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Chapter 1

Introduction

In addition to the laws of the physics of electric discharges, the knowledge
of the electric field is the basis of the design of insulation systems in high
voltage engineering. Although the properties of the insulation material and
the environmental conditions are important, the electric field strength is
ultimately the decisive parameter for the appearance of electric discharges.
Particularly in the case of gas insulated substations, the predetermination
of discharge voltages based on the knowledge of electric field distribution is
an essential step during the design process.

In the past, experimental methods were used to determine the electric
field, for example the electrolytic tank or semiconductive paper. Now these
methods have been successfully replaced in most cases by numerical field
calculation, and the recent developments in computer technology open new
and interesting possibilities for the future. A variety of numerical meth-
ods and computer codes are available for both 2D and 3D electric fields.
Whereas in the past the calculation of 3D electrostatic fields without sym-
metry was limited to main frame computers only, there are now possibilities
to calculate these fields on graphic workstations and even on personal com-
puters as well.

Many computer codes are available for the calculation of electric fields
based on Finite Element Method (FEM). In the application of this method
the whole space of interest must be subdivided into elements. One ad-
vantage of this discretization procedure is that the possibility of nonlinear
properties of the space can be taken into consideration. On the other hand,
this kind of discretization may result in a very high number of elements,
especially in the case of 3D fields without any symmetry or in such cases
where a very dense nodal distribution is necessary.

An alternative to the widely used FEM are so called integral meth-
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2 Introduction

ods like the Boundary Element Method (BEM) or the Charge Simulation
Method (CSM). The basis for these methods is the integral formulation of
Laplace’s or Poisson’s equation. It is a characteristic feature of these meth-
ods that generally the spatial discretization is limited only to the surface
domain of electrodes or dielectric boundaries. This means that this kind of
discretization can be done with a considerably smaller number of elements
in comparison with FEM. On the other hand this significant saving of ele-
ments results in a full matrix of the equation system in comparison with the
sparse matrix in the case of FEM, and the limitation of the discretization
to the surface domain does not include nonlinearities in the space. But
nevertheless these integral methods promise to be an economical way of
numerical field calculation in high voltage engineering, particularly in the
case of 3D fields without symmetries. A higher degree of accuracy can be
reached with less computation time and core storage requirements. The
above mentioned shortcoming of BEM and CSM with respect to the con-
sideration of nonlinearities does not play an important role in high voltage
engineering due to the fact that in most cases the dielectric properties of the
insulation do not depend on the field strength distribution in fields without
space charges. If there is a need to consider nonlinearities, modifications of
BEM are available to handle this problem as well.

These possibilities of integral methods gave reason to initiate activities
to improve these methods regarding the application in high voltage engi-
neering and to develop appropriate computer codes on this basis. One of
these activities is a cooperation between the Electromagnetic Field Group
of the Faculty of Electrical Engineering, University of Sarajevo and the
High Voltage Institute, Technical University of Munich. This cooperation
started in 1987 and it is supported by the International Bureau of KFA
Jiilich. During this cooperation contacts were established to Prof. Dr. Peter
Levin of Worcester Polytechnic Institute (USA) and to the project VENUS,
a cooperation on field calculation in high voltage engineering between Ger-
man universities (Hamburg, Karlsruhe, Munich) and the firm Asea Brown
Boveri (ABB).

The practical result of the cooperation between Sarajevo and Munich
was the development and the improvement of computer programs based on
Boundary Element Method and Charge Simulation Method. The methods
used for these codes and the programs themselves are described in this
report.




Chapter 2

Appropriate Methods for
Electric Field Calculation

One of the most important and most difficult stages in the process of de-
signing of electromagnetic devices is the estimation of the electromagnetic
processes that happen in it. The theoretical model of the electromag-
netic process is based on the fundamental laws of electrodynamics stated in
Maxwell’s equations along with appropriate boundary conditions. In that
way, from the mathematical perspective the task of estimating of the elec-
tromagnetic process is reduced to a boundary value problem described by
a system of partial differential equations. The theoretical model, supple-
mented with the information about the geometrical characteristics of the
system, electromagnetic characteristics of the media where the processes
happen, and the characteristics of the sources of the field, contain all the
information about electromagnetic processes of interest in the examined
electromagnetic device (eg. field lines, equipotential lines, location of the
maximal electrical stress, electromagnetic forces, inductivity, etc.).

The aim of determining the electromagnetic process is to obtain from the
theoretical model the information about the electromagnetic process which
is necessary and appropriate for the analysis of the field structures in the
examined electromagnetic device, in qualitative or quantitative form, using
an appropriate mathematical model. Introducing certain assumptions and
simplifications, and neglecting some mutual coupling influences in the the-
oretical model, the mathematical model of the electromagnetic process in
a specific electromagnetic device can often be obtained. Thus, considering
boundary conditions, certain mathematical transformations are performed
on the theoretical model. Depending on the sort of problem some basic
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4 Appropriate Methods for Electric Field Calculation

functions of the field could be introduced (for example scalar function of
the electric or magnetic field potential, function of the vector potential of
the magnetic field, etc). Consequently, there can be various forms of the
mathematical model for a specific electromagnetic process.

Depending on the form of the unknown field function in the governing
equations, mathematical models can be conditionally divided as follows:

o differential (the mathematical model is described by a system of the
partial differential equations with appropriate boundary conditions),

e integral (the mathematical model has a form of an integral equation
system, with boundary conditions implicitly prescribed in the equa-
tions system),

o differential - integral (the combination of the previously given models,
whereby the electromagnetic process in some parts is described by
differential equations, and in other by integral equations).

Solving the mathematical models using analytical methods is very lim-
ited and only occasionally applicable, mostly on simple geometrical systems,
simple boundary conditions, and with constant electromagnetic characteris-
tics. The development of fast digital computers has put into the foreground
the use of the numerical methods when solving mathematical models of the
electromagnetic processes.

When solving the differential mathematical models, two numerical app-
roaches are used:

e Finite Difference Method (FDM),
o Finite Element Method (FEM).

The Finite Difference Method has been used for a long time in the
practice for the calculation of the two-dimensional (2D) and axi-symmetric
electrostatic and magnetostatic fields. On the basis of this method, it is
possible to translate a set of partial differential equations into a set of dif-
ference equations, using an appropriatly chosen orthogonal mesh. Once the
points of the mesh inside the area of interest are numbered, the system of
difference equations is reduced to a system of linear algebraic equations of
a very high order. The basic characteristic of this system is a very sparse
coefficient matrix. This method gives relatively good results in the calcu-
lation of the 2D models of high-voltage apparatus and electric machines
when taking into consideration the nonlinear magnetization curve. The
drawbacks of this method are difficulties in setting up of the mesh which
well approximates the boundary lines between different media, the large
number of required input data, and a need for numerical differentiation,



The Finite Element Method is successfully used in solving 2D and 3D
electromagnetic fields, and for other technical applications. This method is
based on the variational calculation, where the solution of field problems is
reduced to obtaining the stationary state of the appropriate energy func-
tional. Starting with this fact, and taking into consideration that among
enough small parts of the observed area (finite elements), the field func-
tion can be expressed as an analytical function of the position within the
finite element, we arrive to a system of algebraic equations. Solving it, it
is possible to derive the information about the field function in the area of
interest. The result here is also a matrix equation of relatively high order,
with a very sparse coefficient matrix, which can be solved using iterative
methods or some special direct methods. The drawback of this method is a
generally large number of input data that are necessary when defining the
geometrical and material parameters of the selected finite elements of the
area.

For the numerical solution of the integral models, the Charge Simulation
Method and the Boundary Element Method are used.

In the Charge Simulation Method, equivalent charges (point, line, ring
charges) placed in a vacuum are used. The values of these charges are de-
termined in such a way that the boundary conditions are satisfied. The
position of those charges is selected so that the singularity of the integral
operator is avoided, and that the coefficients of the algebraic matrix equa-
tion can be analytically determined. This method has found its application
in the analysis of the electrostatic fields in high voltage engineering. The
method was extended by the introduction of equivalent area charges placed
directly on the surface of electrodes and dielectric boundaries.

In the Boundary Element Method, integral equations are translated into
a system of algebraic equations replacing the surface and volume integral
by the sums of the well selected small curvilinear surfaces over the bound-
ary between two media with different characteristics, or, of small volumes
inside of the media with non-linear electromagnetic characteristics (Sur-
face Boundary Elements - SBE and Volume ”Boundary” Elements - VBE).
Over the boundary element, the field is expressed as an analytical function
evaluated at certain interpolation nodes. The characteristics of the media
are usually taken as constant values for a certain element. The matrix of
coefficients of algebraic equations, derived in this way, is of relatively low
order. However, it is a full matrix with non-constant coefficient values in
case of non-linear media. For the solution of this type of matrix algebraic
equation, most frequently, a combination of direct matrix inversion and an
iterative procedure for non-linear parameter adjustment along the bound-
ary elements, is used. The weak side of this method is the full coefficient
matrix and the relatively large consumption of the computation time for the



6 Appropriate Methods for Electric Field Calculation

calculation of the matrix coefficient (numerical calculation of an integral).
Advantages of this method are the relatively small number of input data
necessary for the exact description of all the characteristics of the system,
and placing of the boundary elements only over the boundaries between the
different media. This method gives distinctly high accuracy, because the
information about boundary conditions is directly presented in a system
of algebraic equations, and it also makes possible the solution of so called
»unbounded fields” where the application of the FDM and FEM is more
difficult.

A modification of the Boundary Element Method, based on the intro-
duction of the Galerkin formulation, is presented in [21]. Ilere, instead
of requiring that the error function be zero at discrete points, the condi-
tion that the residual (error function), multiplied by a weighting function,
integrates to zero over the whole domain is imposed.

In a great number of practical electromagnetic devices, the electromag-
netic process is stationary, or it could be viewed as approximately stationary
(quasi-stationary fields). Therefore, mathematical model of the electromag-
netic field is divided in two mathematical models:

e mathematical model of the electrostatic field,
e mathematical model of the magnetostatic field.

In most devices of this kind, the information about one of two fields
only is important for the design and analysis of the electromagnetic device.
Therefore, from this aspect electromagnetic devices could be divided into
electrical apparatus and magnetic apparatus.

Electrical apparatus are most frequently without ”primary” field sour-
ces, geometrically complex, with several different media and constant elec-
tric parameters. The most important information in the analysis of these
apparatus are the maximum electrical stress and the location where this
stress appears. The reduction of electrical stress and optimization of ge-
ometrical dimensions of the electrical device are the basic criteria in the
process of the design of these devices, so the numerical calculations are
performed in such way as to yield the above mentioned information. For
the numerical calculation of electric field, all above mentioned numerical
methods are practically used.



Chapter 3

The Mathematical
Methods and Numerical
Procedures

3.1 Charge Simulation Method

3.1.1 Principle

Charge Simulation Method (CSM) is based on the principle that the surface
charges on the electrodes or dielectric interfaces are replaced by a set of
simulation charges located outside the field domain or on the boundary. The
position and the type of these simulation charges are predetermined, the
magnitude is unknown. These magnitudes of the simulation charge have to
be calculated so that their integrated effect satisfies the boundary conditions
exactly at a selected number of collocation points. The superposition of the
potentials of the simulation charges must be equal to the boundary potential
@ g of the collocation point B:

=7 p;-Q (3.1)
i=1

where @Q; is the magnitude of the j-th charge and p; is its assigned potential
coefficient. Usually the number of simulation charges and collocation points
is the same, then the application of this equation to all collocation points
leads to a system of n linear equations for the n charges:

(PllQ] = [®5] (3.2)
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8 The Mathematical Methods and Numerical Procedures

The elements of the (n x n) matrix [P] depend on the type and the posi-
tion of the charge. The vector [®p] contains the potential of the collocation
points on the boundaries. After the solution of the equation system for the
unknown magnitudes of the charges one must check whether the calculated
simulation charges fit the boundary conditions. If this check is sufficient
then the potential ® and the field strength E in any point A(z,y, z) in the
field domain can be calculated by means of analytical expressions:

‘D(z,y, z) = ij(.":,y, z) ! QJ‘ (3-3)
E(z,y,2) = = ) [Vps(2,4,2)] - Qs (34)

The name ”Charge Simulation Method” usually implies the idea of the
substitution of the real charges by a set of point, line and ring charges
(" discrete charges”). However, in principle procedures where area charges,
volume charges or multipoles are used for the substitution also belong to
the family of Charge Simulation Methods. Particularly the substitution by
area charges has proven to be a valuable extension of CSM for many tasks
in high voltage engineering.

3.1.2 CSM with Discrete Charges
2D Fields

In the case of 2D fields, straight line charges of infinite length are used as
simulation charges (Fig. 3.1) [1].

Qj (xj,yj)
Pix,y)

2K
|

x collocation point - line charge

Figure 3.1: CSM for 2D fields with infinitely long line charges
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The formulae for the potential coefficient and the field strength compo-
nents for this type of simulation charges are well known:
p._ \/(y+y_,)3+(z—z,) (35)
' V= ur -5

E _ Zn:lj [ a:—a:, a:—:cj ]
T Hme - )2+ (-2 ([W+y)’+(E-2)?

= S Y —Yj ~ .
== -’22“ [(y_yf)z+(“’—$f)’ (y+yj)2+(a:—x5)2](3'6)

The terms of the image charges for the representation of an infinite
earthed plane are included in these equations [1]. Since the line charges
are of infinite length, the qualities to be determined are charges per unit
length A;.

3D Fields with Axial Symmetry

The following types of simulation charges are used for 3D fields with axial
symmetry (1, 2, 3, 4]:

e toroidal line charges, centred on the axis of symmetry Fig. 3.2a),
usually denoted as ”ring charges”,

e straight line charges along the axis of symmetry Fig. 3.2b)

| t2 tz |tz
Qi |=rj= +Z; :
I j2 o
—— Qj %13
T 31 kT
"P(r,z)'l L Plz)|  r, *F’(r,z}! I,
-——_1————
a) ring charge b) straight ¢) point charge

line charge

Figure 3.2: Discrete simulation charges for the calculation of 3D fields with
axial symmetry

Both types having a constant charge density. Furthermore, point charges
on the axis are also used (Fig. 3.2¢).
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The formulae for the potential coefficient p; and the field strength com-
ponents of these types of simulation charges are listed below, using the
notation of Fig. 3.2. They include the image charges representing an infi-
nite earthed plane [1]:

a) ring charges:

(s3] a9

3 Q[K(h) K(kz); (3.7)

~Q 1 {lr}’— ¥ 4 (2= )2 - B(ka) = B} K(ke)

o = —ZE ar

j=1 oy - B}
[ =0+ (2 + %)) E(ks) - B3 - K(k2)
Gz'ﬁg
L NG9 2[(—%) Bh) | (2+%) - Blka)
W = _24;5'1;{ ai.ﬁ? + a;-pg } (3.8)

with the substitutions:

2.7 2. /157

J J

ki=—"——; ky=—"—;
(03] (6]

ay = \/(1'+rj)2 + (z — z;)% ag = \/(r +75)2 + (2 + z)%

B=\Jo-nP+G—5 A= \o-n) + G+ y)

K (k) and E(k) are the complete elliptic integrals of first and second kind
respectively. They can be easily evaluated by means of polynomial approx-
imations (e.g. [5]).

b) straight line charges:

1 (ziz—z+m)zj1 + 2+ 72)
;= In 22 2 3.9
P 4WE(Zj2—Zj1) (Zjl —z+61)(2j2+2+62) ( )

s Q; 1 [Z—ij z—zjy z+zj1 . z+ 22
E = - = — — J + J
r Jz:; 41TE(Zj2 —_— zjl) r ‘n 61 T2 52
n
Q; [ 11 1 1
E, = - —_— | = — = — 3.10
SAre(zz—z) Ll n & m b (3.10)
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where:

7mn= r? + (ng — 2)2; T2 = \/!"2 + (Zjl + 2)2;
b=+ — 2% b=+ + )%

c) Point charges:

=1 1 B 1

B, = E“:_QL[ r _ r ]
Zne | (T G mPP (AT G anr

n
&. z_zJ z+zJ ] (312)

e (G- (PG s

&
:

+ {straight
line charges

r-
ring charges  toroid

point charge
shielding elecfrode sphere gap

Figure 3.3: Arrangement of discrete simulation charges for the calculation
of 3D fields with axial symmetry
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3D Fields

Components with axial symmetry are often used in high voltage engineer-
ing (for example test transformers, voltage dividers, capacitors). However,
in many cases these apparatus are arranged asymmetrically. For the cal-
culation of the 3D electric field of these systems the CSM with discrete
charges can be extended. In the same way as in the case of axial symmetry
a set of point, line and ring charges can applied for the discretization of the
real surface charges. But in this case the charge density of the ring charges
is either chosen as continuously variable [1, 6] or partially constant ("ring
segment charges”) [7] as shown in Fig. 3.4.

length indicates
charge magnitude

a) b)

TFigure 3.4: Ring charge with
a) partially constant charge density
b) continuously variable charge density

If a discretization with ring segment charges according to Fig. 3.4a is
used, a collocation point on the boundary is assigned to each segment. The
potential coefficient p; and the field strength components of a segment Q;
at point A(r, 1, z) using the cylindrical coordinate system are given by:

1 o da 313
P9 = Tre(on; — aoz) ao; /D? = %rrjcos(¥ — )’ )
B. — Qj /‘“” r—rj-cos(h — a)da-'
4 K; Jos; F; .
Q; [ r;-sin(¢p —a
By = =t %d“i
) Jagj J
Qi [ 2—2
By = 2L da; (3.14)
N I{j oy FJ
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with the abbreviations:
D? = (z—z)*+ rJ? +r?;
K;
3
B = [\/(z — 224 1] +r2 - 2rr;  cos(h — a)J ,  (3.15)

dre(ayj — agj);

and with the angles ap;, a1; and o according to Fig. 3.4a. The symbols r;
and z; are the same as in the case of charges with constant charge density
(Fig. 3.2a). The integrals are evaluated numerically, usually by application
of Simpson’s rule. More sophisticated numerical integration technique, such
as Gaussian quadrature, can also be used to advantage.

If ring charges with continuously variable charge density are used for
the simulation, the distribution may be divided into a constant part and
several cosinusoidal (sinusoidal) harmonics with unknown peak values A,
similar to Fourier analysis. This charge density distribution A is a function
of the rotation angle a, as shown in Fig. 3.4b, and as it is given by the
equation:

my
Aj(a) = E Aju - cos(pa) (3.16)
p=0
In this equation my denotes the number of harmonics.

The total number (my + 1) of the harmonics (¢ = 1,...my) and the
constant component (¢ = 0) must be equal to the number of collocation
points. The potential coefficient and the field strength components of the
p-th harmonics in point A(r,#,2) in a cylindrical coordinate system are
determined by the expression below:

Pin = 275[Q” - (—h)-cos(,m,b) (3.17)
Ey = —-& ~ - cos(u) - \/7 { 5= Qu-172(k;)+

+&2rj(2r2 = D?) [Qus172(ks) = ki Qu-1/2(ks)] }

Dt — 4rir?
A /1‘- 1 §
Ep.p = :?;:'IE 3 ’—J T Q;u—l[ﬁ(kj) : Sll’l(p!,b)
i +1/2
E,; = —£ . cos(uy)- ’{ J-! 4/2 5 Arjr (2 —z)-

) [Qn+112(kj) — kj 'QM—U'Z(A'J )] (3.18)
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with k; = D*/(2rr;), D?* according to equation (3.15.) and Q412 as the
Legendre functions of the sccond kind of the order p — 1/2 and p + 1/2
respectively, so-called torus functions.

The resulting system of linear equations is solved for the charge density
harmonics Aj,. The resulting field strength in any direction is caleulated
by addition of the parts which originate from constant and periodically
variable charge components, e.g. taking one ring charge:

Er = ZE,ur (319)

3.1.3 Arrangements with More Dielectrics

The procedures described above are applicable for systems with only one
dielectric, for example electrode systems in air or SFg. In high voltage
engineering very often fields with more than one dielectric have to be cal-
culated. In principle the CSM with discrete charges also can be applied to
these fields [1, 8].

A multidielectric arrangement should be divided into regions. Tach
region is homogeneous with regard to its material properties, i.e. it consists
of only one dielectric. Tor the collocation points placed on the regions
boundaries (see model arrangement, Fig. 3.5a), the discrete charges are
simulated as follows:

1. for each point on the electrode surface one charge is placed in front
of the adjacent region,

2. for each point on the interface between regions two charges are placed
in front of the interface, each on the opposite side.

The number of unknown charge values match the number of equations when
taking into account that for the interface between two regions R; and R;,
the following two conditions must be fulfilled:

1. the continuity of the potential:

o; = &, (3.20)

2. the relation of the normal field strength components:

€ilini = € En; (3.21)
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R3

Figure 3.5: Charge simulation in a model arrangement with more dielectrics
(regions):
a) charges simulated in the whole arrangement
b) surface-oriented CSM: set of charges used for field calcula-
tions in regions Ry, R and R3
¢) region-oriented CSM: set of charges used for field calcula-
tions in regions Ry, Ry and R3
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with potentials ®; and ®;, the normal field strength components E,; and
E,; and with the scalar dielectric constants &; and ¢; of the region R; and
R; respectively.

There are two different approaches when calculating field within regions.
One should distinguish between surface-oriented and region-oriented CSM.

Surface-oriented CSM

For the calculation of potential and field strength all charges are regarded
except those which are arranged inside the region of consideration, Fig. 3.5b.
For instance, if point A(r, 1, z) belongs to a region R; with the dielectric
constant ¢;, the charges belonging to this region are disregarded:

(I'(I", ¢: Z) = Z Pk(r: 1}": 2) 2 Qk (322)
Qx¢R;

E.(rl tl)i Z) == E [vpk(rl 'j’: Z’)] £ Qk (323)
Qn€R;

where Q. € R; denotes charges placed outside the region R;.
These formulae can also be applied to each collocation point C(r., ¥, z.)
on the region boundaries when building the equation system:

e for a point on the electrode boundary:

D pelre, e, z) - Qr = @, (3.24)
Qx¢R;
with the constant potential ®, on the electrode. (If the potential @, is
unknown, i.e. if the electrode is on a floating potential, an additional
equation has to be formulated. For the surface-oriented CSM, the condition
is usually applied that the sum of charges assigned to the collocation points
on the electrode equals zero.)

e for a point on the dielectric boundary

Z Pk(rc, Ve, Zc) “Qr = E Pk (rc’ Ye, ZC) Qk (325)

Que Qx¢R;
£y Z [ﬁ . Vpk("c»'.bc: zc) A Qk] = Ej Z [ﬁ y Vpk(:"c, Ye, Zc) . Qk] (326)
Qx¢R; QngR;

The surface-oriented method was successfully applied to arrangements
with 2 dielectrics [1, 8]. It is also possible to obtain good results for sys-
tems with more than 2 dielectrics. However, the surface-oriented CSM is
rather sensitive regarding the positions of simulation charges: they should
be placed close to the corresponding surfaces to avoid overlapping with
charges simulated for other surfaces.
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Region-oriented CSM

The charges should be formed into sets so that for each region an unique
set of charges is arranged. Each of these sets surrounds the appropriate
region, I'ig. 3.5¢c. Tor the calculation of potential and field in a region R;
the following formulas should be applied:

(b(rl 1/);2) = E Pk("; Trl)l Z) ' Qk (327)
Qre{ti}

B, 2)=— Y [Vee(n9,2)]- Q (3.28)
Qre{R;}

where Q) € {R;} denotes charges surrounding region R;.

Using (3.27) and (3.28) the equations similar to (3.24) - (3.26) can be
written for collocation points on the region boundaries: the only difference
is the expression under the . It results, however, in the sparse matrix of
the equation system. This is one of fundamental difterences between the
region-oriented CSM and other integral methods. (However, the matrix
for the surface-oriented CSM is also not quite ”"full”. But the number of
elements which are equal Lo zero is usually less than 50% of the total number
of matrix elements.)

In the region-oriented CSM charges influencing the field in one region
are not used for the field calculations in other regions. This fact is very
useful for positioning the charges. Let us consider a collocation point on a
boundary between region R; and R;. For this point two charges have to be
assigned to the appropriate regions. It is required that the charge assigned
to the region R; is not placed inside of the region R;. However, it is not
necessary that this charge is placed within the region R;. The same rule
can be applied for charges simulated for the electrode surface: they need
not to be placed inside the electrode. This opens additional possibilities for
calculating fields near very thin conducting foils.

In the region-oriented CSM - in contrast to other methods - one does
not distinguish between free and bound charge. This follows from the fact
that charges are assigned to regions rather than to surfaces, and this has
important consequences, for example when solving problems with floating
potentials. The flux through an electrode on floating potential cannot be
calculated as the sum of charges assigned to the electrode. The flux can
only be obtained by the integration of the electric displacement over the
electrode surface according to the Gauss’s law.
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3.1.4 Application Aspects
Position of the Discrete Charges

In applications of CSM with discrete charges, the arrangement of the sim-
ulation charges and collocation points is important. An empirical criterion
which has proven as very effective is the assignment factor:

ay

fa= o (3.29)
with the distance a; between two successive collocation points and the
distance az between a collocation point and the corresponding charge (Fig-
ure 3.6a). In order to avoid distances between charges and collocation
points which are too small, in the case of curved contours the definition of
a curvature criterion according to Fig. 3.6b is useful [1):

prjo=r l:,/l-}-(fﬂ . ci—_l)ziFfﬂ : a?l} (3.30)

p1 is valid for convex curvature (negative sign), po for concave curvature
(positive sign). For dielectric interfaces, both cases must be used accord-

ingly,

Figure 3.6: Arrangement of simulation charges

Experience shows that the assignment factor should be between 1,0 and
2,0. If f, lies within these limits the accuracy of the calculation is not
very much influenced by the position of the simulation charges. Another
possibility to determine the position of the simulation charges is by intro-
ducing optimization procedures, for example the Fletcher algorithm [9], or
the application of knowledge based systems [25].
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Check of Accuracy

For the check of accuracy usually the following criteria are applied:

(1) Deviation of the resulting equipotential line & = &5 from the given
boundary,

(2) Deviation of the calculated field strength components on electrode sur-
faces from the normal direction (Fig. 3.7),

(3) Relation between field strength, normal derivative of field strength
and curvature radius, especially for electrodes with small radius of

curvature (formula of Spielrein [20]):

arE 1 i I 1
i, | s et 3.31
on E (Pl +P2) (3.31)

with the radii of curvature p; and p; of two perpendicular cross sec-
tions.

For systems with more dielectrics the following criteria on the dielectric
boundaries can be used additionally [8]:

(4) Continuity of potential,
(5) Continuity of the tangential components of the field strength,

(6) Relation of the normal components of the field strength.

unacceptable simulation acceptable simulation
- - - electrode surface
—— coresponding equipotential line

Figure 3.7: Check of the accuracy by the direction of field strength vector E
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3.1.5 Charge Simulation Method with Area Charges

While CSM with discrete charges operates with charge distributions ar-
ranged outside the domain of consideration, CSM with area charges uses
distributions which are located directly on the boundaries. This kind of
CSM may contribute both to the family of CSM and the family of BEM.
For application in high voltage engineering, the CSM with area charges
was developed by Singer [10, 11]. It is described here for the calculation
of asymmetrical 3D fields with axial symmetric components as shown in
section 3.1.2 (3D fields).

The real surface charge of an electrode or a dielectric interface is subdi-
vided into T" area charges with the area charge density o; and the area Aj,
Figure 3.8. Then the potential in a field point P(r, 1, ) in spherical coor-
dinate system is the sum of the potentials of all area charges:

1 & dA
o(r, 9, 9) = mga,--& — (3.32)
1= J

with the distance s between the point P and the area element dA on the
area charge.

Figure 3.8: Discretization with area charges

For the calculation of asymmetrical 3D fields with axisymmetrical com-
ponents the area charge density ¢; is a function of the rotation angle a.
This function can be expressed in the same way as it was shown in sec-
tion 3.1.2 for ring charges by cosinusoidal harmonics with the unknown
peak values of the area charge density o;j,:

mpy

o} = z 0 cos(pa) (3.33)
u=0

with my the number of harmonics.
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In order to avoid discontinuities between two successive charge elements,
a dependence on the coordinate r is introduced into the approximation
formula. If this dependence is formulated as a polynomial distribution of
the charge density, o; can be expressed by the equation:

myg Ny P v
5= 3> i (L) - conluer) (3.34)

p=0v=0

rg is an arbitrarily related radius, ny is the maximum degree of the polyno-
mials. For each simulation charge we get (my +1)(ny +1) unknown charge
density components ;. In order to determine these unknowns one needs
the same number of collocation points assigned to each area charge. The
setup and the solution of the equation system is the same as for the CSM
with discrete charges.

The calculation of the potential functions of the area charges is more
difficult than the calculation of potential functions of discrete charges. Usu-
ally numerical integration methods must be applied. In comparison with
CSM with discrete charges the CSM with area charges needs more compu-
tation time. Therefore it is proposed to use it in combination with discrete
charges. Area charges should be applied to thin plates, strip conductors or
foils, as they are used in bushings or cable terminations [10].

The application of area charges is advantageous for the simulation of
dielectric boundaries. In this case only the relation of the normal field
strength components must be regarded as boundary conditions:

Enrr &1

s = e (3.35)
In contrast to the simulation with discrete charge the condition of potential
continuity is automatically fulfilled. For every collocation point on the di-
electric boundary only one equation is necessary and therefore the resulting
matrix is smaller.

3.2 Boundary Element Method

3.2.1 Mathematical Model

The electrostatic field of the scalar potential function can be described using
the integral equations (Fredholm’s integral equation of first and second
kind) with a Green’s function kernel.

The basis for establishing of the system of integral equations is the
introduction of equivalent surface charges distributed in vacuum, as follows:
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e over the boundary interface between two dielectrics, taking into ac-
count the bound surface charge,

e over the conductor - dielectric boundary interface, where the conduct-
ing body has known potential,

e over the conductor - dielectric boundary interface, where the total
quantity of the charge on the conductor is known, and is possibly
Zero.

The distribution function of the introduced equivalent surface charges
over the marked boundary interfaces, is determined such that following
conditions can be satisfied:

e boundary conditions on the boundaries between two dielectrics,

e prescribed values for the potential function on the conductor surfaces
with known potential are mainained,

e prescribed values for the total quantity of surface charges on the con-
ductors with unknown potential (”floating potential”) are imposed.

The electrical field in the observed space of interest can now be consid-
ered as the result of the presence of the equivalent surface charges. The
charges are considered to be the ”sources” of the electric field.

Let us introduce following notation:

Sp - boundary surface conductor - dielectrie, p = 1, .., P;

Sa - boundary surface dielectric - dielectric, d = 1, .., D;

M - index of the point of field source lying on the conductor surface;

N - index of the point of field source lying on a dielectric - dielectric
boundary surface;

I - index of an arbitrary point lying on the conductor surface;

J - index of an arbitrary point lying on the dielectric - dielectric
interface;

o - the function of the distribution of equivalent surface charges.

If the functions of equivalent surface charges are known, then, for an
arbitrary point I on the surface of the conductor, the potential is calculated
according to the following relation:

Z/ a(ﬂ/f)
47reg s, TMI 471'50 Sa

1eS;,p=1,..,P.

(3.36)
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Equation (3.36) represents a Fredholm integral equation of the first kind.

In a case where the potential of some conductor is not known, but the
total quantity of charge @ on that conductor is known, then the equation
representing the total quantity of charges is used together with the equa-
tion (3.36):

Qp -__[9 SDEpEnpdSp (337)

The normal component of the electric field strength of an arbitrary
point J on the boundary interface dielectric - dielectric can be calculated
as follows:

P D
Boy=Y BX + Y B9 = 80) + 81 (3.38)
p=1 d=1

where :

E,(:J_,) - normal component of the electrical field strength of all the sources,
except the sources along the boundary surface where point J is found,

E,("? - normal component of the electrical field strength of all the sources
along the boundary surface where point J is found.

E® = _I_EP: / o (M) cos(ars, i7)dS, £
nJ 4“5(} p=1 S,

Tir:
D
1 N r ny)d
B s f o )°°s(’;”""’) Sa (3.39)
dmeg a=1 V5S4 TNJ
d#dy

The normal component of the electrical field strength at point J, caused
by the sources along the boundary surface d, is calculated as follows:

E(J) _ 1 O'(N) COS(FNJ,ﬁ';)deJ
nF =

3.40
dmeo Js,, rary (3.40)

Here we notice that for N — J the integral (3.40) has singularity.

In order to avoid the singularity, the small area around point J, area
San, Fig. 3.9, will be excluded from the integral (3.40), and the field caused
by the sources on that area Sap will be calculated separately.

£} = B + B (3.41)
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€1

€2

Figure 3.9: The small area around singular point J

where:

Sar- = Sas\SaB
(3.42)

The area Sqp can be regarded as a small flat circular disc, so that its
field strength in center is normal to the disc surface. In this formulation,
dielectrics are modelled by the bound surface charge at their interfaces, and
flux continuity is imposed at collocation points along these boundaries. As
such, relative permittivities are postponed until the matrix is formulated.
Close to the surface, the field strengths on the both sides of the disk are:

E(‘;_) . 1 / O'(N) COS(FNJ,T-?:J)C[S&J_
oy A

= 2
dreg TN

ABJ ABJ ay
B4R = B ):f (3.43)
0

and the total normal components of the field strength at point J on both
sides of the boundary surface, calculated in the direction of the normal
vector with orientation to the side ”2”, are:

- E(U) J-)_ 9J

71 s+ By %0

Bugw= B4 504 —;E d (3.44)
0

If o is the bound surface charge on the boundary dielectric - dielec-
tric, then on the basis of the boundary conditions on the interface of two
dielectrics the Gauss’ law jump condition can be written:

coceBngy — €01 Bng1 = 0,5

- (o8 i a
[Efg,) 497 4 2_] — [E};{; +EO) .é_] oy ()
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so we obtain:

2057 €1 — €2 [(0) , (=)
= 2 E B 3.46
T it e * e +ez [ ns T Ens ] (3-46)

J€Ssd=1,.,D.

The equation (3.46) represents the second order Fredholm integral equa-
tion. For its solution, relations (3.39) and (3.42) together with Sqp — 0,
need to be used.

3.2.2 Discrete Mathematical Model

For the numerical solution of Fredholm integral equations, the Boundary
Flement Method (BEM) is successfully used. According to the boundary
element method, where an approximate distribution of equivalent surface
charges is determined, boundary surfaces are approximated using a finite
number of subareas - boundary surface elements - often in the form of a
curvilinear triangle or curvilinear quadrangle. The boundary element itself
is described using the shape functions of a different order, depending how
precisely the boundary element needs to be defined. In a great number of
cases, boundary surfaces are regular surfaces of the second order, which
can be fully and simply described analytically, as a whole and in parts,
in an appropriate local and arbitrary absolute coordinate system. 'This
specific case of Boundary Element Method is called Partial Element Method
(PEM).

The problem of solving of integral equations is reduced to a problem of
determining a set of functions of the equivalent surface charges defined on
each boundary element:

E
1 o.dS,
Py = 3.47
=3 /S (3.47)

rGr

I€8p;p=1,,PiGES, ¢=1,.,E

E Y
2057 g1 —eg 1 / o cos(Fgy, fy)dS,
oy = + 2¢ 3.48

¢ €1+ €2 051 + g5 4meg ; S, 1'(2;1 ( )

JE€Ss,d=1,.,D;G€S. (G#J),e=1,.,E;

where F is the total number of boundary elements.
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The numerical solution of the equations (3.47) and (3.48), calls for the
introduction of suitable functions for approximating the function o(S). For
that purpose, it is best to use so called basis functions (similar to the
method of finite elements for approximation of the scalar function of the
potential) of a different order.

If the values of the function in m of the appropriately selected points of
the boundary element are known, then the function value at an arbitrary
point of the element can be calculated using appropriate basis functions:

f= ZNjf,- (3.49)
=1

The shape of the basis function N; depends on the polynomial order.
In most cases, it is enough to use polynomials of first or second order.
In these cases, it is very suitable to define basis functions in a separate
local coordinate system, so called L-coordinate system. For example, for
a curvilinear triangle-shaped boundary element, a linear approximation is
defined as follows:

f=Lifi+Lafa+Lafs (3.50)

where Ly + Ly + Lz = 1, and (fi, fa, fa) are function values in the vertices
of the simplex triangle. The relation (3.50) can be expressed in the matrix
form:

h
f=[LiLoLa] | fo | = [NV .
fa

This method of expressing of the function values of an element can be
considered as general, whatever the approximation order is. Moreover, the
dimensions of introduced matrix and the form of the basis functions will
depend on the approximation order. Thus:

f =N, (3.51)
where following symbols are introduced:

[N(®)] - transformation matrix, where the row matrix contains basis func-
tions of elements,

[£(®)] - column matrix of the function values in the specially selected ele-
ment points,

(e) - order of the polynomial approximation.
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The use of linear approximation for the unknown function of the equiv-
alent surface charge, has proven precise enough:

o= L10’1 + Lga’z + Laos y L1 + Lz +L3=1 (352)

The boundary elements themselves are approximated by second order
functions, or they are represented by partial elements.

By replacing (3.52) in (3.47) and (3.48), and assuming that the points
(I, J) coincide with the vertices of the boundary elements, the set of integral
equations is translated into a system of linear algebraic equations:

[A]le] = [B] (3.53)

Matrix coefficients [A] and [B)] are calculated using the relations (3.47),
(3.48), (3.52), taking into account the way the boundary surfaces are de-
fined, that is, a curvilinear boundary element or partial boundary element.

3.2.3 Numerical Procedures
3D FIELDS
Boundary Surfaces Approximated by Curvilinear Triangles

Let us choose the triangular boundary element, Fig. 3.10a and its trans-
formation in the L-coordinate system (master triangle), Fig. 3.10b. The
main nodes are N1, N2, N3, while the auxiliary are marked as N4, N5, N6.
The coordinates of an arbitrary point G inside the element, in a case of a
second order approximation are calculated using the following relations:

6
L= ZN}z)mJ
g=1

$= E Np)z,- (3.54)

where:

NO =L,2L,-1) N = L,(2Ly-1) NP = La(2Ls - 1)
N® = 4L,L, N =4L,L5 N = 4131,
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nj Ly

subelement in {Ll y Lz}

32

2V

Figure 3.10: " L” - transformation of the boundary element

The surface charges function on an element is calculated using the linear
approximation:
oe(L1, Lg) = Lyoy + Laoa + Laos

The contribution of the observed element to the potential in point I is:
I Lyoy 4 Lyos + (1 — Ly — Ly)os
Ly, Lo)|dLidL
~ 4reg [ / rGr(La, Lz) I, La)ldLedLs
(3.55)

where |n(Ly, Lo)| is the Jacobean of the transformation. The relation (3.55)
determines the row elements of the discretization matrix [A] which corre-
sponds to I Fredholm integral equation:

®.r = ano1 + arpo0 + arzos

where:
a /1 /1 “Ir Ly |n(Ly, Lo)|dLyd Ly
no= 4::30 s S5 rar[G(L1, L), 1]
I flfl ~Iv Lo|n(Ly, Lo)|dL1d L,
27 4re o Jo rar[G(L1, La), 1]

e - /1 fl L1 ]_._Ll Lz)ln(Lth)rdleLz (3 56)
dreg Jo Jo r[Ger(In, La), 1] .




3.2 Boundary Element Method 29

The Gauss Radau method was employed to solve numerically the inte-
gralin (3.56). If each side of the master triangle is divided in N parts, we get
N? sub-elements whose vertical sides’ lengths are AL; = 1/N, AL, = 1/N.
On each element 0,5(N + 1)(N + 2) of the cut points are formed (local
nodes), including the main nodes as well. In the L-coordinate system, the
coordinates of the local nodes are determined as follows:

[L1(m), La(n)] = [-Tl;—l-, n}; 1] : 1<m, n<N+1

Using the integration through the sub-elements, the relations (3.56)
acquire the following form:

i LR Ly(m)|n[Ly(m), La(n)]|

= 41|‘€oz Z: gm"Neri[G(Ll(m)»L2("))lI]

m=1 n=1

_ V™ Ly(n)In[Li(m), La(n)]
- = 4‘”50 Z E i NZI.GI[G(Ll(m))Lz(n))aI]

_ g (1= Ly(m) ~ Ly()]|n[Ly(m), Ly(n)]
- = 41r£a E E N2rG;[G(L1(m) Ls(n)),I]

(3.57)

gmn = 1/6 - for the points in the triangle vertices;
gmn = 1/2 - for the points on the sides of a triangle;
gmn = 1 - for the points inside the triangle.

The relations (3.57) are applicable in the case where the observed point
I does not coincide with any of the main nodes of the boundary element. In
the opposite situation rgr = 0, that is, the integrals in (3.56) are singular.
The singular case can be solved using the relation (3.57), if we exclude the
sub-element whose one point is the examined singular node (Fig. 3.11).
Using the appropriate numeration, the singular node could be marked as
the node N3. In that case, in relations (3.57) the node (1,1) of the sub-
element should be excluded and the weight factors g;2 and gs; corrected.
In that way, for a singular case we can write:

apy = ap + Aany ajy = aj, + Aayy  ars = aj; + Aags

The parts ay,, a}, , ajg are calculated according to the relations (3.57)
while excluding the points (m,n) = (1,1) and putting g12 = g = 1/3.
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Figure 3.11:
a) disretization of the boundary element
b) disretization of the "master” element
¢) singular subelement

The parts Aayy, Aay , Aays are calculated analytically according to the
relations:

1 2 9 di +dy +ds 9
Aary m{ha(dl +d%—d%)-In T 2d3(dy — da)]
_ 1 2, g2 2 di +ds +ds 2
Aa;z = W[ha(d + d = dl) ] '—m 2d3(d2 — dl)]
ha(N —0,5). dy+dy+d
Aaiz = (N = DAag + (N — DAags + 1 ) Gt datds

167eqdaN® " dy +d; —ds
(3.58)

In a similar way a discrete form of the second order Fredholm integral
equation can be written:

E N+1N+42-m i

20, [7, G(L1(m), La(n))] - 7Y
T +Je2 4WEUZZ 2, N2r3J[J,G(Ll(nf),Lz(n))f'

e=lm=1 n=1
“Imn * |71[L1(m),L2(n)]| ] Ue[Ll(m): L?(n)] (359)
A= %, &1 — &3

£1+ &9
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For the case of a singular element in the relation (3.59), the part which
corresponds to the sub-element with the singular node, that is, the part
(m,n) = (1,1), should be omitted. If the number of sub-elements is rela-
tively small, the avoiding of the whole sub-element could lead to the de-
creasing of the accuracy of the calculation. Therefore, a separate procedure
is introduced where the singular node of the sub-element is isolated with
a small enough circular surface. The contribution of the rest of the sub-
element to the equation (3.59) is then determined analytically.

Boundary Surfaces Defined by the Partial Elements

Partial elements are introduced for the boundary surfaces of the following
forms:

- spherical surface,

- conical surface,

- cylindrical surface,

- paraboloid surface,

- hyperboloid surface,

- torus surface,

- flat circular surface.

The point coordinates on each of the above given surfaces, could be
defined in an suitable local coordinate system. On these boundary surfaces,
square or triangular boundary elements could be placed. In both cases, the
surface charge density along the element is approximated using linear base
functions:

e for a square element, Fig. 3.12:

Figure 3.12: Partial "square” boundary element
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g.(m,n) = 0,25(1 4+ up)(1 — vm)or 4+ 0,25(1 — uy ) (1 — vy )oz +
+ 0,25(1 — un)(1+ vm)os +0,25(1 + up)(1 + v )os (3.60)

o for a triangular element, Fig. 3.13:

-1 n—1 m—
N o1+ N 0’2+(1—T—'T)0'3 (361)

Using the procedure of integration through sub-elements, as it was ex-
plained in the part relating to the approximation of the boundary surface
with the help of curvilinear triangles, the following relations are derived:

1 n-1

oe(m,n) =

Figure 3.13: Partial ”triangle” boundary element
e contribution of the square element to the potential at point I:

®.r =anoy +araoz + ar3os + ara04

1 S 0,25(1 4 un)(1 — vm)

o = dreg Z Z g 7'GI[G(Umvm)s I]

m=1 n=1

N+1M+1

1 0,25(1 — up)(1 — vp)

g = dmeg ot HZ:II fon rGI[G(Un; Um)nI]
oo 1 N“‘E’:l 0,25(1 — un)(1 + vpm)
2= 4reg e £ e rer(G(un, vm), I
N+1M+1
1 0,25(1 +ﬂn)(1+vm)
- mn 362
ar4q d7eg mzzl ngl 8 i"l.'}'JT[G‘('f“!n;"-’m)nI] ( )

where:
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gmn = 0,25A8,; (n=1)A(m=1Vm=M+1)

gmn = 0,50A8; (n=1)A(m#1Am#M+1)

Gmn = 0,25ASy (n=N+1)A(m=1Vm=M+1)

gmn = 0,50ASN (n=N+DA(m#1Am#M+1)

gmn =0,25(AS, + ASp-1) (m=1Vm=M+1)A(n#1An#N+1)
gmn = 0,50(AS, + ASp—1) (m#AIVm#EM+1)AMm#FLIAn#N+1)

o contribution of the triangular element to the potential in the point I:

®.r = anoy + ar202 + arzos

§ T, P |
(U]. — 4 ngl z g"‘ll’l N 5 rGI[G(m, n), I]
N1 +2 m
1 n—1
i S s mZ::I ’Z_:l T rcr[G(m,n),I)
N+1N{42-m
1 N+2—m-—n
a = — 3.63
= 4dmeq <~ nz=:1 i rar(G(m,n), I 3.63)
where:
gmn = A5 m#FLAM#EN+1)A(n=1)
gmn:%ASl (m=1vm=N+1)A(n=1)
Imn = ?ASN (m—l)/\(n=N+1)

gmn =388, + 3ASu_1 [m=1A(n#N+1)|V[m=N+1An#1]
g'm.,—A.S',,+A:’_\.S'ﬂ 1 M#AFLIAMEN+D)AMM#FLIAnEN+2-—m)

Relations (3.62) and (3.63) are applicable for regular cases only, that is,
in a case when an observed point I does not belong to any of the main nodes
of the element. A singular case rgr = 0 can be examined in the same way
as before (explanations and relations (3.58)). In a case of square singular
element, this element is examined as though it consists of two triangular
elements resulting from a diagonal division.

In a similar way, a discrete form of the second order Fredholm integral
equation is derived:

e for a square element
B MAIN41
2031 GJ’[G(um”m) J] nJ
= co(m,n
€1+ €2 4‘ﬂ'€o cz; mZ:l ; &[G (tn, vm), J) T Tl )
(3.64)

aJ
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e for a triangular element

E N+1N+42-m 7
204 A 7as[C(m,n), J] - i
gy = €1 +€2 + deg Z Z Z T'?;J[G(TTI,TI),J] Jmn Ug(?’ﬂ, ﬂ)
(3.65)

The occurrence of singularity in the relations (3.64) and (3.65) is solved
in a way similar to the explanation for the curvilinear triangles.

e=lm=1 n=1

3D FIELDS WITH AXIAL SYMMETRY

For the numerical solution of the integral equations which describe the elec-
trostatic field in the systems with axial symmetry (rotationally - symmetric
electrostatic fields), only the partial elements are used.

An axially-symmetrical element in the r — z plane is projected onto the
boundary lines, where the following are used:

e boundary line as a part of a straight line (projection of the cylinder
shell, the projection of the conus shell, the projection of the cylinder
basis, the projection of the torus sides of rectangular crossection),

e boundary line as a part of an ellipse (projection of the ellipsoid, pro-
jection of the sphere or a part of the sphere, projection of the torus
with circular crossection).

These two types of partial lines include a great number of boundary
surfaces. In a similar way, other sorts of boundary lines could be introduced
as well; for example, boundary line as a part of a hyperbole, boundary line
as a part of parabola etc.

We shall observe one arbitrary partial element, Fig. 3.14. For simplicity
the straight boundary line is drawn. For the discretization of I Fredholm

AZ
I(r.,z, )
I'ar Ghe
|
! 2 zZ
~
i N
/f‘_y G(l’G ,ZG)
T

Figure 3.14: Arbitrary partial straight line element 1 - 2
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equation, the potential in point I of the examined boundary elements is
calculated, (nonessential indexes are omitted):

Sme 1 / o(S)dS _ 1 o(s)redads (3.66)

dreg S, rer d7eg £ rer

ds - boundary line element, do - rotation angle element.
Let us introduce that z = z; — z¢g, so:
rér = [+ (re +r1)*)(1 — k?sin? B)
ﬁ _ T
- 2
4 S

2o e (3.67)

2 +(re+r1)*

Taking into consideration the axial symmetry, the calculation for one
half of the surface S, can be derived, so it follows that:

a €[0,7]; Be€[057,0];, da=—-2d8 (3.68)

By substituting (3.67) and (3.68) in (3.66), and considering the given
remark about the symmetry, it follows that:

o(s)rg(s)ds dg
Bor = Wﬁnj] V72(5) + [re(s) + r1]? /1 — k2sin® 8
1 a(s)re(s)K (k) ]
7e0 Jy Ve ¥ Iralo) + 1P

®. (3.69)

Introducing an appropriate local coordinate z for describing of the
boundary line s, we can write:

ds = ‘/ (d;'—f)z + (dj"") dz = s(z)dz (3.70)

_ 1 [ o@re(@)s@)Kk=)]
= 760 Jo V23 (z) + [re(z) + ri]? 4 (3.11)

In the case of simplex basis function we have:

o(z) =o1(1 —z) + o022 (3.72)

so:
®.r = anoy +arno; (3.73)
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agn

le (1 - 2)re(z)s(z)K[k(2)] ds
meo Jo \/2%(z) + [ra(z) + ri)?
o 1 b erg(z)s(z)K[k(z)] )

2 = neo Jo \/;2(3) + [re(z) + r1)? dz (3.74)

For the element ”straight line” we have:

rg(z) = (r2—r)z+r=az+nr
zg(z) = (mn—21)et+zn=bz+2z

s(z) = Va?+4b? (3.75)

For the element ”arc ellipse”, it is convenient to use the central angle
[ as a parameter, and the local coordinate system defined with the ellipse
centre coordinates (R., Z.) and the ellipse axis; therefore we have:

B=(B2—P)z+p1; reg=R.+Acosf; 2q=2Z.+ Bsinp,;

s = v/(Asin §)2 + (B cos )|z — | (3.76)

The integrals (3.74) can be solved using a numerical procedure, where
5(z) is defined with 3.75 or 3.76. The difficulties appear only when the point
I coincides with the node 1 or 2 of the observed element. That is, when we
have singularity, the subintegral function in one point of integration has an
infinite value. The solution for this problem will be discussed separately.

The electric field strength in the point J, caused by the differential part
of the partial element (Fig. 3.15), is:

d dad
By e O (3.77)
dmeorg;  Amerg;
\Z
. J(ry ,zy)
GJ
|
| 2 z

5
/’—y G(IG,ZG)
1

.

r
Figure 3.15: Arbitrary partial straight line element 1 - 2
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The appropriate components of the electrical field are:

rqgcosé rj — g COS &
By = f dE, = / dF,
reg reJy

org ry —rgcosa
dads
« 4meg ras

Using (3.67), (3.68) and (3.70), we can write:

£ - ] org f”lz r7 + rgceos2p dg ) ds
T Lo\ el 4 (re +12)?2P2 Jo (1 — k2sin’ B)3/2

Eer

5 1 1 o(z)ra(z)s(z) '
er € Jo 21"1\/22(21) + [F’G(Z’) + rJ]z
‘ ( r} - ré(ﬁ) — z%(z) E(k) + K(k)) da (3.78)
2(@) + [ro(@) — ra? |

The z-component is calculated as follows:
B, = f zdF, /] crrgz
rer 4??60 GJ

. /2

/ orgz / 1 ) dg ) ds
meol2? + (rg + ry)?)3/2 (1 — k2sin® B)3/2
— / (3)79(3)5(:”) a:)E(k) . d:c(3.79)
TEQ (

() + [ra(z) — ra)V22(z) + [ra(z) + ra)?

If point J belongs to the boundary surface, and if the normal vector
in the point J is given as fiy(n;7,n,7), then the normal component of the
electrical field strength in the point J is:

Eez

EenJ = Eernr.f + Ee.nsg (380)
In the case of the simplex base function, we have:
Eeny = ay, 01+ a0 (381)

The relations for the calculation of a;; and a’, can be derived using
(3.72), (3.78), (3.79) and (3.80), then (3.75) or (3.76) depending on the
type of the partial element.

By applying (3.81) for each element, the discretization of the second
Fredholm integral equation in the (3.48) form can be accomplished.

In the case that the point I coincides with the node 1 or 2 of the partial
element, the integral (3.71) becomes singular (the point I is a singular
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point). For solving of a singular integral, the point I needs to be isolated
with a very small part, that is, the integral (3.74) should be split in two
parts. For the singularity in the node 2 there will be:

1

1-5
an = f Az + [ fi(z)de = al}P + Ad) (3.82)
0 1-6
1-5 1 ; Y
ary = / fa2(z)dz + / fo(z)dz = a¥;? + AalD) (3.83)
0 1-6
or for the singularity in the node 1:
1 s ) ?
an = / fi(z)dz +/ fi(z)dz = “J(ri ) 4 Aagl) (3.84)
5 0
1 s ’ ;
_— :f fo(z)dz +f fo(2)dz = a$5) + Aal) (3.85)
5 0

In the relations (3.82) to (3.85), first integral could be calculated in a
regular way, taking for § is a very small number, for example, § = 0,001.

Let the partial element be in the form of a "straight line” with the
length s. Let us introduce a small length

sop=0-s (3.86)
with which we isolate a singular node. Then the contributions Aaﬁ) and

Aa%) could be calculated analytically according to the following relations:

Ad) = L‘Sﬂ[(l_ﬂ_‘f)_(l “5)]ns_ﬂ];rz¢0(3.87)

wEg 2 4  9rq 2 3r 81
A = T =0 (358)
Aag) = 17170% [(1—- ﬂ%%?“k g) =
= (1 — &'12::;—2) + %) In 887—02] ; re £ 0 (3.89)
Ad® = ﬂ%ow - (3.90)

Replacing 5 in (3.87), (3.88), (3.89) and (3.90) with ry, and »y with ry,
that is, a with —a, index ”2” with index ”1” and index ”1” with index ”2”,
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we can get the relations for the calculation of the contribution Aafrll) and
1) .
Aa 12) ;

 _ Lsoff, 6(ri—a) as?)
Aa'n - TEo 2 (1 41"1 91’1
6(ry —a) ab? 50
= R T o —1; 91
( o 3 In g | r#£0 (3.91)
1 wéry(2 =6
Adf) = E—Z(Ll ); =0 (3.92)
) _ 1 0% (f1 ey (1. ab, s}
Aa’m - TEQ 2 (4 * 91‘1 2 T 31‘1 ln 8?‘1 i1l ?{- 0(393)
1 76%ry
Aag? = 71‘_6'0 7 ) r1 =0 (394)

The derived relations for the calculation of the part of the coefficients
ar; and ayy which corresponds to the singular part of the integral, could
also be used for the partial element of the ellipse arc. In that case the
length sq is a small length of the arc which corresponds to the central angle
8|82 — B1| before the node ”1” or the node ”2”, depending in which of these
two nodes is the singular point. To make it simpler, the relation (3.86) can
also be used for sq, where s is the ellipsis length which corresponds to the
central angle |8, — fB1| with the angle §; for the node 71",

When calculating elements a’;,, a’;, of the relations (3.78) to (3.81), we
have no difficulties with the singularity, because, when G = J, only first
integrals in (3.82) to (3.85) with the appropriate functions fi(z) and fa(z)
need to be calculated.

3.2.4 Shape Optimization of the Boundary Surfaces

When planning modern power devices and apparatus, the main aim is to
obtain an optimum shape of the electrode surfaces. There are various cri-
teria for the optimum geometry. In electro-energetic apparatus, the most
important criterion is the maximum operating security, which is frequently
understood to mean avoidance of the possibility of critical stress on the
conductor surfaces or over the interfaces between different dielectrics where
a breakdown can happen.

The testing of the critical stresses over the boundary surfaces is a nec-
essary stage in design of the electrical apparatus. The possibility of finding
this stress by calculation, makes the whole process of experimental design
and producing of the electrical apparatus much more efficient and cheaper.
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To obtain the optimum shape of a boundary surface, very often the
condition of equality of the tangential components of the field strength
vector is used as optimization criterion. This condition is sufficient in all the
cases where the breakdown only is possible. Recently, as a more common
criterion, the equal value of the Maxwell stress over the dielectric surface
is used.

If we need to investigate the optimum shape of some boundary surface
in more complex problems, then it is necessary to use this second condi-
tion. Practical confirmation of this condition is reduced to the control of
the values of the electrostatic pressure in the boundary surface with the
following expressions [22]:

1 1
= e e — .
P 2(62 €1) ( T+ — D,,) (3.95)
1DZ2 1 g _ 1 2
p = EE = 552 ¥ E2ﬂ = 552 ' E2 (3.96)

depending on what kind of the boundary interface is in question. Tirst
expression we use for the boundary interfaces between two dielectrics, while
the second one is used for the interfaces which are boundaries between
conductors and dielectrics.

Shape optimization of the boundary surfaces based on consecutive
calculations with the introduction of the virtual surface

The investigation of the optimum shape of a boundary surface will be
based here on consecutive calculations, with the criterion of reducing of
field strength over the boundary surface. In the beginning, this can ap-
pear paradoxical. The application of this method on a little more complex
problem would need a lot of time for the preparation and processing. In
implementing this method on the computer, most of the time is consumed
in forming the coefficient matrix [A4], equation 3.53. Therefore, it seems
that all the methods which request the repetition of whole calculations, or
a part of the calculation, are impractical. But it does not have to be so. In-
troducing virtual surfaces, the system which is being solved can be reduced
to a small number of equations, that is, a small number of nodes. So, the
whole procedure of consecutive calculations, until an optimum shape of a
boundary surface is achieved, is reduced to a fast and economical process.

The idea that all other boundary surfaces are replaced by the virtual
surface, except for the one which optimum shape is being calculated, makes
this method a very applicable one. Thus, there is also a possibility of search-
ing for the optimum shape in some wanted form which is easily produced.
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The known procedures of optimization, except those which are based on
consecutive calculations in a sense of the repetition of the whole calcula-
tion, do not have this option.

The procedure where the influence of one part of the complex system is
replaced with the influence reduced to a virtual surface, will be illustrated
in the following example.

Let us consider a complex system as shown on the Fig. 3.16. Let the
boundary surface Sy, whose optimum shape we want to find, have Ny main
nodes. We shall mark other surfaces S;, S, S.,.., Sy, with S;, and with Ny
main nodes on it. This means that when solving the full system, a coefficient
matrix [A)] should be formed, with the dimensions (No + Ny, No + Ny).

Figure 3.16: Arbitrary surface Ss around the surface Sy which is to be
optimized

Around the Sy surface, we close an arbitrary surface S, having N3
main nodes after discretization. The matrix [V] and [V4] are the known
potentials on the surfaces Sp and Sy, respectively. Let the potentials in the
main nodes N3 of the virtual surface S; be the values of the matrix [V3].

Then, for the surface between S; and S we can write:

[411][@Q1] + [A12][Q21] = [W1] (3.97)

[A21][@1] + [A22)[Q21] = [V2] (3.98)
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while for the surface between Sy and Sp the following equations can be
used:

[A00][Qo] + [Ao02][@20] = [Vo] (3.99)
[A20)[Qo] + [A22][Q20] = [V2] (3.100)

In the previous equations, the matrix [A11] and [A2,] and [Ago] represent
the parts of the coefficient matrix [A] which are related to the nodes Ny, N
and Ny of the surfaces S7, S3 and Sy respectively, and they are the result
of the boundary element charges on these surfaces. Thus, [413] contains
the coeflicients which determine the contribution of the discrete charges in
the node N; on each of the N7 nodes in the surface 5;. In short, these are
the influences of the surface charges of the surface S; on its own nodes Nj.
However, the matrix [A;;], i # j, define the influence of the surface ”i” on
the nodes of the surface ”35”.

The matrix [@Q21] represents unknown charges in the nodes Ny which
are the consequence of the influence of the discrete charges in the nodes
of the surface S;. In the same way, [@20] are the unknown charges in the
nodes Ny which are the result of influence of the discrete charges of the
surface Sp.

On the other side, the unknown potentials of the nodes N» of the virtual

surface Sy are determined from the known equation:

[A21][@1] + [A20][Q0] = [V2] (3.101)

The equations (3.97) to (3.101) make a well defined equation system
on the unknown [@a1], [@20), [@1) , [Qo] and [V5]. Our aim is to reduce
this system of five equations to a system of two matrix equations with the
unknown [@g] and [@20). By eliminating of the [@21], [@1] and [V2], we get
the following equations system:

[A00][Qo] + [Ao2][Q20] = [Vo)
([An][Au]_l s [A12][A22]_1) [A2D][Q0] + [A2‘2][Q20] = [AZI][AII}_I[VI]

(3.102)
that is:
[A00][Qo] + [Ao2][@20] = [Va]
[A30][Q0] + [A22][Q@20] = [V2) (3.103)
where:
[A%0] = ([A21)[An] ™ [Ar2][A22] ™) [A20] = [B][A20) (3.104)

[Vz] = [Aa][An1] 1 [VA)- (3.105)
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The (3.104) and (3.105) represent the reduced influence of the surfaces
S1 in the surface Sp, but in the place of the virtual surface S5.

This equation system is the system whose matrix dimension is (No+ N2,
Ny + N3), what is much less than the matrix dimension of the starting
system.

From the electrostatics, it is known that through every equipotential
surface, a conducting surface of the same potential can be put. Thus,
the system of several electrodes can be reduced to a smaller number, and
therefore can be easier solved. This principle is used in the previously
presented procedure, but the virtual surface is treated as a discreet surface
whose potentials at the nodes are known.

Reduced charges [@Q20] and [@21] of the secondary sources of the virtual
surface can be treated as a simple charges layer, taking into account the
continuity of the potential over the surface Ss.

Az

Figure 3.17: The system consisting of three electrodes which has to be
optimized

Let us show, in an example, how the suggested procedure is used. Let
the system shown on the Fig. 3.17 consists of one conductor described by
the surfaces (1) and (2) with 100 V potential, one conductor (3) with 0 V
potential, and two dielectrical media between them, with the permittivity
€1 and €3 having as the common boundary the spherical surface (4). If the
system of the electrodes is set up in this way, it is clear that the maximum
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field value will be on the top of 100 V potential electrode, point A on the
Fig. 3.17.

Let our aim be to find the optimum shape of electrode (1), such that
the field in the point A is reduced for, let us say, 40%. In order to achieve
this, it is necessary to reduce the height of paraboloid H. Let boundary
surfaces (1) and (2), surface Sy here, have Ny main nodes. The spherical
surfaces (3) and (4) are surfaces S; with N; nodes, whose influence in this
system we want to reduce on the virtual surface Sy, set as in the Fig. 3.18.
Let the virtual surface S5 be a spherical surface discretizated so that it has
N3 nodes, while Ny < N;.

In the first step, let us solve the starting problem so that we calculate the
field in the nodes 1, 4, 8, 12, 16, 20, 24 and 26 and the potential in Ny nodes
of the virtual spherical surface Sy, Fig. 3.18. For solving this problem, we
have to form the matrix of the coefficient [A] with the dimensions (No+ Ny,
No + Nyp).

<V

Figure 3.18: The arbitrary surface around the electrode which has to be
optimized

In the second step, we observe the system with Sy and S; boundary
surfaces. The coefficient matrix for such a system is of the following di-
mensions: (Ny + Na, Ny + N3). After dividing this matrix, according to
the expression (3.104), we obtain the needed matrices [Ay1], [A12), [A21]
and [Ag;). The dimensions of these matrices are respectively (N; x Ny),
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(N1 x N3), (N2 x Ny), (N2 x N3). Thus, we form the following matrices:

[B] = [A21][A11] " [A12)[A22) 1 (3.106)
(V3] = [A21][Ana] 1 [WA) (3.107)

The dimensions of these matrices are (N2 x N3) and (Na x 1).

In the third step, we observe the system where the boundary surfaces
Sp and S, are with the total number of nodes Ny + N3. In accordance with
expressions (3.103) - for this kind of system there need to be defined the
matrices [Ago], [Ao2] and [A2o). In this way we have [Apz] and [A3g]. In this
way we havecompletely defined all the necessary matrices for the equations
system (3.103), solving which we get the unknown charges distribution [Qo]
and [Q2q] which serves as a basis for finding the potential in the same points
as in the first step.

This results in equivalent values for charges in the nodes Ny, equivalent
field values in the same points, and the equivalent potential values in nodes
N3 which are derived in the first step, without using the virtual surface.

By changing the paraboloid height, only matrices [Agg], [Ao2] and [Asq]
are changed, so by their forming again, we can find a new charges distri-
bution, that is, new field values in the points which are of interest for us.

Fig. 3.17 and 3.18
Ri=2 Rs=9, RBi=8,R=6h=12
H=26 H=j | H=4 | =3 H=732

a b b b b a b
En(1) 133.593| 133.5692( 123.265| 111.455| 96.723 | 78.641 | 78.375
E,(26) | 57.119 | 57.085 | 57.298 | 57.598 | 58.011 | 58.629 | 58.583
Qo(1) 7.264 | 7.151 | 7.353 | 7.231 | 6.752 | 5.726 | 5.707
Qo(2) 3.527 | 3.508 | 3.653 | 3.837 | 4.075 | 4.346 | 4.332
Qo(10) 4.069 | 4.064 | 4.231 | 4.487 | 4.882 | 5.568 [ 5.552
Qo(18) 4732 | 4707 | 4.742 | 4.778 | 4.809 | 4.835 | 4.812
Qo(26) 4222 | 4217 | 4232 | 4255 | 4289 | 4.344 | 4.334

(a) - Calculated without the virtual surface

(b) - Calculated with the virtual surface

Table 3.1: The results of the electrostatic field calculation (points 1, 26)
and charges ( 1, 2, 10, 18, 26 ) during the optimization procedure

For the example mentioned, if the discretization is performed so that
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Ny = 52; Ny = 26; Ny = 26, with the geometrical parameters: Ry = 2;
R;=9, Ry=8 R=5h=2and H =86,5, 4,3, 2, and the dielectrical
constants £,y = 1 and g3 = 2, then we get the results as shown in the
table 3.1.

In the rows marked with ¥a” in the table 3.1, calculated values are given
if the starting system is to be solved directly, that is, without introducing
the virtual surface. It is readily seen that the calculation in which the
system with the virtual surface is solved, gives practically identical results.

Automatic Shape Optimization of the Boundary Surfaces

Let us assume that we want to optimize the boundary interface between
two dielectrical surfaces with the constants €y and e (Fig. 3.19). After
the calculation of the electrical stress in all points (according the relation
(3.95)) on the boundary surface which is the object of the optimization,
we define the “referent value” of Maxwell’s pressure. The main aim of
optimization is the reductions of the highest value of the electrical stress
under the "referent value”. The criterion stated in this way, is called the
?local” optimization criterion.

F T o
i I (xz! Y2 22)
1
~
>
Pj

Figure 3.19:
a) The direction of the pressure vector and normal vector 7
along the boundary interface between different media
b) Virtual moving of the surface

Let us assume that 1 > €3. Then:

Api = |pi — Prey| (3.108)

Vector Ap; is in the direction of the normal vector 7; (Fig. 3.19b), which
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means that it reduces the absolute value of vector p;.
Ap; = Ap; - 7i°(I) = Ap.i+ Apyj + Ap.k (3.109)
The correction vector A¢; is then:
A& = Apzeii + Apycij + Apscik (3.110)

where ¢; is the correction factor.
Taking into consideration that vector A¢; is defined as:

AG = (22— =?1)?4‘ (w2 — y1)_‘_f'+ (22— zl)i'. (3.111)
relations (3.110) and (3.111) give:
zg=21—Apsci Ya=y1 —Apyci zz =z — Ap,e; (3.112)

where (23, ya2, 22) are the new coordinates.
For €3 < €1, in a similar way we get:

zo =21+ Apze; 2=y + Apyc,- 73 = 7 + Ap;ci (3113)

Moving the boundary surface in this way, step by step, we decrease the
greatest electrical stress until its value falls under allowed value (referent
value A).

’5’1:—‘-’2!- <A (3.114)

Pref

This ”local criterion” of moving of the points, often gives unwanted
oscillation effect. In these cases, it is beneficial to introduce a stricter
criterion which allows the increase of the electrical stress in the points which
are not critical, for the reduction of the electrical stress in the critical points.

Local optimization criteria is applicable when optimizing a system of a
symmetrical structure or separately distinguished body, where a decrease
of electrostatic pressure in each point of optimization is assumed. In asym-
metrical structures, the use of local criteria leads to the oscillation of the
optimization procedure.

To overcome this difficulty, we have introduced a stronger criterion,
so called "master” criterion. This criterion constrains the moving of the
surface in such a direction which permits an increase in the electrostatical
pressure in some points of the surface, in order to decrease the pressure in
the critical points. To explain this, let us assume that we have a distribution
of the pressure as shown on Fig. 3.20, line a.
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Figure 3.20: The distribution of the pressure values during the optimization
iterations

The first step in this procedure is the ” trial step” according to which the
decision is made about the direction where to move the surface in order to
reduce the pressure in the critical point (or points). Let us examine three
cases:

o following the trial step, the pressures in all points are decreased,
e following the trial step, the pressures in all points are increasing,

e in some points the pressure is decreased, whereas in others it is in-
creasing.

It is clear that the application of the "local criteria” is possible in the
first case only, while in the other two, oscillations would appear.

Applying the "master” criterion we continue moving of the surface in
some points in the direction which provides the increase of the pressure in
those points in order to decrease the pressure in the critical points.

The procedure is repeated until the pressures in the critical points
achieve the values smaller than those assigned in advance, line b on Fig. 3.20,
or until the pressure in other points reaches critical value, line ¢ on Fig. 3.20.



Chapter 4

Software Description

4.1 ELFI

Geometry

ELFT calculates electrostatic field in two dimensional planar (2D) and axi-
symmetric (AS) geometries. The geometry can be defined interactively
using the graphic modeler or via an input file. Three segment types can be
applied for modeling:

e arc
e line
e single contour points

All these segments are divided into two categories: electrode boundaries
and boundaries between two dielectrics.

The geometry of the calculated arrangement can be significantly reduced
by using the symmetry on a plane as well as electric images on the following
conducting surfaces:

e plane (2D,AS)
e cylinder (2D)
o sphere (AS)
ELFT is capable of generating and solving:

e open region problems

49
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o simplified arrangement models with not fully defined geometry (open
contours)

e problems with very thin conducting foils

Method

ELFI uses the charge simulation with discrete charges lying outside the
boundaries. The discretization is associated with generating collocation
points on boundaries and simulating one or two charges for each point.
Four charge types can be used:

e ring charges (AS)

e line charges on the rotation axis (AS)
e point charges on the rotation axis (AS)
e infinite line charges (2D)

The charge simulation can be surface-oriented or region-oriented. The user
can choose the solution method by setting the appropriate solver configu-
ration switch.

Boundary Conditions and Material Properties

The boundary conditions are assigned to all collocation points on electrode
boundaries. The set of available boundary conditions includes:

o constant potential

e floating potential

e distributed potential

e normal field strength
ELFI can calculate arrangements with many different lossless dielectric ma-
terials.
Presentation of Results

Results in form of field vectors on electrodes and dielectric boundaries are
automatically plotted on the screen after the solver has finished. If the
results are acceptable, the calculations can be continued for points lying
outside the boundaries. In a selected display area, the user can interactively
calculate:
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e Field vectors in points picked on the screen
e Equipotential lines for selected potentials
e Equifield lines for selected field strengths

o Field lines

Other post-processing features include graphs (X —Y -plots) along any con- ‘
tour segment(s) as well as capacities of the complex multielectrode and
multidielectric arrangements.

Control of Solution Quality

The accuracy of results can be checked by means of: ‘
e potential deviation in test points on electrode boundaries

|

|

o field vectors angle deviation on electrodes
e deviation of tangential field strength on dielectric boundaries

These quantities are automatically calculated for the whole arrangement \
model and are displayed immediately after each solver job. They can also
be evaluated locally in selected regions.

Software Structure

o Integration: ELFI provides a fully integrated free-standing tool for
electrostatic field calculations. The pre-processing, solver and post-
processing are integrated into one program. The ELFI modules corre-
spond to user activities which can be performed within an interactive

session:

- modeling

- discretization

solving (calculating charge values)
- calculations of field strengths and potentials on boundaries r

calculations of equipotential, equifield and field lines

presentation of results

The order in which the modules are activated can be selected by user.
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o Data base: All input data and results are available on a data base.
The memory management within the data base is dynamic so that
the current size of the allocated memory corresponds always to the
size of the solved problem,

e Open architecture: The modular and object-oriented structure of
ELFI allows an easy integration of new or enhanced solution se-
quences. The extension to 3D geometries is possible.

Other Features

o written in C
e batch option available

e all output in ASCII-format for easy integration with other software
and data exchange between different computers

e plotting of screen images

4.2 CSMDDD

Geometry

CSMDDD is a program for the calculation of three dimensional electric
field arrangements consisting of components with axial symmetry. The
geometry must be described by a set of data for each single axial symmetric
component. These components are defined by straight lines and arcs in
a local coordinate system. After the definition of the geometry in this
local system, the components are shifted to the actual place in a global
coordinate system. A graphical output for the check of the input data is
available (CalComp HCBS routines).

The distance between the collocation points can be controlled by the
input of a ”density factor”.

Imaging in order to consider an infinite grounded plane is possible.

Method

CSMDDD is based on surface-oriented CSM using discrete charges with
partially constant charge density (ring segment charges and straight line
segment charges). The position of the simulation charges is calculated
automatically.
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Boundary Conditions and Material Properties

CSMDDD is limited to electric field problems with Dirichlet boundary con-
ditions.
Only two different lossless dielectrics can be introduced.

Results

Default option is the output of the field strength components in the collo-
cation points on dielectric boundaries.

Optionally the potential and the field strength components in prese-
lected points on the electrode surfaces, dielectric boundaries and within
the dielectrics can be calculated.

The graphic output is limited to the presentation of vector arrows in
different preselected plane sections through the 3D geometry.

Control of Solution Quality

Several options enable the accuracy to be assessed, as is usual for CSM
programs:

o potential deviation between collocation points on electrode bound-
aries

e field vectors angle deviation on electrode boundaries

e deviation of tangential field strength on dielectric-boundaries.

Structure

CSMDDD is written in FORTRAN.

It is structured in a pre-processor, solver and post-processor. The solver
uses a Gauss elimination method for the solution of the equation system
with a full asymmetric matrix. The solution process can be controlled by
the selection of difterent pivot element strategies.

Remarks

CSMDDD was developed more than 15 years ago. It was used during the
cooperation for comparison purposes.




54 Software Description

4.3 EFCA_2D

Geometry

EFCA_2D calculates electrostatic field with axisymmetric gecometry. The
geometry can be defined interactively using the graphic modeler or via an
input file. Two types of boundary lines can be applied for modeling:

e arc ellipse

e straight line

All these segments are divided into two categories: electrode boundaries
and boundaries between two dielectrics.

The geometry of the calculated arrangement can be significantly reduced
by using the symmetry on a plane as well as electric image with respect to
the ground.

With EFCA _2D it is possible to generate and solve:

e open region problems

o simplified arrangement models with not fully defined geometry (open
contours)

e problems with very thin conducting foils

o problems with the electrodes being on the floating potentials, sur-
rounded by the different types of dielectric.

Method

EFCA_2D uses the the boundary element method with two different types
of the partial elements: straight line and elliptic arc segments.

Boundary Conditions and Material Properties

The boundary conditions are assigned to all electrodes on the known po-
tential. It is also possible to take into account the bound surface charge
situated on the border between two dielectrics.

EFCA_2D can calculate arrangements with different lossless dielectric
materials, with an unlimited number of the dielectrics.
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Presentation of Results

The calculation results are given in the protocol or can be graphically pre-
sented. In a selected display area, the user can calculate and observe:

e The components of the field strength vector or field intensity in the
boundary nodes. The node with maximum field strength is separately
marked.

e Equipotential lines for selected potentials

The calculation results can be presented in the different windows, using the
data basis which is formed as a result of the solver running.

Other post-processing features include the calculation of the capacities
of the complex multielectrode and multidielectric arrangements.

Software Structure

EFCA_2D provides a fully integrated free-standing tool for electrostatic
field calculations. The pre-processing, solver and post-processing are inte-
grated into one program. The user can directly, or from the environment,
activate the following procedures:

o the discretization of the model

e pre-processing, checking of the input data and their interactive cor-
rection

e main solver (first run)

e auxiliary solver (second run), field and potential calculation in the
prescribed points

e post-processing.

The modular and object-oriented structure of EFCA_2D allows an easy
integration of new or enhanced solution sequences.

Other Features
o written in C, FORTRAN, PASCAL

e batch option available

e printing and plotting of screen images.
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4.4 EFCA_3D

The package EFCA_3D consists of two separate BEM programs, TEFCA
and POLOPT [26]. POLOPT uses curvilinear triangle elements for model-

ing, while TEFCA also uses a "tipical elements” as a parts of real surface.

Geometry

EFCA_3D calculates electrostatic field in the arbitrary 3D geometry. The
”model builder” session is performed using separate software package FAM!
or over an input data file. The modeling of the boundary surfaces can be
performed by

e curvilinear triangle elements with quadratic approximation

o partial elements, being the parts of "typical” boundary surfaces of
first and second order

The plane symmetry of the model, as well as a ”electrical imaging” facility
is also taken into consideration.

EFCA_3D permits the modeling and calculation of the following prob-
lems:

e open region problems
o problems with thin conducting foils

o problems with floating potentials, surrounded by the different types
of dielectric.

Method

EFCA_3D uses the the boundary element method with two different types
of the partial elements: curvilinear triangle elements with quadratic ap-
proximation and partial elements.

Boundary Conditions and Material Properties

The boundary conditions are implicitly assigned to all electrodes on the
known potential, i.e. during modelingsession it is not necessary to prescribe
separately the boundary conditions as by Finite Element Method.

EFCA_3D can calculate arrangements with different lossless dielectric
materials, with an unlimited number of the dielectrics.

1FAM is graphic pre-processing and post-processing package from FEGS Ltd Oak-
ington Cambridge CB4 5BA England.
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Presentation of Results

EFCA_3D has very powerfull possibilities of the result presentation using
FAM facilities. It posses all features of state-of-art graphic pre-processing

and post-processing packages.
Using one of the available options (shaded element, conturing, vector

presentation etc.) it is possible to observe:

charge distribution over arbitrary chosen geometry

potential distribution over arbitrary chosen geometry

field strength distribution (scalar or vector) over arbitrary chosen
geometry

charge, potential and field vector presentation in arbitrary intersec-
tion plane in 3D space

distribution of the charge, potential or field values over selected line
in the graph form.

Software Structure

EFCA.3D provides a fully integrated free-standing tool for electrostatic
field calculations. The pre-processing, solver and post-processing are inte-
grated into one program. The user can directly, or from the environment,

activate the following procedures:
e the discretization of the model
® pre-processing
e solver
e post-processing.
The modular and object-oriented structure of EFCA_3D allows an easy

integration of new or enhanced solution sequences.

Other Features

e written in FORTRAN
e batch option available

e printing of screen images.
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surface sections A-B-C and D-E (Fig. 5.2) were selected as parts with the
maximum electric stress. The comparison of the field strength values as a
function of the distance s (Fig. 5.2) in Table 5.2 shows that the deviation
between the results calculated with BEM and CSM is less than 0.5% in the
range with the highest field strength. It is a maximum in the points B’ and
D with 1% and 1.3% respectively.

Figure 5.1: Example I: Disconnector

Part Number and type of
(Fig. 5.1) | boundary elements | simulation charges
a 14 14 ring
1 point

b 16 15 ring
c 6 6 ring
d 5 5 ring
e 9 9 ring
E i 16 15 ring
g 24 24 ring
h 10 11 ring
1 3 2 ring
3 15 14 ring
b 118 116

Table 5.1: Example I: Number of boundary elements and simulation charges
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Figure 5.2: Example I: Field strength distribution on the surface

s [mm] E’ [1/m] Deviation
BEM | CSM (%]
A 0.00 | 58.369 | 58.307 | < 0.5
7.85 | 59.536 | 50.586 | < 0.5
15.71 | 63.075 | 63.081 | < 0.5
23.56 | 66.501 | 63.387 | < 0.5
31.42 | 64.115 | 63.979 | < 0.5
39.27 | 54.830 | 54.807 | < 0.5
4712 | 43.724 | 43744 | <05
B | 549832017 | 32259 | -0.8
B | 60.73 | 25.660 | 25.916 | — 1.0
72.23 | 19.661 | 19.705 | < 0.5
83.73 | 15.662 | 15.674 | < 0.5
C | 95.23|12.494 | 12492 | <05 |
D 0.00 | 28.972 | 29.350 | — 1.3
2.46 | 40.634 | 40599 | < 0.5
4.91 | 48.667 | 48602 | <05
7.37 | 52.816 | 52.734 | <05
9.82 | 51.940 | 51.844 | < 0.5
12.98 | 43.947 | 44.223 | - 0.6
14.37 | 37.115 | 37.425 | — 0.8
18.54 | 30.887 | 30.936 | < 0.5
22.72 | 26.459 | 26.486 | < 0.5 1
926.89 | 23.042 | 23.669 | < 0.5
31.07 | 20.321 | 20.330 [ < 0.5
E | 3316/ 19.148 | 19.180| <05

Table 5.2: Example I: Comparison of the calculated field strength values
E’ (1/m) on the surface between A-B, A-C and D-E (Tig. 5.2)
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Figure 5.3: Example I: Measured breakdown voltages for switching surge
200/2500 (S.S.) and a.c. 50 Hz in comparison with calculated values

For the disconnector arrangement experiments in SFy with switching
surge 200/2500 (S.S.) and a.c. 50 Hz were made in addition. The break-
down voltage was measured for 5 different

breakdown voltage was evaluated from 30 single measurements for each
position of the contact. The results are plotted in Fig. 5.3 together with
the calculated wvalues, derived from field calculation using a critical field
strength of 97.5 #V/em for a.c. and 102.3 &V /em for S.S. regarding the
curvature radius » = 3.5 em of the moving contact and the different wave-
shapes [23]. The maximum differences between the calculated values and
the mean values of the measured breakdown voltages is less than 5% for gap
distances less than 25 mm and in the range of 10% for larger gap distances.

5.2 Example II. Insulator

Example IT (Fig. 5.4) is an insulator arrangement similar to an example
alrcady used for a comparison of different methods [24]. In the same way
as for example I Table 5.3 shows the way of discretization and Fig. 5.5
the field strength distribution on the boundaries with the maximum stress.
The comparison of the field strength values (Table 5.4) was restricted to
the surface part A-B-C of the upper protection electrode, where the field
strength is a maximum. The maximum difference between the calculated
values amounts to 0.7% in the area where the curvature of the electrode
surface changes.
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Part Number and type of
(Fig. 5.4) | boundary elements | simulation charges
a 10 9 ring
1 point
b 10 10 straight line
e 11 10 ring
d 10 11 ring
e 48 41 double ring
8 single ring
i 10 11 ring
g 10 10 ring
h 10 12 straight line
i 26 22 ring
pM 145 145

Table 5.3: Example II: Number of boundary elements and simulation
charges

o

4

e e,
e

v ——00——

Figure 5.4: Example II: Insulator arrangement
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s [mm] E’ [1/m] Deviation
BEM | CSM [%]

A 0.00 | 31.963 | 32.011 <05
3.14 | 36.955 | 36.872 < 0.5

6.28 | 40.364 | 40.262 <05

9.42 | 41.940 | 41.735 < 0.5

12.57 | 41.748 | 41.443 + 0.7

B 15.71 | 37.081 | 37.112 <05
19.07 | 32.392 | 32.624 — QT

22.44 | 30.830 | 30.857 < 0.5

25.81 | 29.409 | 29.419 <05

29.17 | 28.152 | 28.155 < 0.5

32.54 | 26.885 | 26.876 < 0.5

35.90 | 25.538 | 256.516 < 0.5

C 39.27 | 24.027 | 23.996 < 0.5

Table 5.4: Example II: Comparison of the calculated field strength values
E’ (1/m) on the surface between A-B-C' (Fig. 5.5)

w

Figure 5.5: Example II: Field strength distribution on the upper electrode
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5.3 Example III. Arcing Ring

Example ITI (Fig. 5.6) is an idealized arcing ring for a high voltage insulator.
Toroidal, cylindrical and spherical elements were used [16] to model the
special shapes of the boundary. For the CSM only ring segment charges
were applied (Table 5.5).

Figure 5.6: Example III: Arcing ring

Part Number and type of
(Fig. 5.6) | boundary elements simulation charges
a 56 spherical 57 ring segment
b 32 spherical 33 ring segment
c 8 cylindrical 32 ring segment
24  toroidal
d 144 toroidal 142 ring segment
z 264 264

Table 5.5: Example II[: Number of boundary elements and simulation
charges




66 Applications

The comparison of the field strength values along the paths A-B, A-C
and D-E shown in Fig. 5.6 is listed in Table 5.6. The deviations between
the results calculated by means of the two methods in this 3D case are
higher in comparison with the 2D fields, but they are below 3%.

s [mm] E [1/m] Deviation
BEM | CSM (%]
A 0.00 | 22.420 | 22.790 - 1.6

11.46 | 22.850 | 22.540 + 1.4
22.93 | 21.880 | 21.690 + 0.9

34.35 | 20.450 | 20.190 —1.3
B 45.85 | 18.180 | 17.940 + 1.3
A 0.00 | 22.420 | 22.790 — 1.6

11.46 | 22.910 | 22.590 + 1.4
22.93 | 22.130 | 21.920 + 1.0
34.35 | 21.030 | 20.730 + 14

C 45.85 | 19.220 | 18.920 + 16
D 0.00 | 16.700 | 16.690 < 0.5
10.60 | 15.790 | 15.6560 + 09
21.21 | 13.560 | 13.860 = 2.2
31.81 | 16.630 | 16.430 + 1.2
B 42.41 | 14.640 | 14.880 — 1.6

Table 5.6: Bxample III: Comparison of the calculated field strength values
E’ (1/m) on the surface between A-B, A-C and D-E (TFig. 5.6)

5.4 Example IV. 420 kV Transformer

Example IV is a calculation of the electrostatic field of a 420 £V transformer
with the shielding electrode being on the floating potential.

Having in mind that in this example the degree of the axial asymmetry
is relatively small, the same example is solved once as a true 3D problem,
and once as an approximated axially symmetrical problem.

The discretization mesh is shown in Fig. 5.7

The results are presented using field vector presentation, Fig. 5.8 where
the length of the vector represents a field intensity.
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Figure 5.7: Example IV: 420 kV transformer, grid of boundary elements

Tigure 5.8: Example IV: Field strength distribution on a part of transformer
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5.5 Example V. 420 kV Disconnector
Example V is a 420 kV disconnector in with SFy gas insulated equipment.

The problem is solved using developed software package POLOPT.

Figure 5.9: Example V: Disconnecter with ”shad” insulator

In order to analyze the influence of the different shape of the insulator
two arrangements were solved: disconnecter with ”flat” insulator and dis-
connecter with ”shed” insulator, Fig. 5.9. The number of the nodes and
elements for these problems were:

elements | nodes
problem with ”flat” insulator 5187 10340
problem with ”shed” insulator 0859 19684

The most interesting is the field distribution over insulator. Figures
5.10 and 5.11 show a field distribution over "flat” and ”shed” insulator,
respectively, represented by shaded elements.

Figures 5.12 and 5.13 present the field distribution along the top and
bottom boundary line of ”flat” and ”shad” insulator, respectively.
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Figure 5.11: Example V: Field distribution over *shed” insulator

69
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Iigure 5.12: Ixample V: Field distribution along the top and bottom
boundary line of ”flat” insulator

Figure 5.13: Example V: Field distribution along the top and bottom
boundary line of ”shad” insulator
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5.6 Example VI. HV Bushing

The classic (surface-oriented) charge simulation method [1] requires that
discrete charges assigned to an electrode surface be positioned within the
electrode. This requirement usually leads to difficulties when modelling
very thin electrodes like conducting foils. In the model of a foil shown in
Fig. 5.14a, two layers of charges separated from each surface by a distance
z have been simulated. This distance should be approximately 1.0 to 2.0
times greater than the distance y between adjacent collocation points (see
section 3.1.4). When using the surface-oriented method, the right and the
left layer must not overlap, as in Fig 5.14b. Consequently, the minimum
thickness of the foil can only be reduced by increasing the number of sim-
ulated charges which results in a high dimension of the equation system.

When using the region-oriented method the foil is regarded from the
viewpoint of an observer associated with a region. The observer can only
see the boundaries of his region with charges assigned to them. Charges
assigned to other regions are not of interest for him, since they are not
used directly for field calculation in his region. In Fig. 5.14c the observer
situated within region R; can only see the left surface of the foil with
appropriate charges lying outside his region. The simulation charges that
lie coincidentally within his region are associated with another surface, and
therefore unknown to him. I'rom such a viewpoint the thickness of the foil
is not important — it can even equal zero.

The foils with zero thickness have been applied in the model of a HV
bushing shown in Fig. 5.15. One of the 5 cylindrical foils is at zero potential,
the other 4 are at floating potentials. In order to create different regions
on both sides of each foil, the fictitious dielectric boundaries have been
introduced (dashed lines in Fig. 5.15). The arrangement has been divided
into 7 regions.

Charges simulated for the whole arrangement produce a rather unread-
able image shown in Fig. 5.16a. However, this image is clear when regarding
regions separately — each region is surrounded by a set of charges like in
Fig. 5.16b. No charges have been positioned directly on the foils. There
is no free charge which can be assigned to a foil. Therefore, the addi-
tional equations to obtain the floating potentials have been formulated by
integrating the flux over the both surfaces of each foil.

Results in form of equipotential lines obtained with the program ELFI
are shown in Fig. 5.17.
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left metal right
a) Model of a foil: surface : § surface
dielectric dielectric

b) Surface — oriented
charge simulation:

¢) Region — oriented
charge simulation:

Region R

Region R;

Figure 5.14: Example VI: Modelling of thin conducting foils
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Figure 5.15: Example VI: Model of a HV Bushing
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Figure 5.16: Example VI: Charges assigned to:

a) all surfaces

b) surfaces surrounding region 3
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be obtained using electrostatic field calculation methods. The results of
such calculation for a model of a dry transformer is presented in Fig. 5.18.
The voltage wave has been applied on the turn connected directly to the
winding entrance. All other turns are for the duration of the wave front
on floating potentials. Their values as well as the equipotential lines have
been calculated using the charge simulation method (program ELFI). The
advantage of this approach is the possibility to obtain the initial insulation
stress between turns. In Fig. 5.19 the appropriate vectors of field strength
are shown for the part of the winding in the vicinity of the wave entrance
point.

A . R

I W U G W W W VRS GH U U S N B S S W S U S S N I B 2 B B R 1 T S R

Figure 5.19: Example VII: Ficld strength vectors in the vicinity of the wave
entrance point
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