

(D-5)

and [p(xi,...,x5)dx; ---dxq = 1, we can write Eq. (D-4) as
p(r,01,...,04) = p(rp(0,...,0q), (D-6)

where
p) = 1, (D7)

r'd/2)
and
pO1,....0,)

= Fz(:d/ /22) sin?2 @, sin? 3 0,_, - - - sin 6. (D-8)

In these spherical coordinates, the infinitesimal volume
element of the unit hypersphere reads

Qy=sin?20, 1 sin"3 0, -sinOrd0,_; - - - dO, db;.

(D-9)
As p(xy,...,xg) is a properly normalized density and
Jo p(r) = 1, if follows from Eq. (D-6) that the integral of
p(1,...,0,) over all angles must be equal to one. Integrating
Eq. (D-8) over the surface of the d-dimensional unit hyper-
sphere S; we find that [; dQ, = 2z%72/T(d/2).

012001-21

From Egs. (D-6) and (D-8) it immediately follows that r
and the &’s are all independent random numbers. Denoting
Ixl|I> = x3 + --- + x2, the probability density for picking a
point x = (xy,...,x4) on a hypersphere of radius R is

BR) = / Sl = RpCras . xa) s - -~ dxa

- / 51l = Rp(Ip(@, ... 0)

a2
= f 5(r— R)p(r) = 287 pdt g2 (D-10)

I'(d/2) ’
showing that because of the independence of » and the 6’s,
P(R) is independent of the direction of the vector x =
(x1,...,x,). Therefore, the distribution of points x;/||x|| is
uniform over the sphere.

D.2  An alternative to Muller’s method

The following is based on material presented in Ref. 123,
pages 111 and 182. In contrast to representation Eq. (D-2)
where we use 2D spherical coordinates to encode pairs of real
numbers that determine the amplitude of a basis state, the
representation that we adopt in this section uses D — 1
spherical coordinates to encode the square root of the
probabilities of the basis states and another D random
numbers {vi,...,vp} to encode the phases. We represent
the coefficients of the state vector by {x;e',... xper}
where for all 1<;<D, 0<¢;<27 x;>20 and
X7+ -+ x5, = r?. We will set r = 1 later. The x;’s and ¢;
are called octant coordinates.'” In terms of the spherical
coordinates, we have

x1 =rcosd;sin@,sinb;---sinfp_,

Xy = rsinfy sinf, sinfs - --sinGp_,

X3 = rcosf,sinfs---sinfp_
X4 = rcosf;---sinfp_;
Xp-1 = rcosOp_,sinfp_
Xp = rcosOp_1, (D-11)
where 0 < 6; < 7/2 and the conditions 0 < x; and x3 + - - - +
x2, = r? are automatically satisfied.

We can find the volume element of the 2D-dimensional
sphere in these coordinates as follows. First consider a single
complex number z = u + iv = xe'¥ and compute the Jacobian
for the transformation (u,v) — (x,¢) to find that dudv =
xdxdg¢. For D complex variables, the volume element
in Cartesian coordinates is du; dv,---dupdvp = xy---
Xpdxy---dxpdg;---dpp. Next, we use the spherical
coordinates (restricted to the first octant) for xy,...,xp, see
Eq. (D-11). The Jacobian of this transformation is given by
Eq. (D-3) with n = D. Collecting all sines and cosines we find

D-1
dQp = r*’7' | cos Ou(sin 0,)*~" O dep depp
k=1
D-1
= 2P [T dyedgpredgo
k=1
where y; = sin . Integrating Eq. (D-14) over 0 <r <R,
0<y<1,and 0 < ¢, < 27 we find

(D-12)

©2021 The Author(s)
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R2D 2 D DRZD
Vp = /dQD = (27) ud (D-13)

2D 20-I(D—1)! D! °
which is the volume of a 2D-dimensional sphere of radius R,
as expected.
The probability density for the random variables {yy,...,
Yp—1,P1,...,¢p} reads
1

D-1
=GP [[eoy". 14

k=1

p(Yi, .. Y1, P15 .., D)

From Eq. (D-14), it is easy to find the probability density for
any of the x’s. For instance, the probability that x% is less
than z is given by

PO <z)=P(1 -y} <2)

D-2 sl 1
I1 / Iy dy f 2D - Dy’ dyp-
k=170 Vi—z

1
D=1 P ?dx,
1-z
from which, by differentiation with respect to z, we find

p(zID) = (D — 1)(1 — 2)P72, see Eq. (A9).

Unlike with the standard spherical coordinates, see
Eq. (D-8), the expression Eq. (D-14) allows us to sample
the angles 6;’s, or equivalently, the y;’s independently. The
probability density and probability for y; are given by

p(y) = 2ky*!

Y
Py« <Y = 2k/ vl dy, = Y2, (D-16)
0

(D-15)

respectively, from which it follows that in order to generate a
random number Y; with the correct distribution, we simply
have to generate a uniform random variable r; and put Y} =
1/2k . .

r,/~". In practice, k can be very large and numerically, we
should use Y,f = exp(log(r)/k) ~ 1 —log(r)/k if log(r)/k is
very small. For numerical purposes, we find that Muller’s
method is more convenient, in particular if D is large.
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