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24 ABSTRACT

25 Detailed characterization of aquifers is critical and challenging due to the 

26 existence of heterogeneous small-scale high-contrast layers. For an improved 

27 characterization of subsurface hydrological characteristics, crosshole ground 

28 penetrating radar (GPR) and Cone Penetration Test (CPT) measurements are 

29 performed. In comparison to the CPT approach that can only provide 1D high resolution 

30 data along vertical profiles, crosshole GPR enables measuring 2D cross-sections 

31 between two boreholes. Generally, a standard inversion method for GPR data is the 

32 ray-based approach that considers only a small amount of information and can 

33 therefore only provide limited resolution. In the last decade, full-waveform inversion 

34 (FWI) of crosshole GPR data in time domain has matured, and provides inversion 

35 results with higher resolution by exploiting the full recorded waveform information. 

36 However, the FWI results are limited due to complex underground structures and the 

37 non-linear nature of the method. A new approach that uses CPT data in the inversion 
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38 process is applied to enhance the resolution of the final relative permittivity FWI results 

39 by updating the effective source wavelet. The updated effective source wavelet 

40 possesses a priori CPT information and a larger bandwidth. Using the same starting 

41 models, a synthetic model comparison between the conventional and updated FWI 

42 results demonstrates that the updated FWI method provides reliable and more 

43 consistent structures. To test the method, five experimental GPR cross-section results 

44 are analyzed with the standard FWI and the new proposed updated approach. Both 

45 synthetic and experimental results indicate the potential of improving the reconstruction 

46 of subsurface aquifer structures by combining conventional 2D FWI results and 1D CPT 

47 data.
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48 INTRODUCTION

49 The spatial variability in the subsurface aquifers has a great influence on the 

50 prediction of groundwater storage, the determination of priority flow direction, and the 

51 spread of contaminants, therefore, it is critical and challenging to predict subsurface 

52 flow and transport because of the complex small-scale heterogeneities in subsurface 

53 aquifers. In recent years, crosshole geophysical methods have been widely applied for 

54 subsurface imaging, including seismic (e.g., Doetsch et al., 2010), electrical resistivity 

55 tomography (ERT; e.g., Coscia et al., 2012) and ground penetrating radar (GPR; e.g., 

56 Klotzsche et al., 2013). GPR has shown great potential to map and characterize 

57 aquifers due to the high imaging resolution of the method (e.g., Hubbard et al., 2001; 

58 Garambois et al., 2002; Klotzsche et al., 2018). GPR provides lateral distributions of 

59 velocity and attenuation information of electromagnetic waves, which can be used to 

60 calculate relative dielectric permittivity  and electrical conductivity . These two  𝜀𝑟  𝜎

61 parameters are for example related to the subsurface connectivity, soil water content, 

62 and clay content. In particular, the dielectric permittivity is mainly influenced by the 
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63 porosity and pore structure, and the electrical conductivity is influenced by the ion 

64 concentration, soil texture, and clay content (e.g., Busch et al., 2012).

65 Crosshole (borehole to borehole) GPR, which uses high-frequency 

66 electromagnetic pulses that are emitted from a dipole-type antenna in one borehole and 

67 received by a second antenna in the other borehole, is well suited to derive high-

68 resolution images due to the known distance between the antennae and the possibility 

69 to use advanced inversion schemes. Conventional crosshole GPR tomographic 

70 inversion is based on geometrical ray theory (e.g., Maurer et al., 2004; Irving et al., 

71 2007; Dafflon et al., 2011 and 2012), which uses only the first-arrival time and the 

72 maximum first-cycle amplitude of the measured data. Such approaches consider 

73 damping and smoothing constraints, and the resulting tomographic results are limited in 

74 resolution (relatively smooth images with a resolution on the order of the diameter of the 

75 first Fresnel zone). In contrast, full-waveform inversion (FWI) takes the entire waveform 

76 of GPR data into account including secondary events like scattered and refracted waves 

77 (e.g., Klotzsche et al., 2010; Meles et al., 2010). One of the first time-domain FWI 
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78 approaches for crosshole GPR was presented for synthetic and experimental data sets 

79 by Ernst et al. (2007a; 2007b). This time-domain FWI has been improved by including a 

80 simultaneous update of the permittivity and conductivity, and by incorporating the 

81 vectorial behavior of electromagnetic fields (Meles et al., 2010). Since the first 

82 applications of this crosshole GPR FWI approach, the method has been further 

83 improved and successfully applied to several different aquifers. The tomographic results 

84 show great potential for high-resolution characterization of aquifers. Often, results of 

85 FWI are compared with independently measured porosity and hydraulic conductivity 

86 logging data (e.g., Klotzsche et al., 2013; Yang et al., 2013). Klotzsche et al. (2019a) 

87 provides a broad overview of the current state of the art of crosshole GPR FWI and its 

88 applications. 

89 GPR FWI has shown benefit to bridge the gap in terms of resolution and 

90 coverage that exists between traditional hydrogeological methods, such as small-scale 

91 core analysis, and large-scale pumping tests. Yang et al. (2013) compare crosshole 

92 GPR FWI results with Neutron-Neutron logging data and observe a high goodness-of-fit. 
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93 In addition, they apply a low-pass filter (e.g., Ristau and Moon, 2001) to remove the 

94 high-wavenumber information of the Neutron-Neutron logging data and obtain an 

95 improved similarity between porosity estimates derived from the GPR FWI and the 

96 logging data. Similar to logging data, Cone Penetration Test (CPT) data can provide 

97 high spatial resolution at the point-scale along the profile depth and have the advantage 

98 to provide directly hydrological parameters such as porosity and electrical resistivity. 

99 Therefore, the CPT approach is popular to investigate shallow unconsolidated 

100 sediments in a fast, accurate, and minimally invasive manner (e.g., Fejes et al., 1990; 

101 Lunne et al., 1997; Tillmann et al., 2008). Gueting et al. (2015) employ CPT 

102 measurements to verify GPR FWI results and introduce a clustering of the data to 

103 identify lithological structures of the aquifer. This study indicates that combining the 2D 

104 crosshole GPR FWI results with the 1D CPT data can help to improve FWI imaging 

105 results along the GPR cross-section. 

106 Although crosshole GPR FWI shows several benefits comparted to standard 

107 methods, the approach also has some limiting factors and requires challenging data 
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108 processing steps (Klotzsche et al., 2019a). Firstly, the electromagnetic properties 

109 derived from GPR data are only indirectly related to hydrogeological parameters. 

110 Secondly, the effective source wavelet used for forward modeling contains 

111 approximations, especially if when estimated from standard ray-based models. The 

112 effective source wavelet compensates for all the missing information that are not 

113 included in the current models. Therefore, if errors are present in the models, they will 

114 directly propagate into the effective source wavelet and hence in the inversion results. 

115 In addition, the optimization method used in FWI is often a conjugate gradient technique 

116 (Polak et al., 1969), which relies on an appropriate initial model for the inversion and 

117 may converge to a local minimum. Therefore, one crucial criterion to successfully 

118 perform FWI is that the starting models need to provide modeled data within half a 

119 wavelength of the measured data; otherwise, cycle skipping can occur and the inversion 

120 may get trapped in a local minimum (Meles et al., 2012). 

121 In this study, we propose a new method that improves the accuracy of the 

122 effective source wavelet and enhances the relative permittivity FWI results by 
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123 incorporating additional logging information. This new method combines two different 

124 types of geophysical data sets in FWI: 1D CPT profiles and 2D crosshole GPR sections. 

125 As shown by Gueting et al. (2015), the 1D CPT data shows very high resolution along a 

126 1D profile and by combining this information with the GPR data measured around such 

127 a CPT location, we intend to increase the resolution and reconstruction of the medium 

128 properties derived by the GPR FWI.  First, we construct a low-pass filter based on the 

129 vertical locations where CPT data coincide with GPR FWI results. Secondly, the 

130 obtained 1D filter is applied to the 2D GPR crosshole FWI. Because of white noise in 

131 the measured GPR data and inversion artifacts close to the boreholes, the filter 

132 amplifies inconsistent high wavenumber information at locations farthest away from the 

133 CPT profile (mostly close to the boreholes). Therefore, we propose to remove this 

134 inconsistent information by estimating an updated effective source wavelet inspired by 

135 work on spectral whitening deconvolution (Li et al., 2009). The updated source wavelet 

136 contains lower-wavenumber information of CPT data than the standard source wavelet. 

137 Finally, a FWI using the updated source wavelet is performed while the starting models 

138 remain the same. To quantitatively evaluate the efficiency of the proposed updated 
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139 source wavelet based on the CPT data, a synthetic model is generated using a 

140 stochastic simulation based on measured parameters at the Krauthausen test site in 

141 Germany. After successful validation of this new approach, the wavenumber amplifying 

142 filter is applied to experimental data from the same test site. 
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143 EFFECTIVE SOURCE WAVELET UPDATE USING AMPLIFIED FWI

144 Conventional FWI 

145 To apply the conventional crosshole 2D time-domain FWI to experimental GPR 

146 data, some pre-processing steps are necessary. Details about the different inversion 

147 steps and developing stages of FWI can be found in Klotzsche et al. (2019b). Here we 

148 will only concentrate on the main steps that are important for the application of our new 

149 approach. First, the experimental data need to be converted from 3D to 2D using the 

150 approach introduced by Bleistein (1986) to reduce the influence of 3D wave propagation 

151 phenomena. This step is necessary because the forward modeling part of the FWI is 

152 based on 2D finite-difference time-domain (FDTD) solutions of Maxwell’s equations 

153 (Ernst et al., 2007a; Meles et al., 2010). Traditional ray-based methods are applied to 

154 estimate the initial models of relative dielectric permittivity and electrical conductivity  𝜀𝑟 𝜎

155 for the FWI. Such ray-based starting models need to provide modeled data that are 

156 within half a wavelength of the measured traces. In the presence of high contrast layers, 

157 the starting models need to be updated, for example by using an amplitude analysis 
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158 approach (Klotzsche et al., 2014; Zhou at al., 2020), to fulfill this criterion. Finally, an 

159 effective source wavelet is determined by first using mainly horizontally traveling rays of 

160 the observed GPR data to estimate an initial source wavelet, and, second this initial 

161 wavelet is updated using the deconvolution method (e.g., Ernst et al., 2007b). We will 

162 refer to such an estimated wavelet as the “standard effective source wavelet”. 

163 The inversion process is based on a conjugate gradient type method and 

164 according to Meles et al. (2010) and Klotzsche et al. (2019b) the cost function  is 𝐶

165 defined as the summation of the difference between the observed and synthetic 𝐄obs 
 𝐄syn

166 data over the number of transmitters s, receivers r, and the observation time  as (𝜀,𝜎)  𝜏

167 follows:  

𝐶(𝜀,𝜎) =
1
2∑

𝑠
∑

𝑟
∑

𝜏

[𝐄syn(𝜀,𝜎) ― 𝐄obs
 ]𝑇

𝑟,𝜏𝛿(𝐱 ― 𝐱𝑟,𝑡 ― 𝜏)[𝐄syn(𝜀,𝜎) ― 𝐄obs
 ]𝑟,𝜏  , (1)

168 here  denotes the transpose operator. The fields are locally defined at any point of 𝑇

169 space x and time t. The Dirac delta  function extracts the wavefield at the receiver 𝛿

170 locations and observation times. Additionally, the gradients of the misfit function with 

171 respect to permittivity  and conductivity  are calculated by a zero-lag cross-∇𝐶𝜀 ∇𝐶𝜎
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172 correlation of the synthetic wavefield with the back-propagated residual wavefield as 

173 follows (more details in Meles et al., 2010): 

[∇𝐶𝜀(𝐱′)
∇𝐶𝜎(𝐱′)] = ∑

𝑠

(𝛿(𝐱 ― 𝐱′ )∂𝑡𝐄syn)𝑇𝐆𝑇𝐑S

(𝛿(𝐱 ― 𝐱′)𝐄syn)𝑇𝐆𝑇𝐑S

with

𝐑S = ∑
𝑟
∑

𝜏
𝛿(𝐱 ― 𝐱𝑟,𝑡 ― 𝜏)[𝐄syn(𝜀,𝜎) ― 𝐄obs]𝑟,𝜏 = ∑

𝑟
∑

𝜏

[∆𝐄syn]𝑟,𝜏  .

(2)

 

(3)

174  indicates the Green’s function and represents the back propagated residual 𝐆𝑇 𝐆𝑇𝐑𝑆 

175 wavefield in the same medium as the incident wavefield . The spatial delta function  𝐄syn 𝛿

176  in equation 2 corresponds to the spatial components of the gradients and  (𝐱 ― 𝐱′)

177 reduces the inner product to a zero-lag cross-correlation in time (Meles et al., 2010). 

178 Note that the only difference between the gradients of  and  is a time derivative. 𝜀  𝜎

179 Generally, to avoid overfitting of the observed data, the inversion of experimental 

180 data is stopped if the change of the misfit function value is less than 0.5% between two 

181 subsequent iterations (Klotzsche et al., 2019b). To evaluate the performance of the 

182 FWI, we analyzed the behavior of the root mean squared error RMSE and computed 

183 the correlation coefficient R between the modeled and observed data. Further, we 
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184 calculated the mean of the remaining gradient of the final FWI permittivity  results.  𝜀𝑟 

185 The FWI results with optimal number of iterations should have the smallest summation 

186 value of the normalized  gradients and of the normalized RMSEs. Considering that the 𝜀𝑟

187 gradients are highly sensitive close to the transmitter and receiver positions, inversion 

188 artifacts can arise close to the boreholes. To minimize these inversion artifacts, the 

189 approach of Kurzmann et al. (2013) is applied using a gradient preconditioning 

190 technique for both permittivity and conductivity (van der Kruk et al., 2015).

191 Wavenumber filter 

192 The CPT data present high spatial resolution along a vertical 1D profile. 

193 Transforming the spatial porosity CPT data and the 1D FWI permittivity results to the 

194 amplitude-wavenumber domain by a fast Fourier transform (FFT), we can obtain a 

195 broader bandwidth of the CPT data than the FWI permittivity models bandwidth (e.g., 

196 Yang et al., 2013). Therefore, it is feasible to improve the FWI resolution by expanding 

197 the bandwidth of the FWI amplitude values using the CPT data in the amplitude-

198 wavenumber domain. In a first step, we convert the relative dielectric permittivity  (with 𝜀𝑟
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199 =  , where  is the real part of the bulk dielectric permittivity in natural medium and𝜀𝑟 𝜀 ∙ 𝜀0 𝜀  

200 =8.8542 10-12 F/m is as permittivity of the free space) of the FWI results into porosity 𝜀0  ∙

201 by using the three-phase complex refractive index model (CRIM) for the saturated ∅ 

202 zone (e.g., Birchak et al., 1974) with

203                                            .                                                                      (4)∅ =
 𝜀𝑟 ―  𝜀𝑠

 𝜀𝑓 ―  𝜀𝑠

204 Similar to Gueting et al. (2015), we consider the fluid permittivity to be 84 (for a water 𝜀𝑓 

205 temperature of 10 ) and the solid permittivity  to be 4.5 (based on literature values of ℃ 𝜀𝑠

206 quartz, e.g., Eisenberg and Kauzmann, 2005; Carmichael, 2017). 

207 In the second step, the selected 1D vertical porosity-profile of the CPT data 

208 (located close by or at the GPR cross-section) and transformed FWI porosity results are 

209 interpolated in spatial domain to obtain enough data points to generate the filter in the 

210 wavenumber domain. Here, we use a mean value of the selected data and two cosine 

211 functions (represented as tapers) to expand the initial data. The resampled process can 

212 be expressed by
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213                         for     or           (5)𝐝𝑒𝑥𝑝 = 𝑝 × 𝑚𝑒𝑎𝑛(𝐝𝑜𝑟𝑔),         {  
𝑥 < 𝐱𝑜𝑟𝑔(0) ― 𝑇𝐿,

𝑥 > 𝐱𝑜𝑟𝑔(𝑒𝑛𝑑) + 𝑇𝐿,

214          for𝐝𝑒𝑥𝑝 = 𝐶1 × {1 ― cos[ 𝜋
𝑇𝐿 × (𝑥 ― (𝐱𝑜𝑟𝑔(0) ― 1 ― 𝑇𝐿))]} +𝑝 × 𝑚𝑒𝑎𝑛(𝐝𝑜𝑟𝑔),     

215  (6)                                𝐱𝑜𝑟𝑔(0) ―𝑇𝐿 ≤ 𝑥 < 𝐱𝑜𝑟𝑔(0), 

216        for𝐝𝑒𝑥𝑝 = 𝐶2 × {1 ― cos[ 𝜋
𝑇𝐿 × ((𝐱𝑜𝑟𝑔(𝑒𝑛𝑑) + 1 + 𝑇𝐿) ― 𝑥)]} +𝑝 × 𝑚𝑒𝑎𝑛(𝐝𝑜𝑟𝑔),     

217 (7)                          𝐱𝑜𝑟𝑔(𝑒𝑛𝑑) < 𝑥 ≤ 𝐱𝑜𝑟𝑔(𝑒𝑛𝑑) +𝑇𝐿,  

218 where  and  represent the original and the final expanded data points, 𝐝𝑜𝑟𝑔 𝐝𝑒𝑥𝑝

219 respectively,  is a selected parameter of 0.8 following Yang et al. (2013),   and 𝑝 𝑥 𝐱𝑜𝑟𝑔 

220 represent point positions of the space vector of the expanded and original data, 𝐱𝑜𝑟𝑔(0) 

221 and indicate the start and end positions of original data in the expanded data 𝐱𝑜𝑟𝑔(𝑒𝑛𝑑) 

222 domain,  is the taper length that is 0.3 times of the original data length (18 in this 𝑇𝐿

223 case), and  and  are selected parameters which are used to adjust the connection 𝐶1 𝐶2

224 points between the taper start position and the original two data points. The final 

225 interpolated data (512 data points in this case) with the corresponding tapers are 

226 transformed into the wavenumber domain using the 1D FFT. 
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227 In a third step, a smooth function is applied to flatten the highly fluctuating 

228 amplitudes of both interpolated data sets, which are caused by the interference of the 

229 real and imaginary parts of the data in the wavenumber domain (Yang et al., 2013). 

230 These smooth results are estimated by         

231                                                   (8)𝑆𝐴(𝑘) = { 𝐴(𝑘),                                    𝑘 = 1
𝑠𝑚𝑜𝑜𝑡ℎ(𝐴(𝑘), 𝑠𝑝𝑎𝑛),      1 < 𝑘 ≤ 𝑘𝑚𝑎𝑥

232 where  and  represent amplitude and smooth amplitude values in the 𝐴(𝑘) 𝑆𝐴(𝑘)

233 wavenumber domain, respectively,  indicates the wavenumber sample up to the 𝑘

234 selected maximum wavenumber threshold , and  represents the number of 𝑘𝑚𝑎𝑥 𝑠𝑝𝑎𝑛

235 data points needed for calculating the smoothed value. For the smoothing of amplitude 

236 values in amplitude wavenumber domain, we apply the standard MATLAB function 

237 , which applies a lowpass filter with filter coefficients equal to the reciprocal of 𝑠𝑚𝑜𝑜𝑡ℎ

238 the span (MathWorks, Inc. 2016). To obtain suitable smooth results, the  value 𝑠𝑝𝑎𝑛

239 should be chosen carefully. Note that the smooth function starts with the second sample 

240 (equation 8) because of unusual zero-frequency values and ends with an appropriate 

241 . In general, the selected maximum threshold value is determined using an 𝑘𝑚𝑎𝑥
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242 empirical rule that keeps the generated filter to be monotonically increasing or to be 

243 fluctuating around an amplitude value of one (Zhou et al., 2019). Finally, a filter is 

244 designed with a ratio factor between the smooth CPT data and the smooth FWI results 

245 that is calculated in the wavenumber domain. This 1D filter is implemented with:        

246              ,                                                     (9)𝐹𝑖𝑙𝑡𝑒𝑟(𝑘) =
𝑆𝐴𝐶𝑃𝑇(𝑘)
𝑆𝐴𝐹𝑊𝐼(𝑘)  1 ≤ 𝑘 ≤ 𝑘𝑚𝑎𝑥

247 where  and  represent the smooth CPT data and the smooth FWI 𝑆𝐴𝐶𝑃𝑇(𝑘) 𝑆𝐴𝐹𝑊𝐼(𝑘)

248 results from one to the maximum threshold in the wavenumber domain, respectively. 

249 After this filter has been calculated, it is multiplied with the 2D conventional FWI results 

250 along each vertical profile in the wavenumber domain. In the next step, we generate the 

251 2D wavenumber amplified FWI (WA-FWI) permittivity results in the spatial domain using 

252 an inverse fast Fourier transform (IFFT).

253 Since the real emitted source wavelet of experimental GPR data cannot be 

254 directly obtained, it is important to estimate an effective source wavelet for the FWI. 

255 Different from the traditional deconvolution approach that uses the ray-based starting 

256 models or later iterations of the FWI results, we employ the 2D WA-FWI results to  𝜀𝑟 
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257 replace the ray-based model. Therefore, similar to the standard procedure, synthetic  𝜀𝑟 

258 data are generated with forward modeling using the standard effective source wavelet 

259 and the WA-FWI  model (σ model is the same as the standard procedure). Using the  𝜀𝑟

260 Green’s function (synthetic data divided by the conventional source wavelet in 

261 frequency domain) and the observed data, an updated effective source wavelet 

262 can be obtained that contains the high wavenumber information. After 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼 

263 obtaining the updated source wavelet , an updated FWI is performed using  𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼

264 the same starting models as the ones used in the conventional FWI. Generally, a 

265 second-updated source wavelet  is necessary that can be computed based 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

266 on the deconvolution method approach (equations 1 and 2 in Zhou et al, 2019). In the 

267 process of updating the wavelet , we use the first-updated source wavelet  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

268 to replace the standard source wavelet and use the new FWI results to 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼  𝜀𝑟 

269 replace the WA-FWI  models. Finally, we perform the updated FWI by using the ray- 𝜀𝑟

270 based starting models and the wavelet . The updated processing sequence  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

271 including generating the filter, updating the effective wavelet and performing the 

272 updated FWI, is summarized in Figure 1.
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273 SYNTHETIC CASE STUDIES

274 Stochastic aquifer models 

275 To verify the approach of improving the resolution of GPR FWI results using the 

276 CPT data, a hydrological model based on experimental hydrological and geophysical 

277 data of the well-known Krauthausen test site (Figure 2) is used to derive synthetic GPR 

278 data (Haruzi et al., 2018; Zhou et al., 2019). We construct realistic synthetic models of 

279 relative dielectric permittivity and electrical conductivity using a stochastic simulation 

280 called sequential Gaussian simulation (e.g., Bortoli et al., 1993). For the simulation, the 

281 aquifer facies model (Gueting et al., 2017) is divided into three facies based on Tillmann 

282 et al. (2008): sand, sandy gravel and gravel (Figure 2a). The simulation of each facies is 

283 performed separately. The mean and variance values for permittivity and conductivity 

284 are calculated from the traditional GPR FWI results of the Krauthausen test site. 

285 Correlation lengths of both  and  are the same and are adapted from hydraulic  𝜀𝑟 𝜎

286 conductivity values estimated from high spatial resolution CPT analysis (Tillman et al., 

287 2008). The input parameters (mean, variance, horizontal and vertical correlation 
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288 lengths) for the variogram model are summarized in Table 1. 

289 Before computing the forward synthetic modeling results, the boundaries of the 

290 stochastic models should be enlarged to use the same borehole geometries as 

291 experimental GPR boreholes (B38-31 in Figure 2d) and to avoid interactions with the 

292 inversion domain boundaries. Here, we employ a uniform value, which is close to the 

293 boundaries within the stochastic models (shadowed areas in Figure 3a). For the 

294 unsaturated zone above the water table, we choose a homogenous layer with a relative 

295 permittivity of = 4.4 (not shown, same for all following inversions). A semi-reciprocal  𝜀𝑟

296 acquisition setup is used for the models with transmitter TRN and receiver REC spacing 

297 of 0.5 m and 0.1 m, respectively. Black circles (TRN=27) and crosses (REC=129) show 

298 the exact transmitter and receiver positions within the boreholes. The effective source 

299 wavelet used to generate synthetic data is similar to the effective source wavelet of 

300 previous measurements performed in the borehole pair B38-31 of the Krauthausen test 

301 site (Figure 2d, Gueting et al., 2015). Realistic synthetic GPR trace data (called 

302 observed data) hereafter without noise based on the stochastic models are generated 
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303 using 2D FDTD modeling. The vertical dashed line (Figure 3a) indicates the selected 

304 locations of stochastic CPT (Sto-CPT) data that are used to calculate the wavenumber 

305 filter. 

306 Conventional FWI results

307 First, we apply the ray-based method to generate the relative permittivity starting 

308 model for the FWI (Figure 3c). For the electrical conductivity starting model, a 

309 homogeneous model with a value of 13 mS/m is used. This is consistent with previous 

310 inversion results of experimental GPR data from this test site. The homogenous value 

311 for the conductivity starting model is based on averaging the first cycle amplitude 

312 inversion result. In the work of Gueting et al. (2015), several different starting model 

313 values for the conductivity were tested, while 13 mS/m showed the best FWI results and 

314 convergence. Using the ray-based starting models, the standard effective source 

315 wavelet is computed using the deconvolution approach based on Klotzsche et al. 𝑆𝑊𝑅𝑎𝑦 

316 (2010). Thereby, the Green’s function G based on the initial wavelet and forward 

317 modeled  is calculated, and is used in the next step to obtain an effective source 𝐄syn
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318 wavelet by deconvolving the measured data  with G. To determine the optimal 𝐄obs

319 number of iterations for the final FWI results, the normalized  remaining gradient  𝜀𝑟

320 values and the normalized RMSEs are analyzed (Figure 4a). Thereby, iteration 28 is 

321 selected as the optimal FWI iteration, and the FWI  and  results are shown in  𝜀𝑟 𝜎

322 Figures 4b and 4c. A comparison of the ray-based results (Figure 3c), the FWI results 

323 (Figure 4b) and the real stochastic models (Figure 3a) indicates that the FWI results 

324 show higher resolution images and more details in the tomograms than the ray-based 

325 results. However, a certain mismatch with the real models can still be observed. Note 

326 that a good fit between the modeled traces based on the FWI results and observed data 

327 is achieved and almost no remaining gradient is present (not shown in this paper) for 

328 the chosen number of iterations.

329 Construction of the wavenumber filter 

330 To obtain a generalized filter in the wavenumber domain for the synthetic data 

331 set, we apply equation 8 to smooth the highly fluctuating amplitudes of the selected and 

332 interpolated 1D FWI permittivity (dashed line in Figure 4b) and stochastic CPT (Sto-
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333 CPT) data (Figure 3a). Note that both data sets are transformed into porosity using 

334 equation 4. To find the optimal span value of the smoothing function, the 1D 

335 wavenumber-amplified FWI results and the filtered 1D stochastic CPT data are 

336 compared in the spatial domain by computing the RMSE and the R for different span 

337 values (Figure 5a). Note that the span value needs to be chosen carefully. If it is too 

338 large, the solved filter is too smooth, creating a lower resolution result. While if the span 

339 value is too small (e.g., span=1), the solved filter is only valid for the 1D profile. A final 

340 span value of 21 is selected because it provides a high R and a low RMSE value. Using 

341 this span value, we transform and smooth the three different results (ray-based, FWI 

342 and Sto-CPT) in the wavenumber domain (Figure 5b). Here, the selected maximum 

343 threshold wavenumber is = 2.00  (vertical dashed line) so that the generated 𝑘𝑚𝑎𝑥  m ―1

344 filter still provides approximately monotonically increasing results. Finally, the filter is 

345 calculated by dividing the smooth Sto-CPT by the smooth FWI results (equation 9). To 

346 intuitively show the resolution differences of the different methods along the selected 

347 vertical profile, we analyze the porosity value distribution along the depth direction from 

348 3.00 m to 8.28 m (Figure 6). The comparison of the full wavenumber information of the 
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349 three different results along this vertical profile indicates that the resolution is different of 

350 the three approaches (Figure 6a). In addition, the comparison of the low wavenumber 

351 parts of the different results indicates that the wavenumber-amplified FWI (WA-FWI) 

352 results are better fitting the filtered Sto-CPT data, which means the calculated filter is 

353 valid along the 1D profile (Figure 6b).  A quantitative comparison of the results can be 

354 found in Table 2, which supports these findings.

355 Updating the effective source wavelet and deriving new FWIs

356 Although the developed filter is based on 1D vertical information, it is employed 

357 for the entire 2D domain of the conventional FWI permittivity model. Thereby, for some 

358 locations, especially those that are far away from the CPT profile location, higher-

359 wavenumber information that is not consistent with the true model appears. To remove 

360 this inconsistent noise, we use an approach inspired by spectral whitening 

361 deconvolution (Li et al., 2009). In particular, we replace the traditional ray-based 

362 permittivity model with the 2D wavenumber-amplified FWI (WA-FWI) results and use the 

363 deconvolution method to generate an updated effective source wavelet. To analyze and 
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364 investigate which source wavelet strategy provides the most accurate final FWI results, 

365 we test six different effective source wavelets based on different input models in the 

366 deconvolution approach. 

367 The effective source wavelet used to generate the observed data is named real 

368 source wavelet . The effective source wavelet  is used to generate the  𝑆𝑊𝑅𝑒𝑎𝑙 𝑆𝑊𝑅𝑎𝑦

369 conventional FWI results, which is based on the ray-based  and a homogeneous   𝜀𝑟 𝜎

370 equal to 13 mS/m. For a comparison to the standard procedure without CPT data, this 

371 effective source wavelet  is updated with the final conventional FWI results 𝑆𝑊𝑅𝑎𝑦

372 providing . As mentioned before, the source wavelet  is based on the  𝑆𝑊𝐹𝑊𝐼 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼

373 WA-FWI permittivity results and . Similar to the conventional approach, this  𝑆𝑊𝑅𝑎𝑦

374 wavelet is updated once with the final FWI results using , which provides 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼  

375 . For a complete comparison of all cases, an ideal source wavelet  is 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼 𝑆𝑊𝑆𝑡𝑜

376 estimated based on the real subsurface structures of the stochastic  model and the  𝜀𝑟

377 homogeneous  model equal to 13 mS/m. Note that for a better comparison of these 𝜎

378 effective source wavelets, all source wavelets are normalized to their minimum in the 
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379 provided figure (Figure 7). Comparing the six different effective source wavelets, a 

380 similar shape can be observed although a minimal time difference of the pulses is 

381 visible. Except for  (blue line), all the wavelets show similar amplitude spectra in 𝑆𝑊𝑅𝑎𝑦

382 the frequency domain (Figure 7b). Note that the bandwidth for  is smaller 𝑆𝑊𝑅𝑎𝑦

383 compared to the other wavelets suggesting a lower resolution of the FWI results using

384 . The bandwidth of  (cyan line) is slightly larger than the bandwidth of 𝑆𝑊𝑅𝑎𝑦 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼   

385  (red line). As expected the bandwidth of  and  are showing the 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼 𝑆𝑊𝑆𝑡𝑜  𝑆𝑊𝑅𝑒𝑎𝑙

386 largest bandwidth. By analyzing the unwrapped phases, we find that the phase of 

387  is closest to the phase of , especially for high frequency parts (Figure 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼  𝑆𝑊𝑅𝑒𝑎𝑙

388 7c) indicating that  should provide the most optimal effective source wavelet 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

389 when the real models are unknown. 

390 All source wavelets are tested with FWI using the same starting models based on 

391 the ray-based results and a homogenous  model equal to 13 mS/m to verify the  𝜀𝑟 𝜎

392 relationship between source wavelet bandwidth and the accuracy of FWI results. The 

393 final FWI results for the five different source wavelets (except for ) are shown in   𝑆𝑊𝑅𝑒𝑎𝑙
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394 Figures 8a and 8b. RMSE values are computed based on the filtered stochastic 

395 permittivity model and the filtered FWI permittivity model in 2D domain to keep the same 

396 wavenumber information as the WA-FWI model. Notice that all FWI results show more 

397 details and structures than the ray-based results. Further, it is interesting to observe that 

398 although the final RMSE for the FWI results of  and  are similar, more  𝑆𝑊𝐹𝑊𝐼 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

399 consistent structures close to the boreholes can be seen for the FWI results of

400 , which better match the input model. As expected the FWI conductivity  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

401 tomograms are very similar (except FWI conductivity results with ), which relies on  𝑆𝑊𝑅𝑎𝑦

402 the fact that the wavenumber filter is based on porosity values in CPT data and should 

403 only change the reconstruction of the FWI permittivities. Finally, using the stochastic 

404 permittivity model as starting model for  cannot significantly improve the FWI 𝑆𝑊𝑆𝑡𝑜

405 results compared to . A similar behavior can be observed by analyzing the  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

406 vertical distribution of the R and the RMSEs for the filtered 2D permittivity models 

407 (Figure 8c and Table 3). Comparisons between the WA-FWI and the other FWI results 

408 show that the WA-FWI results have larger differences between x=1 m and x=3 m, which 

409 indicate that the filter is not valid in these zones due to over amplification. As expected, 
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410 while all the FWI results are slightly better resolved in the middle regions of the 

411 tomograms, FWI results are degraded in the vicinity of the boreholes due to the 

412 acquisition strategy in crosshole applications. Furthermore, the FWI results of 

413  show a higher R and a smaller RMSE value than the results of  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼   𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼

414 and , especially in the vicinity of the left borehole. Only when the synthetic GPR  𝑆𝑊𝑅𝑎𝑦

415 trace data are noise-free, are the FWI results of  better than those of  𝑆𝑊𝐹𝑊𝐼  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

416 (Zhou et al., 2019). As expected, the optimal FWI results are obtained using ,  𝑆𝑊𝑆𝑡𝑜

417 which can only be obtained in synthetic model studies. In the absence of complete 

418 knowledge of the subsurface, the FWI results based on  show the best 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

419 results.
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420 EXPERIMENTAL GPR DATA STUDIES

421 At the Krauthausen test site in Germany (Figure 2c), we measured crosshole 

422 GPR data in the saturated aquifer using 200 MHz borehole antennae (Gueting et al., 

423 2015) between several boreholes (red lines in Figure 2d). A detailed description of the 

424 site is provided by Vereecken et al. (2000). The measured aquifer can be broadly 

425 divided into three layers (Figure 2a): A poorly sorted gravel layer extending from 1 m to 

426 4 m in depth; the middle sand layer extending from 4 m to 6 m in depth; and a bottom 

427 layer including sandy and gravely grains extending from 6 m to 11.5 m depth (Tillmann 

428 et al., 2008). For the acquisition of the experimental data, a semi-reciprocal acquisition 

429 setup (Figure 2b) was used with a transmitter and receiver spacing of 0.5 m and 0.1 m, 

430 respectively. The water table was approximately at a 2 m depth during the 

431 measurements. Therefore, GPR measurements started below 3 m in depth. The CPT 

432 profiles that are closest to the crosshole sections are shown in Figure 2d (red asterisk). 

433 To improve the crosshole GPR FWI results with our new approach, we analyze five 

434 GPR cross-sections and the corresponding CPT profiles. For five CPT locations, the 
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435 CPT probe was pushed into the subsurface to measure cone resistance, electrical 

436 resistivity, natural gamma, gamma-gamma and neutron activity values every 10 cm 

437 (Gueting et al., 2015). The neutron log data was transformed to soil water content using 

438 the proposed calibration of Tillmann et al. (2008). In contrast to Gueting et al. (2015), 

439 we reanalyze the FWI results following the suggestion given by the Corrigendum of the 

440 Gueting et al. (2020) paper. A reanalysis of the zero-time correction of the GPR data 

441 showed that there was an error in the automatic picking routine which is now updated. 

442 Therefore, the conventional FWI results are different to the results of Gueting et al. 

443 (2015) and show generally higher permittivities and lower electrical conductivities, while 

444 the structures are similar.

445 In the first step, the porosity information of five 1D vertical CPT profiles is 

446 compared to the corresponding FWI porosities, and the wavenumber filter for each 

447 borehole pair is estimated separately (Figure 9). Note that the original CPT data are 

448 used (Tillmann et al., 2008) without applying a shift as proposed by Gueting et al. 

449 (2015). For the experimental GPR data, a span value of 27 in the smooth function is 
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450 selected for all cross-sections and the maximum threshold wavenumber of the filters 

451  is 2.31 . The 1D porosity amplitude values along the CPT profile locations in 𝑘𝑚𝑎𝑥  m ―1

452 the amplitude-wavenumber domain clearly show that the CPT values contain the largest 

453 bandwidth, whereas the FWI results have a reduced bandwidth, and the ray-based data 

454 have the lowest bandwidth for all five borehole pairs (Figures 9a to 9e). By comparing 

455 the five obtained filters (Figure 9f) in the wavenumber range of 0 - 2.31 , we can  m ―1

456 observe differences of the filters near 0.5  for the filter of profile 103 between  m ―1

457 boreholes B62-30. Note that the cross-section distance between the boreholes B62 and 

458 B30 is 6.16 m, which is the largest between any pair (Figure 2d). 

459 In the next step, these five wavenumber filters are applied to derive WA-FWI 

460 results between each borehole pair and the corresponding updated effective source 

461 wavelets  (Figure 10). Similar to the synthetic case study, by using the  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

462 deconvolution approach, we update the standard effective source wavelets   𝑆𝑊𝑅𝑎𝑦

463 based on the WA-FWI results and a homogenous  model equal to 13 mS/m to 𝜎

464 generate  and, then, update these wavelets  to obtain   𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼 𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

Page 33 of 72 Geophysics Manuscript, Accepted Pending: For Review Not Production



Geophysics 34

465 (Figure 1). Note that we only show the permittivity FWI results based on ,  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

466 since this source wavelet has provided satisfying results in the synthetic study. In 

467 addition, in the experimental GPR tests, we have observed that inverted conductivity 

468 FWI results with  are not always better than the conductivity FWI results with𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

469 . A possible reason is that the designed filter based on the CPT data is not  𝑆𝑊𝑅𝑎𝑦

470 always effective to improve the conductivity FWI results, especially if noise is present 

471 the experimental GPR data. Therefore, we do not show the comparison for conductivity 

472 FWI results in this study.

473 The final effective source wavelets show similar shapes with slight shifts in time 

474 (Figure 10a) and similar bandwidth in the frequency spectra (Figures 10b and 10c). 

475 Note that the effective source wavelet  for the cross-section between  𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼

476 boreholes B62 and B30 is solved based on “WA-FWI subtract 1”, which is necessary 

477 because the WA-FWI permittivity values results in modeled data outside of the half 

478 wavelength criteria and hence it is not possible to solve an adequate effective source 

479 wavelet. One possible reason is that the largest borehole distance lower the FWI 

480 resolution and then the derived filter over amplifies the WA-FWI values. We also 
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481 consider the ray-based results and the homogenous  model equal to 13 mS/m as  𝜀𝑟 𝜎

482 the starting models in the FWI process. The traditional FWI  results (Figure 11a) using 𝜀𝑟

483  are used to derive the WA-FWI results (Figure 11b). The updated FWI results  𝑆𝑊𝑅𝑎𝑦

484 (Figure 11c) are derived using the corresponding updated source wavelets .  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

485 Similar to the synthetic studies, the WA-FWI results show over amplified features close 

486 to the boreholes. The vertical dashed lines indicate the locations of CPT data for each 

487 pair of boreholes. The updated FWI results show more consistent structures in the 

488 individual planes and at the crossings of the boreholes in comparison to the 

489 conventional FWI permittivity results. Generally, improved RMSE values and R factors 

490 are obtained for the updated FWI results than for the conventional FWI results (Table 

491 5). 

492 Finally, to verify the updated FWI results, we compute and compare the FWI 

493 porosity results using equation 4 with the CPT porosity values (Figure 12). Thereby, we 

494 first compare the wavenumber-amplified FWI results with the filtered CPT (Figure 12a) 

495 similar to the synthetic case study (Figure 6b). Note that we select the same depth of 

Page 35 of 72 Geophysics Manuscript, Accepted Pending: For Review Not Production



Geophysics 36

496 the CPT data from 3.00 m to 8.28 m for five different measurements to calculate the 

497 filters and compare with different FWI results. Both Figure 12a and Table 4 show the 

498 comparison of the filtered porosity values along their respective 1D CPT profiles. 

499 Comparisons of the full wavenumber information for CPT (blue), ray-based results 

500 (green), conventional FWI (red) and updated FWI (black) along each CPT profile are 

501 shown in Figure 12b (quantitative comparison in Table 5). An improved fit between the 

502 CPT and updated FWI results in contrast to the conventional FWI results is visible. By 

503 comparing the computed R and RMSE between the CPT data and the 1D different FWI 

504 results, we conclude that the updated effective source wavelets, which incorporate the 

505 CPT information, improve the FWI permittivity results for all planes. 

506 CONCLUSION

507 We demonstrate a new approach to improve the permittivity FWI results by 

508 incorporating additional information from CPT data. By updating the effective source 

509 wavelet with the amplified FWI results, we include the 1D CPT information into the 

510 effective source wavelet. Therefore, this updated wavelet is able to provide improved 
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511 FWI results. The novel method is tested and verified on a realistic synthetic case study 

512 and applied to an experimental data set from the Krauthausen test site in Germany. To 

513 improve the FWI results, we propose to design a 1D wavenumber filter based on CPT 

514 porosity data and to apply this filter to the 2D conventional FWI results. To verify the 

515 approach of updating the source wavelet based on the CPT data, we generate a 

516 stochastic model of the Krauthausen test site. Combining the conventional FWI 

517 permittivity results and Sto-CPT data, we generate a filter that is applied to the 2D FWI 

518 results to yield the WA-FWI results. Note that the FWI permittivity amplification is only 

519 performed once using the convention final FWI permittivity results and the derived filter. 

520 To remove the inconsistent high wavenumber data present in the wavenumber-

521 amplified FWI results, we estimate an effective source wavelet  based on the  𝑆𝑊𝑊𝐴 ― 𝐹𝑊𝐼

522 WA-FWI results. Further, we use five different effective source wavelets to perform FWI 

523 to determine the best effective source wavelet. The synthetic studies indicate that we 

524 can obtain an enhanced source wavelet  by applying an additional source  𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

525 wavelet correction cycle with the deconvolution approach. Although the new approach is 

526 not significantly improving FWI results, more consistent structures, especially close to 
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527 the boreholes, are obtained and an enhanced data correlation is achieved.

528 The new approach for optimizing the effective source wavelet with the CPT data 

529 is tested at experimental GPR datasets of five cross-boreholes sections. Comparisons 

530 of the final updated FWI results and the CPT porosities confirm the improvement 

531 compared to the conventional FWI results. In future research, we will try to tame the 

532 non-linearity problem by gradually expanding the bandwidth of the updated effective 

533 source wavelet, as it is traditionally done with seismic data FWI. 
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681 LIST OF FIGURES

682 Figure 1. Illustration of the updating strategy of the effective source wavelet based on 

683 WA-FWI results and of the performance of the new FWI. The red boxes, which 

684 represent data in the wavenumber domain, show the process of constructing 

685 the filter. The green boxes indicate generating WA-FWI and updating the 

686 effective source wavelet. The blue boxes show the FWI process. Homo ( ) 𝜎

687 represents the homogenous  starting model equal to 13 mS/m, which 𝜎

688 combines ray-based  as the starting models used for the updating source  𝜀𝑟

689 wavelet and the FWI in this study.

690 Figure 2. (a) Generalized cross-section of the uppermost aquifer based on Tillmann et 

691 al. (2008). (b) Schematic of the crosshole GPR acquisition setup, in which the 

692 green arrow indicates the location of CPT data. (c) Picture of the Krauthausen 

693 test site and (d) location of boreholes (circles) and cone penetration tests 

694 (asterisk), in which the distance from the CPT 144 to the corresponding cross-

695 section is about 0.5 m. (a) and (b) are adapted from Gueting et al. (2015).
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696 Figure 3. The (a) and (b)  models based on the stochastic simulation used to  𝜀𝑟 𝜎

697 generate the realistic synthetic GPR data. The shadow zones at the boundaries 

698 indicate the extended domain of the inversion. The vertical dashed line 

699 indicates the selected Sto-CPT location used to compute the filter and to 

700 amplify the wavenumber of the FWI results. (c) Ray-based result for  using  𝜀𝑟

701 the GPR data based on (a) and b) a uniform starting model for , which are  𝜎

702 FWI starting models.

703 Figure 4. (a) Evolution of the FWI RMSE misfit (black line) and the remaining absolute 

704 mean  gradient (blue line) with iterations. The black line indicates the  𝜀𝑟

705 average value between the normalized remaining gradient values and the 

706 normalized RMSE. The red circle shows the FWI iteration with the optimal 

707 value. (b) The standard FWI permittivity and (c) conductivity results after 28 

708 iterations. The dashed vertical line indicates the selected FWI profile used to 

709 generate the amplifying filter.

710 Figure 5. (a) The distributions of RMSE and R values for porosity results as a function of 
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711 the smooth function span values for the selected range of 0 to 71. The dashed 

712 line indicates the optimal span value of 21. (b) A comparison of the spatial 

713 wavenumber spectra of Sto-CPT data (blue), FWI (red) and ray-based (green) 

714 results. The filter is indicated by the black solid line, which is derived from the 

715 ratio between the smooth Sto-CPT and the smooth FWI (smooth span is 21). 

716 The dashed black line shows the maximum wavenumber for the filter.

717 Figure 6. Comparisons of the (a) full and (b) low wavenumber information for Sto-CPT 

718 (blue), ray-based (green) and FWI (red) porosity results.

719 Figure 7. Comparisons of different effective source wavelets in (a) time domain, (b) 

720 corresponding frequency spectra, and (c) phase spectra based on the different 

721 processing steps indicated in Figure 1. Note that all source wavelets are 

722 estimated for different  models, while  models are the same for all steps with  𝜀𝑟 𝜎

723 a homogenous model of 13 mS/m. Amplitudes of (a) and (b) are normalized to 

724 their corresponding minimum and maximum for a better comparison.

725 Figure 8. Comparisons of FWI (a) permittivity and (b) conductivity results using different 
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726 effective source wavelets (Figure 7). Values in parentheses indicate the mean 

727 RMSE between filtered FWI permittivity models and the filtered stochastic 

728 permittivity model in the entire 2D domain (see Table 3 for more details). (c) 

729 Quantitative comparisons of the RMSE and R between filtered stochastic 

730 permittivity model and different filtered FWI permittivity results (same 

731 wavenumber as WA-FWI) along the vertical profile.      

732 Figure 9. (a) To (e) comparisons of spatial frequency spectra of the CPT data (blue), the 

733 ray-based (green) and the conventional FWI (red) results in the wavenumber 

734 domain for different profiles (see Figure 2d for the locations of the profiles). The 

735 wavenumber filter is indicated by the black solid line for each profile. (f) 

736 Comparisons of the five filters, where a marked difference of profile 103 to the 

737 other profiles near 0.5 m-1 is noticeable.  

738 Figure 10. Comparisons of the updated effective source wavelets of the five cross-

739 sections used for the experimental study in (a) time domain, (b) frequency and 

740 (c) phase spectra. Amplitudes of (a) and (b) are normalized to their 
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741 corresponding minimum and maximum for a better comparison.

742 Figure 11. (a) Traditional permittivity FWI results using  for the five cross-sections. SWRay

743 Circles and crosses indicate the transmitter and receiver locations, 

744 respectively. Dashed lines present the locations of the CPT profiles. (b) 

745 Permittivity images of the wavenumber-amplified FWI using the filters shown in 

746 Figure 9. (c) Updated FWI results using the updated effective source wavelets 

747 as shown in Figure 10.

748 Figure 12. (a) Porosity comparisons of the filtered CPT (blue), the ray-based results 

749 (green), the filtered FWI results (red) and the wavenumber-amplified FWI 

750 (black) along each vertical profile. (b) Full wavenumber porosity results 

751 comparison of the CPT, ray-based, the FWI results (using ) and the  SWRay

752 updated FWI results (using ). SW𝑁𝑒𝑤 ― 𝐹𝑊𝐼
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753 LIST OF TABLES

754 Table 1.  Parameters for stochastic simulation of permittivity and conductivity based on 

755 data at the Krauthausen test site (Tillman et al., 2008). Parameters  and  are 𝜀 σ

756 mean values for different facies.  and  represent variance values for s2ε s2σ

757 permittivity and conductivity, respectively. Parameters and are the 𝜆𝜀,ℎ 𝜆𝜀,𝑣 

758 horizontal and vertical correlation lengths fitted with an exponential model for 

759 permittivity. And the horizontal and vertical correlation lengths of conductivity 

760 are shown by  and , respectively.λ𝜎,ℎ  λ𝜎,𝑣

761 Table 2.  Comparisons of the correlation coefficient R and the root mean squared error 

762 RMSE of the filtered Sto-CPT, filtered FWI and wavenumber amplified FWI 

763 (WA-FWI) results given the maximum wavenumber, the suitable span value 

764 and the optimal FWI iteration value. R is Pearson's Correlation Coefficient 

765 between two variables (same for all following tables). The percentage in 

766 parentheses indicates the improvement of the WA-FWI RMSE to the filtered 

767 FWI RMSE.
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768 Table 3.  Mean RMSE and R of different  model comparisons for the entire 2D 𝜀𝑟

769 domain. F-Stochastic and F-FWI (to keep the same wavenumber information 

770 as WA-FWI) are filtered Stochastic and filtered FWI permittivity models, 

771 respectively. The F-FWI results with  are the optimal choice 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

772 because of the lower RMSE and the higher R value.

773 Table 4.  Comparisons between filtered CPT, filtered FWI and wavenumber amplified 

774 FWI (WA-FWI) porosity results of the experimental data set from the 

775 Krauthausen site. Percentages in parentheses indicate the improvement of the 

776 WA-FWI RMSE to the filtered FWI RMSE.

777 Table 5.  Comparisons of the full wavenumber CPT and FWI porosity results using 

778 different effective source wavelets. R and RMSE are calculated based on 1D 

779 full wavenumber profile data. Percentages in parentheses indicate the 

780 improvement of the New-FWI RMSE to the traditional FWI RMSE.
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1 Table 1. Parameters for stochastic simulation of permittivity and conductivity based on 

2 data at the Krauthausen test site (Tillman et al., 2008). Parameters  and  are mean 𝜀 σ

3 values for different facies.  and  represent variance values for permittivity and s2ε s2σ

4 conductivity, respectively. Parameters and are the horizontal and vertical 𝜆𝜀,ℎ 𝜆𝜀,𝑣 

5 correlation lengths fitted with an exponential model for permittivity. And the horizontal 

6 and vertical correlation lengths of conductivity are shown by  and , respectively.λ𝜎,ℎ  λ𝜎,𝑣

Sand (1) Sandy gravel (2) Gravel (3)

Permittivity 𝜀 21.52 17.82 13.89

𝑠2
𝜀 9.83 8.71 8.68

λ𝜀,ℎ[m] 5 1.75 0.3

λ𝜀,𝑣[m] 0.19 0.2 0.41

Electrical 
conductivity

σ[mS
m ] 15 10.4 9.6

𝑠2
𝜎[(mSm )2] 4.32 17.68 4.48

λ𝜎,ℎ[m] 5 1.75 0.3

λ𝜎,𝑣[m] 0.19 0.2 0.41

7
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8 Table 2. Comparisons of the correlation coefficient R and the root mean squared error 

9 RMSE of the filtered Sto-CPT, filtered FWI and wavenumber amplified FWI (WA-FWI) 

10 results given the maximum wavenumber, the suitable span value and the optimal FWI 

11 iteration value. R is Pearson's Correlation Coefficient between two variables (same for 

12 all following tables). The percentage in parentheses indicates the improvement of the 

13 WA-FWI RMSE to the filtered FWI RMSE.

14 Considered parameter 𝜺𝒓

Max. wavenumber for filter ( )𝐦 ―𝟏 2.00

Span value of smooth function 21

Optimal iteration of FWI 28

R (Filtered FWI: Filtered Sto-CPT) 0.9562

R (WA-FWI: Filtered Sto-CPT  ) 0.9655

RMSE ( Filtered  FWI:  Filtered Sto-CPT ) 1.0907

RMSE ( WA-FWI: Filtered Sto-CPT )
Improvement

0.8830
19.0%
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15 Table 3. Mean RMSE and R of different  model comparisons for the entire 2D domain. 𝜀𝑟

16 F-Stochastic and F-FWI (to keep the same wavenumber information as WA-FWI) are 

17 filtered Stochastic and filtered FWI permittivity models, respectively. The F-FWI results 

18 with  are the optimal choice because of the lower RMSE and the higher R 𝑆𝑊𝑁𝑒𝑤 ― 𝐹𝑊𝐼

19 value.

20

Compared models ( )𝜺𝒓 Mean RMSE Mean R
F-Stochastic and Ray-based 2.4836 0.7237

F-Stochastic and F-FWI ( )𝑺𝑾𝑹𝒂𝒚 1.4886 0.9222

F-Stochastic and F-FWI ( )𝑺𝑾𝑭𝑾𝑰 1.3234 0.9409

F-Stochastic and WA-FWI 2.1754 0.8713

F-Stochastic and F-FWI ( )𝑺𝑾𝑾𝑨 ― 𝑭𝑾𝑰 1.6465 0.8907

F-Stochastic and F-FWI 
( )𝑺𝑾𝑵𝒆𝒘 ― 𝑭𝑾𝑰

1.3660 0.9315

F-Stochastic and F-FWI ( )𝑺𝑾𝑺𝒕𝒐 1.2029 0.9445
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21 Table 4. Comparisons between filtered CPT, filtered FWI and wavenumber amplified 

22 FWI (WA-FWI) porosity results of the experimental data set from the Krauthausen site. 

23 Percentages in parentheses indicate the improvement of the WA-FWI RMSE to the 

24 filtered FWI RMSE.

25

Borehole #                                   
Distance between boreholes

32-38
(5.13m)

38-31
(4.99m)

31-62
(3.83m)

62-30
(6.16m)

75-76
(4.96m)

Profiles of CPT 100 101 102 103 144

Max. wavenumber for filter ( )𝐦 ―𝟏 2.31 2.31 2.31 2.31 2.31

Span value of smooth function 27 27 27 27 27

Optimal iteration of FWI 30 22 30 15 26

R (Filtered FWI: Filtered CPT) 0.7851 0.9278 0.8414 0.8711 0.8340

R (WA- FWI: Filtered CPT ) 0.7604 0.9031 0.8771 0.9054 0.9062

RMSE ( Filtered FWI: Filtered CPT) 0.0436 0.0308 0.0386 0.0349 0.0269

RMSE ( WA- FWI: Filtered CPT )
Improvement

0.0291
33.3%

0.0197
36.0%

0.0210
45.6%

0.0210
39.8%

0.0207
23.0%
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26 Table 5. Comparisons of the full wavenumber CPT and FWI porosity results using 

27 different effective source wavelets. R and RMSE are calculated based on 1D full 

28 wavenumber profile data. Percentages in parentheses indicate the improvement of the 

29 New-FWI RMSE to the traditional FWI RMSE.

30

31

Borehole #                                   
Distance between 
boreholes

    32-38
(5.13 m)

   38-31
(4.99 m)

   31-62
(3.83 m)

  62-30
(6.16 m)

  75-76
(4.96 m)

R (FWI: CPT) 0.7576 0.9153 0.8049 0.8564 0.8149
R (New-FWI: CPT ) 0.7701 0.9189 0.8312 0.8569 0.8636

RMSE (FWI: CPT) 0.0448 0.0316 0.0410 0.0360 0.0285

RMSE (New-FWI : CPT )
Improvement

0.0296
33.9%

0.0249
21.2%

0.0249
39.3%

0.0272
24.4%

0.0255
10.5%
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Figure 1. Illustration of the updating strategy of the effective source wavelet based on WA-FWI results and 
of the performance of the new FWI. The red boxes, which represent data in the wavenumber domain, show 

the process of constructing the filter. The green boxes indicate generating WA-FWI and updating the 
effective source wavelet. The blue boxes show the FWI process. Homo (σ) represents the homogenous σ 

starting model equal to 13 mS/m, which combines ray-based εr as the starting models used for the updating 
source wavelet and the FWI in this study. 
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Figure 2. (a) Generalized cross-section of the uppermost aquifer based on Tillmann et al. (2008). (b) 
Schematic of the crosshole GPR acquisition setup, in which the green arrow indicates the location of CPT 
data. (c) Picture of the Krauthausen test site and (d) location of boreholes (circles) and cone penetration 

tests (asterisk), in which the distance from the CPT 144 to the corresponding cross-section is about 0.5 m. 
(a) and (b) are adapted from Gueting et al. (2015). 
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Figure 3. The (a) εr  and (b) σ models based on the stochastic simulation used to generate the realistic 
synthetic GPR data. The shadow zones at the boundaries indicate the extended domain of the inversion. The 

vertical dashed line indicates the selected Sto-CPT location used to compute the filter and to amplify the 
wavenumber of the FWI results. (c) Ray-based result for εr using the GPR data based on (a) and b) a 

uniform starting model for σ, which are FWI starting models. 
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Figure 4. (a) Evolution of the FWI RMSE misfit (black line) and the remaining absolute mean εr gradient 
(blue line) with iterations. The black line indicates the average value between the normalized remaining 

gradient values and the normalized RMSE. The red circle shows the FWI iteration with the optimal value. (b) 
The standard FWI permittivity and (c) conductivity results after 28 iterations. The dashed vertical line 

indicates the selected FWI profile used to generate the amplifying filter. 
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Figure 5. (a) The distributions of RMSE and R values for porosity results as a function of the smooth function 
span values for the selected range of 0 to 71. The dashed line indicates the optimal span value of 21. (b) A 

comparison of the spatial wavenumber spectra of Sto-CPT data (blue), FWI (red) and ray-based (green) 
results. The filter is indicated by the black solid line, which is derived from the ratio between the smooth 

Sto-CPT and the smooth FWI (smooth span is 21). The dashed black line shows the maximum wavenumber 
for the filter. 
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Figure 6. Comparisons of the (a) full and (b) low wavenumber information for Sto-CPT (blue), ray-based 
(green) and FWI (red) porosity results. 
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Figure 7. Comparisons of different effective source wavelets in (a) time domain, (b) corresponding frequency 
spectra, and (c) phase spectra based on the different processing steps indicated in Figure 1. Note that all 

source wavelets are estimated for different εr models, while σ models are the same for all steps with a 
homogenous model of 13 mS/m. Amplitudes of (a) and (b) are normalized to their corresponding minimum 

and maximum for a better comparison. 
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Figure 8. Comparisons of FWI (a) permittivity and (b) conductivity results using different effective source 
wavelets (Figure 7). Values in parentheses indicate the mean RMSE between filtered FWI permittivity 

models and the filtered stochastic permittivity model in the entire 2D domain (see Table 3 for more details). 
(c) Quantitative comparisons of the RMSE and R between filtered stochastic permittivity model and different 

filtered FWI permittivity results (same wavenumber as WA-FWI) along the vertical profile.       
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Figure 9. (a) To (e) comparisons of spatial frequency spectra of the CPT data (blue), the ray-based (green) 
and the conventional FWI (red) results in the wavenumber domain for different profiles (see Figure 2d for 
the locations of the profiles). The wavenumber filter is indicated by the black solid line for each profile. (f) 

Comparisons of the five filters, where a marked difference of profile 103 to the other profiles near 0.5 m-1 is 
noticeable.   
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Figure 10. Comparisons of the updated effective source wavelets of the five cross-sections used for the 
experimental study in (a) time domain, (b) frequency and (c) phase spectra. Amplitudes of (a) and (b) are 

normalized to their corresponding minimum and maximum for a better comparison. 
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Figure 11. (a) Traditional permittivity FWI results using SWRay for the five cross-sections. Circles and 
crosses indicate the transmitter and receiver locations, respectively. Dashed lines present the locations of 

the CPT profiles. (b) Permittivity images of the wavenumber-amplified FWI using the filters shown in Figure 
9. (c) Updated FWI results using the updated effective source wavelets as shown in Figure 10. 
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Figure 12. (a) Porosity comparisons of the filtered CPT (blue), the ray-based results (green), the filtered FWI 
results (red) and the wavenumber-amplified FWI (black) along each vertical profile. (b) Full wavenumber 
porosity results comparison of the CPT, ray-based, the FWI results (using SWRay) and the updated FWI 

results (using SWNew-FWI). 

207x153mm (300 x 300 DPI) 

Page 72 of 72Geophysics Manuscript, Accepted Pending: For Review Not Production


