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Chapter 1

Intro duct ion

In addi tion to th e laws of the physics of electric discha rges, the knowledge
of the electric field is the basis of the design of insulation systems in high
voltage engineering. Al though the properties of the insulation material and
the environm ental conditions arc important , the electric field strength is
ultimately the decisive parameter for the appearance of electric discharges.
Particularly in the case of gas insulated substa tions, the predetermination
of discharge voltages based on the knowledge of electric field distribution is
an essential step during the design process.

In the past , experimental methods were used to determine the electric
field, for example the electrolytic tank or semiconductive paper. Now these
methods have been successfully replaced in most cases by numerical field
calculat ion, and the recent developments in computer technology open new
and interesting possibilities for the future. A variety of numerical meth­
ods and compute r codes arc available for both 2D and 3D electric fields.
Wh ereas in th e past the calculation of 3D electrostatic fields with out sym­
metry was limi ted to main frame computers only, there are now possibilit ies
to calculate these fields on graphic workstations and even 0 11 personal com­
puters as well.

Many computer codes arc available for th e calculation of electric fields
based on Finite Elemen t Method (FEM). In th e app lication of this method
the whole space of int erest must be subdivided int o elem ents. One ad­
vantage of this discretization procedure is that the possibility of nonlinear
properties of the space can be taken into consideration. On the other hand,
this kind of discretization may result in a very high number of elements,
especially in the case of 3D fields without any symmetry or in such cases
where a very dense nodal distribution is necessary.

An alternative to the widely used F EM arc so called integral meth-
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2 Introduction

ods like the Bou nd ary Elem ent Method (BE M) or the Charge Sim ul ation
Method (CS M). The basis for these methods is the integral formulat ion of
Laplace's or Poisson's equat ion. It is a characteristic feature of these meth­
ods that genera lly the spatial di screti za ti on is lim ited only to t he sur face
domain of electrodes or dielectric boundaries. Th is means that this kind of
discreti zation can be done with a considerably sm aller number of elements
in comparison with FEM . On the other hand this significant saving of cle­
ments result s in a full matrix of the equation system in comparison with the
sparse matrix in the case of FE~'1, and the limi tation of the discretization
to the surface domain does not include nonlin earities in the space. But
nevertheless these integral methods promise to be an economical way of
numer ical field ca lcula tion in h igh volt age engineer ing , part icularly in the
cas e of 3D fields without symmetries . A higher degr ee of accuracy can be
reached with less computat ion time and core storage requirements. The
above m ent ioned short com ing of BEM and CSM with respect to the con­
sideration of nonlinearities docs not play an important role in high volt age
engineering due to the fact that in most cases the dielectric properties of the
insulation do not depend on the field st rength d ist ri buti on in field s without
space charges. If there is a need to consider nonlinearit ies, modifications of
BEM ar e available to handle this p rob lem as well.

Th ese possibili ties of integral methods gave reason to init iate activi ties
to improve these methods regarding the application in high voltage cngi ­
neering and to develop appropriate computer codes on this basis. On e of
these act ivities is a cooperation between the Electrom agneti c Field Group
of the Faculty of Elect ri cal En gineeri ng , Univers ity of Sarajevo and th e
High Voltage Institute, Techn ical University of Mu nich . This coo peration
s tarte d in 1987 and it is support ed by th e International Bur ea u of K FA
.Jiilich . During th is coopera t ion contacts were established to P rof. Dr . Pet er
Levi n of Worces ter Polytechnic Institu te (USA) and to the proj ect V ENUS,
a cooperation on field calculation in high voltage engineering between Ger­
man universities (Hamburg, Karlsruhe, Munich) and the firm Asea Brown
Boveri (A BB) .

Th e practical result of the cooperation between Sarajevo and Munich
was the development and the improvement of computer programs based on
Boundary Elem ent Meth od and Charge Simulati on Method . The meth ods
used for these codes and th e progra ms the mselves arc described in this
report .



Chapter 2

Appropriate Methods for
Electric Field Calculation

One of t he most impor tant and most difficult stages in the pro cess of de­
signing of elect romagnetic devices is the es tima tion of the elect romagnetic
processes tha t ha ppen ill it . The theoret ical model of th e electromag­
netic process is based on th e fund am ent al laws of electrodyn am ics stat ed in
Maxwell's equa tions along with appro priate bounda ry conditions. In t ha t
way, from th e m athem ati cal perspective th e task of estimat ing of th e elec­
t romagnetic pr ocess is reduced to a bounda ry value problem described by
a system of partial differential equat ions. The theoretica l model, supple­
m ented wit h the inform ation about the geometrical cha racterist ics of the
system , electromagnetic cha racteristics of the media where th e processes
happen , and the cha ra cte ristics of the sources of the field , conta in all th e
inform ation about elect romagnetic processes of in terest in the examined
elec tromagnet ic device (eg. field lines, equipo tential lines, location of th e
m aximal electrical s tress, electromagnetic forces , inducti vity, et c.).

T he a im of determining th e electromagnetic process is to obta in from th e
th eoretical mod el th e information ab out th e elect romagnetic process whi ch
is necessa ry an d appropriate for the an alysis of th e field s tructures in th e
examined electromagneti c device, in qualitativ e or qu antitative form, using
a n ap propri ate ma thema tical model. In tr oducing certain assump tions and
simplifications, and neglect ing some mutual coupling influences in the th e­
oretical model, the mathem atical model of the elect rom agnetic process in
a specific elect romagnetic device call often be obta ined . Thus, considering
boun dary con ditions, certain mathema tica l t ransformat ions are performed
on th e the oretical model. Depending on the sort of problem some basic
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4 Appropriate Methods for Electric Field Calculation

fun ct ions of the field could be introduced (for example scalar functi on of
the elect ric or magnetic field potential, fun ction of the vector potential of
the magnetic field, etc). Consequently! th ere can be various forms of th e
m athematical model for a specific elect romagnetic pro cess.

Depending on the form of the unkn own field funct ion in th e governing
equations, ma th ematical mod els can be conditionally divided as follows:

• differential (t he mathematical model is described by a system of the
partial different ial equa tions wit h app ropriate boundary conditions),

• integral (the m athematical model has a form of an int egral equ a tion
system, with boundary conditions implicit ly prescribed in th e equa­
tions system) I

• differential- integral (t he combination of th e previ ously given models,
whereby th e elect romagnetic process in some parts is describ ed by
different ial equa tions, and in ot her by integral equa t ions) .

Solving the mathematical models using analytical meth ods is very lim­
ited and only occas ionally applicabl e, mostly on simple geomet rical systems ,
simple boundary conditions, and with consta nt elect romagnetic characteris­
ti cs. T he development of fast digit al computers has pu t into th e foregroun d
th e usc of the num erical methods when solving mathematical models of t he
electrom agnet ic processes.

When solving th e different ial mathemati cal models, two numerical app­
roaches arc used:

• Finite Difference Method (I'DM),

• Fini te Element Method (FEM).

T he Finite Difference Method has been used for a long time in the
practice for the calculation of the two-dimensional (2D) and axi-symmet ric
elect rosta tic and magnetost a tic fields. On the bas is of thi s method , it is
possible to tran slate a set of part ial differenti al equations into a set of dif­
ference equa tions , using an appropriatly chosen or thogonal mesh . Once th e
points of th e m esh insid e th e area of int erest arc numbered, th e system of
difference equa tions is reduced to a system of linear algebra ic equa tions of
a very high order. The basic characteristic of thi s sys tem is a very sparse
coefficient ma t rix. This meth od gives rela ti vely good results in the calcu­
lation of the 2D models of high-voltage apparat us and elect ric machines
when taking into considerat ion th e nonlinear magneti za tion curve. The
dr awbacks of th is method ar e difficulties iu setting up of th e mesh which
well approximates th e boundary lines between different media, the large
number of requ ired input data, and a need for num erical differentiation.
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The Fi nite Eleme nt Method is successfully used in solving 2D an d 3D
elect romag net ic fields, and for other technical applications. This method is
based on the variational calculation , where the solution of field problems is
reduced to obtaining the stationary st a te of the app ropriate energy fun c­
t iona l. Starting with this fact, an d taking int o consideration that among
enough small parts of th e observed area (finit e elements), th e field func­
tion can be expressed as an an alytical function of th e position within th e
finite eleme nt , we arrive to a system of algebraic equations. Solvin g it, it
is possibl e to derive the information about th e field function in th e area of
interest . Th e result here is also a matrix equation of relatively high order,
with a very sparse coefficient matrix, which can be solved using iterative
methods or some special di rect methods. T he dr awb ack of thi s meth od is a
generally large number of inp ut data that are necessary when definin g the
geometrical and material parameters of the selected finite elements of the
area.

For th e numerical solution of the integral mod els, th e Cha rge Simulation
Method an d the Boundary Element Method are used .

In th e Charge Simulation Method, equivalent cha rges (point, line, ring
charges) placed in a vacuum are used. The values of these charges are de­
termined in such a way that th e boundary cond it ions are sa tisfied. The
pos it ion of th ose charges is selected so tha t th e singularity of the in tegral
opera tor is avoid ed, an d that th e coefficients of th e algebraic matrix equa­
tion can be an alytically det ermined . T his meth od has found it s application
in th e analysis of the electrostatic fields in high volt age engineering . The
m ethod was extend ed by th e introduction of equivalent area charges placed
dir ectly on th e surface of electrodes and dielectric boundaries.

In th e Boundary Element Method , integral equa tions are translated into
a system of algeb raic equations replacing the surface and volume integral
by th e sums of th e well selected sma ll curvilinea r surfa ces over th e bound­
ary bet ween two media with different characteristics, or, of sm all volumes
inside of th e media with non-linear elect romagnetic cha racteris tics (Sur­
face Boundary Eleme nts - SBE and Volume " Boundary" Elements - VBE).
Over th e boundary eleme nt, th e field is expressed as an ana lyt ical function
eval uated at certain interpolation nodes. The characterist ics of th e media
are usually taken as consta nt values for a certain element. Th e matr ix of
coe fficients of algebraic equatio ns, derived in this way, is of relat ively low
order. However, it is a full matrix with non-constant coefficient values in
case of non -lin ear m edia . For the solution of this typ e of matrix algebraic
equation} most frequently , a combination of direct matrix inversion and an
iterative procedure for non-li near parameter adjustment along the bound­
ary elements, is used . T he weak side of thi s method is th e full coefficient
matrix and the relatively large consum ption of th e computation time for th e
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calculatio n of the ma trix coefficient (numerical calculatio n of an integral) .
Advantages of this meth od are the relatively sm all number of input data
necessary for the exact description of all the characteristics of the system,
and placing of the boundary elements only over the bound aries between the
different media. This method gives distinctly high accuracy, because the
information about boundary conditions is directly presented in a system
of algebraic equations, and it also makes possible the solution of so called
"unbounded fields" where the appli cation of the FDM and FEM is mor e
difficult.

A modification of th e Boundary Element Meth od , based on the intro­
duction of the Galerkin formul ation, is presented in [211. IIere, inst ead
of requiring that the error function be zero at discrete points, the condi­
tion th at the residual (error function), multiplied by a weight ing function,
integrates to zero over the whole domai n is imposed.

In a great number of practical electromagnetic devices , the electromag­
netic process is stationary, or it could be viewed as approx imately stationary
(quasi-stationary fields). Th erefore, mathemati cal model of the elect romag­
netic field is divid ed in two mathemati cal models:

• mathemati cal mo del of the electrostat ic field,

• math emat ical mod el of the magnetostatic field.

In most devi ces of this kind , the information about one of two fields
only is important for the design and analysis of the electromagnetic device.
Therefore, from this aspect electromagnetic devices could be divided into
electrical apparatus and magneti c apparatus.

Electrical apparatus are most frequently without "primary" field sour­
ces) geomet rically complex, with several different media and constant elec­
tric parameters. The most important information in the analysis of these
apparatus are the maximum electrical stress and the location where this
stress appears. The reduction of electrical stress and optimization of ge­
ometrical dimensions of the elect rical device are the basic criteria in the
process of the design of these devices, so the numerical calculat ions are
performed in such way as to yield the above mentioned information. For
the numerical calculation of electric field) all above mentioned numerical
methods are practically used.



(3.1)

Chapter 3

The Mathematical
Methods and Numerical
P rocedures

3. 1 Charge Simulat ion Method

3.1.1 P rinciple

Charge Simul at ion Method (CSM) is based on the prin ciple that the surface
charges on the electro des or dielectri c int erfaces are replaced by a set of
simulation charges located ou tside the field domain or on the bound ary. T he
posit ion and th e type of these simulation charges are predetermined, the
magnitude is unknown. These magni tudes of the simulation charge have to
be calculated so that their int egrated effect satisfies the boundary conditions
exactly at a selected numb er of collocation points. Th e superposit ion of th e
potentials of the simulation charges must be equal to th e boundary pot ent ial
4> B of the collocation point B :

n

4> = L:pj . Qj
j == 1

where Qj is the magnitude of the j -th charge and Pj is its assigned potenti al
coefficient. Usually the number of simulation charges and collocation points
is the sam e, th en the application of thi s equation to all collocat ion points
leads to a system of n linear equations for the n charges:

[P][QJ= [4>BJ

7

(3.2)



8 The Mathematical Methods and Numerical Procedures

The elements of the (n x n) matrix [P] depend on the type and th e posi­
tion of the charge . The vector [ot> B ) contains the potential of the collocation
points on the boundaries. After the solution of the equation system for the
unknown magnitudes of the charges one must check whether the calculated
simulation charges fit the boundary conditions . If this check is sufficient
then the pot ential ot> and th e field strength E in any poiut A(>:, y,z) in the
field domain can be calculated by means of analytical expressions:

n

ot>(>:,y,z) = LPj(>:,y,z)'Qj
;=1

n

E(>:, u,z) = - L['1Pj(>: , y,z)] . Qj
;=1

(3.3)

(3.4)

T he name "Charge Simulation Method" usually implies the idea of the
substitution of the real charges by a set of point , line and ring charges
(" discrete charges") . However, in principle procedures where area charges ,
volume charges or multipoles are used for the substitution also belong to
the family of Charge Simul ati on Methods. Particularly the substitution by
area charges has proven to be a valuable extension of CSM for many tasks
in high voltag e engineering.

3 .1.2 CSM with Discrete Charges

2D Fields

In the case of 2D fields, straight line charges of infinite length are used as
simulation charges (Fig. 3.1) [1] .

OJ (Xj, Yj)

P(x,y}

x collocation point . line charge

Figure 3.1: CSM for 2D fi elds with infinitely long line charges
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The formulae for the potential coefficient and the field strength compo­
nents for this typ e of simulation charges are well known:

p ' __I_ In V(y +yj}2+ (x-Xj)2
J - 21ft V(y - YjP + (x - Xj)'

(3.5)

The terms of the image charges for the represent ation of an infinite
earthed plane are included in these equations [IJ. Since the line charges
are of infinit e length, the qualiti es to be determined are charges per unit
length Aj .

3D Fields with Axial Symmetry

The following types of simulation charges are used for 3D fields with axial
symmetry [1, 2, 3, 4]:

• toro idal line charges, centred on the axis of symmetry Fig . 3.2a),
usually denoted as II ring charges" I

• straight line charges along the axis of symmet ry Fig. 3.2b)

Itz I tz Itz
Q'i-r'- ~Z'2J J z: Q' J Qij Zj. J J

I Zj1

-Plr.z)· r -Plr,z )I .r.. - Plr, zl! .r,
----=+--= I

a) ring charge b) straight c) point charge
line charge

Figure 3.2: Discrete simulation charges for the calculation of 3D fields with
axial symmetry

Both types having a constant cha rge density. Furthermore, point charges
on the axis are also used (F ig. 3.2c).
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The formulae for the potential coeffi cient Pi and th e field strength com­
ponents of these types of simulation charges are listed below, using the
notation of Fig. 3.2. They include the image charges representing an infi­
nite eart hed plan e [I]:

a ) ring charges:

Pi = _ 1_ . ~ [K (kd _ K (k' )] ;
47Tf 7T 0'1 0'2

(3.7)

E, = _~ Qi . ~ {II} - r' + (Z - Zi )'J.E(k1) - p? .K(kd

c: 4"" "" 0" 1 ' P?j=l

II} - I" + (z + zi )'] , E(k,) - Pi· K(k')}
0" , ,Pi

E, = _~ Qi , ~ { (Z- Zi ) ' E(k ,) + (z+zi) . E(k, ) }
~ 4" £ ,, 0"1 . Pi 0", ' Pi (3.8)
]=1

with the substitutions:

2.ji7k
1
= _ _1_ ;

0"1

" 1 = )(r+I'i)'+(Z- Zi)';

PI = ) (1'- l"j)' + (z - zi )';

", = )(1' + "i) ' + (z + zi)';

P, = )(r-ri)'+(Z+Zi)' ;

J((k ) and E(k) are the complete elliptic integra ls of first and second kind
respectively. They can be easil y evaluate d by means of polynomial approx­
imations (e.g. [5]).

b) stra ight line charges:

Pi = 1 -In (zi ' - Z + ·Yt)(Zi l + Z + r,)
4",, (zi ' - zi ,) (zjl - Z + 6,)(zi' + Z + 6, ) (3.9)

E, = _ t Qi . ~ [z- zi' _ Z - Zi l _ Z + Zi l + Z + Zi' ]
i=1 4",, (zi' - zid I' r l 61 r, 6,

n o, [1 1 I I ]
E, - [; 4,,£(zi' _ zi d - r, + ~ + r, - 6, (3.10)
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where:

')'1 = J r2+ (Zj2 - z)2; ')'2 = J,.2+ (Zjl + z)2;

6, = Jr2+ (Zjl - z)2; 62 = Jr2+ (Zj2 + Z)2;

c) Point cha rges:

1[1 1]
Pj = 411"' J r2+ (z - Zj )2 - J ,.2 + (z + Zj)2

(3.11)

: \ p "
\ ..

straight
line charges

ring charges toroid
ring charges

point charge

sphere gapshielding electrode

/" i ~\

~.,,::. <,==:=L--"7')

Figure 3.3: Arra ngement of discrete simulation charges for the calculation
of 3D fields with axial symmetry
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3D Fi elds

The Ma them atical Methods and Numerical Procedures

Components with axial symmetry are often used in high voltage engineer­
ing [for example test transformers I volt age divid ers , capacit ors) . However,
in many cases these apparat us are arranged asym metrically. For the cal­
cula tion of the 3D electri c field of these systems the CSM with discret e
charges can be extended. In the same way as in the case of axial symmet ry
a set of point , line and ring charges can applied for the discretization of the
real surface charges . But in this case the charge densi ty of the ring charges
is either chosen as continuously variable [1, 6] or parti ally cons tant ("ring
segment charges") [7] as shown in Fig. 3.4.

lenglh indico les

ch a rge mag nit ude

a)

Figure 3.4: Ring charge with
a) partially constant charge density
h) continuously variable charge densit y

b)

+--+.l!lx

If a discretization with ring segment charges according to Fig. 3.4a is
used, a collocation point on the boundary is ass igned to each segment. Th e
potentia l coefficient Pj and the field strength com po nents of a seg ment Qj
a t point A(,·, ,p, z) using the cylindrical coordina te system are given by:

1 1"" do~ = 1

411'«0 Ij - OOj) "0' JD' - ~rrj cos(ifJ - 0 )
(3.13)

E .pj

Q 1"",.-,.. .cos(,p - 0)- } } do'
/(j ero; Fj ,

Q 1"",... sin(,p - 0)_ _ J J cia '
J( j a o; Fj ,

Q 1"" z - z·-} - - } do'
/(j ero; Fj ,

(3.14 )
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with the abbreviat ions:

D 2 = (Z _Zj )2 + r] +r2;

J(j = 4",(alj -aOj) ;

Fj = h/r( Z---Z-j-)-2-+-,--'}-+-r-2--- 2-"-"'-' -.c-o-s-(,p--- a-)r

13

(3.15)

and with the angles aOj, alj and a according to Fig. 3Aa . Th e symbols rj
and Zj are the same as in the case of charges with constant charge density
(Fig. 3.2a) . The int egrals are evaluated numerically, usually by app lication
of Simps on's rule. More sophisticated numerical integration technique, such
as Gaussian quadrature, can also be used to advantage.

If ring charges with continuously variable charge density are used for
the simulation, the distr ibution may be divided into a constant part and
several cosinusoidal (sinusoidal) harmonics with unknown peak values AJ.JI
similar to Fourier analysis. This charge density distribution A is a function
of the rotation angle a, as shown in Fig. 3Ab, and as it is given by the
equation:

'"11
Aj(a) = L Ail• . cos(l'a) (3.16)

,..:=0

In this equation mu denotes the number of harmoni cs.
The total numb er (mll + 1) of the harmonics (I' = 1, ...mu) and the

constant comp onent (I' = 0) must be equal to the numb er of collocat ion
points. The potenti al coefficient and the field strength components of the
Wth harmonics in point A( ,', ,p, z) in a cylindrical coordinate system are
determined by the expression below:

(3.17)
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with kj = D'/(2n·j). D' according to equation (3.15 .) and Q,'+I/' as the
Legendre functions of the second kind of the order Jl - 1/2 and I' + 1/2
respectively, so-called torus functions .

The resulting system of linear equations is solved for the charge density
harmonics Aill' The resulting field strength in any direction is calculated
by addition of the parts which originate from constant and periodically
variable charge components, e.g. taking one ring charge :

m"

t; = LEJlr
JJ=O

3.1.3 Arrangements with More Dielectrics

(3.19)

The procedures described above arc applicable for systems with only one
dielectric, for example electrode systems in air or SF6 . In high voltage
engineering very often fields with more than one dielectric have to be cal­
culated . In principle the CSM with discrete charges also can be applied to
these fields [1 , 8].

A mult.idiclcctf-ic arrangement should be divided into regions. Each
region is homogeneous with regard to its material properties, i .c. it consists
of only one dielectric . For the collocation points placed on the regions
boundaries (see model arrangement , Fig . 3.5a) , the discrete charges are
simulated as follows:

1. for each point on the electrode surface one charge is placed in front
of the adjacent region,

2. for each point on the interface between regions two charges are placed
in front of the interface, each on the opposite side.

The number of unknown charge values match the number of equations when
taking into account that for the interface between two regions Hi and llj,
the following two conditions must be fulfilled:

1. the continuity of the potential :

(3.20)

2. the relation of the normal field strength components:

(3.21)
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Figure 3.5 : Charge simulation in a model arrangement with more dielectrics
(regions) :

a) cha rges simulated in the whole arrangement
b) surface-oriented CSM: set of charges used for field calcula­

tions in regions ni , R2 and R3
c) region-oriented CSM: set of cha rges used for field calcula­

tions in regions RlJ R2 and R3
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with potentials 4>j and CfIj , the normal field strength components Eni and
Enj and with the scalar dielectric constants £j and £j of the region R, and
Rj respectively.

There are two different approaches when calculating field within regions .
One should dislinguish between surface-oriented and region-orienled CSM.

Surface-oriented CSM

For the calculation of pot ential and field st rength all charges are regard ed
except those which arc arranged inside the region of consideration, Fig. 3.5b.
For instance, if point A(r,.p, z ) belongs 10 a region R; with the dieleclri c
const ant £j, the charges belonging to this region are disregarded:

<I>(r, .p , z) = L p. (r, .p,z) . Q.
Q ,,¢R ;

(3.22)

(3.25)

E( ,·,.p, z) = - L ['1P' (" , ,p,z)l· Q. (3.23)
q"tRi

where Q. ¢ R; denoles charges placed outs ide th e region R;.
These formul ae can also be applied 10 each collocatio n poi nt G(,'",p" z,)

all the region boundaries when building the equat ion system:

• for a point on the electrode boundary:

L p. (r",p"z,) .Q. = <1>, (3.24)
QJrtR i

with the constant potenti al <1> , on the eleclrode. (If th e potenti al <1> , is
unknown, i.e. if the electrode ia on a floating potential, an additional
equalion has 10 be formulated . For the surface-oriented CSM, Ihe cond it ion
is usually applied that the sum of charges assigned to the colloca t ion points
on the eleclrode equals zero.)

• for a point on the dielectric boundary

L p, (,." .p" z, ) . Q. = L P'("",p" z,) . Q.
Q/c ~Jl i Q .. ¢.Jlj

£; L [n . '1P'("",p" z,) . Q. ] = £ j L [,i· '1p. (r".p" z, ) . Q.] (3.26)
Q"'1R ; Q" rtnj

T he surface -orienled method was successfully ap plied to arrangements
with 2 dieleclr ics [1, 8]. II is also possible 10 obtain good resulls for sys­
terns with more than 2 dieleclr ics. However, t he surface-orienled CSM is
ra ther sensitive regarding the positions of simulalion charges: Ihey should
he placed close to the corresponding surfaces to avoid overlapping with
charges simulated for other surfaces.
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Region-oriented CSM
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The charges should be formed into sets so that for each region an unique
set of charges is arranged. Each of these sets surrounds the appropriate
region, Fig. 3.5c. For the calculation of potential and field in a region Rj
the following formulas shonld be applied:

<I>(,',,p,z)= L pk(r,,p,z) 'Qk
Q,E{lIo}

E(r,,p, z) = - L ['VPk(",,p, z)] . Qk
Q,E{lI;)

(3 .27)

(3.28)

where QJ.: E {Hi} denotes charges surrounding region s;
Using (3.27) and (3.28) the equations similar to (3 .24) - (3.26) can be

written for collo ca t ion points on the region boundaries: the only difference
is the expression under the E. It results, however I in the sparse matrix of
the equation system . This is one of fundamental differences between the
region-oriented CSt"I and other integral methods . (However , the matrix
for the surface-oriented CSM is also not quite "full" . But the number of
elements which are equal to zero is usually less than 50% of the total number
of matrix elements.)

In the region-oriented CSlvI charges influencing the field in one region
are not used for the field calculations in other regions . This fact is very
useful for positioning the charges. Let us consider a collocation point on a
boundary between region Rj and Hj . For this point two charges have to be
assigned to the appropriate regions . It is required that the charge assigned
to the region Rj is not placed inside of the region Ri. However, it is not
necessary that this charge is placed within the region Rj. The samc rule
can be applied for charges simulated for the electrode surface: they need
not to be placed inside the electrode. This opens additional possibilities for
calculating fields near very thin conducting foils .

In the region-oriented CSM - in contrast to other methods - one does
not distinguish between free and bonnd charge . This follows from the fact
that charges arc assigned to regions rather than to surfaces, and this has
important consequences, for example when solving problems with floating
potentials. The flux through an electrode on floating potential cannot be
calculated as the sum of charges assigned to the electrode . The flux can
only be obtained by the integration of the electric displacement over the
electrode surface according to the Gauss's law .
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3.1.4 Application Asp ects

P osition of the Discrete Charges

In applications of CSt",1 with discret e charges , the arrangement of the sim ­
ulation cha rges and collocation points is imp or tant . An empirical criterion
which has proven as very effective is the ass ignment factor:

f - a,, ­ a, (3.29)

with the distance 0 1 betw een two successive collocation points and t he
distance a2 between a collocation point an d the correspo nd ing charge (F ig­
ure 3.680) . In order to avoid distances betwee n charges and collocat ion
points which are too small, in the case of curved contours th e definition of
a curvature criterion accordi ng to Fig. 3.6b is useful {I]:

[J a" a1
]p'!O= " 1+ (J, . ~) 'F f, .~ (3.30)

PI is valid for convex curva ture (negative sign), po for concave curvat ure
(pos it ive sign). For dielectric interfaces, both cases must be used accor d­
ingly .

._--

a) b)

Figure 3.6: Arr an gement of simu lation cha rges

Experience shows that the assignment factor should be between 1,0 and
2,0. If f a lies within th ese limits the accu racy of t he calculation is not
very much influenced by the position of the sim ulat ion charges. Another
possibility to determine the posi tion of the simulation cha rges is by intro­
duc ing optimization pro cedures) for example th e Fletcher algorithm [9], or
the ap plication of knowledge based systems [25J.
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Check of A ccuracy

For th e check of accur acy usually the following criteria are applied:
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(1) Deviation of the resulting equipotential line 4> = 4> B from the given
boundary)

(2) Deviation of the calcula ted field strengt h components on electrode sur­
faces from the normal direction (Fig. 3.7),

(3) Relation between fi eld strength, normal derivative of field strength
and curvature radius, especially for electrodes with small radius of
curvature (formula of Spielrein [20]):

(3.3 1)

with the radii of curvature PI and P2 of two perpendicular cross sec­
tions .

For systems with more dielectri cs the following criteria on the dielectric
boundaries can be used addit ionally [8J :

(4) Cont inuity of potential,

(5) Continuity of th e tan gential components of the field strength ,

(6) Relation of the norm al components of the field strength .

unacceptab le simulation acceptable simulation
- - - electrode surface
- coresponding equipotential line

Figure 3.7: Check of the accuracy by the direction offi eld strength vector E
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3.1.5 Charge Simulation Method with Area Charges

While CSM with discrete charges operates with charge dist ribut ions ar­
ranged outside the domain of consideration, CSM with area charges uses
distributions which are located directly on the bounda ries. T his kind of
CSM may cont ribute both to the fam ily of CSM and the family of DEM.
For application in high voltage engineering, th e CSM with area cha rges
was developed by Singer [10, 11). 11 is describ ed here for the calculat ion
of asym metrical 3D fields with axial symmetric components as shown in
sect ion 3.1.2 (3D fields).

Th e real surface charge of an electrode or a dielectric interface is subdi­
vided into T area charges with the area charge density Uj and the area Ai l

Figure 3.8. Then the potent ial in a field point P(,', 11 , !/J ) in spherical coor­
dina te syst em is the slim of the potent ials of all area charges:

I T ;, dA
~(r, 11 , !/J)= -LUj -

4 1ft j =l A j S
(3.32)

with the distance s between the point P and the area clement dA on the
area charge.

S Plr,,'l.lJl. l

Figure 3.8: Discret ization with area charges

For the calculation of asymmetrical 3D fields with axisymmetrical com­
ponents the area charge density O'j is a functi on of the rotation angle 0' .

T his function can be expressed in the same way as it was shown in sec­
tion 3. 1.2 for ring charges by cosinusoidal harmonics with the unknown
pea k values of the area charge density (J'jJJ :

III It

Uj = L Uj" cos(l' o )
/1:;;:0

with mJ[ the number of harmonics.

(3.33)
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In order to avoid discontinuities between two successive charge clements,
a dependence on the coordinate r is introduced into the approximation
formula . If this dependence is formulated as a polynomial distribution of
the charge density, (Jj can be expressed by the equation:

(3.34)

1'0 is an arbitrarily related radius, 711/ is the maximum degree of the polyno­
mials. For each simulation charge we get (mll + l)(nll +1) unknown charge
density components ai/lV ' In order to determine these unknowns one needs
the same number of collocation points assigned to each area charge. The
setup and the solution of the equation system is the same as for the CS!vI
with discrete charges.

The calculation of the potential functions of the area charges is more
difficult than the calculation of potential functions of discrete charges. Usu­
ally numerical integration methods must be appl ied . In comparison with
CSM with discrete charges the CSl\'1 with area charges needs more compu­
tation time. Therefore it is proposed to use it in combination with discrete
charges. Area charges should be applied to thin plates, strip conductors or
foils, as they are used in bushings or cable terminations [IO} .

The application of area charges is advantageous for the simulation of
dielectric boundaries . In this case only the relation of the normal field
strength components must be regarded as boundary conditions:

En!!
=

En!
(3.35)

In contrast to the simulation with discrete charge the condition of potential
continuity is automatically fulfilled . For every collocation point on the di­
electric boundary only one equation is necessary and therefore the resulting
matrix is smaller .

3.2 Boundary Element Method

3.2.1 Mathematical Model

The electrostatic field of the scalar potential function can be described using
the integral equations (Fredholm's integral equation of first and second
kind) with a Green's function kernel.

The basis for establishing of the system of integral equations is the
introduction of equivalent surface charges distributed in vacuum, as follows :
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• over the boundary interface between two dielectrics, t aking into ac­
count the bound surface charge,

• over the conductor - dielectric boun dary interface, where the cond uct­
ing body has known potential ,

• over the conductor - dielectric boundary interface, where the total
quantity of the charge on the cond uctor is known, and is possibly
zero .

T he distribution funct ion of the introduced equivalent surface charges
over the marked boundary interfa ces, is determined such that following
cond itions can be satisfied:

• bo undary conditions on the bo undaries between two dielectrics,

• prescr ibed values for t he potential function on the cond uctor surfaces
with known potential are mainained ,

• prescribed values for the total quantity of surface charges on the con­
ductors wit h un known potential C'floating potential") are imposed .

The electrical field in the observed space of interest can now be cons id­
ered as t he result of the prese nce of the equivalent surface charges. T he
charges are considered to be the "sources" of the electric field .

Let us intr oduce following notat ion :

Sp - boundary surface conductor - dielectric, p = 1, .. , P ;
3d - boundary surface dielectric - dielectric, d = I , .., D;
AI - index of the point of field sou rce lying on the conductor surface ;
N - index of the point of field source lying on a dielectric - dielectric

boundary surface;
I - index of an arbitrary poi nt lying on th e conductor surface ;
J - index of an arb itrary point lying on the dielectric - dielect ric

interface ;
a - the funct ion of the distr ibution of equivalen t surface charges.

If the functions of equivalent su rface charges are known, then, for an
arbitrary point I on the surface of the conductor, the potential is calculated
according to the following relati on:

(3.36)

I E s; p= l, ...r
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Equation (3.36) represents a Fredholm integral equation of the first kind .
In a case where the potential of some conductor is not known, but the

total quanti ty of charge Q on that conductor is known, then the equation
representing the tot al quantity of charges is used together with the equa­
tion (3.36):

Qp = f <o<pEnpdSp (3.37)
Js,

The normal component of the electric field strength of an arbitrary
point J on the boundar y inte rface dielectric - dielectri c can be calcula ted
as follows:

where :

P D
E J = '\' E (P) +'\' E (d) = E(O)+E(J)

n LJ nJ LJ nJ «r oj

p=l d=l

(3.38)

E~~ - norm al component of the electrical field strengt h of all th e sources,
except the sources along the boundary surface where point J is found,

E~~) - norm al component of the elect rical field strength of all th e sources
along the bound ary surface where point J is found.

E(O) =
nJ

_l_t f u(M)cos(~(J , nJ)dSp +
4 1r£0 p=l i s, rM J

+
1

4" <0
t f urN) cos~:;; , nJ )dSd

01= 1 l s, N J
d~d J

(3.39)

The normal component of the electri cal field st rength at point J, caused
by the sources along the boundary surface d, is calculated as follows:

E (l) _ -1-1 u(N) cos(fNJ, nJ )dSdJ
nJ - 4 2

7r£0 Su r N J
(3.40)

Here we not ice that for N -+ J the integ ral (3.40) has singularity.
In order to avoid the singularity, the small area around point J, area

SAH, Fig . 3.9, will he exclnded from the integral (3.40), and the field caused
hy the sour ces on that area SAH will be calculat ed separately.

E (l) = E(J -) +E (AHJ)
oj o j oJ (3.41)
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where:
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Figure 3.9: The small area around singu lar point J

u(N) cosU;i;;, nJ )dSdJ_

rJ.,1J
(3.42)

The area SAD can be regarded as a small flat circular disc) so that its
field strength in center is normal to the disc surface . In this formulat ion,
dielectrics are modelled by the bound surface charge at their interfaces, and
flux continu ity is imposed at collocation po ints along these boundaries . As
such, relative permittivities arc postponed until the matrix is formulated.
Close to the surface, the field st rengths on the both sides of the disk are :

E(ADJ) _ _ E(ADJ) _ '!!-
1,2 - 1,1 - 2 £ 0 (3.43)

and the total normal components of the field strength at point J on both
sides of the boundary surface, calculated in the direction of the normal
vector with orientat ion to the side "2" , are:

E - E(O) + E(J-) _ '!!-
nJ,l - nJ I1J 2co

, _ ,(0) , (J - ) '!!-
En 1,2 - En] + En J + 2

co
(3.44)

If Us is the bound surface charge on the boundary dielectric - dielec­
tric , then on the basis of the boundary conditions on the interface of two
dielectrics the Gauss ' law jump condition can be written:

[
(0) (J-) uJ ] [ (0) (J-) uJ ]

COC2 En J + En J + 2eo - COC} En J + En J - 2co (3.45)
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so we obtain:

2u,J 2 01 - 02 [E(O) E(J-J]
O'J = -+-- + 00-+-- I n J + I n J

C! c2 £1 c2

J E Sa , d= I , ..,D.
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(3.46)

The equation (3.46) represents the second order Fredholm integral equa­
tion. For its solution, relations (3.39) and (3.42) together with SAB ~ 0,
need to be used .

3.2.2 Discrete Mathemat ical Model

For the numerical solution of Fredholm integral equations, the Boundary
Element Method (BEM) is successfully used . According to the boundary
element method, where an approximate distribution of equivalent surface
charges is determined, boundary surfaces are approximated using a finite
number of suba reas - boundary surface elements - often in the form of a
curvilinear triangle or curvilinear quadrangle. The boundary element itself
is described using the shape functions of a different order, depending how
precisely the boundary element needs to be defined. In a great number of
cases, boundary surfaces arc regular surfaces of the second order, which
can be fully and simply described analytically, as a whole and in parts,
in an appropriate local and arbitrary absolute coordinate system. This
specific case of Boundary Element Method is called Partial Element Method
(PEM) .

T he problem of solving of integral equations is redu ced to a problem of
determining a set of functions of the equivalent surface charges defined on
each boundary element:

E
1>[ = _1_ '" f u,dS,

47TCO~Js, rot

I E Sp, p= 1, ... P ; G E Be, e= 1, .. , E

J E Sa, d= I , ..,D; GE S, (G# J) , e = I, ..,E;

where E is the total number of boundary elements.

(3.47)

(3.48)
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The numerical solu tion of the equations (3.47) and (3.48), calls for the
intro duction of suitable functions for approxim ating the function u(5) . For
that purpose, it is best to use so called basis functions (sim ilar to the
me tho d of finite eleme nts for approximation of the scalar function of the
potential) of a different orde r .

If the values of the funct ion in m of the appropriately selected po ints of
the boundary element are known) then the function value at an arbitrary
point of the element can be calculated using appropriate basis functions:

on

f = "£N;fj
j =l

(3.49)

The shape of the basis function Nj depends on the polynomial order .
In most cases) it is enough to use polynomials of first or second order.
In these cases , it is very suitable to define basis funct ions in a separate
local coordinate system, so called L-coo rdinate system . For example, for
a curvilinear triangle-shaped boundary element, a linear approx imation is
defined as follo ws:

(3 .50)

where L , + L 2 + L 3 = 1, and (h, 12 ,h) are function values in the vertices
of the simplex triangle . The relation (3.50) can be expressed in the matrix
form:

This method of expressing of the functio n values of an element can be
considered as general I whatever the approximation order is . Moreover I the
dimensions of introduced matrix and the for m of the basis functions will
depend on the approximation order. Thus:

(3 .51)

where following symbols are introduced:

[N(e) ] - transformation matrix, where the row matrix conta ins basis func­
tions of clements I

(J(' )] - column matrix of the function valu es iu the specially selec ted ele­
ment points ,

(e) - order of the po lynomial approximation.
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The use of linear approximat ion for the unknown function of the equiv­
alent surface charge. has proven precise enough:

(3.52)

T he boundary elements themselves arc approximated by second order
functions, or they are represented by par tial elements.

By replacing (3.52) in (3.47) and (3.48), and assuming tha t the points
(1, J ) coincide with the vertices of the boundary clements, the set of integral
equations is translated into a system of linear algebra ic equations:

[AHul = [B] (3.53)

Matrix coefficients [A] and [Bl are calculated using the relations (3.47) ,
(3.48) , (3.52), taki ng into account the way the boundary surfaces arc de­
fined, that is, a curvilinear boundary element or partial boundary clement .

3.2.3 Numerical Procedures

3D FIELDS

B oundary Surfaces Approximated by Curvilinear Tri angles

Let us choose the triangular boundary element, Fig. 3.lOa and its trans­
format ion in the L-coordinate system (master triangle), Fig. 3.l0b. Th e
main nodes are N l , N2 , N3, while the auxiliary are marked as N4 , N5, N6 .
The coordinates of an arbitrary point G inside the clement, in a case of a
second order approximation arc calculated using the following relat ions:

6

x = I:; NJ'lxj
j ==l

where:

6

Y = I:;NJ'lYj
j :l

6

Z = I:; NJ'lZj
j =l

(3.54)
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m

sub element in {Lt' L2}

(8
L -transfo rmatio n

8 · ·dL21{"-_---"__~_ _ _+-____'~
N 3------"""'--2 .1 3. 1

dLI

subelement in [x, y, z }
N 2 1.4

~--:? @J

a) b)

Figure 3.10: » L" - transformat ion of the boundary element

The surface charges function on an element is calculated using the linear
approximation:

0", (LI , L,) = L1O"1+ L,O", + LaO"a

Th e contribution of the observed element to the potential in point I is :

4> <1 = _1_ r rl
-

L
, LIO"I +L,O", +(1- L, - L,)O"a l"(L, ,L,) ldL,dL,

4uo Jo In "GI(LI, L,)
(3.55)

where I"(L, ,L,)I is the Jacobean of the transformation. The relation (3.55)
determines the row elements of the discretization matrix [A) which corre­
sponds to I Fredholm integral equation:

where:

ala
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T he Gauss Radau method was employed to solve numeri cally the inte­
gral iu (3.56). Ifeach side of th e master triangle is divided in N par ts, we get
N 2 sub-clements whose vertical sides' lengths are t. L , = 1/N , t.L2 = 1/N.
On each clement 0, 5(N + I )(N + 2) of the cut points arc formed (local
nodes) , including the main nodes as well. In the L-coordinate system, the
coordinates of th e local nodes arc determined as follows:

[
m - I n - I][L,(m), L2(n») = --pr,f{ ; I ~ m, n ~ N + 1.

Using the integration through the sub-elements, th e relations (3.56)
acquire the following form :

a ll =

a12 =

a 13 =

9mn = 1/6 - for the points in the triangle vert ices;

9mn = 1/2 - for the points on the sides of a tr iangle;

9mn = I - for the points inside the tri angle.

The relations (3.57) are applicable in the case where the observed point
I docs not coincide with any of the main nodes of the boundary element. In
the opposite situat ion r GI = 0, that is, the integrals in (3.56) arc singular.
The singular case can be solved using the relation (3.57), if we exclude the
sub-clement whose one point is the examined singular node (Fig. 3.11).
Using the appropriate numeration, the singular node could be marked as
the node N 3. In that case, in relat ions (3.57) the node (1, 1) of the sub­
element should be excluded and the weight factors 9' 2 and 92' corrected.
In that way, for a singul ar case we can write:

The par ts ai l> ai2 , ai3 are calculated according to the relat ions (3.57)
while excluding the points (m,n) = (I, I) and putting 9' 2 = 921 = 1/3 .
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2'

a) b)

Figure 3.11:
a) disretization of the boundary element
b) disretization of the "maste r" element
c) singular sub element

c)

=

The parts ~aI1, .6.a12 j ilaI3 are calculated analytically according to the
relations :

1 [ 2 2 2 d, +d2 + d3 2
16 "N4 "3(d, + d3 - d2) - In d d d - 2d3(d, - d2)]

1r[ou3 1 + 2 - 3

1 [ ( 2 2 2) d, + d2 + d3 2
16 d'N4 "3d2 + d3 - d, -In d d d - 2d3(dz - d,)J

7T6'O 3 1 + 2 - 3

= (N _ 1)Ll. (N _ 1)Ll. "3(N - 0,5) I d, +dz + d3
all + a I2 + 16rrt:od3N3 n d, + d2 - d3

(3.58)

In a similar way a discrete form of the second order Fredholm integra l
equation can be written:
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For the case of a singu lar element in the relati on (3 .59) , the part which
corresponds to the sub-eleme nt with the singular node, that is, the part
(m, n) = (1, 1) , should be omit ted. If th e number of sub -element s is rela­
ti vely small , the avoiding of the whole sub-element could lead to the de­
creasing of the accuracy of the calculation. Th erefore, a separat e procedure
is introduced wher e the singular node of the sub- element is isolated with
a small enough circular surface. T he cont ribution of the rest of the sub­
element to th e equ at ion (3.59) is th en determined analytically.

Boundary S u rfaces D efined by the Par t ial El ement s

Parti al elements are introduced for the boundary su rfaces of the following
forms :
- sphe rical surface,
- con ical surface,
- cylindrical surface,
- parab oloid surface,
- hyp erb oloid sur face,
- torus surface ,
- flat circular su rface.

Th e point coordinates on each of the above given surfaces, could be
defined in an su itable local coordinate system. On th ese boundary surfaces,
square or triangular boundary elements could he placed. In both cases , the
surface charge densi ty along the eleme nt is approxim ated using linear base
funct ions:

• for a square element, Fig. 3.12:

Figure 3.12 : Partial t'square" boundary clement
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u,(m, n) 0,25(1 + un)(l - Vm)UI +0, 25(1- un)(l - Vm)U2 +
+ 0,25(1- u n )(l + Vm)U3 + 0, 25(1+ "n)(l + Vm)U4 (3.60)

• for a triangular element , Fig. 3.13 :

m-1 n-1 m-1 n-1
u,(n" n) = -----;;-ul +~U2 + (1 - -----;;- - ~ )U3 (3.61)

Using the procedure of integration through sub-elements, as it was ex­
plained in the part relating to the approximation of the boundary surface
with the help of curvilinear triangles, the following relations are derived:

Figure 3.13: Partial "triangle" boundary element

• contribution of the square element to the potential at point I:

where:

a12

aI3

a14

N+IM+l
_ 1_ I: I: 0,25(1 + u n )( l - Vm )

411'to m=1 n=1 gmn "GI[G(U n , v m) , IJ
N+l.M+l

_1_ '" '" 0,25(1 - "n)(l - Vm )
L.J L.J gmn [G( )]411"£0 m=l n c I rGI Un, Vm ,I
N+l M+l

_1_ I: I: 0,25(1 - "n)(l +v",)
411'"£0 m =l rt ce I gmn "GI[G(Un l Vrn), I]

N+IM+l
_1_ I: I: 0,25(1 + un)(1+ v", )
47TcO m =I n c I 9mn rGI[G(U n l Vm ) , I]

(3.62)
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gm.. = 0, 25~SI
gm.. = 0, 50~Sl
gm.. = 0, 25~SN
gmn = 0,506SN
gm.. = 0, 25(~Sn +~Sn - Il
gm.. =0,50(~S.. +~Sn _I)

(n = 1) A (m = 1 V m = M + 1)
(n = I)A (m # lAm # M +l)
(n = N + 1) A (m = 1 V m = M + 1)
(n = N + 1) A (m # 1 A m # M + 1)
(m = 1 V m = M + 1) A (n # 1 A n # N + 1)
(m # 1 Vm # M + I)A(n # IAn 'IN + 1)

• contribution of the triangular element to the pot ential in th e point I:

where:

1 N + IN+2 - m m-l
all = -- L L 9

4"-';0 m=1 .. =1 m .. N · rGr[G(m, n), I}

1 N + IN+2-m n-l
«n = E L: 9

4 " £0 m=1 .. = 1 m .. N . "Gr[G(m, n), I}

1 N + l N+2 -m N + 2 - m _ n
al3 = ~ L 9

4 "-';0~ .. = 1 m .. N . rGJ[G(m , n) , I}
(3.63)

g",.. =~SI (m # 1 A m # N + 1) A (n =1)
gm.. = t~SI (m = 1 V m = N + 1) A (n = 1)
g", .. = ~~SN (m = 1) A(n = N + 1)
gm.. = 3~S" + ~~S" _ I [m = 1 A (n # N + I)J V [m = N + 1 A n # 1]
gm.. =~S.. +~S..-l (m # lAm # N + 1) A(n # IAn # N+2 - m)

Relations (3.62) and (3.63) are app licable for regular cases only, tha t is,
in a case when an observed point I does not belong to any of the main nodes
of the element. A singular case rCI = 0 can be examined in the same way
as before (expla nat ions and relations (3.58)) . In a case of square singular
clement, this clement is examined as though it consists of two triangular
elements resulting from a diagon al division .

In a similar way, a discrete form of the second order Fredholm integral
equation is derived:

• for a square eleme nt

, EM+IN+I_ [G( ) J ""
2u,J "'" '" '" r GJ " .. , Vm ,J . nJ ()UJ = --- +-- LJ LJ LJ 3 [ 9mn . a; min

£1 + £ 2 4 "£0 ' =1 m=1 .. = 1 r GJ G(u.., Vm), J]
(3.64)
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• for a triangular element

2 ,E N+iN+2-m ~ [G( ) J] ~O
(J~J '" ""' ~ ~ rG i 111, 11, • 11J

(fJ = --- + ,,- - L, L, L, 3 [G( ) J] gm n ' (f,(771 , n)
s i + C2 7l't:o e=l rn= l n = l 7'GJ m , n I

(3 .65)
The occurrence of singu larity in the relations (3.64) and (3.65) is solved

in a way similar to the explanation for the curvilinear triangles.

3D FIELDS WITH AX I A L SYM METRY

For the numerical solu tion of the integral equations whi ch describe the elec­
trostatic field in the systems with axia l symmetry (rotationally - symmetric
electrostati c fields) , only the pa rt ia l clements aIC used .

An axially-symmetrical eleme nt in the r - z plane is projected onto th e
boundary lines, where the following are used:

• boundary line as a part of a straight line (projection of th e cylinder
shell , the projection of the conus shell, the projection of the cylinder
basis , the projection of the torus sid es of rectangular crossection),

• bou ndary line as a part of an ellipse (projection of the ellipsoid, pro­
jection of the sphere or a part of the sphere, projecti on of the torus
with circular crossection) .

These two types of parf.ial lines include a great number of boundary
surfaces. In a similar way, other sort s of bou ndary lines could be intro duced
as well; for example, boundar y line as a pa rt of a hyperbole, boundary line
as a part of parabola etc .

"Ve sha ll observe one ar bitrary partial element, Fig. 3.14. For simplicit y
the straight boundary line is drawn . For the discretization of I Fredholm

z

2 z

r
Figure 3.14: Arbitr ary pa rtia l straight line element I - 2
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equation, the potential in point I of the examined boundary elements is
calculated, (nonessential indexes are omitted) :

<1>01 = _ 1_ r u(S)dS = _1_ r u(s)rado:ds
411'£0 l», TGI 411'"£0 ls. TGI

ds - boundary line element, do: - rotation angle element.
Let us introduce that z = zr - Za , so:

2 = [Z2 + (ra + rI)2](1 - k2sin2(J)raI

{J
11"-0:

= 2

k2 4"a I'J=
z2+ (ro + "1)'

(3.66)

(3.67)

Taking into consideration the axial symmetry, the calcu lat ion for one
half of the surface S. can be derived, so it follows that:

0: E [0, 11"]; (J E [0.511",0] ; do: = - 2d{J (3.68)

By substituting (3.67) and (3.68) in (3.66), and considering the given
remark about the sym metry, it follows that:

~eI =

1 j r': CT(s) I'a(s)ds d{J
1I"eo . I; J Z2(S) + [rats) + "I1 2 JI - Psin' (J

1 j u(s)ra(s)[(k) d (3.69)
"'0 , JZ2+ [rats) +"IF ' S

Introducing an appropriate local coordinate x for describing of the
boundary line 8 , we can write:

ds = ( )2 ( )2d"a dza
dx + dx dx = s(x)dx (3.70)

so :

<1>" = _1_ r' u(x)" a(x)s(x)[( [k(x)] . dx
1I"eo Jo J z2(x ) + [ra(x) + I'll'

In th e case of simplex basis funct ion we have:

(3.71)

(3.72)

(3.73)
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an =

_1_ r (1- ",)rG(", )s(",)K[k(", )] . d",

"1: 0 l« v'z' ("') + [rG ("') + ri F

1 r ", rG(",)s(", )K [k(",) ] d

" 1:0 Jo v'z'(x) + [rG("') + ri F ' x
(3.74)

For the element "straight line" we have:

rG("' ) =
zG ("')

s(",)

(", - ",j", + r, = ax + ",
(z, - z,j", + z, = bx + z,

v'a'+ b' (3.75)

For the element lJ arc ellipse"I it is convenient to use the central angle
(3 as a pa rameter, and the local coordina te syst em defined with the ellipse
centre coordinates (Rei Ze) and the ellipse axis; therefore we have:

(3 = «(3, - (3,)", + (3, ; ra = R, + A cos (3; ZG = Z, + Bsin (3;

s = v'(A sin (3)' + (B cos (3)' 1(3, - (3d (3.76)

T he integrals (3.74) can be solved nsing a numerical procedure , where
s(x ) is defined with 3.75 or 3.76. The diffi culties appear only when the point
I coincides with the node 1 or 2 of the observed element. Tha t is, when we
have singularity, the subintegral function in one point of integration has an
infinit e value. T he solution for this problem will be discussed separately.

The electric field strength in the point J, caused by the differential part
of the pa rti al element (Fig. 3.15), is: .

dE, = dq
411"£oJ'lu

z

urGdcxds
4 11"£ Ol' bJ

(3.77)

r
Figure 3.15: Arbitra ry part ial st ra ight line clement 1 - 2
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The appropriate components of the electrical field are:

= Jrd cos fJ dEe = Jt' ] - ra coso' dEe
l'G J rc i

1r oro "J - )~G cos 0' dn ds
~ Ja 411"to l'GJ
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Using (3.67), (3.68) and (3.70), we can write:

1( U"G r': rJ +"Gcos 2fJ dfJ) ds
E" ,1T£O [Z' + (I'G + "J )')3/' l» (1 - k' sin' fJ )3/'

1 l ' u(x)rG(x)s(x)
E" -

1T£0 0 2rJVz'(x) + [I'G(X) +"J]'

. ( ,'} - rb (x ) - z'(x) E(k) + J{(k)) dx (3.78)
z' (x) + [I'G(x ) - I'J]'

The z-component is calculated as follows :

JzdE, 11 UI'GZ d d--= 3 sao:
rGJ 3 a 411"[07'GJ

= 1( UI'GZ r': 1 dfJ) d
• 1T£O [Z'+ (I'G + I'J)' )3/2 Jo (1- k'sin' fJ )3/2 s

_1_ r' u(x) "G(x)s(x)z(x)E(k) , dx(3 .79)
1T£0 Jo(z'(x) + [I'G(x) - rJ]')Vz'(x) + [" G(x) + "J]'

If point J belongs to the boundary surface} and if the normal vector
in the point J is given as nJ(nrJ, nzJ), then the normal component of the
electrical field strength in the point J is:

(3.80)

In the case of the simplex base function , we have:

(3.81)

The relat ions for the calculation of a:T1 and GJ 2 can be derived using
(3.72), (3.78), (3.79) and (3,80), then (3.75) or (3.76) depending on the
type of the partial element .

By app lying (3.81) for each element, the discretizat ion of th e second
Fredholm integral equation in the (3.48) form can be accomplished.

In the case that the point I coincides with the node 1 or 2 of the partial
element, the integral (3,71) becom es singular (the point I is a singular
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point) . For solving of a singular integral, the poin t I needs to be isolated
with a very small part, that is, the integral (3.74) should be split in two
parts . For the singu larity in the node 2 there will be :

1' - 6 1,'all = !l(x)dx + j, (x )dx = a}~2) + Ll.a};)
o 1 -45

(3.82)

aI2 = r: f,(x)dx + t' f,(x)dx = a};2 ) + Ll.a}~in Jl - 6

or for the singularit y in the node 1:

(3.83)

all = /. ' j,(x)dx +l !l(x)dx = a}~I) + Ll.aW (3.84)

(3.85)a/2 = /.1f,(x)dx +16
f,(x)dx = a};') + Ll.aW

In the relat ions (3.82) to (3.85), first integral could be calculated in a
regular way, tak ing for 6 is a very small number , for example , 8:::: 0, DOL

Let the partial element be in the form of a "straight line" with the
length s. Let ns introdnce a small length

So:::: 8 . s (3.86)

with which we isolate a singular node. Then the contributions L\ag) and

Ll.a}~ could be calculated analytically accord ing to the following relations :

(3.88)

(3.89)

(3.90)

" 2 oF 0

_1 6so [ ( ~ _ ~) _ (~ _ ~) In !'!...] ; r2 oF 0(3.87)
11"£0 2 4 9"2 2 3"2 8"2

1 11"62r,
---
11"£0 4

_1 So [(1_6(a + r2) + a6
2

)

11"£0 2 4"2 9"2

(
1 _ 6(a+ r2) + a6

2
) In!'!... ] ;

2"2 3"2 8"2
1 11"6,', (2 - 6)

?Teo 4 j

A a(2) =Ull

A a(2) =U ll

A
a

( 2) _
L.l 12 -

Replacing "2 in (3.87), (3.88), (3.89) and (3.90) with r" and r l with r2,
that is, a with - 0 , index "2" with index ')1') and index " I'' with index "2",
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we can get the relations for the calcnlation of the contribntion Ll.ag) and
'a(l) .
u 12 .

(3.91)

(3.92)

(3.94)

1'1 = 0

", =0

_1 So [(1- 6(rl - a) _ a6') _
71'[0 2 4rl 9rl

(
1 - 6("1 - a) _ a6') ln~] .

27'1 3r'1 8"1 J

1 71'6r,(2 - 6) .
71'"[0 4 l

_1_ 6so [(~ +~) _(~+~) In~] ; "1 i 0(3.93)
71'[0 2 4 9,', 2 3r, 8,',

1 71'6'1',
---
11"6'0 4

=

=
, (I)
uall

A (I)
Ll.a/2

A (I)
LJ.UI 2

, (I)uan

The derived relations for the calculation of the part of the coefficients
all and un which corresponds to the singular part of the integral , could
also be used for the partial element of the ellipse are , In that case the
length So is a small length of the arc which corresponds to the central angle
6113, - 1311 before the node" 1" or the node "2". depending in which of these
two nodes is the singular point. To make it simpler, the relation (3.86) can
also be used for So, where s is the ellipsis length which corresponds to the
central angle 113, - 1311 with the angle 131 for the node" 1".

When calculating elements a:T1 , aI' of the relations (3.78) to (3.81), we
have no difficulties with the singularity, because, when G = J I only first
integrals in (3.82) to (3.85) with the appropriate functions h(,,) and 12(,,)
need to be calculated.

3.2.4 Shape Optimization of the Boundary Surfaces

When planning modern power devices and apparatus, the main aim is to
obtain an optimum shape of the electrode surfaces. There are various cri­
teria for the optimum geometry. In electro-energetic apparatus , the most
important criterion is the maximum operating security, which is frequently
understood to mean avoidance of the possibility of critical stress on the
conductor surfaces or over the interfaces between different dielectrics where
a breakdown can happen,

The testing of the critical stresses over the boundary surfaces is a nec­
essary stage in design of the electrical apparatus. The possibility of finding
this stress by calculation, makes the whole process of experimental design
and producing of the electrical apparatus much more efficient and cheaper.
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To obtain the optimum shape of a boundary surface, very often the
condition of equality of the tangential components of the field strength
vector is used as optimization criterion . This condition is sufficient in all the
cases where the breakdown only is possible. Recently, as a more common
criterion, the equal value of the Maxwell stress over the dielectric surface
is used.

If we need to investigate the optimum shape of some boundary surface
in more complex problems, then it is necessary to use this second condi­
tion. Practical confirmation of this condition is reduced to the control of
the values of the electrostatic pressure in the boundary surface with the
following expressions [22):

(3 .95)

1 D~ 1 , 1, ()
P = -- = -<' . E, = -<' . E, 3.96

2 <' 2 n 2

depending on what kind of the boundary interface is in question. F irst
expression we use for the boundary interfaces between two dielectrics, while
the second one is used for the interfaces which are boundaries between
conductors and dielectrics.

Shape optimization of the boundary surfaces based on consecutive
calculations with the introduction of the virtual surface

The investigation of the optimum shape of a boundary surface will be
based here on consecutive calculations, with the criterion of reducing of
field strength over the boundary surface. In the beginning, this can ap­
pear paradoxical. The application of this method 011 a little more complex
problem would need a lot of time for the preparation and processing. In
implementing this method on the computer, most of the time is consumed
in forming the coefficient matrix [AJ, equation 3.53. Therefore, it seems
that all the methods which request the repetition of whole calculations, or
a part of the calculation, are impractical. But it does not have to be so . In­
troducing virtual surfaces, the system which is being solved can be reduced
to a small number of equations, that is, a small number of nodes . So, the
whole procedure of consecutive calculations, until an optimum shape of a
boundary surface is achieved, is reduced to a fast and economical process.

The idea that all other boundary surfaces are replaced by the virtual
surface, except for the one which optimum shape is being calculated, makes
this method a very applicable one. Thns, there is also a possibility of search­
ing for the optimum shape in some wanted form which is easily produced.
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The known pro cedures of optimization, except those which are based on
consecutive calculations in a sense of the repetition of the whole calcula­
tion , do not have this option.

The pro cedure where the influence of one part of the complex system is
replaced with the influence reduced to a virtual surface, will be illustrated
in the following example.

Let us consider a complex system as shown on the Fig. 3.16. Let th e
boundary surface So, whose optimum shape we want to find, have No main
nodes. We shall mark other surfaces SQI 86, S~" ", s; with 81, and with Nt
main nodes on it. Th is means that when solving the full system, a coefficient
matri x [A) should be formed, with the dimensions (No+ N" No+Nil .

...-- - --
-- <,./ "-

/' "-
/ "-

/ \
I \~S
\ I 2

\ I
\ /
\ /

\ So /

\ /" ./<, .-----
I

So

Figure 3.16: Arbitrary surface 8 2 around the surface 80 which is to be
op timize d

Aroun d the 80 surface , we close an arbitr ary surface 8 2 having N2

main nodes aft er discreti zati on. T he matrix [vol and [vd are the known
potentials on the surfaces 80 and 8 " respectively. Let the potentials in the
main nodes N2 of the vir tual surface 82 be the values of the matrix [V2).

Then, for the surface between 8, and 82 we can write:

[A2I][Q,] + [An][Q2d = [V2]

(3.97)

(3.98)
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while for the surface between So and 8 2 the following equations can be
used :

[Aoo ][Qo] + [Ao, ][Q,o] = [vol

[A, o][Qol + [A,,][Q,o] = [v,]

(3.99)

(3 .100)

In the previous equations, the matrix [Aul and [A,,] and [Aoo] represent
the parts of the coefficient matrix [A] which are related to the nodes N 1 , N,
and No of the surfaces S" S, and So respectively, and they are the result
of the boundary element charges on these surfaces. Thus, [Aul contains
the coefficients which determine the contribution of the discrete charges in
the node N, on each of the Nt nodes in the surface SI . In short} these are
the influences of the surface charges of the surface S1 on its own nodes Ni .
However} the matr ix [AiiL if j, define the influence of the surface "r" on
the nodes of the surface" P' .

The matrix [Q,d represents unknown charges in the nodes N, which
are the consequence of the influence of the discrete charges in the nodes
of the surface Sl. In the same way, [Q, ol are the unknown charges in the
nodes N 2 which are the result of influence of the discrete charges of the
surface So.

On the other side, the unknown potentials of the nodes N2 of the virtual
surface S2 are determined from the known equation:

[A,d [Qd + [A, oJ(Qo] = [v,] (3. 101)

The equations (3.97) to (3.101) make a well defined equation system
on the unknown [Q,d , [Q,o], rQd , [Qo] and [v,]. Our aim is to red uce
this system of five equations to a system of two matrix equations with the
unknown [Qo] and [Q, oJ . By eliminating of the [Q,d , [Q,] and (V,], we get
the following equations system:

[AooJ(Qo] + [Ao,][Q,o] = [Vol

([A21 ][All]-l . [Ad[A"J-l) [A,o][Qo] + [A"J(Q,o] = [A, d [Allt 1[vd
(3. 102)

tha t is:

where:

[Aoo][Qo] + [Ao,J(Q, o] = [Vol

[A~o][Qo] + [A,,][Q,ol = [v;J

[A~ oJ = ([A21J(All]- 1[Ad[A"t 1) [A' ol = [B][A,ol

[v;) = [A21][Alll-
1[vd·

(3 .103)

(3. 104)

(3.105)
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The (3.104) and (3.105) represent the reduced influence of the surfaces
5, in the surface So, but in the place of the virtu al surface 52.

Thi s equation system is the sys tem whose matrix dimension is (No+N2 ,

No + N,), what is much less than the matrix dimens ion of the star ting
system .

From the electros tatics, it is known that thro ugh every equip otent ial
surface, a conducting surface of the same potential can be put . Thus,
the syst em of several electrodes can be reduced to a smaller number, and
therefore can be easier solved. This principle is used in the previously
presented procedure, but the virtual surface is treated as a discreet surface
whose potentials at the nodes arc known.

Reduced charges [Q20] and [Q21] of the secondary sour ces of the virtual
surface can be treated as a simple charges layer, taking into account the
continuit y of the potential over the surface 8 2 .

z

Figure 3.17: The system consisting of thr ee electrodes which has to be
optimi zed

Let us show, in an example, how the suggested procedure is used. Let
th e syst em shown on the Fig. 3.17 consists of one conducto r described by
the surfaces (1) and (2) with 100 V potential, one conductor (3) with 0 V
potential, and two dielectri cal media between them, with the permittivity
"1 and", having as the common bound ary the spherical surface (4). If th e
system of the electrodes is set up in this way, it is clear that the maximum
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field value will be on the top of 100 V potential elect rode, point A on th e
Fig . 3.17.

Let our aim be to find the opt imum shape of electrode (1) , such that
the field in the point A is redu ced for, let us say, 40%. In order to achieve
this, it is necessary to reduce the height of paraboloid H . Let boundary
surfaces (1) and (2), surface 80 here, have No main nodes. The spherical
surfaces (3) and (4) are surfaces 8 1 with N 1 nodes, whose influence in this
system we want to reduce on the virtual surface 8 2 , set as in the Fig . 3.18.
Let the virtual surface 8, be a spherical surface discreti zat ed so that it has
N, nodes, while N, <t:: N 1 •

In the first step, let us solve the st arting probl em so th at we calculate th e
field in th e nodes 1,4,8, 12, 16,20, 24 and 26 and the potential in N, nodes
of th e virtual spherical surface 8" Fig. 3.18. For solving this problem , we
have to form the matrix of the coefficient [A] with the dim ensions (No+N I ,

No+N>J.

z

--f-+--+--"'t---j--'---+'~+---Ht-·
y

Figure 3.18: The arbitrary surface around the electrode which has to be
opt imized

In the second step, we observe the system with 8, and 81 boundary
surfaces. Th e coeffi cient matrix for such a system is of the following di­
mension s: (N1 + N" N, + N,) . After dividing this matri x, according to
the expression (3.104), we obtain the needed matrices [All], [AI '], [A,,]
and [A,,]. Th e dimensions of these matrices are respecti vely (N, x N>J,
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(N, x Nz), (Nz x Ni ), (Nz x Nz). Thu s, we form the following matrices:

[BJ = [A 21][Allt '[A, z][Azzt'

W;] = [AZ ,][Allt'W,]

(3.106)

(3.107)

The dimensions of th ese matrices are (Nz x Nz) and (Nz x I) .
In the third step, we observe th e system where the boundary surfaces

So and Sz are with the total numb er of nodes No+Nz. In accordance with
expressions (3.103) - for this kind of system there need (0 be defined the
matrices [AooJ , [Ao.J and [Azo] . In this way we have [Aoz] and [Azo] . In this
way we havecompletely defined all the necessary matr ices for the equations
system (3.103), solving which we get the unknown charges distribut ion [QoJ
and [QzoJ which serves as a basis for finding the potential in the same points
as in the first step.

This results in equivalent values for charges in the nodes N0 1 equivalent
field values in the same points , and the equivalent potential values in nodes
N z which are derived in the first step, without using the virt ual surface.

By changing the paraboloid height , only matrices [Aoo]' [Aoz] and [AzoJ
are changed, so by their forming again, we can find a new charges distri­
bution, that is, new field values in the points which are of interest for us.

, , , ,
}{ - 6 }{ - 5 }{ - 4 }{ - 3 }{ - 2

a b b b b a b
En( l) 133.593 133.592 123.265 111.455 96.723 78.641 78.375
En(26) 57.119 57.085 57.298 57.598 58.011 58.629 58.583
Qo(l ) 7.254 7.151 7.353 7.231 6.752 5.726 5.707
Qo(2) 3.527 3.508 3.653 3.837 4.075 4.346 4.332
Qo(10) 4.069 4.054 4.231 4.487 4.882 5.568 5.552
Qo(18) 4.732 4.707 4.742 4.778 4.809 4.835 4.812
Qo(26) 4.222 4.217 4.232 4.255 4.289 4.314 4.334

(a) - Calculated without (he virtual surface
(b) - Calculated with the virtual surface

I Fig. 3.17 and 3.18

Table 3.1: Th e result s of the electrostat ic field calculation (points 1, 26)
and charges ( 1, 2, 10, 18, 26 ) during the optimization procedure

For the example mentioned, if the discretization is performed so th at
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N, = 52; N2 = 26; No = 26, with the geometrical parameters: R2 = 2;
R3 = 9; R. = 8; R = 5; h = 2 and H = 6, 5, 4, 3, 2, and the dielectrical
constants Crl ;::: 1 and Cr2 = 2, then we get the results as shown in the
table 3.l.

In the rows marked with "a" in the tab le 3.1, calculated values are given
if the sta rting system is to be solved directly, that is , without introducing
the virtual surface. It is readily seen that the calculation in which the
system with the virtual surface is solved, gives practically identical results .

A utomatic Shape O pt.imiaat.ion of the Bo undary S ur faces

Let us assume that we want to optimize the boun dary interface between
two dielectrical surfaces with the constants e and "2 (Fig. 3.19) . After
the calculation of the electrical stress in all points (according the relation
(3.95)) on the boundary surface which is the object of the optimization,
we define the "referent value" of Maxwell 's pressure. The main aim of
optimization is the reductions of the highest value of the electri cal stress
under the "referent value". The criterion stated in this way, is called the
"local" optimization criterion .

-.t it

-t--- ',> <,

3

"
-+ 1f3PI

a)

-+
n

it

b)

Figure 3.19:
a) The direction of the pressure vector and normal vector ii

along th e boundary interface between different media
b) Virtual moving of the surface

Let us assume that "1 > "2. Then:

(3.108)

Vector /'ip, is in the direction of the normal vector ii, (Fig. 3.19b), which
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me ans that it reduces the absolute value of vector Pi .

The correction vector .6.Ci is then :

where Cj is the correction factor.
Taking into consideration that vector .6.Ci is defined as:

6Ci = (X2 - xdi+ (Y2 - ydJ+ (Z2 - zdk

relati ons (3.110) and (3.111) give:

where (X2' Y2, Z2 ) are the new coordinates.
For £'2 < t:l l in a similar way we get:
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(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

Moving the boundary surface in tbis way, step by step, we decrease the
great est electrical stress until its value falls under allowed value (referent
value 6 ).

I
p; - p",!:5 6

PreJ
(3.114)

Thi s "local criterion" of moving of the points, often gives unwanted
oscillation effect. In these cases, it is beneficial to introduce a stricter
criterion which allows the increase of the electrical stress in the point s which
are not critical, for tbe reduction of the electrical stress in the critical points.

Local optimization criteria is applicable when optimizing a system of a
symmetrical structure or separately distinguished body, where a decrease
of electrostatic pressure in each point of optimization is assumed. In asym­
metri cal structures, the use of local criteria leads to the oscillation of the
optimization procedure.

To overcome this difficulty, we have introduced a stronger criterion}
so called "master" criterion. This criterion constrains the moving of the
surface in such a direction which permits an increase in the electrostat ical
pressure in some points of the surface, in order to decrease the pressure in
th e critical points . To explain th is, let us assume that we have a distr ibut ion
of the pressure as shown on Fig. 3.20, line a.
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Figure 3.20: The distribut ion of th e pressure values during th e optimization
iterations

The first step in th is pr ocedure is th e " trial st ep" according to whi ch the
decision is made about th e direction where to move the surface in order to
reduce the pr essure in the crit ical poi nt (or poin ts). Let us examine three
cases:

• following th e trial s tep, the pressures in all points arc decreased,

• following the trial st ep, th e pressures in all points ar e increasing,

• in some points the pr essure is decreased, whereas in others it is in­
creasing.

It is clear t hat the ap plication of the " local crite ria" is possi ble in the
first case only, while in the ot her two, oscillations would ap pea r .

Applying th e " master" criterion we continue moving of th e surface in
some points in th e directi on which provides th e increas e of the pressure in
those points in order to decrease the pressure in the crit ical points .

The procedure is repeated until th e pressures in th e crit ical points
ach ieve th e valu es smaller th an those assigned in adva nce, line b on Fig. 3.20,
or until the pr essure in oth er points reaches crit ica l val ue, line c on Fig. 3.20.



Chapter 4

Software D escr ip t ion

4.1 ELFI

G eometr-y

ELF! ca lcula tes elect ros tatic field iu t wo dim ensional plan ar (2D) an d ax i­
sym metri c (AS) geomet ries . The geometry can be defined int eracti vely
using the graph ic modeler or via an inpu t file. T hree segment types can be
applied for mod eling:

• arc

• line

• single contour points

All these seg ments arc divided into two categories: elect rode boundari es
and bou nd ar ies between two die lect rics.

T he geometr y of t he calculated arrangement can be signi ficant ly reduced
by using the sym metry on a plane as well as elect ric images on th e following
con duct ing sur faces:

• plane (2D,AS)

• cylinder (2D)

• sphere (AS)

ELF ! is capable of generat ing and solving:

• open region prob lems

19
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• simplified arrangement models with not fully defined geometry (open
contours)

• problems with very thin conducting foils

Method

ELFI uses the charge simulation with discrete charges lying outside the
boundaries. The discretization is associated with generating collocation
points on boundaries and simulating one or two charges for each point.
Four charge types can be used :

• ring charges (AS)

• line charges on the rotation ax is (AS)

• point charges on the rotation axis (AS)

• infinite line charges (2D)

The charge simulation can be surface-oriented or region-oriented. The user
can choose the solution method by setting the appropriate solver configu­
ration switch .

Boundary Conditions and Material Properties

The boundary conditions are assigned to all collocation points on electrode
boundaries . The set of available boundary conditions includes:

• constant potential

• floating potential

• distributed potential

• normal field strength

ELF! can calculate arrangements with many different lossless dielectric ma­
terials.

Presentation of Results

Results in form of field vectors on electrodes and dielectric boundaries are
automatically plotted on the screen after the solver has finished . If the
results are acceptable, the calculations can be continued for points lying
outside the boundaries. In a selected display area, the user can interactively
calculate:
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• Field vectors in points picked on the screen

• Equipotential lines for selected potentials

• Equifield lines for selected field strengths

• Field lines
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Oth er post-processing features includ e graphs (X - Y-plots ) along any con­
tour segment(s) as well as capaci ties of the complex multielectrode and
multidielectric arrangements .

Control of Solution Quality

The accura cy of result s can be checked by mea ns of:

• potential deviation in test points on electrode boundaries

• field vectors angle deviation on electrodes

• deviat ion of tangential field strength on dielectric boundaries

These quantities are auto matically calculated for the whole arrangement
model and are displayed immediatel y after each solver job. Th ey can also
be evaluated locally in selected regions .

Software Structure

• Integration: ELF! provides a fully integ rated free-stan ding tool for
electrostatic field calculat ions. T he pre-processing, solver and post­
processing are integrated into one program. The ELFI modules corre­
spond to user activities which can be performed within an interactive
session:

- modeling

discretization

solvin g (calculating charge values)

calcula tions of field strengths and potent ials on boundaries

calculati ons of equipotential, equifield and field lines

- present ation of results

The orde r in which the modu les are activated can be selected by user .
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• Data base: All input data and results are available on a data base.
The memory management within the data base is dynamic so that
the current size of the allocated memory corresponds always to the
size of the solved problem .

• Open architecture: The modular and object-oriented structure of
ELFI allows an easy integration of new or enhan ced solution se­
quences. The extension to 3D geometries is possible.

Other Features

• written in C

• batch option available

• all output in ASCII-format for easy integration with other software
and data exchange between different computers

• plotting of screen images

4.2 CSMDDD

Geometr-y

CSMDDD is a program for the calculation of three dimensional electric
field arrangements consisting of components with axial symmetry. The
geometry must be described by a set of data for each single axial symmetric
component. These components are defined by straight lines and arcs in
a local coordinate system. After the definition of the geometry in this
local system, the components are shifted to the actual place in a global
coordinate system. A graphical output for the check of the iuput data is
available (CalComp HCBS routines).

The distance between the collocation points can be controlled by the
input of a » density factor".

Imaging in order to consider an infinite grounded plane is possible.

Method

CSMDDD is based on surface-oriented CSM using discrete charges with
partially constant charge density (ring segment charges and straight line
segment charges) . The position of the simulation charges is calculated
automatically.



4.2 CSMDDD

Boundary Conditions and Material Properties
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CSMDDD is limited to electric field problems with Dirichlet boundary con­
ditions.

Only two different lossless dielectrics can be introduced.

Results

Default option is the output of the field strength components in the collo­
cation points on dielectric boundaries.

Optionally the potential and the field strength components in prese­
lected points on the electrode surfaces, dielectric boundaries and within
the dielectrics can be calculated.

The graphic output is limited to the presentation of vector arrows in
different preselected plane sections through the 3D geometry.

Control of Solution Quality

Several options enable the accuracy to be assessed , as is usual for CS!vI
programs:

• potential deviation between collocation points on electrode bound­
aries

• field vectors angle deviation all electrode boundaries

• deviation of tangential field strength on dielectric-boundaries.

Structure

CSMDDD is written in FORTRAN.
It is structured in a pre-processor, solver and post-processor . The solver

uses a Gauss elimination method for the solution of the equation system
with a full asymmetric matrix. The solution process can be controlled by
the selection of different pivot element strategies.

Remarks

CSMDDD was developed more than 15 years ago . It was used during the
cooperation for comparison purposes.
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G c o m o t i-y

EFCA_2D calculates electrostatic field with axisy mmetric geometry. T he
geom etry can be defined interacti vely usin g the graphic modeler or via an
input file. Two types of boundary lines can be appl ied for mo deli ng:

• arc ellipse

• straight line

All these segments are divided into two categories: electrode boundar ies
and boundaries between two dielectrics .

T he geometry of the calculated arrangement can be significa ntly reduced
by using the symmetry on a plane as well as electric image with respect to
the ground.

With EFCA _2D it is poss ible to generate and solve:

• open region pro blems

• simplified arrangement models wit h not fully defined geometry (open
contours)

• problems with very thi n cond ucting foils

• 'problems with the electrodes bei ng on the floating potentials) sur­
rou nded by the different types of dielectric.

Method

EFCJL2D uses the the boundary element meth od with two different types
of the partial elements: straight line and elliptic arc segments .

B oundary Con dit ion s and Mater ia l P roper t ie s

T he bounda ry conditions arc assig ned to all electro des on the know n po­
tential. It is also possible to t ake into account the bound surface charge
situated on the border between two dielec trics .

El'C1L2D can ca\cnlate arr angements with different lossless dielectr ic
materials) with an unlimited number of the dielectrics .
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Presentation of R esults
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The calculati on results are given in the protocol or can be graphically pre­
sent ed. In a selected display area , the user can calculat e and observe:

• The components of the field strength vector or field int ensity in the
boundary nodes . The node with maximum field strength is separately
marked.

• Equipotenti al lines for selected potenti als

The calculation results can be presented in the different windows, using the
data basis which is formed as a result of the solver running.

Other post-processing features include the calculation of the capacities
of the complex mult ielectrode and multidielectric arrangem ents .

Software Structure

EFCA_2D provides a fully integra ted free-standi ng tool for electrostatic
field calculations. The pre- process ing, solver and post-processing are inte­
grated into one program. The user can directly, or from the environment,
activate the following procedures:

• the discreti zation of th e model

• pre-processing, checking of the input data and their interactive COf­

recti on

• main solver (fi rst run)

• auxiliary solver (second run). field and potentia l calculation in the
prescribed points

• post-p rocessing.

The modul ar and object-oriented st ructure of EFCA_2D allows an easy
integration of new or enhanced solution sequences .

Other Features

• written in C. FORTRAN, PASCAL

• ba tch option available

• printing and plotting of screen images.



56 Software Description

The package EFC1L3D consists of two sepa rate ll EM programs , TEFCA
and POLOPT [26] . PO LOPT uses curvilinear tr iangle elements for model­
ing, while TEFCA also uses a "tipical elements" as a parts of rca I surface .

Geomet r-y

EFCA_3D calculates electrostatic field in the arbitrary 3D geometry. T he
"model builder" session is performed using separate software package FAM1

or over an inp ut data file. The modeling of the boundary surfaces can be
performed by

• curvilinear triangle elements with quadratic approximation

• partial elements, being the parts of "typical" boundary surfaces of
first and second order

The pla ne symmetry of the model, as well as a "e lectrical imaging') facility
is also taken into consideration .

EFC1L3D permits the modeling and calculation of the following prob­
lems :

• opcn region problems

• problems with thin conducting foils

• problems with floating potentials, surro unded by the different types
of dielectric.

M ethod

EFCA_3D uses the the boundary eleme nt method wit h two different types
of the par tial elements : curvilinear triangle clements with quadratic ap­
proximation and partial elements.

Bound ary Con d itions a n d Mat eri al Prop erties

T he boundary condit ions are implicitly assigned to all elect rodes on the
known po tential, i.e. during modeling session it is not necessary to prescribe
separately the boundary cond itions as by Fin ite Elemen t Method.

EFCA _3D can calculate arrangements with different lossless dielectric
materials, with an un limited number of the die lectrics.

1 FAM is graphic pre-processing a nd post-processing package fro m FEGS Ltd Oak­
ington Cambridge CB4 SBA England .



4.4 EFCA_3D

Presentation of R esults
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EFCA_3D has very powerfull possibilities of th e result present ati on using
FAM facilities. It posses all features of sta te-of-art graphic pre-processing
and post-processing packages .

Using one of the available opt ions (shaded element , conturing, vector
presentation etc.) it is possible to observe:

• charge distribution over arbitrary chosen geometry

• potential distribution over arbitrary chosen geometry

• field strength distr ibution (scalar or vector) over arbitra ry chosen
geometry

• charge, potential and field vector presentat ion in arbitrary intersec­
tion plane in 3D space

• distribut ion of the charge, potential or field values over selected line
in the graph form.

Software Structure

EFCA_3D provides a fully integrat ed free-standing tool for electrosta tic
field calculations. The pre-processing, solver and post-processing are inte­
grat ed into one program. The user can directly, or from the environment,
activate th e following procedures:

• the discreti zati on of the model

• pre-processing

• solver

• post -processing.

The modular and object-oriented structure of EFCA_3D allows an easy
int egration of new or enhanced solution sequences.

Other Features

• written in FORTRAN

• batch option available

• printing of screen images.
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surface sections A-B-G and D-E (Fig. 5.2) were selected as parts with the
maximum electric stress. The comparison of the field strengt h values as a
function of the distance s (Fig. 5.2) in Table 5.2 shows that the deviation
between the results calculated with BEM and CSM is less than 0.5% in th e
range with the highest field strength. It is a maximum in the points B' and
D with 1% and 1.3% respectively.
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Figure 5.1: Exam ple I: Disconnector

Part Number and type of
(Fig. 5.1) boundary elements simulat ion charges

a 14 14 ring
I point

b 16 15 ring
c 6 6 ring
d 5 5 ring
e 9 9 ring

f 16 15 ring
9 24 24 ring
h 10 11 ring
i 3 2 ring
j 15 14 ring
E 118 116

Table 5.1: Example I: Numb er of boundary elements and simu lation charges
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Figure 5.2: Example I: Field strength distribution on the surface

s [nun] E' [1/ m] Deviation
BEM CSM [%]

A 0.00 58.369 58.307 < 0.5
7.85 59.536 59.586 < 0.5

15.71 63.075 63.081 < 0.5
23.56 66.501 63.387 < 0.5
31.42 64.115 63.979 < 0.5
39.27 54.830 54.807 < 0.5
47.12 43.724 43.744 < 0.5

B 54.98 32.017 32.259 - 0.8
B ' 60.73 25.660 25.916 - 1.0

72.23 19.661 19.705 < 0.5
83.73 15.662 15.674 < 0.5

C 95.23 12.494 12.492 < 0.5
V 0.00 28.972 29.350 - 1.3

2.46 40.634 40.599 < 0.5
4.91 48.667 48.602 < 0.5
7.37 52.816 52.734 < 0.5
9.82 51.940 51.844 < 0.5

12.28 43.947 44.223 - 0.6
14.37 37.115 37.425 - 0.8
18.54 30.887 30.936 < 0.5
22.72 26.459 26.486 < 0.5
26.89 23.042 23.069 < 0.5
31.07 20.321 20.330 < 0.5

E 33.16 19.148 19.180 < 0.5

Table 5.2: Example I: Comparison of the calculated field st rength values
E' ( l/m) on the surface between A-B , A-C and D-E (Fig . 5.2)
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Figure 5.3: Example I: Measured breakdown voltages for switching surge
200/ 2500 (S.S.) and a.c. 50 Hz in comparison with calculated values

For the disconnector arrangement experiments in SP6 wit h switching
snrge 200/2500 (S.S.) and a.c . 50 Hz were made in addition . The break­
down voltage was measured for 5 different

breakdown voltage was evaluated from 30 single measurements for each
position of the contact . The results arc plot ted in Fig . 5.3 together with
the calcu lated values , derived from field calculation using a critical field
strength of 97.5 kV/em for a .c. and 102.3 kV/em for S .S. regarding the
curvature radius /' = 3.5 em of the moving contact and the different wave­
shapes [23]. The maximum differences between the calculated values and
the mean values of the measured breakdown voltages is less than 5% for gap
distances less than 25 mm and in the ran ge of 10% for larger gap distances.

5 .2 Example II. Insulator

Example II (F ig. 5.4) is an insulator arrangement similar to an example
already used for a comparison of different methods [24]. In the same way
as for exa mp le I Table 5.3 shows the way of discretization and Fig . 5.5
the field strength distribution on the bo undaries wit h the maximum stress.
The compar ison of the field strength values (Table 5.4) was restricted to
the surface part A-B-C of the upper protection electrode, where the field
strength is a max imum . T he maximum difference between th e calcu lated
values amounts to 0.7% in the area where the curvature of the electrode
su rface chan ges.
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Part Number and type of
(Fig. 5.4) boundary elements simulation charges

a 10 9 ring
1 point

b 10 10 straight line
c 11 10 ring
d 10 11 ring
e 48 41 double ring

8 single ring
f 10 11 ring
9 10 10 ring
h 10 12 straight line
i 26 22 ring
E 145 145
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Table 5.3: Example II : Number of bounda ry elements and simulat ion
charges

,

<1>=0-

\
1000

Figure 5.4: Exampl e II: Insulator arrangement
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s [mmJ E' [~/mJ Deviation
BEM CSM [%]

A 0.00 31.963 32.011 < 0.5
3.14 36.955 36.872 < 0.5
6.28 40.364 40.262 < 0.5
9.42 41.940 41.735 < 0.5

12.57 41.748 41.443 + 0.7
B 15.71 37.081 37.112 < 0.5

19.07 32.392 32.624 - 0.7
22.44 30.830 30.857 < 0.5
25.81 29.409 29.419 < 0.5
29.17 28.152 28.155 < 0.5
32.54 26.885 26.876 < 0.5
35.90 25.538 25.516 < 0.5

C 39.27 24.027 23.996 < 0.5

Applications

Table 5.4: Example 11: Comparison of the calculated field strength values
E ' (11m) on the sur face between A- B-C (Fig . 5.5)

I
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Figure 5.5: Example 11: Field st rengt h distribution 011 the upper electrode



5.3 Example Ill. Arcing Ring

5.3 Example III. Arcing Ring
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Example III (Fig. 5.6) is an ideal ized arcing ring for a high voltage insulator.
Toroida l, cylindrical and spherical elements were used [16] to model the
specia l shapes of the boundary. For the CSM only ring segment charges
were applied (Table 5.5) .

po-- - - -JlU- - - --t

Figure 5.6: Example Il l : Arcing ring

Part Nnmber and type of
(F ig. 5.6) boundary elements simulatio n charges

a 56 spherical 57 ring segment
b 32 spherical 33 ring segment
c 8 cylindrical 32 ring segment

24 toroidal
d 144 toro idal 142 ring segment
E 264 264

Table 5.5: Example Ill : Number of bouudary elements and simu lation
charges
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The comparison of the field strength values along the pat hs A-B ) A-C
and D-E shown in Fig. 5.6 is listed in Tab le 5,6. The dev iations between
the results calcu lated by means of the two methods in this 3D case are
higher in compar ison with the 2D fields} but they are below 3%.

s [mm] E' [l /m] Deviation
BEM CSM [%]

A 0.00 22.120 22.790 - 1.6
11.46 22.850 22.540 +1.4
22.93 21.880 21.690 + 0.9
34.35 20.450 20.190 - 1.3

B 45.85 18.180 17.940 + 1.3
A 0.00 22.420 22.790 - 1.6

11.16 22.910 22.590 + 1.1
22.93 22.130 21.920 + 1.0
34.35 21.030 20.730 +1.4

C 45.85 19.220 18.920 + 1.6
D 0.00 16.700 16.690 < 0.5

10.60 15.790 15.650 + 0.9
21.21 13.560 13.860 - 2.2
31.81 16.630 16.430 + 1.2

f) 42.11 14.640 14.880 - 1.6

Table 5.6: Example 1II: Comparison of the calcu lated field strength valnes
f)' (l/m) on the snrface between A-B, A-C and D-E (Fig. 5.6)

5 .4 Example IV. 420 kV Transformer

Example IV is a calculation of the electrostatic field of a 420 kV transforme r
with the shielding elect rode being on the floati ng po tentia l.

Having in mind that in this example the degree of the ax ial asymmetry
is relatively small , the same example is solved once as a true 3D problem ,
and once as an approxi mated axially symmetrical problem .

The discretization mes h is shown in Fig . 5.7
T he results are presented using field vector presentat ion, Fig . 5.8 where

the length of the vector represents a field intensity.
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Figure 5.7: Example IV: 420 kV transformer , grid of boundary elements

Figure 5.8: Example IV: Field strength distribution on a part of transformer
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5 .5 Example V. 420 kV Disconnector

Example V is a 420 kV disconnector in with SF6 gas insulated equipment.

The problem is solved using developed software package POLOPT.

Figure 5,9 : Example V: Disconnecter with "shad" insulator

In order to analyze the influence of the different shape of the insulator
two arrangements were solved: disconnecter with "flat" insulator and dis­
connecter with "shed" insulator} Fig. 5.9, The number of the nocles and
clements for these problems were:

elements nodes
problem with "flat" insulator 5187 10340
problem with "shed" insulator 9859 19684

The most interesting is the field distribution over insulator. Figures
5.10 and 5.11 show a field distribution over "Hat" and "shed" insulator,
respectively, represented by shaded elements.

Figures 5.12 and 5.13 present the field distribution along the top and
bottom boundary line of "flat" and "shad" insulator, respectively.
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Figure 5.10: Example V: Field distribution over "flat" insulator

Figure 5.11: Exampl e V: Field distribution over "shed" insulator
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Figure 5.12: Example V: Field distribution along the top and bottom
boundary line of "flat" insulator

Figure 5.13: Exam ple V: Fi eld distribution along th e top and bottom
boundary line of "shad" insulator
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5.6 Example VI. HV Bushing
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The classic (su rface-orient ed) charge simulation method [IJ requires that
discrete charges assigned to an electrode surface be positi oned within th e
electrode. This requirement usu ally leads to difficulties when modelling
very thin electrodes like conducting foils . In the model of a foil shown in
Fig . 5.14a , two layers of charges separated from each surface by a distance
x have been simulated. This distance should be approximately 1.0 to 2.0
times greater th an th e distanc e y between adjacent collocat ion poin ts (see
section 3.1.1). Wh en using the sur face-oriented method, th e righ t and th e
left. layer must not overlap, as in Fig 5.14b. Consequently , t he min imum
thickness of the foil can on ly be redu ced by increas ing the number of sim ­
ulated charges which results in a high dimension of th e equa tion system.

\Vhen using the region-oriented method the foil is regarded from th e
viewpoint of an observer associated with a region . The observer can only
see th e boundari es of his region wit h cha rges assigned to them . Charges
ass igned to other regions are not of interest for him, since they arc not
used dir ectl y for ficld calculation in his region. In Fig. 5.14c the obse rver
situated within region R; can only see t he left surface of the foil with
app ropria te cha rges lying outside his region . The simulation cha rges that
lie coincidentally within his region are associated with another surface>and
therefore unknown to him . From such a viewpoint the th ickness of the foil
is not impo rtant - it can even equal zero .

The foils with zero thickness have been applied in t he model of a I1 V
bu shing shown in Fig. 5.15. One of the 5 cylindrical foils is at zero poten tial ,
the other 4 arc at floa ting potentials. In orde r to create different regions
on both sides of each foil, the fict it ious dielect ric boundaries have been
introduced (dashed lines in Fig. 5.15). The arrangeme nt has been divided
into 7 regions.

Charges simu lated for th e whole arra ngement produ ce a rather unread­
able image shown in Fig. 5.16a . However , t his image is d ear when regarding
regions separa tely - each region is surro unded by a set of cha rges like in
Fig . 5.16b . No cha rges have been positi oned dire ctly on th e foils. There
is no free charge which can be assigned to a foil. Therefore, th e addi­
ti onal equations to obta in the floating pot entials have been formulated by
integrating th e flux over th e both surfaces of each foil.

Results in form of equipo tential lincs obtained with the program ELI'I
a re shown in Fig. 5.17.
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a) Model of a foil:

metal

x

Applications

right
surface

dielectric

x/y = 1.0 ... 2.0

b) Surface - oriented
charge simulation:

c) Region - oriented
charge simulation:

Region Ri Region Rj

d min = 0 if

Figur e 5.14: Example VI: Modelling of thin conducting foils
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conductor

dielect r i c ( e ~ 4 )

c onduc t ing f oils

rot at i on axi s

s ymmet r y p l a ne

fi c t i t i o u s d i electri c
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a )

Figure 5.15: Example VI: Model of a BV Bushing

b )

I
I

I
I

I
I

L
Figure 5.16: Exam ple VI: Charges assigned to:

a) all surfaces
b) surfaces surrounding region 3

3
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be obtaine d using electrostatic field calculation me thods . The results of
such calculation for a model of a dry tra nsfor mer is presented in Fig. 5.18.
The voltage wave has been applied on the turn connected directly to the
winding entrance. All other turns are for the duration of the wave front
on floating potentials . T heir values as well as the equipotential lines have
been calc ula ted using the charge simnlation me thod (program ELF!) . The
advantage of this ap proach is the possibility to obtain t he initial ins ulation
stress between turns. In Fig . 5.19 the ap propriate vecto rs of field strength
arc shown for the pa rt of the winding in the vicinity of the wave entrance
point.

Figure 5.19: Example VII: Field strength vectors in the vicin ity of t he wave
ent rance point
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