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Preface

The subject of the present book is naturally divided into three parts. The first
part (Chapter 1) deals with the theory of linear error correcting codes. Here one
is interested in the mathematical theory of secure information transmission, e.g.,
satellite communication. This should not be confused with cryptology where the
aim is to guard information against unauthorized access. The second part of the
book (Chapters 3, 5, 6, and 7) deals with the theory of algebraic function fields and
applies this theory to the so-called modular function fields. These function fields­
or equivalently, algebraic curves-arise from compactifications of the fundamental
domain of the action of certain subgroups of SL2(Z) on the upper half plane. Re­
ductions of these curves modulo primes p (outside a finite set of special primes)
yields series of algebraic curves over finite fields with many rational points. Finally,
the last part of this book (Chapters 8-10) is devoted to a treatment of bilinear
complexity theory. Here one is interested in the minimal number of multiplications
necessary to compute bilinear forms. One of the most famous representatives of
this class of problems is that of determining the asymptotic complexity of matrix
multiplication.

The first two subjects merge to the theory of "Geometric Goppa-Codes" , also
known as "Algebraic-Geometric Codes" which is discussed in Chapter 3. There
exists excellent literature on this subject, among which we only mention [42]. For
obtaining asymptotically good linear codes from geometric Goppa codes, the main
problem is the construction of sequences of curves with many rational points, as is
described in Chapter 4.

On the contrary to the theory of error-correcting codes or that of algebraic
curves over finite fields, there does not yet exist an up to date concise treatment
of the theory of bilinear complexity 1. Therefore we have decided to give a brief
account of the theory which meets our demands in Chapter 8. With the tools
developed there we shall see in Chapter 9 that coding theory can be applied to
obtain lower bounds in complexity theory in the following sense: one can translate
the complexity of a given bilinear map into the problem of determining a linear
code of minimal block length when the dimension and the minimum distance are

1The forthcoming book [8J will contain the first such attempt
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Preface

given. The latter problem has been studied by coding theorists extensively. Their
results can be used to give lower bounds for the complexity of bilinear maps over
finite fields. This is the main subject of Chapter 9.

Last but not least, following CHUDNOVSKY and CHUDNOVSKY, the theory
of algebraic function fields can be utilized to obtain interpolation algorithms for
multiplication in finite fields. Specializing to elliptic function fields, these algorithms
turn out to be even optimal (in the sense of bilinear complexity). Specializing
to modular function fields, the theory yields (asymptotically) good algorithms for
multiplication in finite fields (Chapter 10).

In writing this book, it has been in the foreground of our attention to provide
the interested beginner with a basic knowledge of coding and complexity, their in­
terrelations, as well as their relation to algebraic curves. For a better understanding
we have provided exercises at the end of most of the chapters. We consider this
book as a first step towards more advanced literature.

This book is based on lectures given by the second author during his visits in
Brasilia in summer 1991 and summer 1992 and in the "XII Escola de Algebra" in
Diamantina 1992. It would have not been created without the German-Brazilian­
conventions through which an interaction of the authors was made possible. We
therefore would like to thank the German organizations KFA-INT and GMD and
the Brazilian organizations CNPq and FINEP which made this project possible.

Sa/ahoddin Shokranian and Mohammad Amin Shokrollahi
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CHAPTER 1

Linear Codes

1.1 Introduction

This chapter contains introductory subjects on linear error correcting codes, which
are selected to serve only for the understanding of the book.

The origin' of coding theory lies in the practical problem of secure infor­
mation transmission. Here, in contrary to cryptography where one tries to make
information secure against unauthorized use, coding theorists want to guard against
damagement of the information (which has in almost all cases natural sources). So
the aim of coding theory is to present methods for recovering errors which occur
in the transmission of information through a disturbed channel. What is the idea
behind these methods? Of course, if one sends information without any type of
preprocessing, one very unlikely is capable of correcting any errors. So the idea
is to add redundant information and hope that this makes error recovery easier.
Suppose for example that the information consists of four bits (i.e., a string con­
sisting of O's and l's) and person A wants to send the string (0,1,0,1) to person
B. He can repeat the first four bi ts two more times and send instead the string
(0,1,0,1,0,1, ... ,0,1). It is easy to see that person B can recover one error. So
if person A has the additional information that the transmission channel is very
unlikely to cause more than one error in twelve bits, he has solved the problem of
secure information transmission. A closer look at this so-called "repetition coding"
of person A reveals that he now has to spend three times as more transmission
energy, but is capable of guarding against just one error. Can he do better?

This is the central problem of coding theory: Add as few as possible redundant
information but do it in such a way that you are capable of guarding against as many
errors as possible. Of course one cannot fulfill both of these conditions at the same
time. So the problem which arises is how good one can reconciliate these aims.

In order to be able to give a mathematical foundation to coding theory, we
first have to agree upon the transmission alphabet. Originally, this used to be

1



1.2. Linear Codes

the alphabet consisting of 0 and 1, i.e., the finite field F 2 • As a generalization
we consider the alphabet to be an arbitrary finite field F,. A code of block length
n is then defined to be a subset of F;. We are not going to study codes in this
generality in these notes. Instead we want the codes to have an additional structure
more accessible to (linear) algebra. The next section will clarify our intention.

1.2 Linear Codes

We start with a definition:

(1.1) Definition. A linear code of dimension k and block length n over the finite
field F, is a k-dimensional subspace of F;. The elements of C are called codewords.
o

Let us assume for the rest of these notes that whenever we speak of the vector
space F;" we think of this vector space as equipped with the standard basis. Let
C be linear code of dimension k and block length n over F,. Since any two vector
spaces of dimension k over F, are isomorphic, there is an embedding, caU it <1>, of
F: into F; such that the image of <I> is C. Hence, <I> can be described by a matrix
G = Ge E F:xn (with respect to the standard bases in F: and F;).

(1.2) Definition. The matrix Gc is called a generator matrix for the code C. o

Thus the rows of Ge generate the code C and hence, C can be uniquely described
by Go- Equivalently, we can describe C as the null-space of a matrix He in the
following way: Let (.,.) denote the usual scalar product on F;. By CJ. we denote
the following subspace of F;:

CJ.:= {UE F; lYe EC: (u,c) =0).

Then CJ. is a code of dimension n - k and block length n. He is defined to be a
generator matrix for CJ..

(1.3) Definition. Let C be a linear code of dimension k and block length n over
F,. The code CJ. as constructed above is called the dual code to C and He is called
a parity check matrix for C. o

He is indeed a check-matrix for C since c belongs to C if and only if cHe = O.
Let us clarify these concepts with some examples.

(1.4) Example.Consider the repetition code introduced in the introduction. In
this case the code-caU it C,-is of dimension 4 and has block length 12. It is
defined over F 2 . A generator matrix for C, is given by

where I. is the 4 x 4 identity matrix over F 2 ••

2



Chapter 1. Linear Codes

(1.5) Example.Consider the code C2 defined over F2 having the generator matrix

I
I

1

°
Clearly C2 = {(O,0, 0, 0), (1, 1, 1, 1), (0,1,0,1), (1, 0, 1,0)). C2 has dimension 2 and
block length 4 and is defined over F 2 .•

The block length and the dimension are two fundamental parameters of a
linear code which specify the information rate and the length of the words trans­
mitted. In the next section we introduce another fundamental parameter which
measures the error correction capacity.

1.3 Error Correction

Up to now we have not told anything about the error correction capacity of a
linear code. In order to motivate the definitions which will follow now, let us make
a fundamental assumption on the nature of errors which can happen during the
transmission. Among various kinds of possible errors we are only interested in
those which convert one coordinate symbol into another. In addition, we require
that the probability that a symbol o is converted into a symbol {3 is the same for
all 0" and {3. In the binary case for example, we consider only those errors which
convert a °into a 1 and vice versa. Now it is intuitively reasonable to say that
a code has high error correction capacity if one has to change many coordinate
symbols to get from one codeword to another. This intuitive idea is made precise
by the following definitions.

(1.6) Definition. The metric d : F~ x F~ --+ N given by

d(x,y):= l{i I X; i- y;}1

is called the Hamming metric on F~; d(x,O) is called the (Hamming) weight of x.
o

This metric is very well suited to the study of error correction capacity of a linear
code since it measures how many coordinate symbols are to be changed in order to
get from one vector to another.

(1. 7) Definition. The value minx;tYEcd(x, y) is called the minimum distance of
C. A linear code of dimension k, block length n and minimum distance d is called
an In, k, d)-code. 0

Alternatively, the minimum distance of a linear code C IS the minimum of the
weights of the nonzero codewords (why?).

3



1.4. Cyclic Codes

Equipped with the Hamming metric we can now formulate an abstract de­
coding procedure for linear codes: If u E F~ is the received word, decode u to a
codeword c E C having the smallest Hamming-distance to u.

We want to note that the above abstract decoding procedure is not a sugge­
stion for an algorithm since it is by no means efficient. In general, giving efficient
decoding procedures is very hard and it is conjectured that decoding a given linear
code is NP-complete (which means that to the present state of knowledge, there is
no "efficient" algorithm for decoding a linear code given by its generator matrix [4]).
(See [14] for an exact definition of an NP-complete decision problem.)

It is easy to see that a linear code is capable of correcting up to e errors if
its minimum distance d satisfies d 2': 2e + 1 (This is left as an exercise). Hence the
minimum distance is a good measure for the error correction capacity of a linear
code.

1.4 Cyclic Codes

This section is devoted to a brief description of a very important class of linear
codes, the class of cyclic codes. The aim of this section is to show how imposing
algebraic conditions on the code makes the description and the study of the code
easier. We want to emphasize that this section by no means provides a complete
treatment of cyclic codes.

(1.8) Definition. A linear code C of block length n over F, is called cyclic if
(Cn_1,CO, ... ,Cn_2) belongs to C whenever (co, ... ,Cn-1) belongs to C. 0

In other words, a code C is called cyclic iff it is invariant under cyclic per­
mutation of the coordinate places.

Cyclic codes can be described very nicely with the help of the group algebra
F,[Cn] where Cn is the cyclic group of order n. To this end, note first that this
group algebra is isomorphic to the residue class ring F, [",l/(",n- 1) where we denote
by (",n - 1) the principal ideal generated by ",n - 1 in F,["']' The isomorphism is
described by mapping the residue class of", to the generator of Cn and extending
this mapping linearly. We can embed C as a vector space into F,["'l/(",n - 1) by
mapping the codeword (co, ... , cn-d to the residue class of the polynomial Co +
C1'" + ... + Cn_1",n- 1. Thus we can identify C with a subspace of F,["'J/(",n - 1).
But C has even more structure. One can easily verify that the condition of being
cyclic equips C with the structure of an ideal of the ring F,["'l/(",n -1). For this one
only needs to see that if c(",) := co+ ...+Cn_1",n-1 E C then ",c(",) mod (",n_l) also
belongs to C (why?). But this is just the condition of being cyclic stated in (1.8).

As an epimorphic image of the PID F,["'], the ring F,["'l/(",n - 1) is itself
a PID. Thus there is a polynomial g(",) which generates C as an ideal. If we take
g(",) among the generators of C to have the least possible degree, we immediately
see that g(",) divides ",n -1 (see the exercises). The auxiliary assumption that g(",)

4



Chapter 1. Linear Codes

has highest coefficient equal to 1 makes this polynomial unique. In order to be able
to speak about this polynomial, let us agree upon the following definition:

(1.9) Definition. The polynomial g(x) the existence of which was shown above,
is called the generator polynomial for C. The polynomial h(x) := (xn - l)jg(x) is
called the check polynomial for C. 0

For several reasons, it is very desirable that the polynomial xn -1 is separable
over F q which means that it has different linear factors over an extension field ofFq •

This condition is always satisfied when nand q are coprime". We want to assume
this from now on. If w is a primitive nth root of unity over F q, the set ofzeros of the
polynomial x" -1 consists of 1,w, .. . ,wn- 1 and the set ofzeros of g(x) is a subset
of this. We denote the zero-set of g(x) by Var(g). It is clear that Var(g) contains
all information about the code C, since the polynomial g(x) and hence the code C
can be uniquely determined by Var (g). How can one read off the parameters of
the code C from Var(g) or equivalently from g(x)? We are going to give a partial
answer to this in the following.

First of all, the block length of C is given by n. This needs no further
comment. The determination of the dimension of C is not very hard either. Indeed,
the code C consists of the polynomials g(x)f(x) mod (z" - 1) where f(x) is a
polynomial over Fq • Since g(x)h(x) = x n - 1, we can reduce f(x) modulo h(x).
Thus C consists Of the elements g(x)f(x) where the degree of f is smaller than
the degree of h (observe that reduction mod xn - 1 is not necessary since now
deg(g(x )f(x») < n). Thus the dimension of C equals the degree of h, i.e., n-deg(g).

The determination of the minimum distance of the code C is more difficult.
Up to now there is no way to compute efficiently from Var(g) the actual value of
the minimum distance of C for arbitrary cyclic codes. (We call a method efficient if
it runs in time polynomial in n.) But there is a very nice result which gives a lower
estimate of the minimum distance of C using some data of the set Var(g).

(1.10) Theorem (BCH-BOUND). Let C be a cyclic code of block length n over
Fq and g(x) be the generator polynomial for C. Further let w be a primitive
nth root of unity over Fq. If there exist natural numbers io and I such that
{w'o,W'o+l, ... ,W'o+l-l} ~ Var(g), then the minimum distance d of C satisfies
d'2,I+1.

The reader may consult [24J or [23] for a proof of this theorem.
let us clarify the subject with some examples:

(1.11) Example.Consider the cyclic code C defined over F 2 having block length
7 and generator polynomial g(x) = x 3 + X + 1. Let us compute the zero-set Var (g):

] The reeder familiar with the theory of representations of finite groups immediately sees that
this condition is equivalent to semisimplicity of the ring Fq[Cn] .

5



1.5. The Parameters of a Linear Code

Let w be a root of g(,,) in an extension field of F, (in fact Fs will do, since g(,,) is
irreducible). Then Var(g) = {w,w',w4 } . Hence (1.10) asserts that the minimum
distance of C is at least 3 (Take i o = 1 and I = 2). The dimension of C is equal to
7 - deg(g) = 4. A generator matrix of C is given by

In fact, up to a permutation of the coordinates, this code is equal to the [7,4, 3J­
Hamming code. •

(1.12) ExampIe.The polynomial ,,23 -1 decomposes over F, in the following way:

,,'3 _1 = (" + I)g(")f(")

where 9 and f are irreducible polynomials of degree 11 over F 2 . Let w be a primitive
23rd root of unity over F 2 . It is easy to see that one of these polynomials, say g,
has the zero-set {w· 11 :':: k :':: 22, (;3) = I}, where (..) is the Legendre symbol. Let
C be the code generated by g. The block length of C equals 23 and its dimension
is 12. Since {w,w',w3,w'} ~ Var(g), the BCR-bound asserts that the minimum
distance d of C satisfies d ~ 5. In fact one can prove that d = 7. This code is the
well-known [23, 12, 7]-Golay-Code. 0

There are very efficient decoding algorithms for cyclic codes which are able
to correct errors up to the BCR-bound (but unfortunately not further). These
algorithms heavily rely on the special structure of the cyclic codes. We are not
going to discuss them here, since this will lead us too much apart.

1.5 The Parameters of a Linear Code

One of the major questions in coding theory is the following: Given n, k, d, and q,
does there exist a linear [n, k, d)-code over F q?

One step towards the solution of this problem is given by the following pro­
cedure with which one can construct new codes from given linear codes.

Suppose C is a linear [n,k, d)-code over F q • Let i :':: n be an integer and C,
be the linear code obtained from C by setting the ith coordinate of any codeword
in C equal to O. In other words, if (ei ... , en) is the standard basis of Fq " and 1ri
is the projection along e; onto ~j;t;Fqej, then C; := 1r;(C). C, is called the ilk
punctured code of C. What can we say about the parameters of C;?

6



Chapter 1. Linear Codes

(1.13) Lemma. Let C, be the ith punctured code of an in, k, d}-code C, d ~ 2.
Then Ci is an [n, k, d1-code where d' = d if all minimum weight codewords in C
vanish at coordinate position i, and d' = d - 1 otherwise.

PROOF. Since '" is a linear map and C, = "i(C), C, is a linear code of block length
n. Clearly, dim(C;) = dim(C) - dim(C n ker "i). Now ker '" = F,ei, hence, since
d ~ 2 is assumed, C n ker "i = 0 which shows that C, has dimension dim{C) = k.
The assertion on the minimum distance of C, is easy to see. 0

With the help of this procedure it is now straightforward that a complete
solution to the question stated at the beginning ofthis section can be given once
the exact values of the following function are known:

(1.14) Definition. N,[k,d} := min{n 13 [n,k, d}-code over F,}. o

In general, finding the exact value of N,[k, d} for given k, d, and q is very hard. In
the next section we shall learn some asymptotic results about this function.

One of the most basic properties of the function N, is that it is increasing in
the second variable.

(1.15) Lemma. If 6 S d, then N,[k, 6] S N,[k, d} for all k ~ 1.

PROOF. Clearly it suffices to prove the assertion for 6 = d-1. Let an [N,[k, d}, k, d}
code Cover F, be given. We can construct from this code an [N,[k, d}, d-1, k]-code
by puncturing it at an appropriate position. This proves N, [k, d - 1] S N, [k, d}. 0

The Singleton Inequality asserts that N,[k, d} ~ k + d - 1 for all q (See
Exercise 1.2). A more useful bound is the following.

(1.16) Theorem (GRJESMER-BoUND). We have

k-l d

N,[k,d} ~ 2:h1,
i=O q

where [xl is the smallest integer greater or equal to x.

We omit the elementary proof and refer the reader to [24].

1.6 Asymptotic Bounds

Although, as stated in the last section, very little is known about the exact behavior
of the function N" one has powerful techniques for obtaining asymptotic assertions
about this function. This section serves as a brief introduction to the topic of
asymptotic studies in the theory of error-correcting codes. We are not going to

7



1.6. Asymptotic Bounds

motivate this topic, since this is done in a very satisfactory way in different textbooks
(such as [23, 24, 42]).

Let q be a prime power and G bea linear [n,k,d]-code over F,. We define
b(G) := din and R(G) := din. We can associate to every linear code Gover F,
the point (b(G), R(G)) in S := [0,1]' ~ R2. We are interested in the set E, of
accumulation points of the image U, of this extended mapping. We shall first show
that this is equal to the set of all limit points of sequences of linear codes. In
other words, we show that E, is the set of those points (b, R) E S such that there
exists a sequence of pairwise different (ni' ki, dol-codes C, with the property that
b = limb(Gi) and R = limR(G;): for this it is necessary to show that the limit
point of any such sequence is an element of E,. Suppose that (Gi) is a sequence of
[ni, ki, d,]-codes such that R(G,) = Rand b(Gi) = b are constant. Then (b,R) is the
limit point of a sequence of codes, but not necessarily a point in E, since it may be
an isolated point of U,. But by puncturing the codes G; at appropriate posi tions,
we obtain a sequence of In"~ ki, di - Ij-codes. Since k;jni = Rand (d; - I)/n; ---+ b
as i goes to 00, we see that (b,R) is also an accumulation point of U" hence belongs
to E,.

If (Gi) is a sequence of different [ni, ki, d;J-codes, the n; have to go to infinity
for increasing i, hence this justifies the notion of "asymptotic studies" . The following
nice result due to MANIN [25) gives some information about the set E,.

(1.17) Theorem. There exists a continuous and decreasing function a,: [0, IJ ---+

[0,1] such that a,(O) = 1, a,(x) = °for (q - I)/q $ x $ 1 and

E, = {(b, R) I°s R s a,(6)}.

One of the central problems in coding theory is the determination of the
function a, (which is equivalent to the asymptotic determination of the function
N,). This seems to be very difficult. Up to now the exact value of a, is not known
even for a single b E (0, (q - I)/q).

Because of lack of knowledge about the function a, it is desirable to have at
least lower and upper estimates for this function. In other words, we are looking
for functions (desirably given by explicit formulae) f such that a,(x) $ f(x) or
a,(x) 2: f(x) for x belonging to a certain interval in [0, (q - I)/qJ. Among the
various results in this direction we just confine ourselves to present three; more
information on this topic can be found in [23) and [24).

(1.18) Theorem. Let H,(:I:) := x log,(q - 1) - x log,(x) - (1 -:I:) 10g,(1-:l:) and
0:= (q - I)/q. If°$ x $ 0, we have:

(1) (PLOTKIN-Bound) a,(x) $ 1 - x/O.

(2) (MCELIECE-RoDEMICH-RAMSEY-WELCH-Bound)

a2(x) s H2(4vx(I-:l:)),

8



Chapter 1. Linear Codes

(3) (GILBERT-VARSHAMov-Bound) a,(x) ~ 1- H,(x).

Over two decades of research made it plausible to think that the Gilbert­
Varsharnov-curve 1 - H,(x) was equal to a,(z), but the construction of codes via
algebraic curves lead to codes exceeding the Gilbert-Varshamov-bound (for square
q greater than or equal to 49). This construction will be discussed in Chapter 3.

1.7 Exercises

1.1. Let H E F\"-k)X" be the parity check matrix of the [n, k, d)-code C. Show
that if every I columns of H are linearly independent, then d ~ / + 1.

1.2. Show that the parameters of a linear [n, k, d)-code satisfy the Singleton.
inequality k + d ::; n + 1.

1.3. Show that the Hamming metric is indeed a metric on F~.

1.4. Show that if the minimum distance d of a code C satisfies d ~ 2e + 1, then C
is capable of correcting up to e errors.

1.5. Show that the minimum distance of a linear code C is equal to the minimum
of the weights of the nonzero codewords of C.

1.6. Let C have the parity check matrix

(
a a

H:= ~ ~

a 1 1 1
100 1
1 a 1 a

Compute the minimum distance of C. How many errors can be corrected by C?

1.7. Let q be a power of a prime, n a natural number prime to q and gI(X),g2(X)
be two polynomials in F,[x] dividing z" - 1 such that the quotient g'(X)/g2(X) is
not constant. Show that the ideals generated by g,(x) and g2(X) in F,[x]/(x" - 1)
are different.

1.8. Compute the number of different cyclic codes of length n over the field F,
(under the assumption gcd(n, q) = 1) in terms of the number of irreducible factors
of x" - 1. How many cyclic codes of length 9 exist over F 2?

1.9. Let w E F, be a primitive nth root of unity and consider the cyclic code C
of length n over F, having (x - w') ... (x - w') as a generator polynomial, where /
is an arbitrary natural number less or equal to n. Compute the parameters of this
code and compare these with the Singleton-inequality.

9
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CHAPTER 2

Algebraic Function Fields

2.1 Introduction

In this chapter we are going to introduce the reader with a basic knowledge about
algebraic function fields of one variable. This introduction will be very brief and
we are going to emphasize only those subjects which will be relevant for future use.
Let us first explain what an algebraic function field of one variable is:

(2.1) Definition. Let k be a field and :E an indeterminate over k. An algebraic
function field K of one variable is a finite extension of k(:E). The elements in K
which are transcendental over k are called variables and the elements of K algebraic
over k are called constants. The algebraic closure of k in K is called the field of
constants of Kjk. The field kC:E) is called the rational function field of one variable
over k. 0

Since we are not going to study function fields of several variables, we shall
omit in future the extension "of one variable". Moreover, we want to assume that
k is algebraically closed in K whenever we speak of the function field K j k.

If k is a perfect field, a given algebraic function field K can be described by
an equation fC:E, y) = 0 where f is a polynomial of two variables with coefficients in
k [16]. This reveals to some extent the connection of function fields and algebraic
curves. Of course, this is merely a motivation and not an exact formulation. The
latter can be found in any textbook on commutative algebra or algebraic geometry.

The main aim of this chapter is to formulate the Theorem of Riemann-Roch.
For this, we shall first introduce the concept of a prime divisor by studying valuati­
ons on the rational function field. We shall then be able to introduce the group of
divisors and the appropriate concepts relevant to the "Riemann-part" of the Theo­
rem of Riemann-Roch. Introducing the canonical class, we will then be able to
complete the formulation of this famous theorem.

11



2.2. Valuations

2.2 Valuations

(2.2) Definition. Let J( be a field and L a subfield of J(. A multiplicative (additive)
valuation on J( is a nonzero mapping v: J( --+ R>o (v: K? --+ R) with the following
properties: -

(1) Va, b E J(: v(ab) = v(a)v(b) (Va, bE J(: v(ab) = veal + v(b)),

(2) Va, bE J(: v(a + b) S max(v(a), v(b» (Va, bE J( : v(ab) <: min(v(a), v(b))).

A multiplicative (additive) valuation is called trivial if veal = 1 for all a E J(X

(v(a) = 0 for all a E J(X). In the sequel we shall only study nontrivial valuations
(unless otherwise stated). A valuation of J(/ L is a valuation of J( trivial on L.
An additive valuation v is called discrete if its image is isomorphic to Z. Two
multiplicative (additive) valuations VI and V2 on J( are called equivalent if V1(X) < 1
(VI (x) < 0) implies V2(X) < 1 (V2(X) < 0) for all x E J( (for all x E J(X). o

Let us extend the set R of real numbers by an element 00 with the assumption
that 00 > x and x ± 00 = 00 as well as x . 00 = 00 for all x E R. One easily sees
that any additive valuation on J( x can be extended to a valuation on K by setting
v(O) := 00.

The following are examples of valuations:

(2.3) Example.Let us study valuations on the field Q of rational numbers. If p
is a prime, we denote by ordp(z) the highest power of p which divides the integer
z. Thus we have for example ord 2(6) = 1, ord3 (18) = 2, ord 6(9) = O. We can
extend ord p(.) uniquely to the field Q by setting ordp(~) := ordp(z) - ordp(n).
Now it is easily seen that for any prime p the mapping ordp(.) is a discrete additive
valuation on Q. Indeed, since the additivity of ordp(.) is clear (note that this need
not be the case when p is not a prime), it suffices to show that ordp(a + b) ;:::
max(ordp(a),ordp(b)). But this follows easily from the fact that the ring Z of
integers is a UFD (Unique Factorization Domain), i.e., the factorization into powers
of primes is (up to ordering) unique.

Now fix a real number a > 1 and set lalp := u-o'd,(a). It is easily verified
that 1.lp is a discrete multiplicative valuation on Q. If we choose a = p, then we
call this valuation the normalized p-adic valuation on Q.•

(2.4) Example.Now let R be any UFD and". a prime element in R. Then we
can repeat the construction of the previous example to get an additive valuation
ord., (.) and a multiplicative valuation I.j. on R. These valuations can be uniquely
extended to the quotient field J( of R in the same manner as for the ring Z and the
field Q.

We want to emphasize the case R = k[x], i.e., the case where R is the polyno­
mial ring of one variable over the field k. Here the prime elements correspond to ir­
reducible polynomials and we speak of ordp(r)(.) for an irreducible polynomial p(x).

12



Chapter 2. Algebraic Function Fields

It is clear that for two different irreducible polynomialsp(x) and q(x) the valuations
ordp(x)(.) and ord(q(x)(.) are inequivalent: We have for example ordp(x)(p(x)) = 1
but ordq(x)(p(x)) = 0.•

(2.5) Example.The rational function field K = k(x) possesses another additi­
ve valuation which is not equivalent to any of the valuations ordp(x)(.). This is

constructed as follows: Let hex) := ~1=l E k(x). Then we define ordoo(h(x)) :=

deg(g(x)) - deg(f(x)). Note that this is a valuation and that it is well defined
(why?) .•

To any valuation v of K (additive or multiplicative), one can associate a
certain subring of K defined in the following way:

(2.6) Definition. Let v be a multiplicative valuation of IC The ring Ov := {x E
K Ivex) :$ I} is called the valuation ring associated to v. (In the case v is additive,
the condition :$ 1 is replaced by ~ 0). o

Note that two valuations are equivalent if and only if the corresponding va­
luation rings are equal. In fact, this explains why valuation rings are more natural
objects than the valuations. Let us study the basic structure of valuation rings.
In the sequel we suppose that v is a multiplicative valuation, the case of additive
valuations being similar. The elements of the set {x E K I vex) = I} are invertible
in Ov since vex) = 1 implies v(l/x) = 1/1 = 1. By the same argument we see that
the elements of {x E K I vex) < I} are not invertible. Hence we have computed the
set of invertible elements of OV.

(2.7) Lemma. 0;: = {x E K I vex) = I}.

The set M v := {x E K I vex) < I} is easily seen to be an ideal of Ov. In
fact it is the only maximal ideal of Ov. It is an elementary exercise in algebra to
see that in this case Ov/Mv is a field.

(2.8) Definition. K(v) := Ov/Mv is called the residue class field of the valuation
v and the corresponding canonical homomorphism is called the evaluation map (or
residue class mapping) at v. o

Let us compute the valuation rings and residue class fields for the valuations
introd uced in the last examples:

(2.9) Example.Denote by Z(p) the valuation ring of ordp ( .) . A rational number
alb belongs to Z(p) if and only if ordp(a) ~ ordp(b). Thus if we assume a and b to
be coprime, a[b belongs to Z(p) if and only if ordp(b) = 0, i.e., if and only if p does
not divide b. Hence we get

13



2.3. Relation of Valuations and Points in the Rational Case

For example we get ~ E Z(2) and ~ it Z(5)' If %E Z(p) and a, b are coprime, we have
ordp(a/b) = ordp(a). Hence, if M(p) denotes the maximal ideal in Z(p), we have

M(p) = {~ I ~ EZ(p), ordp(a) 2': I} = pZ(p).

It is easy to show that Z(p)/pZ(p) '" Z/pZ. Thus the residue class field of the prime
p is the finite field with p elements. 0

(2.10) Example.Let p(x) E k[x] be an irreducible polynomial and Op(.) and M p(.)
denote the valuation ring and the residue class field of the valuation ord p(.)(')' In
exactly the same way as above one shows that

and

{
f(x)

Op(.) = g(x) f(x), g(x) E k[x], ordp(.)(g(x)) = o}

M p(.) = p(x)Op(.).

Again it is an elementary exercise to show that Op(.)/M p(.) = k[xJlp(x)k[x],
hence the residue class field of ord p(.)(.) is an extension of degree deg(p(x)) of k.

As for the valuation ord",,(.) one can be easily show that the residue class
field or this valuation coincides with k. (See the exercises.) 0

There is a simple correspondence between additive and multiplicative valua­
tions in an algebraic function field K/k which may have been suggested by the
examples above: If v is an additive valuation in Kjk, we get a multiplicative valua­
tion v' defined by v'(x) := a- v (, ) where a is a positive real number greater than one.
On the other hand, if v' is a multiplicative valuation on Kjk, we get an additive
valuation v by setting vex) := -log(v'(x)), where log is the logarithm to any base
greater than one.

2.3 Relation of Valuations and Points in the Rational Case

This section is meant to serve as a motivation for the future identification of valua­
tion rings and points of an algebraic curve.

For the sake or simplicity let k be an algebraically closed field (for example
equal to C). We have already computed a set of inequivalent valuations of the field
k(x)jk: All the inequivalent valuations but ord"" are in one to one correspondence
with the irreducible polynomials in k[x]. Since k is algebraically closed, the irredu­
cible polynomials in k[x] are or the form x-o: for some 0: E k . So all the inequivalent
valuations in k(x)/k but ord"" are in one to one correspondence with the elements
of k.

Let us extend k by an element 00 and agree upon the fact that the valua­
tion ord"" corresponds to 00 (this might look quite artificial but it has a rigorous
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Chapter 2. Algebraic Function Fields

justification). Then we see that the valuation rings in k(x)/k are in one to one
correspondence with k U {co}, i.e., with the projective line over k,

Regarding the projective line as the most simple algebraic curve, this might
serve as a motivation for identifying valuation rings with points of a curve. (Note
that we have not defined the notion of an algebraic curve. We are just speaking
about the intuitive understanding of curve, for example as the set of zeros of a
polynomial in two variables.)

2.4 Extension of Valuations

Let J( be a field and v a valuation on K, Further let L be a subfield of J(. Then
the restriction of v to L is clearly a valuation on L. If 0, is the corresponding
valuation ring in J<, it is not difficult to see that the valuation ring corresponding
to the restriction of v on L is given by 0, n L.

(2.11) Definition. Let L be a field and I< an extension of L. Further let w be a
valuation on L. The valuation v on K is said to be an extension of w to J(, if the
restriction of v to L equals w. o

We have by now studied the valuations in the rational function field k(x) over
a field k, In order to be able to perform arithmetics in algebraic function fields, we
have to know the valuations of these fields trivial over the constant field k . Since
the restriction of any valuation of an algebraic function field to a rational subfield
yields (up to equivalence) one of the known valuations, we have therefore to ask
whether the valuations of k(x) can be extended to an extension field.

This question can be stated in the affirmative: Given a field extension I< of
k(x) and a valuation v of k(x) there always exists an extension of v to K. The
extension of the valuation in k(x)/k to J( is generally not unique. We are not
going to discuss the various ways of extending valuations to a field extension. We
confine ourselves to the fact that there exist different techniques for calculating
these extensions [1, 16].

2.5 The Set of Prime Divisors

In this section we want to introduce a standard terminology used in the rest of these
notes.

(2.12) Definition. Let K be an algebraic function field over k. We call a valuation
ring of K associated to a valuation of K[k a prime divisor of Kf k, o

We denote prime divisors by capital letters such as P, Q, .... If a valuation
ring 0 is identified with the prime divisor P, we speak of 0 as the valuation ring
corresponding to P. The residue class field of a prime divisor is defined to be
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the residue class field of the corresponding valuation ring. The same holds for the
evaluation map at a prime divisor. If P is a prime divisor of Llk, K is an extension
of Land Q is a prime divisor of K such that its valuation extends the valuation
corresponding to P, we say that Q is less or equal to P: Q :::: P. (This means
that the reverse order holds for the valuation rings.) If P is a prime divisor, we
denote by ord p resp. 1.lp the additive resp. multiplicative valuation corresponding
to P. (Note that there exist infinitely many equivalent valuations corresponding to
P. Unless stated otherwise, we take one valuation from each equivalence class in
an arbitrary manner.)

The notion of a prime divisor comes from the correspondence between a
valuation ring and prime elements in appropriate rings (for example prime numbers
in case of Q and prime (irreducible) polynomials in the case of a rational function
fields).

Let P be a prime divisor of the algebraic function field K and Kp its residue
class field. One can show that the constant field k of K can be embedded in Kp
and that the degree (Kp : k) is finite. This can easily be seen in the case K = k(x).

(2.13) Definition. (Kp : k) is called the degree of the divisor P. 0

We denote the set of prime divisors of K[k by P(K/k). Let us state some
fundamental properties of this set:

(1) For any algebraic function field K/k the set of prime divisors P(K/k) is infi­
nite. In fact, since every valuation of k(x) can be extended to a valuation of
K and there are infinitely many inequivalent valuations in k(x), the assertion
follows.

(2) If x E K satisfies ordp(x) = 0 for all P E P(K/k), then x is a constant.

(3) (Finiteness property) If f E K X
, then the number of prime divisors P such

that ordp(f) # 0 is finite.

(4) ("Product Formula") For every P there exists a valuation 1.lp corresponding to
P such that for every nonzero x E K we have L;PEP(K/k) ordp(x) deg(P) = O.

The set of representatives of valuations stated in (4) is called a set of norma­
lized valuations.

2.6 The Group of Divisors

The group of invertible elements of the field k(x) of rational functions in the inde­
terminate x over the field k is generated by the set of irreducible polynomials in
k[x]. In fact, one can write any rational function as the product of integral powers
of irreducible polynomials. Since k[x] is a UFO (Which means that the represen­
tation as a product of powers of irreducible polynomials is essentially unique) and
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Chapter 2. Algebraic Function Fields

k(x) is the quotient field of k[x], one can regard k(xy as the free abelian group
over the set of the irreducible polynomials. If K is an algebraic function field, one
can always find in K a (unique) subring sharing the properties of k[x] in k(x) (the
integral closure of k[x] in K). But this ring is usually no longer a UFD. In order to
deal with this problem, one can introduce the following group:

(2.14) Definition. Let K be an algebraic function field and P(I<jk) the set of
prime divisors of K. The divisor group D(K j k) of K j k is defined to be the free
abelian group over P(Kjk). 0

We shall obey the notations of algebraic geometry (rather that of number
theory) and assume D(Kjk) to be an additive group. Then by definition every
divisor A has a unique representation A = LpapP where P runs over all elements
of P(Kjk) and the ap's are integers vanishing for almost all P.

(2.15) Example.Let K = F 2(x). We denote by (00) the prime divisor correspon­
ding to ord oo and by (p(x)) the prime divisor corresponding to ordp(.) where p(x)
is an irreducible polynomial over F 2 . The following are examples of divisors over
F 2 :

A:= 2(x) -5(x2+x+ 1), B:= 2(x3+x+ 1) -3(x+ 1) -3(00).

•
Let f be a non-vanishing function belonging to the algebraic function field K.

Because of the finiteness property of the set of prime divisors stated in the previous
section, we can associate to f a divisor (I) defined by (I) := Lp ordp(l)P.

(2.16) Definition. (I) is called the principal divisor associated to f. 0

(2.17) Example.Let J{ = F2(x) and f = x(x 3 + X + l)j(x2 +x + 1). Then we have

ord.(I) =ord"+'+l(l) = -ord"+'+l(l) = 1, ord=(I) = -2.

Hence we have (I) = (x) + (x 3 + X + 1) - (x 2 + X + 1) - 200. The divisor B of the
previous example satisfies B = (g) where g = (x 3 + X + 1)' j(x + 1)3. To the divisor
A of the previous example there corresponds no principal divisor, since any function
f E J{ satisfying ord.(I) = 2, ord"+'+l(l) = -5, ordp(l) =°for any irrducible
polynomial p in k[x] different from x and x2 +x+ 1, and ord=(I) = 0, is a constant
multiple of x 2j(x 2 + x + 1)5, but for this function we have ord=(I) = 8 of 0.•

(2.18) Definition. Two divisors A and B of the algebraic function field are called
equivalent if A = B +(I) for some function f E K. The set of all divisors equivalent
to a given divisor A is called the class of A (Sometimes denoted by [A]). 0
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(2.19) Example.Let again I< = F 2(x). Further let A = (x) + 2(x + 1) and
B = (x 3 + X + 1). Then A and B are equivalent since A = B + (I) where I =
x(x + 1)2j(x3 + X + 1).•

The notion of the degree of a prime divisor was defined in the last section.
We can extend this to get the concept of the degree of a divisor:

(2.20) Definition. Let A = Lp apP be a divisor of the algebraic function field
I<jk. The integer deg(A) := Lp ap deg(P) is called the degree of the divisor A. <>

The product formula in the last section forces the degree of principal divisors
to be equal to 0 (why?). Hence we can extend the definition of the degree to divisor
classes: deg([A]) := deg(A). The set of divisors of degree 0 in an algebraic function
field forms a group. The quotient of this group by the group of principal divisors is
called the class group of the field. It is of extreme importance for the arithmetic of
the function field and plays the same role as the class group in number fields.

2.7 The Linear Space of a Divisor

We can define a partial order on the group of divisors of an algebraic function field
in the following way: If A = Lp apP and B = Lp bpP, we define A :'0 B if and
only if ap :'0 bp for all P. Note that if we had written the operation in the divisor
group multiplicatively, this would have lead to the normal definition of divisibility.
Note also that this partial order is compatible with the operation in the divisor
group, i.e., A :'0 B implies A + C :'0 B + C for any divisor C.

(2.21) Example.The divisors A = (x 2 + X + 1) - 3(00) and B = (x + 1) + (00) are
not comparable in F2(x) while A :'0 (I) where 1= x 2 + X + 1. •

Given a divisor A in an algebraic function field I<jk, we can associate to A
the vector space L(A) := {f E I<x I (I) ?: -(An U {OJ. One can show that L(A)
is a finite dimensional vector space over the field k .

(2.22) Definition. L(A) is called the linear space of A. Its dimension is denoted
by dim(A) and is called the dimension of A. o

It can be shown that the dimension is constant on the divisor classes so we
can define dim([A]) := dim(A).

The computation of the dimension of a divisor A will be the topic of the
discussions following. The linear space of certain divisors will be used later to
construct geometric Gappa codes.

The problem of determination of dim(A) for a divisor A can easily be solved
some cases (see for instance [16]):
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(2.23) Theorem. Let A be a divisor of the algebraic function field KJk. Then
dim(A) = 0 whenever deg(A) < O. If deg(A) = 0, then dim(A) = 0 if A is not
principal. If A is principal then dim(A) = 1.

The nontrivial part of the problem is to determine dim(A) for divisors of
positive degree.

2.8 The Theorem of Riemann-Roch

. For computing the dimension of a divisor, we first have to introduce a fundamental
invariant of the function field KJk. Suppose that A is a divisor of positive degree
of K Jk . Then dim(A) - deg(A) can be proved to be at most equal to 1. So let us
define u(A) by dim(A) - deg(A) = 1 - utA). Hence utA) is a nonnegativdnteger.
The first question which arises is how big u(A) can get. It can be proved that there
exists a constant g = g(KJk) depending only on the field KJk such that utA) :5 g
for all divisors A (see [1]).

(2.24) Definition. g = g(KJk) := maxx utA) is called the genus of KJk. 0

The genus of a function field has many equivalent definitions. The one we
have depicted has the advantage to make the following "almost trivial":

(2.25) Theorem (THEOREM of RIEMANN). Let KJk be an algebraic function
field of genus 9 and A a divisor of positive degree in KJk. Then dim(A) 2':
deg(A) + 1 - g. Moreover, we have equality if deg(A) 2': 2g - 1.

The study of the defect 6(A) := dim(A) - deg(A) - 1 + 9 (also called the
index of specialty of A) leads to the Theorem of Riemann-Roch:

(2.26) Theorem (THEOREM of RIEMANN-RoeH). Let Kfk be a function field of
genus g. There exists a unique class W = W(KJk) of divisors in D(KJk) such that
deg(W) = 2g - 2 and dim(W) = 9 and

dim(A) = deg(A) + 1 - 9 + dim(W - A).

We are not going to talk about the so-called canonical class W the existence
of which is claimed in the last Theorem. We just note that divisors of degree greater
than 2g-2 are nonspecial, i.e., their index of specialty is equal to O. On the contrary,
divisors for which the index of specialty is not 0 are called special divisors. Let us
clarify the subject by some examples:

(2.27) Example.Let K = F 2(x) be a rational function field over F 2 • Consider the
divisor A = 2(x) + 2(x + 1) - (x 2 + X + 1). Let f E L(A). Then f = g. (x 2 + X +
IJ(x(x + 1))2 where g is a polynomial of degree at most 2. To see this, note that
f can have poles of order at most 2 in x and (x + 1) which forces the denominator
of f to be of the form given; furthermore, ordoo(J) should be nonnegative which
yields the condition on the degree of g. Therefore we get dim(A) = 3.•
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(2.28) Example.By the same argumentation as above one can prove that if k(x)jk
is a rational function field and A is a divisor of positive degree in Kjk, then
dim(A) = deg(A) + 1. Hence dim(A) - deg(A) = I for all divisors of positive
degree, which shows that the genus of k(x)jk is equal to O.•

(2.29) Example.Now that we have learned about function fields of genus 0, let
us see how function fields of genus 1 look like. So assume that Kfk is a function
field of genus one and that there exists a prime divisor P of degree one in K'[k,
These fields are called elliptic function fields. By the Theorem of Riemann- Roch we
have dim(P) = 1. Since the constants clearly belong to L(P), we have L(P) = k.
Applying again the theorem we get dim(2P) = 2, hence there exists a function x
such that L(2P) = (1, z). In the same way we get the existence of a function y such
that L(3P) = (1, x, y). Since for f,g E L(3P) we have fg E L(6P) we get

(1, x, y, x2, xy, y2, x3) <:;; L(6P).

But dim(6P) = 6. Thus there exist ao, ... , a6 E k such that

aoy2 + (a\x +a2)y = a3x3 +a,x2+ a6X+ a6.

So the field [( is generated by the equation given above.•

2.9 Exercises

2.1. Show that any valuation on a finite field is trivial.

2.2. Let v be a multiplicative valuation of IC Show that v(O) = 0 and v(±I) = 1.

2.3. Let v be a multiplicative valuation on IC For a, b E K show that if v(a) i- v(b)
then v(a + b) = max{v(a), v(b)).

2.4. Show that two valuations of a field K are equivalent if and only if the corre­
sponding valuation rings are equal.

2.5. Show that M. is the unique maximal ideal of 0 v-

2.6. Let R be a commutative ring with 1 and M be a maximal ideal of R. Show
that RjM is a field.

2.7. Show that ord oo(.) is a well defined valuation on k(x).

2.8. Show that the residue class field of the valuation ordoo on k(x) equals k.

2.9. Prove the product formula in the case of the rational function field.

2.10. Show that in the case of a rational function field a divisor is principal if and
only if it is of degree O.
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CHAPTER 3

Geometric Gappa Codes

In this chapter we shall introduce Goppa's construction of codes over function fields
or equivalently codes on algebraic curves [15]. The first section describes the con­
struction of these codes while the next sections are devoted to the discussion of
examples.

3.1 Construction of Geometric Goppa Codes

Let KIF, be an algebraic function field of genus g. Further let P" ... ,Pn be
different prime divisors of degree 1 of KIF,. Choose a divisor G of KIF, satisfying
2g - 2 < deg(G) < nand ordp;(G) = 0 for i = 1, ... ,n. If IE O», and Mp;
denotes the maximal ideal of Op, we set I(P;) := 1+ Mp,. Note that I(P;) E F,
for i = 1, ... , n, since the Pi are assumed to be of degree one. Consider the following
mapping:

'Y: L(C) --+ F~

I >--+ (I(P,), ... , I(Pn ) ) .

'Y is a well defined mapping: since ordp, (G) =0, we have ordp; (I) 2: ordj-, (G) = 0
for all i = 1, ... , n, hence I E Or, for i = 1, ... , n, which implies that I(P;) is
defined and belongs to F,. The second trivial observation is that 'Y is in fact a
homomorphism of F,-spaces. Hence the image C = CK(C; P

"
... , Pn), of "f is a

linear subspace of F~, so it is a linear code.

(3.1) Definition. CK(C; P
"

... , Pn), is called a geometric Coppa code. 0

The point now is that the parameters of C can be estimated by the Theorem
of Riemann-Roch:
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3.2. Codes in the rational function field

(3.2) Theorem. II KIF, is 01 genus g, then CK(G; PI, ... , Pn ) , is an [n, k, d]-code
with k = deg(G) - 9 + 1 and d 2: n - deg(G).

PROOF. The assertion about the block length OfCK(G;P" ... ,Pn), is obvious.
For computing k, we have to compute dim(G) and dirn ker v since k = dim(G)­
dim ker-y. The Theorem of Riemann-Roch yields dim(G) = deg(G) - 9 + 1. If
I E ker y, then I(Pi) = °for i = 1, ... , n. So ordp,(I) 2: 1 which means that
IE L(P, + .. .Pn ) . This implies that kerr <;; L(G - (P, + ... + Pn )) . But since
deg(G) < n, the degree of G - (P, + ...+ Pn ) is negative, so the corresponding
linear space is trivial. It follows that ker r is trivial, i.e., r is an embedding. So
k = dim(G) = deg(G) - 9 + 1.

Now let c be an element of CK(G; PI.' .. , Pn ) , of weight d # 0. So there
exists a function I E L(G) such that 'Y(I) = c. Since c has weight d, it has n-d zero
coordinates which means that I(P;) = °for n - d of the prime divisors P" ... , Pn.
Reordering these if necessary we may assume that I vanishes on P" ... , Pn-d. But
this means that I E L(G- 'L,7;;/ Pi)' Since d # 0, we have that c # °and so I # 0.
It follows that L(G- 'L,7;;/ Pi) # {a}. So we conclude that deg(G- 'L,7;;/ P;) 2: 0,
so d 2: n - deg(G). 0

3.2 Codes in the rational function field

Now let K = F ,(x). As we have seen, the prime divisors of degree 1 of K correspond
to the elements ofF,U {oo}. Let o i , ..• , an be elements ofF, and G = m(oo) where°< m < n. If we denote by P" ... , Pn the prime divisors (x - ad, ... , (x - an),
we want to study the code CK(G; P" ... , Pn ) , . Of course it suffices to compute the
images of the basis elements of L(G) under the mapping 'Y. For this we need a basis
of L(G). Now G = m(oo), so l,x, ... ,xm E L(G) since ord=(xk ) = -k 2: -m
for k = 0, ... , m. By the theorem of Riemann-Roch (note that 9 =°in this case)
we get dim(G) = m + 1. Since 1, z , ... , xm are apparently linearly independent
over F" we conclude that they form a basis of L(G). Now observe that xk(P;) =
x k mod (X-ai) = af. So a generator matrix for CK(G; P" . . . , Pn), is the following:

1 1 1

It is also possible to give explicit formulae for the generator matrices of the codes
obtained from rational function fields for arbitrary G. Since it is only a matter of
uninteresting computations, we just give an example:
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Chapter 3. Geometric Goppa Codes

(3.3) Example.Let]( = F7(X), P, = (x), p. = (x -1), P3 = (x - 3), P, = (x - 5)
and P5 = (00). Further let G = 2(x - 2) +(x - 4). We have deg(G) = 3 < n = 5.
We can thus apply the construction of Section 3.1. We first compute a basis of
L(G): We can verify immediately that g, := 1, g. := 1/(x - 2), g3 := 1/(x - 2)'
and g, := 1/(x - 4) belong to L(G) (partial fraction decomposition). They are
easily seen to be linearly independent too. Since dim(G) = deg(G) + 1 = 4 by
the Theorem of Riemann-Roch, they form a basis for L(G). We get the following
generator matrix for the code obtained from these data:

(

1 1
3 6
2 1
5 2

111)150
1 4 0 .
610

This matrix is obtained as follows: The (i,j)-entry of this matrix is g;(Pj ) . If
P = (x - 0'), g(P) = 9 mod (x - 0') = g(0'). This explains the computation of
the numbers in the first four columns of the matrix. If P = (00), then g(P) = 0
whenever ordoo(g) ;::: 1. Since ordoo(g;) ;::: 1 for i = 2,3,4, we get the zeros in the
last column of the matrix. Further, the function 1 evaluated at any prime divisor
equals 1, so the first row of the matrix is the all-one-vector .•

An interesting property of geometric codes over the rational function field is given
in the exercises.

3.3 A Nontrivial Example

In this section we want to construct a code over a function field of genus greater
than O. Although we have not developed all the necessary tools for describing
all the steps of the construction in these notes, we think that this example can
nevertheless serve for the clarification of the subject. Let F, := {O, l,w,w} be the
field with 4 elements. Define the function field K by]( = F ,(x, y) with x3 +yO = 1.
This function field belongs to the class of the so-called "Hermitian function fields".
The "curve" described by the equation x3 + 11 = 1 is called the "Hermitian curve".
Without giving any computational details we remark that the genus of this function
field equals 1. (See, e.g., [34].)

We have pointed out in Section 2.3 the connection between prime divisors and
points of the corresponding curve. In particular we saw that (at least in the case of
the rational function field) there is a correspondence between the prime divisors of
degree one and the points of the projective line over the constant field. So in order
to get a description of the prime divisors of degree one of]( we first have to compute
the points of the corresponding curve over F" i.e., the set of pairs (a, b) E F~ such
that a3 +b3 = 1. But in order to get all the points we should work in the projective
plane over F, rather than in the affine plane. The projective n-space over a field k is
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3.3. A Nontrivial Example

constructed as follows: Let "k"+l denote the set of nonzero vectors in kn +1 . We can
define on .. k"+l an equivalence relation by calling two vectors x and y equivalent if
there exists a nonzero AE k such that x == Ay. The set of equivalence classes under
this relation is called a projective n-space over k. The coordinates of a point in the
projective space are called homogeneous coordinates. If n = 1 we call this space the
projective line and if n = 2 we call it the projective plane. What are the points
of the projective line over a field k? If (z, y) belongs to the projective line and
y # 0, we see that (z , y) and (x/y, 1) represent the same point and if y = 0, (e, y)
is equivalent to (1,0). Hence the points of the projective line consist of (a, 1) and
(1,0) where a runs over the elements of k. If we call (1,0) the point at infinity, we
get the known correspondence between prime divisors of degree one and the points
of the projective line. Since we are working with homogeneous coordinates, we have
to homogenize our equation, i.e., we should look for points satisfying the equation

xa + ya = za.

A short computation yields that there are nine points satisfying this equation:

Q = (1,0, 1)
Pa = (1,1,0)
Ps = (0,1,1)

PI = (w,O,I)
p. = (w, 1,0)
P7 = (O,w, 1)

P2 = (OJ, 0, 1)
Ps = (w, 1,0)
PB = (O,w, 1).

Let a be an integer satisfying °< a < 8 and define the divisor Ga by G a = aQ.
We want to construct the code GK(Ga: PI,.'" PB).. For this we need first a basis
of the space L(G).

Consider the function x-I. In order to be able to evaluate this function
at the projective points, we have first to homogenize it. This yields the function
I = x - z, We see that I(Q) = °and 1/I(Pa) = 1/I(p.) = 1/I(Ps) = O. Hence
(I) ~ Q - Pa - p. - Po. Now we use the following well known theorem [IJ.

(3.4) The';rem. Let K/k be an algebraic [unction field and IE K. fl(l) = A-B
where A and B are integral divisors, then deg(A) = deg(B) = (K : k(l)).

In our case k(l) = F.(x - 1) = F.(x), hence (I{ : k(l)) = 3. Since by the
above considerations B := Pa + p. + Ps is an integral divisor with (x - 1) ~ -B
and deg( B) = 3 we deduce that (x - 1) = A - (PI + P2 +Pa) where A is an integral
divisor or degree 3 and A ~ Q. But since (x -1) does not vanish at any other point,
we see that (x - 1) = 3Q - (Pa+ p. + Ps).

The same reasoning yields (x - w) = 3PI - (Pa + p. + Ps) and (x - w) =
3P2-(Pa+P.+Ps). Now y"+xa = 1, so y" = (xa - l ) = (x-l)(x-w)(x-w). Since
the function y vanishes at Q, PI, P2 we deduce that (y) = Q+PI+P2-(Pa+P.+Ps).
Now a basis for L(Ga ) can be obtained very easily. Since h := 1 E L(Ga ) for all
a, and dim(Ga) = a by the Theorem of Riemann-Roch, a basis Ior L(GI) is 1.
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Chapter 3. Geometric Goppa Codes

The function h := y/(>: - 1) has the principal divisor PI + P2 - 2Q, so a
basis for L(G2) is 1, y/(>: -1). Further, the function h := 1/(>: -1) has the divisor
(P3 + p. + p.) - 3Q, so 1/(>: - 1) E L(3G). On the same way we get:

f. := (y/(>: - 1))2 E L(4G), f.:= (y/(>: - 1)2) E L(5G),
[e := (y/(>: - 1))3 E L(6G), h:= (y2/(>: - 1)3) E L(7G).

Now we use the following lemma:

(3.5) Lemma. Suppose X/k is an algebraic function field, P is a prime divisor of
X / k and h, ... , fm are nonzero functions in X. If ordp(f;) # ordp(fj) for i # i.
the functions h, ... , fm are linearly independent.

PROOF. Let>: and y be nonzero functions in X such that ordp(>:) # ordp(y).
By Exercise 2.3 ordp(>: + y) = min(ordp(>:),ordp(y)). Repeating this reasoning
we get with the assumptions of the lemma: ordp(2:;:l ad;) = min{ordp(f,) Ii =
1, ... , m} where a, are arbitrary elements of k. Now suppose that 2:;:1 ad, = °
for elements o i , ••• , am E k not all equal to 0. Without loss of generality we may
assume that al is not zero. We get -adl = 2:;:2 ad;. Taking ord» on both
sides of this equation we obtain ordp(fd = min{ordp(f,) Ii = 2, ... , m}. This is a
contradiction since the ordp(f,) were assumed to be different. 0

Since in our case ordQ(fi) = i for i > 1 and ordp(fd = 0, we can apply this
lemma for P := Q to get that h, ... ,[r are linearly independent.

(3.6) Theorem. L(G",) = (h, ... ,/",)1.

In order to compute generator matrices for the codes
CK(G",; PI, ... , Ps). we have to know how to evaluate the functions ts at the points
Pi. For this we have to homogenize the functions, i.e. replace>: by >:/z and y by
y/z. This gives

h = 1,
f. = (y/(>: - z))2
f, = y2z/(>: - z)3.

h = y/(>: - z),
fo = yz/(>: - Z)2

h = 1/(>: - z),
Ie = (y/(>: - z))"

Now evaluations of these functions at the points is trivial. We just give as an
example a generator matrix for the code CK(G.; PI,' .. , Ps).:

1 1 1w w
~ 1 .
w w

1By (Xl • . . . ,Xn) we denote the span of Xl, ... ,Xn
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Observe an interesting property of this code: With respect to the symmetric bilinear
form (x, y) = ET=I X;Y; every codeword is orthogonal to every other codeword!

What about the parameters of the above code? Of course the dimension
equals deg(G.) = 4. By (3.2) the minimum distance d of this code satisfies d 2:
8 - deg(G.l = 4. It turns out that the minimum distance of this code is 4.

3.4 Exercises

3.1. IfCK(G;P1 , ••• ,Pn ) , is a geometric Goppa code over the rational function
field [( = F,(x), prove that its minimum distance d satisfies d = n - deg(G).
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CHAPTER 4

Codes above the Gilbert-Varshamov-Bound

In this chapter we shall show how one can construct codes which asymptotically lie
above the Gilbert-Varshamov-bound.

4.1 Asymptotics

In this section we want to investigate the asymptotic properties of geometric Gappa
codes.

For the rest of this section we fix a finite field F,. Let I< be an algebraic
function field of genus 9 over F, having at least n + I prime divisors of degree
one, which we denote by PI,"" Pn, Q. Further let G := o:Q for some natural
number 0: satisfying 2g - 2 < 0: < n. Let G := GK(G; P" .. . , Pn), be the geometric
Gappa code as constructed in 3.1. Denote by d the minimum distance and by k the
dimension of G. Then, by (3.2) we have

d > n-o:

k = o:-g+1.

Hence we obtain:
(4.1) b(G) +R(G) 2: 1- gin + I/n.

(See Section 1.6 for the definition of b(G) and R(G).) Now consider the set S of
sequences of function fields such that for every sequence (T in S the number of prime
divisors of degree one of I< goes to infinity as I< runs through the elements of (T. For
each such sequence (T we define "[o := liminfKE' g(I<)/n(I<), where g(J<) denotes
the genus of the function field I< and n(I<) + 1 is the number of prime divisors of
degree one of I<.

(4.2) Lemma. For (T E S let L. denote the line segment L. := {(b, R) I b + R =
I - v«, s e (0, I - ,.)}. Then L. C 1;,.
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4.2. Codes Beyond the Gilbert-Varshamov-Bound

PROOF. Let a E S be fixed. We may assume that IimKE' g(K)/n(K) =, o» Let
6 E (0,1 - ,.) be given. For K E a let <r = <r(K) := l(l - 6)n(K)J 1. Let CK be
the geometric Goppa code constructed over K as above. By puncturing the code if
necessary, we may assume that CK has minimum distance n(K) - o and dimension
<r(K) - g(K) + 1. Hence, limKE.(a(CK), R(CK)) = (6,1 - ,. - a), as was to be
proved. 0

4.2 Codes Beyond the Gilbert-Varshamov-Bound

Let us consider a sequence a E S. Since the Gilbert-Varshamov curve (see Sec­
tion 1.6)

G(x) := 1 - x logq(q - I) + x logq(x) + (I - x) 10gq(1- x)

is convex, the line L. either intersects G(x) in the interval (0, I) in two points
(counting multiplicities) 61,62 and is above G(x) for a E (61,62 ) , or L. does not
intersect G(x) in the interval (0, I). Thus, if we find sequences o , such that L.
intersects G(x), we have found sequences of linear codes which are asymptotically
above the Gilbert-Varshamov-bound.

When does L. intersect G(x)?

(4.3) Lemma. L. intersects G(x) if and only if,. < logq(2q - 1)-1.

PROOF. Let us first compute when L. is tangent to G(x). We have

G'(X) = -logq(q -1) -logq(x) +10gq(1 - x).

Hence, G'(ao) = -I for 60 = (q - 1)/(2q - I). So L. is tangent to G(x) if ,. =
q,(ao) - 60 = logq(2q - 1) - 1. This proves the result. 0

Our task is now to find sequences a which satisfy the above inequality. In
the next chapters we shall sketch how to find such sequences.

llxJ is defined to be the largest integer :5 e.
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CHAPTER 5

Modular Function Fields

5.1 Introduction

In the previous chapters we have given an introduction to the theory of algebraic
geometric codes. One of the most striking facts about this class of codes is their
asymptotic significance, first realized by TSFASMAN, VLADUT, and ZINK [43]. They
showed that the class of algebraic geometric codes contains sequences of codes which
lie asymptotically above the Gilbert-Varshamov bound. As we saw in the previous
chapter, one can manage in proving such a theorem by considering sequences of
function fields over finite fields having many prime divisors of degree one relative
to their genus. In the following chapters we shall introduce the function fields used
in this context.

5.2 Congruence Subgroups

The main purpose of this section is to explain the construction of modular function
fields. Throughout this chapter G denotes the group GL2(R)+ of real (2 x 2)­
matrices of positive determinant. It is clear that under the usual topology of R4 the
group G becomes a topological group (which means that inversion and multiplica­
tion in G are continuous operations) and that SL2(Z) is a discrete subgroup of G,
i.e., every element of SL2(Z) has a neighborhood in G which does not contain any
other element of SL2(Z).

(5.1) Definition. Let N be a positive integer. The Heeke-subgroup fo(N) is
defined by

o
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5.2. Congruence Subgroups

The geometric structure of G is best reflected by its action on the upper half
plane H:= {z Eel Imz > O} given in the following: for A:= c:~) E G and z E H
we define the action of A on z by

A
._ az+b

z'-cz+d'

It is easily seen that this action of G on H is transitive. However, this is not true
for the restricted action of SL2 (Z) on H (compare the exercises).

Now let I' be a Hecke-subgroup or SL2 (Z). I' acts on H as a subgroup of G.

(5.2) Definition. Let I' be any discrete subgroup of SL2(R). Then F = F(r) is
called a fundamental domain for nH if

(i) F is a connected open subset of H,

(ii) no two points of F are equivalent under r,

(iii) every point of H is equivalent to some point of the closure of F under r.
o

(5.3) Example.A fundamental domain for the action of SL2(Z) on H is given by
the following set [31]:

F(SL2 (Z)) = {z E H I -~ < Re(z) < ~, Izl> I}.

The closure of F(SL2 (Z)) under SL2(Z) is given by

F'(SL2 (Z)) = F(SL2(Z)) U {z E H Ilzl ?: 1, Re(z) = -1/2}

U{z E H Ilzl = 1, -1/2:::; Re(z) :::; OJ .

•
OUf aim now is to associate to every Heeke-subgroup a function field of one

variable over C. For this we review first some basic topological facts.
Let X be a topological space. A complex analytic structure S on X is a set

S such that

(i) S is a collection of pairs (Ui,Pi) with i in a set I of indices, where {V;}iE/ is
an open covering of X and Pi is a homeomorphism of U; onto an open subset
of C,

(ii) if Vi n Vi i- 0, the map

PiP,!: Pi(Vi n Vi) ~ Pj(V, n Vi)

is holomorphic, and
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Chapter 5. Modular Function Fields

(iii) S is maximal under the conditions (i) and (ii).

(See [32, §1.5].)

(1).4) Definition. A connected Hausdorff topological space with a complex analytic
structure is called a Riemann surface. 0

Now let X be a Riemann surface and consider the set K(X) of meromorphic func­
tions f: X --+ C. This set forms a field which contains a rational function field over
C. Once one can prove that K(X) is a finite extension of this rational function
field, one obtains that K(X) is a field of algebraic functions of one variable over C.
The finiteness is in general not guaranteed. However, one can force the finiteness
by assuming that X be compact. The following theorem is classical. For a proof
the reader is referred to [28, §9.6].

(1).1>) Theorem. The field of meromorphic functions on a compact Riemann sur­
face is an algebraic function field of one variable over C.

We would like to associate a compact Riemann surface to a Heeke-subgroup
ro(N). Let us study first the case of SL 2(l). A good candidate for a topological
space associated to SL 2(l ) would be the set of orbits SL2(l)\H. We define a topolo­
gy on this set in the following manner: ifz is the orbit of the element z E H, the set
of open neighborhoods of z is defined to consist of all SL2(l)U, where U runs over
the open neighborhoods of z in H. But with this topology the set SL2(l)\H is not
compact: for instance, the sequence of orbits of the elements 1 + in, where n runs
over the positive integers, does not have a limit in SL2(l)\H. But by considering the
set F'(SL2(l)) it is easily seen that only sequences which converge to 00 do not have
a limit in F'(SL2(l)). So it is possible to compactify F'(SL2(l)) by adding to it 00

and defining an appropriate system of open neighborhoods for this new point. We
take the sets {oo}U{z E H I Im(z) > r} for all positive numbers r as a fundamental
system of open neighborhoods of 00. The action of SL2(l) on 00 can be defined
by (: ~)oo := afc; hence SL 2(l) acts on H U QU {oo}. The fundamental system of
neighborhoods of the orbit 00 of 00 is the set of all SL2(l)U where U runs over the
fundamental set of open neighborhoods of 00. With this topology, SL2(l)\H U {oo}
is seen to be a compact topological space (isomorphic to the Riemann sphere).

Defining an analytic structure on SL2(l)\HU{oo} which turns this topological
space into a compact Riemann surface needs some work. We just mention that this
is possible and refer the reader to [32, §1.5].

Now let us discuss the general case. In general, the fundamental domain
F(ro(N)) of a Heeke-subgroup ro(N) is not compact. To compactify this set we
have to add to it a finite number of additional points in Q U {oo} for which the
system of neighborhoods are to be defined properly.

In the sequel, we denote by H* the set HURU{oo). The action ofC on H can
be extended in a straightforward manner to an action on H*. We call a non-identity
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element a of G parabolic if tr (a)2 = 4 det(a), or what is the same, if a has exactly
one real eigenvalue (of multiplicity two). We leave it as an exercise to the reader to
prove that an element a EGis parabolic if and only if a has a unique fixed point
in RU{oo}.

(5.6) Definition. A fixed point c E R U {oo} of a parabolic element of a Heeke­
subgroup I'o(N) is called a cusp of I'o(N). Two cusps of I'o(N) are called equivalent
if there is an element of fo(N) which maps one of these cusps to another. 0

(5.7) Example. Let a = (:~) E SL2(Z) be parabolic, i.e., (d + a)2 - 4(ad - be) =
(d - a)2 + 4be = 0, and z be a fixed point of a. If e = 0, then a = d = ±l and
z = 00. Otherwise ez 2 + (d - a)z - b = 0, which implies z = (a - d)/e E Q. Hence
the set C(SL2(Z)) of cusps of SL2(Z) is contained in Q' := Q U {oo}. We want to
show that Q' = C(SL2(Z)) . Since 00 E C(SL2 (Z)) , it is fixed under the parabolic
element (~D. Let plq be an arbitrary element of Q and suppose that p and q are
coprime. It suffices to show that there exists a E SL2 (Z) such that oco = plq: then,
since 00 is a cusp, there exists a parabolic element, E SL2(Z) such the ,00 = 00.

Hence the parabolic element ara-1 fixes plq which shows that plq E C(SL2(Z)).
Since p and q are coprime, there exist u, v E Z such that up - vq = 1. The matrix
a := (~~) E SL2 (Z) satisfies ooo = plq. Hence C(SL2(Z)) = Q'. We also see that
all the cusps of SL2(Z) are equivalent.•

(5.8) Remark. The above example shows that the set of cusps of any Heeke­
subgroup is a subset of Q' .•

As in the case of SL2 (Z) , we can compactify the fundamental domain of any Heeke­
subgroup by adding to it a finite set of inequivalent cusps. For the fundamental
domain of the action of fo(N) on H', which we shall denote by fo(N)\H', we
introduce the following fundamental system of neighborhoods for each point:

o If z E.H, the fundamental system of neighborhoods of z is the usual system
of Euclidean neighborhoods given by

U,(w) = {w EH Ilw-zl < r},

where r runs over the set of positive real numbers.

o If z = 00, a fundamental system of neighborhoods of 00 is given by

U,(oo) = {w E HI Imw > r},

where again r runs over the set of positive real numbers.

o If z E Q, a fundamental system of neighborhoods of z is defined by the set
consisting of z and the interiors of the circles in H which are tangent to z.
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We do not define neighborhoods for non-rational elements of R, since we shall only
add cusps of ro(N) to the fundamental domain F(ro(N)) and these cusps are
either rational numbers or 00, see (5.8). It turns out that under the topology defined
above, the set ro(N)\H' becomes a locally compact Hausdorff topological space [32,
pp. 12]. Furthermore, this space can be endowed with a complex analytic structure,
such that under this structure ro(N)\H' is a compact Riemann.surface [32, §1.5).

(5.9) Theorem. Let r = ro(N) for some natural number N. Then r\H' is a
compact Riemann surface, i.e., an algebraic function field of one variable over the
field C of complex numbers.

(5.10) Definition. The function field of the compact Riemann surface ro(N)\H'
is denoted by [(o(N), and is called the modular function field . o

By considering the arithmetic of the modular function fields, one obtains
'formulas for the genus of the function fields [(o(N). For future applications we
confine ourselves to stating the result only in the case where N is a prime [32].

(5.11) Theorem. Let go(N) denote the qeuus of [(o(N). If N is a prime greater
'than 3, we have:

go(N) =

N -13
12

N-5

12

N-7
12

N + 1
12

if N == I mod 12,

if N == 5 mod 12,

if N == 7 mod 12,

if N == 11 mod 12.

The function fields [(o(N) are defined over the complex numbers. As alge­
braic function fields of one variable they are finite extensions of a rational function
field C(t) over C, i.e., [(o(N) = C(t)(w) where wand t are related by an equation
f(t,w) = 0 for some f E C[X, YJ. Now suppose that f E Z[X, Y). What can we say
about the function field Q(t)(w) where wand t are related by the same equation
f(t,w) = O? We could also go one step further and reduce the coefficients of f
modulo some prime number p and ask about the function field Fp(t,w) where t and
ware related by fp(t, w) = 0, fp denoting the reduction of f modulo p.

In general, if an algebraic function field I{ is defined over some field k of
characteristic 0 by an equation of the type f(x, y) = 0, f E Z[X, Y], the arithmetic
properties are changed if one considers the function field over Fp generated by the
reduction of f modulo p.
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(5.12) Example.Consider the elliptic function field K = Q(x, V), y2 = XS - 3x- 3.
Reduction modulo 3 yields the function field Fs(x, V), y2 = xS , which is of genus
zero. _

One of the most remarkable facts about the modular function fields [(o(N)
is the following theorem due to lGUSA [18] (we just state a weak version of this
theorem).

(5.13) Theorem. Ko(N) contains a rational subfield Oo(N) such that [(o(N) is
generated over [(o(N) by an equation f(x, y) = 0, f E Z[X, Y], and such that for
all p not dividing N the function field [(~(N) := Fp(x, V), fp(x, y) = 0, has genus
go(N), fp denoting the reduction of f modulo p.

We call the function fields [(~(N) generated by the polynomials fp of the
previous theorem p-modular function fields.

There remain a lot of unanswered questions at this stage, one of the most
important being the question of the uniqueness of f upon imposing further condi­
tions on the p-modular function fields to be obtained by the reduction of f. These
questions can be best answered by using the language of algebraic geometry, which
we have not developed here. For our purposes it is sufficient to know that these
function fields exist and that their genus as well as their number of rational points
can be obtained by analytic arguments carried out in characteristic 0.

These function fields will be used to prove the existence of linear codes above
the Gilbert-Varshamov-bound. What we still have to compute is the number of
rational points of p-modular curves over Fp or an extension of Fp . It is a remarkable
fact that this number, similar to the genus, can be computed using the analytic
structure of the modular function fields [(o(N) over the field C. We shall describe
this method in the next chapters.

5.3 Exercises

5.1. Show that the action of SL2(Z) on H is not transitive.

5.2. Show that with the topology described above, the fundamental domain
SL2(Z)\H is not compact.

5.3. Prove that an element", E SL2(Z) is parabolic if and only if it has a unique
fixed point in R U {oo}.
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CHAPTER 6

The Space of Cusp Forms

6.1 Introduction

As described at tbe end of the last chapter, we can employ analytic techniques to
obtain the number of rational points of a p-modular curve over Fp . This will be done
in the following way: let r denote a Heeke-subgroup or SL2(Z). We first define for
r a finite dimensional Csvector space, the space S2(r) of cusp forms of weight 2, of
holomorphic functi~ns from H* to C which satisfy certain transformation properties
and regularity conditions. Next we introduce on this finite dimensional vector space
a linear operator; the Heeke operator, the trace of which is fundamental in the
theory. The trace of the Heeke operators on the space of cusp forms is computed
via the Eichler-Selberg trace formula, which we shall only refer. The main fact is
now that the number of rational points of p-modular function fields over extensions
of Fp is closely related to the traces of Heeke operators on S2(r). In this way we
shall be able to compute this number and proceed with the proof of the theorem of
TSFAsMAN, VLADUT, and ZINK.

6.2 The Space of Cusp Forms

For a matrix a: = (;;) we put j(a:,z) = cz + d for z E H. It is clear that j(a:, z) is
a holomorphic function on H, and the relation

j(a:fJ, z) = j(a:, fJz)j(fJ, z),

can be verified quickly.

(6.1) Definition. Let k be an integer and r be a Heeke-subgroup or SL2(Z). A
holomorphic function f: H' --+ C is called a modular form of weight k with respect
to r if

Va:E rvz E H: fez) = j(o:, z)-k f(o:z).
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6.3. Heeke Operators

A modular form of weight k with respect to I' which vanishes at all cusps of I' is
called a cusp form of weight k with respect to f. 0

When I' is a Heeke-subgroup, one can compute the dimension of the space of
cusp forms S.(f) by studying the arithmetic of automorphic forms. The interested
reader is referred to [32, §2]. We focus our interest on the following fact.

(6.2) Theorem. Let I' be a Hecke-subgroup. For every natural number k the set
S. (I') is a finite-dimensional C-vector space. Further, the dimension ofS,(r) equals
the genus of the modular function field associated to f.

6.3 Heeke Operators

In this section we introduce linear operators on the vector space of cusp forms of
weight k. It turns out that in the case k = 2 the traces of these operators as
endomorphisms of S,(r) play an important role in the determination of the number
of prime divisors of degree one of the p-modular function fields J(g(N) over Fp "

To begin with, let I' denote a Heeke-subgroup fo(N) for some Nand

ll:={(: ~) EM,(Z) Ic=OmodN,gcd(a,N)=l,ad-bc>O}.

One can prove that for every a E II the double coset I'oI' has a decomposition

faf = U;fa,;

where hd is a finite set of representatives of the quotient f/(f n a-Ifa). Let
R(N) be the free abelian group generated by the double cosets I'oI' for a E ll, i.e.,
R(N) is the set of all formal sums

where rna E Z for all a E II and rna = 0 for all but finitely many a.
We can impose a structure of a Z-algebra on R( N) in the following manner:

let a,{3 Ell, I'oI' = Uifai, and f{3f = Ujf{3j. We define the multiplication of
these double cosets by

(far)(f{3f) := I: c,f/f,
'ELl.

where for every / E A we have c, := #{(i,j) I fai{3j = r-). It can be shown that
this multiplication is well-defined [32]. Extending this multiplication linearly, we
obtain a structure of a Z-algebra on R(N).

(6.3) Definition. The algebra R(N) is called the Heeke algebra of the pair [I", A).
The elements of R(N) are called Heeke operators. 0
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Chapter 6. The Space of Cusp Forms

To see why the elements of R(N) are called operators, we define an action of
R(N) on S.(f) as follows: For a double coset I'oI' = U1=,fa; E R(N) and a cusp
form f E S. (f) we define

d

«far)f)(z) := det(a)'/2-1 Li(a" z)-' f(a;z).
i;;;1

It can be shown that this action is independent of the decomposition of I'oI', and
(far)f E S.(r) [32J. Extending this action to R(N), we see that for every k, R(N)
can be viewed as an algebra of S.(f)-operators. This gives rise to C-representations
of R(N).

In the following we want to describe the structure of R(N). Using the theory
of elementary divisors we see that for every double coset I'oI' there exist uniquely
determined I, mE Z, I, m > 0, gcd(l, N) = 1, 11m, such that

faf = f (~ ~) f.

Now set

and

T(n) :=

Then one has the following theorem.

L T(I,m).
Irn=,.

I,m &. above

(6.4) Theorem. The Heeke algebra R(N) is the polynomial ring over Z generated
by T(p), T(p, p), T(q), where p runs over the primes not dividing Nand q runs
over the prime divisors of N. In other words,

R(N) = Z[T(p) , T(p,p), T(q) Ip, q prime,p IN, qIN].

A proof of this theorem is given in [32] or [26]. In particular, it can be shown that
R(N) is a commutative and associative algebra [32J.

As was indicated before, the traces of Heeke operators acting on the space
S2(fo(N)) play an important role in the determination of the number of prime divi­
sors of degree one of a p-modular function field. We omit the difficult computations
concerning these traces and state only the result for prime N. The formula obtained
is a special case of the so-called Eichler-Selberg trace formula [22J.

37



6.3. Heeke Operators

(6.5) Theorem. Let N be a prime number and p be a prime different from N.
Then the trace of the Heeke operator T(p') on S.(r) is given by

where s runs over the integers satisfying -2p < s < 2p, f runs over the positive
integers such that P is a divisor of D := s' - 4p' and such that (s' - 4p')JF :; 0
or 1 mod 4, h(D) is the class number of the order Or, of discriminant D of Q(.j]5) ,
w(D) is the number of roots of unity of (JD, and (~) is the Jacobi symbol.

A proof of this theorem can be found for instance in [17] (see also [27]). Also
the Selberg trace formula [33] can be applied to obtain this result.
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CHAPTER 7

Number of Prime Divisors of p-modular Fields

7.1 Relation to the Traces of Heeke Operators

Let KIF, be an algebraic function field of one variable and for every n, let an denote
the number of prime divisors of degree one of the field KF" IF,•. The Z-function
of J( is defined by

It is related to the usual (-function of KIF, in the following way: the (-function
(K;s) of KIF, is defined by (K;s) = LA NbJ where the sum runs over all
integral divisors A of KIF, and N(A) denotes the norm of the divisor A. Then
Z(K; q-') = (K; s).

(7.1) Example.Let K = F,(,,) be a rational function field over F,. The number
of prime divisors of degree one of KF" IF" is qn + I. Now observe that

-log(1 - u) - 10g(1- qu) =

1
Z(F,("); u) = (I _ u)(1 _ qu)'

Hence we see that

•
The above example is in some sense characteristic. One can show the follo­

wing [29].
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7.1. Relation to the Traces of Heeke Operators

(7.2) Theorem. For every algebraic function field of one variable KIF, of genus
g, there exists a polynomial L(K; u) E Z[u] of degree 2g such that

L(K;u)
Z(J(; u) = (1 _ u)(l- qu)'

Many fundamental properties of the function field J( are encoded in the
polynomial L(J(;u). In particular, for any n the number an is related to the zeros
of L. Note that L(J(; 0) = Z(J(; 0) = 1, hence L(J(; u) = rr~=1 g(1 - "'iU) for some
0'1", ,,0'29 E C.

(7.3) Theorem. Let "'1, ...,"'2. be such that L( J(; u) = rr~;J (1 - "'iU). Then

'V n 2: 1:
2.

an = qn + 1 - L ar .
i;;;;l

PROOF. Let E(u) := log Z(J(; u) = L::'=1 anx nIn. Then

2.

E(u) = ~log(l- "'iU) -log(l- u) -log(l- qu).
i=l

Hence, if ECnl(u) denotes the nth formal derivative of E(u), we obtain

(

2. n 1 n)Cn) _ I "'i q
E (u) - (n - 1). - tt (1- "'iU)n + (1- u)n + (1 _ qu)n .

Now, since ECn)(o) = (n - l)lan, we obtain the assertion. 0

Let us now go back again to Heeke operators. Let N be a prime. For a prime
p different from N we define the pth Heeke polynomial of S2(ro(N )) by

Hp(u):= det(id -T(p)u+pidu2
) .

The connection between the p-modular function fields and Heeke operators is now
given by the following fundamental theorem.

(7.4) Theorem. Let N be a prime number and p be a prime different from N;
further let J( = Kg(N) be the p-modular function field over Fp . Then we have

Z(J(; u) = Hp(u) ;
(1 - u)(1 - qu)

Hence, L(K; u) = Hp(u).
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Chapter 7. Number of Prime Divisors of p-modular Fields

For a proof of this theorem, the reader is referred to [13]. (See also [19] for another
type of discussion. Note that the number of prime divisors of degree one of the
p-modular function field equals the number of Fp.rational points of a smooth curve
corresponding to this field.)

To obtain a formula for the number of prime divisors of degree one of
KHN)Fp" we have to make some remarks.

Let d:= dimS2(rD(N)) and al, ... ,ad be the eigenvalues of T(p). Further
define for 1 :":: i :s; d the numbers a; and a; by

1 - a;u + pu2 = (1 - a;u)(l - a;u).

This implies aia; = P and a;+a: = a; for all i, By the definition of Hp(u) we obtain

Hp(u) = rrf=l (1 - a;u)(l- a:u). By (7.3) and (7.4) we know that the number of

prime divisors of degree one of I<C(N)Fp' is given by p2+ 1 - 2:.f=1 (al +a;2). We
want to relate the latter summand with traces of Heeke operators.

Clearly, T(p)2 has eigenvalues ai, ... ,a~, hence tr (T(p)') = 2:.f=1 ar But
'h ' - "2' , W btaiai = Q'i + Qil t us ai - O'i + Qj + P, SInce QjCt'j = p. eo am

d

L(ar + a;') = tr (T(p)') - 2pd.
i=l

Now we have [32)
T(p2) = T(p)2 _ pid.

This yields

tr (T(p2)) tr (T(p)2) - pd
d

= L(ar + a:') + pd.
j:;;;!

Now noting that d = dimS,(rD(N)) = gD(N) by (6.2), we obtain the following.

(7.5) Theorem. The number of prime divisors of degree one of the p-modular
function field !<g(N)Fp,/Fp' is given by p' + 1 - tr (T(p')) + pgD(N).

Applying now the formula for the trace of T(p') from (6.5), we get our final
result.

(7.6) Theorem. Let N and p be primes, p oJ N. The number of prime divisors of
degree one of Kg(N)Fp' is given by

h(D) ( (D))L weD) 1 + N + gD(N)(p - 1),
,,/

where 5, f, and D are as in (6.5).

41



7.2. Codes Beyond the Gilbert-Varshamov-Bound

Since the first term in the above formula is bounded as N goes to infinity, we see
that the number of prime divisors of degree one of Kg(N)Fp' is almost equal to
Uo(N)(p - 1) as N becomes large.

7.2 Codes Beyond the Gilbert-Varshamov-Bound

Let p be a fixed prime number. For every prime number N let KN := Kg(N)Fp ' and
a be the sequence offunction fields KN where N runs over the set of prime numbers
different from p. Let n(I(N) + 1 be the number of prime divisors of degree one of
KN /Fp " By (7.6) limj, U(KN)/n(KN) = p~l' which shows that 'Yo = 1/(p - 1).
lt is easily seen that for p 2: 7 we have 'Yo < logp,(2p2 - 1) - 1, hence (4.3) implies
the following theorem, see [43J.

(7.7) Theorem (TSFASMAN, VLADUT, ZINK). Let P 2: 7.
a sequence of linear codes over Fp' which asymptotically lie
Varshamov-bound.

Then there exists
above the Gilbert-

Using other techniques, it is possible to prove the above theorem over any
field Fp'm where m is any positive integer and p 2: 7, see [42J.

The function fields considered here are the best possible: one can show that
for any sequence (I of function fields over F" q a square, such that the number
n(K) +1 of rational points of K goes to infinity as [( runs through the elements of
(I, we have that 'Yo 2: 1/(,jq - 1), see [42].
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CHAPTER 8

An Introduction to the Theory of Bilinear Complexity

8.1 Introduction

In the course of these notes we shall investigate the problem, how many arithmetic
operations are necessary to compute a finite set of multivariate polynomials over
a field. One can assign different weights to different arithmetic operations; if, for
example, large integers are involved in the computation, then it makes more sense
to give more weight to the multiplication of these numbers than to the addition.
This stems from the fact that the best known algorithms for the multiplication
of two numbers having n binary digits require O(n log n log log n) operations [30],
whereas addition of two such numbers requires only O(n) arithmetic operations.
On the other side, if only computations with small rational numbers are involved,
one should assign the same weight to addition and multiplication/division.

Different weightings of arithmetic operations lead usually to different theories.
If, e.g., one wants to obtain the minimal number of additions necessary to compute
a set of polynomials, one often uses different tools than those necessary for the
study of the number of multiplications, say. The situation changes even more if one
is interested in both of these numbers at the same time, i.e., if one is interested
in the minimum (weighted) number of additions and multiplications necessary to
compute a set of polynomials.

Before making things more precise, it is useful to clarify the problem we are
interested in with the aid of some examples.

(8.1) Example. (Multiplication of polynomials of degree 1)

Here we are interested in an algorithm, which, given a pair of polynomials
P = PIX + Po and q = qtX + qo over a field K, computes (the coefficients of) their
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8.1. Introduction

product pq =: 1= h,,2 +h" + 10 where

h=p,ql,
h =Plqo +POql,
10 = Poqo·

Furthermore, this algorithm should use the minimum number of arithmetic opera­
tions. Since the coefficients of the polynomials p and q are not determined a priori
and since the algorithm we are interested in should work for every set of coefficients
in J(, we can regard the coefficients as further indeterminates over K, Because of
notational reasons, we change the variables Pi to Xi and qi to Yi. The computational
problem is now to compute the set of polynomials

h = "IYI,

h = "IYO + "OYI,

10 = "oYo,

using the least number of arithmetic operations.•

(8.2) Example. (Multiplication 01 complex numbers)
In this case, the problem is to give an algorithm to compute the product

C3 = II + ih of two arbitrary complex numbers ci = ", + iy, and C2 = "2 + iY2.
Then

II = "'''2 - YIY2
h = "IY2 + "2YI·

Again, we can regard the coefficients of CI and C2 as indeterminates over the field R
of real numbers. The computation problem is to give an algorithm to compute the
polynomials iI, h E R["" "2, Y" Y2], which uses the minimum number of arithmetic
operations.•

(8.3) Example. (Multiplication 012 X 2-matrices)
Given two arbitrary 2 X 2-matrices X = (";j) and Y = (Yij) over a field K,

compute their product Z = XY = (Zij) using the minimum number of arithmetic
operations. Applying the rules for matrix multiplication, the problem consists of
computing the following set of polynomials over K using the minimum number of
arithmetic operations:

Zij = "ilYlj +"nY2j, i,j E {1,2} .

•
The problems introduced in the examples above may be stated in the follo-

wing unified way:

Let "1, , ", be indeterminates over a field I<. Further let iI, .i-. E
1<["1, , ",j. It is required to give an optimal computation of iI, ,1m
under the assumption that the elements of K U {"I, ... , ",} can be
computed without any cost.
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Chapter 8. An Introduction to the Theory of Bilinear Complexity

8.2 Computation Sequences and Multiplicative Complexity

The problem at the end of the last section cannot be attacked yet, since it is by no
means precisely stated. It is, for instance, not dear what is meant by a computation.
In this section we shall make the concepts introduced intuitively in the last section
more precise.

The following definition will clarify the concept of the "computation of poly­
nomials" .

(8.4) Definition. Let XI, ... , X, be indeterminates over the field J(. A sequence
(gl' ... , g,) in J(XI' ... , x,) is called a computation sequence of length r if for all
p :0; r we have

3up,vp E J( +L:J(x; +L: J(g.: gp = upvp or gp = up/vp, v p # O.
i'5' o<p

If ft, ... ,Ii are polynomials in J([XI,"" x,] and (gl' ... ,g,) is a computation se­
quence such that

{ft, ... ,J,) ~J(+ L:J(x;+ L:J(gp,

is'' p$r

then we say that (gj, ... ,g,) computes the set {II," . ,f,} over J(. A computation
sequence (gl" .. , s-) is called division-free if, with the above notations, each gp is
of the form gp = upvp' 0

The length of a computation sequence is a measure for the cost of this se­
quence and hence may be used to define the concept of an optimal computation of
a set of polynomials. But before going into details, let us say some words about the
problem of weighting arithmetic operations in the model of computation induced
by (8.4). As is apparent from this definition, a computation sequence (gl," ., g,)
computes any finite set of polynomials in

J( + L:J(x; + L:J(gp.
-s- pS:.r

This means that scalar multiplications or J(-Iinear combinations of polynomials
does not e/fect the cost of computation of these polynomials in the above mo­
del. Only when two nonconetant polynomials in the above set are multiplied or
divided, one needs a longer computation sequence. If we denote this type of mul­
tiplications/divisions by essential multiplications/divisions' (as opposed to scalar
multiplications, i.e., multiplication with elements of J(), then the length of a com­
putation sequence equals the number of essential multiplications/divisions in this
sequence. The weighting of arithmetic operations is such that essential multiplica­
tions/divisions are weighted with I and scalar multiplications are weighted with 0,
as are additions and subtractions.

lin the sequel, we shall denote essential multiplications by •.
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8.2. Computation Sequences and Multiplicative Complexity

(8.5) Definition. Let F := {Ii, ... ,f,} C J([XI, ... , x,]. A computation sequence
of minimal length for F is called an optimal computation for F. The length of an
optimal computation for F is called the (non-scalar) complexity of F and is denoted
by L(•• n(F). The length of an optimal division-free computation sequence for F
is called the multiplicative complexity of F and is denoted by L(.} (F) or merely by
L(F). o

Note that we have suppressed the dependency of L{"n and L on the under­
lying field. See (8.9) for an example.

(8.6) Example. (Multiplication of polynomials of degree I)
We have already seen that computing the product of two polynomials of

degree one over J( is equivalent to computing the set F = {fo, Ii, h} of polynomials
in J([xo, x" Yo, YI] where

fa = XoYo, Ii = X,YO + XOYI, h = XIYI·

A possible computation sequence for F is (g" ... , g.) where

91 =Xo*Yo =/01
92 = Xl * Yo,
93 = Xo * YI,
g. = Xl * Yl = h·

Since Ii = g2+ ga, we have L(F) :'::: 4.•

(8.7) Example. (Multiplication of complex numbers)
As we have seen, this problem is equivalent to compute the polynomials

Ii = XI X2 - YIY2, [z = XlY2 + X2YI

in R[XI' X2, Yl, Y2]. A possible computation sequence is (gl, ... , g.) where

91 = Xl * X2,

92 = YI *Y2,
93=Xl*Y2,
g. = x2 * Yl.

Since Ii =gl - g2 and h = s» +s«, we have L({Ii, h}) :'::: 4. •

(8.8) Example. (Multiplication of2 x 2-matrices)
The problem is to compute the polynomials

1;j = xnYlj +X;2Y2j, i,j E {l, 2},

in J([Xij, Yij Ii, j E {l, 2}]. A possible computation sequence is given by

gijk:=Xik*Ykj, i,j,kE{l,2}.

Since 1;j = gijl + gij2, we have LUij I i,j E {I, 2}):,::: 8.•
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Chapter 8. An Introduction to the Theory of Bilinear Complexity

(8.9) Example. Usually, the complexity of a set of polynomials depends heavily
on the field 1<. Consider for instance the polynomial f := "'~ + "'~ E R["", "'2J.
Let us compute the length LR (I) of an optimal division-free computation sequence
for f over R. We claim that LR(J) ~ 2. Suppose not; then LR(J) :'Oland since
f ric R + R"'l + R"'2 we have LR(J) = 1. Hence, there exist ai, bi, Ci E R, i = 1,2,3
such that

",1 + "'~ = (a, + b,,,,, + c''''2)(a2 + b2"', + C2"'2) + a3 + b3"'1 + C3"'2·

Comparing coefficients we get

b,b2 =C,C2 = 1, b,C2 +c,b2 = O.

This implies that (bIC2)2 + 1 = 0, which is impossible (over R). Hence LR(J) ~ 2.
On the other hand, the computation sequence

clearly computes f, i.e., LR(J) = 2. What about Le(J)? Note that over C we have
f = ("" + i"'2)("'1 - i"'2), hence Le(J) = 1. This result may also be extended to
any field: If 1< contains a primitive fourth root of unity, then LK(J) = 1, otherwise
LK(J) = 2.•

It may look strange that divisions may help when computing a set of poly­
nomials. The following example shows that this indeed may be the case.

(8.10) Example. Consider the polynomial f = ",31 over any field 1<. The following
computation sequence of length 7 computes f:

91 :=x*x, 92=gl*Z, 93 :=91*92, 94 :=g3*gI,
95 :=94*94, 96 :=95*95, 97 :=96*91,

since 97 = ",31 It can be shown that L(",31) = 7. On the other hand, computing
",32 by squaring", five times and then dividing ",32 by x gives a computation se­
quence of length 6 for the computation of X3 1 . The division step thus gives a better
computation. _

We may ask how much divisions may help or even, whether there exist classes
of polynomials such that for their computation divisions do not help at all?

This question has been answered by STRASSEN [40J. Before stating (a sim­
plified version of) his result, we need a definition.

(8.11) Definition. Let x" ... , x, be indeterminates over the field 1<. A compu­
tation sequence (91, ... , 9,) in 1<(x 1, ... , x,) is called quadratic if

,
Vi:::; r 3uj,vj E L1<xi:

i=l

In this case we shall also write ((Ul,V,), ... ,(u"v,» for (9,,· .. ,9,). ¢
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(8.12) Theorem (STRASSEN). Let K be an infinite field and F ~ I<[X" ... , x,]
be a finite set of quadratic polynomials. Then there exists a quadratic computation
sequence of length Ll*.n(F) which computes F. In particular, L{•.n(F) = L(F).

The reader may verify that the computation sequences given so far for the
multiplication of polynomials, multiplication of complex numbers and multiplication
of 2 x 2-matrices, are all quadratic.

We may still ask for simpler algorithms for computing quadratic polynomials.
To obtain simpler algorithms, we have to restrict ourselves to a subclass of quadratic
polynomials.

(8.13) Definition. Let K be a field and x" ... , x" Y1, ... , Ym be indeterminates
over K. A polynomialp E K[X" ... ,X',Y" ...• Ym] is called bilinear (with respect
to .f. := (X" ...• x,) and 1!. := (Yl,"" Ym») if

p(.f..1!.) = L .ij XiYj,

i,i

where .ij E K. 0

Bilinear polynomials may be computed by simpler computation sequences
than quadratic ones.

(8.14) Definition. Let K be a field and XI, ... , x" YI, .... Ym be indeter­
minates over K. A quadratic computation sequence «u" V1), ... , (u" v,)) in
K[XI .... ,X"YI, ... 'Ym] is called bilinear if for all i = 1, ... ,r the Ui, resp. Vi

are linear homogeneous in Xl, ... , XI'! resp. Yl", 'J Ym' 0

For any finite set F of bilinear polynomials over K there exists a biline­
ar computation sequence which computes F: there exists by (8.12) a quadratic
computation sequence «U

"
V,), ... , (Uq , Vq)) for the computation of F. Hence

F C 'Ll=l [(Uill;. Now let for every i = 1, ... , r U, = Ui + u~, Vi = Vi + vi whe­
re Ui I Vi are Jinear homogeneous in Xl, ... J XI' and uL vi are linear homogeneous in
YI, ... , y/. Then, since F is a set of bilinear polynomials. we have Fe 'Ll=1 Ku;v:+
'Ll=l Ku:v;. This shows that «U1. vi), ... , (uq , v;), (uj, vi), ... , (u;. vq )) is a bili­
near computation sequence for F. The following definition thus makes sense.

(8.15) Definition. Let F be a finite set of bilinear polynomials over K. The
minimum length of a bilinear computation sequence for F is called the bilinear
complexity (or rank) of F and is denoted by R(F). 0

Clearly, L(F) ::; R(F) for a set F of bilinear polynomials, since bilinear
computation sequences form a subset of quadratic computation sequences. But the
foregoing argumentation also shows the following.
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(8.16) Lemma. Let F be a finite set of bilinear polynomials over K. Then

L(F) :c: R( F) s 2L( F).

We finish this section with a couple of examples.

(8.17) Example. (Multiplication of polynomials of de9ree 1)
We want to give an upper estimate for R = RUo, h, h) where

The trivial algorithm leads to R :c: 4, as was shown before (It is easy to check
that the trivial algorithm is bilinear). The following bilinear computation sequence
shows that R s 3:

91 = Xo * Yo = fo,
92 = (xo + x,) * (Yo + y,),
93 = X, *Y, = h·

Since h = 92 - 9' - 93, the 9; constitute a bilinear computation sequence for
{[o,h,h} of length 3.•

(8.18) Example. (Multiplication of complex numbers)
Again, let

I, = x,X2 - YIY2, 12 = X,Y2 + X2YI

be the bilinear polynomials corresponding to the multiplication of complex numbers.
The bilinear computation sequence

91 = x, * (X2 +Y2)
92 = Y2 * (XI +y,)
93 = X2 * (YI - x,)

computes {f" h}, since fl = 9' - 92 and 12 = 91 + 93· Hence R({f" h}) :c: 3. •

(8.19) Example. (Multiplication of2 X 2-matrices)
Let again f,j denote the bilinear polynomials corresponding to the multipli­

cation of 2 x 2-matrices. We have already seen that R({f;j I i,i = 1,2}) :c: 8.
Consider the following computation sequence:

91 = (Xll +X22) * (Yll + Y22)

93 = Xll * (Y12 - Y22)

95 = (Xll + X12) *Y22

97 = (X12 - X22) * (Y21 + Y22)'

92 = (X21 + X22) * Yll

9' = X22 * (-Yl1 + Y21)

96 = (-Xll + X2,) * (Yll + Y12)
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Since
III = 91 + 94 - 96 + 97 It, = 93 + 96

121 = 9' + 94 12, =91 - 9' + 93 + 96,

this sequence computes lij over any field (even over any ring!). The corresponding
bilinear algorithm is known as STRASSEN'S matrix multiplication algorithm [41J.
The major point of this algorithm is that it is valid over any ring. Hence one may
interpret Xij and Yij as matrices over a field K and use the algorithm recursively.
This gives an algorithm for multiplying n x n-rnatrices which uses asymptotically
0(n1og,7) = 0(n,·80736.._) multiplications (which is better than the naive algorithm
which needs 0(n3 ) multiplications). 0

In the examples above we have only given upper bounds for the bilinear
complexities of the corresponding bilinear polynomials. The major problem is now
to give good or even matching lower bounds for these quantities. This will be done
in the next sections.

8.3 Rank of Bilinear Mappings

Bilinear polynomials in (s+l) indeterminates over a field K can be viewed as bilinear
forms of the vector space K' X K '. Indeed, if

P(XI J •• ", X" Yi,··", YI) = L:: aijXiYj
i,i

is a bilinear polynomial over K, then for the pair (ei , ... , e,) and
(eL ... , eD of natural bases of K' , resp. K ', p induces a bilinear form t/>p defined by
t/>p(ei, ej) := aij. Analogously, linear homogeneous polynomials in m indeterminates
may be viewed as linear forms of K'",

A sequence (Z1, ... , zn) of bilinear polynomials (with respect to X" ... ,x,
and Yl, ... , y,) over K induces a bilinear mapping of~: K' x K' _ K" by requiring
that the kth coordinate of ~ be equal to the bilinear form induced by z•. In this
way, bilinear polynomials induce bilinear mappings. It is also possible to speak
about bilinear algorithms for bilinear mappings. The next definition makes this
concept precise.

(8.20) Definition. Let U, V, and W be finite dimensional vector spaces over the
field K and ~: U x V -> W be a bilinear mapping. Denote by U', resp. V',
the dual spaces of U, resp. V. The bilinear complexity or rank R(~) of <I> is the
minimal number r such that there exist tAb ... , tAr E U.., VI, .. · I Vr E V·, and
Wi, ... I W r E W, satisfying

r

\Ix E U,y E V: ~(x,y) = LUi(X)V;(Y)Wi'
i=l

o
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The proof of many results on the rank of bilinear mappings become more
transparent if one uses the terminology of tensors and tensor product.

(8.21) Definition. A tensor product (U ® V,T) of U and V consists of a vector
space U ® V over K and a bilinear map T: U x V --+ U ® V such that

(1) The K-span of the image of T equals U ® V,

(2) (Universal mapping property) For every vector space Wand every bilinear
map 1>: U x V --+ W there exists a linear map <p: U ® V --+ W such that
1> = <pT.

While the uniqueness of the tensor product (up to isomorphism) follows di­
rectly from the definition, the proof of the existence involves a certain construction
which can be read in any book on multilinear algebra or algebra (see, e.g., [21]). It
can be proved easily that the tensor product is associative, i.e.,

(U e V) ® W o:e U ® (V ® W) o:e: U e V e w.
for K-spaces U, V, and W.

The connection between the K-space Bil (U x V, W) and tensor products is
given by the following isomorphism.

(8.22) Lemma. Bil (U x V, W) o:e U· ® V· ® W, where U· and V· denote the dual
spaces of U and V.

PROOF. (Sketch) It can be proved that the homomorphism h: U· ® V· ® W --+

Bil (U x V, W) defined by u· ® v· ® w ...... «a, b) ...... u'(a)v'(b)w) is an isomorphis­
m [21]. 0

To 1> E Bil(U x V, W) corresponds a unique tensor t E U· ®V' e W according
to (8.22). Further, if 1>(a,b) = l:p<r up(a)vp(b)wp for all (a,b) E U x V, we have
in view of the above isomorphism t = l:p<r up ® vp ® wp. If we call an element
u ® v ® w E U' ® V' ® W a triad, we obtain that the rank of a bilinear mapping 1> is
the minimum number r such that the tensor corresponding to 1> can be represented
as a sum of r triads. One can thus also speak of the rank of a tensor in U' ® V' ® W
defined as the rank of the associated bilinear map. The rank of the bilinear mapping
1> is sometimes also called the tensor rank of 1>. In the sequel we shall make frequent
implicit use of the above isomorphism and mix up tensors and bilinear mappings.

(8.23) Example.Here we want to show that the rank of a bilinear mapping is a
generalization of the concept of the rank of a linear map. Let U and V be K­
spaces. If <p E Bil (U x V, K), then for a E U the mapping <Pa which assigns
to b E V the value <Pa(b) := <p(a, b) is a linear form on V, i.e., <Pa E V'. Then
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Bil (U x V, I<) ~ Horn (U, V') under the isomorphism e ..... (h~: a ..... ,pa). We claim
that R(,p) = rk (h~).

Suppose that ,p = Lp<r up 0 vp, where up E U', and vp E V· (we may
suppose that all the wp = 1 and r = R(,p)). Then for any a E U we have

h~(a) = ,pa E L up(a)v p,
p$r

hence rk (h~) ::; r.
On the other hand, let rk (h~) = r and VI,"" V r be a basis of the image

of h~. Then, for any a E U there exist Uj (a), ... ,ur(a) E I< such that h~(a) =
Lp$r up(a)vp. For the linear forms up thus defined we obtain: ,p = Lp$r up 0 vp,
which shows that R(,p) ::; rk (h~) .•

In the rest of this section we shall develop a simple but powerful tool for
proving lower or upper bounds for the bilinear complexity of a bilinear mapping,
by reducing it to the bilinear complexity of some other bilinear mapping. We have
first to recall some basic facts.

Suppose that U" 11;, i = 1,2, are finite dimensional I<-spaces and f E
Hom(Uj,U2 ) , 9 E Horn (VI , V2). Let (Ui 0 V;,T;), i = 1,2 be the tensor pro­
duct of U, and 11;. Then T2(t X g) is a bilinear mapping from UI X Vi to U20 V2,
hence there exists a unique homomorphism h from UI 0 VI to U2 0 V2 such that
h(ul 0 vi) = f(uJl 0 g(vJl. We denote this homomorphism by f 0 g.

We recall a definition. Let U and V be I<-spaces and V' E Hom (U, V). Then
V": V· - U· defined by V"(A) := AV' is a homomorphism.

(8.24) Lemma. Let U" 11;, Wi, i = 1,2, be finite dimensional I<-spaces and ,p E
Uj 0 Vt 0 Wj. Suppose that V" E Hom(Uj, Un, ,po E Hom(Vt, V2), and TJ E
Hom(WI, W2). Then R«V" 0,p' 0 TJM))::; R(,p).

PROOF. Let,p = Lp<r up 0 vp 0 wp, where r = R(,p), up E Uj, vp E Vt, and
wp E Wj. Then (V'. 0 iP' 0 TJ)(,p) = Lp<r V"(u p) 0 ,p'(vp) 0 TJ(wp), which proves
the assertion. 0 _.

The following lemma shows how this reduction technique can be used.

(8.25) Lemma. Let Ui, 11;, Wi, i = 1,2, be finite dimensional Kvspaces and,p, E
Bil(Ui X V;, Wo), i = 1,2. Further let V' E Hom(Ul,U2), ,p E Horn (Vi, V2 ) , and
TJ E Horn (WI, W2) be such that the following diagram commutes:

x Vj

U2 X V2 ~ W2
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Then we have:

(1) If <p and,p are surjective, then R(¢2) :'0 R(¢,).

(2) If,., is injective, then R(¢d:'O R(¢2).

PROOF. The condition that the above diagram commutes translates to

(8.26) (id ® id ®,.,)(¢d = (<p' ®,p' ® id)(¢2).

(1) The surjectivity of <p and ,p implies that there exist <p-I E Hom (U2, UI),
,p-I E Hom (V2, VI) such that <p<p-l = id u, and ,p,p-I = id v,. Application of
«<p-I)* ® (,p-I)* ® id) to (8.26) yields

«<p-l)* ® (,p-I)* ® ,.,)(¢,) = ¢2.

Now (8.24) implies that R(¢2):'O R(¢I).
(2) The injectivity of,., implies that there exists ,.,-1 E Hom(W2 , Wd such

that ,.,-1,., = id w,. Application of( id ® id ® ,.,-1) to (8.26) yields

¢, = (<p' ®,p' ® ,.,-1)(¢2).

Hence (8.24) implies that R(¢I) :'0 R(¢2). 0

We shall use the above methods in the next chapter.

8.4 Concise bilinear mappings

For the construction of linear codes from bilinear algorithms it is important that the
underlying bilinear form is in some sense "nondegenerate". The precise meaning
of this is given by the following. As usual, U, V, and W denote finite dimensional
vector spaces over a field J(.

(8.27) Definition. Let <Ii E Bil (U x V; W). Then

(1) <I> is called I-concise if {u E U I<Ii(u, V) = 0) = {O).

(2) <Ii is called 2-concise if {v E V I <I>(U, v) = 0) = {O).

(3) <Ii is called 3-concise if (<Ii(U, V)} = W.

(4) <I> is called concise if <Ii is i-concise for i = 1,2,3.

For studying the bilinear complexity of a bilinear mapping <Ii, it is not a restriction
of generality if we assume that <Ii is concise. This is the content of the following
simple lemma the proof of which is left to the reader.

53

\



8.5. Lower Bounds for some Computational Problems

(8.28) Lemma. For 4> E Bil(U X V; W) let U' := {u E U I 4>(u, V) = OJ,
V':= (v E V I 4>(U, v) = OJ, and W':= (4)(U, V)). Then

4>': U/U' xV/V' -> W'
(u+U',v+V') ...... 4>(u, v)

is a well defined concise bilinear mapping and R(4)') = R(4)).

In the sequel we shall make use of the following fact.

(8.29) Remark. Let q, E Bil(U x V; W) and suppose that q, has a representation
of the form q, = Lp$r up @vp @ wp . Then we have:

(1) If q, is l-concise, then (UI, , ur ) = U·.

(2) Ifq, is 2-concise, then (VI, ,Vr ) = V'.

(3) Ifq, is 3-concise, then (WI, ,Wr ) = W.

In particular, if q, is concise, then R(q,) 2: max{dim U, dim V, dim W} .•

8.5 Lower Bounds for some Computational Problems

As was said before, the aim of (algebraic) complexity theory is to give in some way
the minimum number of operations necessary to compute (algebraic) quantities.
Hence, one tries to make assertions about all possible algorithms for the problem to
solve.

To determine the exact minimum number of operations necessary to compute
an algebraic problem, one has-in some way-to estimate from below this number
and at the same time to find a matching upper bound, i.e., to give an algorithm (or
prove the existence of an algorithm) which uses this number of arithmetic operati­
ons. So the problem is divided into two parts: Proving lower bounds and finding
(matching) upper bounds. The second problem is usually connected to the design of
algorithms and is generally considered to be easier than the first, for which only a
few general techniques are known. Proving (nontrivial) lower bounds for algebraic
computation problems is one of the most challenging topics in complexity theory.

Below we shall discuss some bilinear problems and give nontrivial lower bo­
unds for their bilinear complexity. Since we have not developed the tools for proving
most of these bounds, we shall content ourselves to the proofs of the most simple
lower bounds.

Let 1( be a field and D be a finite dimensional division algebra over 1(. We
consider the bilinear mapping ts: D x D -> D defined by "'(0, b) := ab, i.e., we
consider the multiplication in D, where D is regarded as a vector space over K.

54



Chapter 8. An Introduction to the Theory of Bilinear Complexity

(8.30) Definition. The multiplicative complexity, resp. rank of the bilinear map­
ping I-' as above is called the multiplicative complexity, resp. rank of D/K and is
denoted by L(D/K), resp. R(D/K) or merely L(D), resp. R(D) if K is clear from
the context. 0

We identify I-' with the tensor in D*®D*®D under the isomorphism given in (8.22).
Suppose that there exists a bilinear algorithm of length r for 1-'. We can thus
represent JJ. as a sum of r triads:

,
p = L Ui 0 Vi @ W i ,

i=1

where Vi, Vi E D* and Wi E D. Let x be a nonzero element of K. Then

,
I-'(x, D) = xD ~ L:vi(x)v,(D)Wi'

i=l

Denote the dimension of Dover K by n. There exists a nonzero x in L such that
v,(x) =... =v"_,(x) = 0 (why?). For this x we have xD ~ L~=" Vi(X)Vi(D)Wi ~
L~=n Kuu, Since D is a division algebra and x is nonzero, «D = D and hence the
K-dimension of xD is n. We see that r - n + 1 ~ n, hence r ~ 2n - 1. We have
thus proved the following:

(8.31) Theorem. Let K be a field and D be a division algebra of degree n of K.
Then we have R(D/K) ~ 2n - 1.

We remark without proof that even L(D/K) ~ 2n - 1. The proof of this
assertion is more complicated than that of (8.31).

What is R(D/K) for a finite dimensional division algebra Dover K? Let
us first discuss the case where D is a simple field extension of J(. The question of
upper bounds for the rank R( D/ K) is very much related to the rank of polynomial
multiplication. To be more precise, for a natural number I let K[xj, denote the
K-space of polynomials of degree less than lover K. Let 4>'it E Bil(J([xj, x
K[x]m,I([x]l+m-tl be the polynomial multiplication map. Then R(D/K) is related
to R(4);'/). This is the context of the following lemmas.

(8.32) Lemma. Lei D be a simp/efield exlension of degree n oflhefield K. Then
R(D/K) S R(4);'(").

PROOF. Let p(x) be a monic irreducible polynomial of degree n over K such that
D", K[x]/(p(x)) and" be the residue class mapping K[xJ ---> K[x]/(p(x)) '" D. We
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obtain the following commutative diagram

K[xln

D

x

x

[{[xl n·

D
v-

[{[X]'n_1

D

where v is the multiplication in D, "I is the restriction of" to [([xln, and "2

is the restriction of" to K[X]'n_l. Since "I is surjective, (8.25)(1) implies that
R(DjK) = R(v) :s R(~kn). 0

(8.33) Lemma. Let I and m be positive integers and K be a field such that IKI ~
I+ m - 2. Then R(cI>~m) :s I + m - 1.

PROOF. Let al, ... , a'+m-2 be pairwise different elements of K. For k ~ 1
we define 'n: K[X]k -> f{'+m-I by 'n(f) := (f(ad, ... ,/(a/+m-2)'/(OO)), where
1(00) stands for the coefficient of X k- I of f. It is clear that 'Yk is injective if and
only if k :s 1+ m - 1 and surjective if and only if k ~ 1+ m - 1. Now consider the
following commutative diagram

cI>'.m
K[x), x [([x]m K

K[xj'+m_1-
l~' l~rn l..,,+m-l

I<'+m-I X K'+m-I " I<'+m-I-
where JJ is component-wise multiplication. Since "Yl+m-l IS bijective,we obtain
R(~~m) :s R(p) :s 1+ m - 1 by (8.25)(2). 0

As a corollary we obtain from (8.31), (8.32), and (8.33) the following.

(8.34) Corollary. Let D be a simple field extension of K of degree nand 11<1 ~

2n - 2. Then R(DjI<) = 2n - 1.

Applying this corollary to the case K = Rand D = C, we see that the bilinear
algorithm for multiplication of complex numbers introduced in (8.18) is optimal (in
the sense of bilinear complexity) and that R(CjR) = 3. Also, application of (8.33)
to the multiplication of polynomials of degree less or equal to one shows that the
bilinear computation introduced in (8.17) is optimal and that R(cI>-:<2) = 3 for any
field IC

The reader can consult the exercises for further relations between polynomial
multiplication and the rank of simple field extensions.

Now the question arises what happens when IKI < 2n - 2. One result is the
following [11, 44J
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(8.35) Theorem. IflJ(1 < 2n-2, and D is a simplefie/d extension of J( of degree
n, then R(D/J() > 2n - 1.

In the next chapters we shall make more accurate assertions about R(D/J()
in the case of small finite fields with the aid of algebraic curves. There exist also
assertions about the bilinear complexity of non-simple field extensions and skew
fields over given fields. The interested reader may consult the forthcoming book [8]
on these subjects.

The leading problem of bilinear complexity is that of matrix multiplication.
Here one wants to compute the rank of the bilinear mapping which assigns to a
pair of square matrices their product. More precisely, if n is a positive integer I we
define L(J(nxn), resp. R(I(nxn) as the multiplicative complexity, resp. rank of the
multiplication map in K" xn. Concerning lower bounds for R(I(n xn) we have the
following.

(8.36) Theorem. For any field J( we have R(I(nxn) 2: 2n 2 - 1.

PROOF. The following proof has been taken from [3]. During this proof we denote
by A the ring K" xn. We shall need the following facts about A.

(i) Any minimal left (right) ideal of A has J(-dimension n.

(ii) Any maximal left (right) ideal of A has J(-dimension n 2 - n.

(iii) No right ideal Ri-O of A is contained in a left ideal L i- A of A.

The proofs of these assertions are left as an exercise.
Suppose that r:= R(J(nxn) < 2n 2 - 1. For p = 1, ... ,r, let up,vp E A*, and

wp E A be such that

(8.37)
r

Va, bE A: ab =L up(a)vp(b)wp.
p=l

Observe first that L~=I J(u p = A* since the multiplication map is concise, see
Remark (8.29) We may assume w.l.o.g. that UI, •.. , Un> are linearly independent
(note that A has dimension n2 over J(). Since r < 2n 2 - 1, L~=n' J(v p i- A*.
I1ence, there exists 0 i- b E A such that vn,(b) = ... = vr(b) = O. By (8.37) we have

then Ab ~ L;:~I J(wp. Thus, Ab is a proper left ideal of A, hence it is contained
in a maximal left ideal L of A. Again by the conciseness of the multiplication
map, VI, ... I v,. generate A"J hence we may assume that V n , ... I Vn:l_l are linearly
independent over L, since L has J(-dimension n2 - n by (ii) (note that after this
choice, Ul I .. ", Un';l' need not be linearly independent anymore, but we don't need
this in the sequel). This implies that for any yEA there exists eEL such that

Vn(c) =vn(y), ... , vr(c) = vr(y).

57



8.5. Lower Bounds for some Computational Problems

Since r < 2n' - 1, there exists 0 # a E A such that l1 n, (a) = ... = l1r (a) = O.
Hence, (8.37) implies

n-1

Vy E A 3c E L: ay - ac = a(y - c) E 2: ]{wp ~ L.
p=l

Thus we have ay E L for all yEA, hence aA ~ L, a contradiction to (iii). 0

BROCKETT and DOBKIN [5] as well as LAFON and WINOGRAD[20] have pro­
ved that even LiK" xn) 2: 2n' - lover any field K, Their proof is beyond the scope
of these notes.

Applying (8.36) to the case n = 2, we get R{I('X') 2: 7. On the other hand,
STRASSEN's algorithm introduced in (8.19) implies R(J('X') :$ 7 which shows that
R(]{'X2) = 7 and that STRASSEN'S algorithm for multiplication of 2 x 2-matrices is
optimal. In Section 9.2 we shall see that the bound in (8.36) is not sharp (at least
for 1( = F,).

The asymptotic bilinear complexity of matrix multiplication is characterized
by the so called exponent of matrix multiplication, usually denoted by WK, which is
defined as

WK := infh I R{I(nxn) = O(n1 )} .

Note that by (8.16) we have R(J(nxn) 2: L(1(nxn) 2: R(]{nxn)/2, hence R{I(nxn)
and L{I(nxn) are asymptotically equal. It is known that WK at most depends on
the characteristic of J( [12].

Although the model of bilinear complexity neglects operations in the field of
scalars, one can show that the number of all arithmetic operations for multiplication
of n x n-matrices is of the same order of magnitude as R{I(nxn), i.e., if we denote
by MK(n) the minimum number of arithmetic operations necessary to multiply two
nxn-matrices ovet K; then MK(n) = O(R{I(nxn)) (see for instance [12, p. 57-58]).
Hence WK = infh IMK(n) = O(n1 ) } .

The trivial algorithm for multiplying matrices implies WK :$ 3 over any field
K, Recursion of STRASSEN's algorithm for 2 X 2-matrix multiplication shows that
WK :$ log, 7 for any field. The present world record for WK is held by COPPERSMITH
and WINOGRAD [10J who have shown that WK :$ 2.38 over any field]{; (8.36)
implies that WK 2: 2 over any field K,

The complexity of many problems in linear algebra, like inversion of non­
singular matrices or solving systems of linear equations is directly related to the
complexity of matrix multiplication. Knowing the latter is therefore of fundamen­
tal interest.

We can now generalize the problems introduced in this section in the following
way: let K be a field and A be a finite dimensional associative algebra over K, i.e.,
A is a finite dimensional vector space over J( endowed with a multiplication which
is bilinear and associative. We consider the bilinear map from A x A to A which
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assigns to every pair of elements in A their product, and ask for the multiplicative
complexity L(A/I<) or the rank R(A/I<) of this bilinear map. (We may also write
L(A) or R(A) if I< is known from the context.) We mention without proof a general
lower bound due to ALDER and STRASSEN [2]:

(8.38) Theorem (ALDER-STRASSEN). Let A be a finite dimensional associative
algebra over I<. Then

L(A!I<) ~ 2 dimK(A) - t,

where t is the number of maximal two-sided ideals of A.

The proof of this theorem is beyond the scope of these notes." Let us ap­
ply (8.38) to the problems stated before: If A is a division algebra of dimension
n over I<, then the only maximal two-sided ideal of A is the zero ideal, hence
L(A/I<) ~ 2n - I, in accordance with (8.31).

Let A be the ring of n x n-matrices over I<. It is an easy exercise to prove
that the on ly maximal two-sided ideal of A is the zero ideal. Since the dimension
of A over J( is n 2 , we obtain L(I(nxn/J() ~ 2n2 - 1.

Another application of (8.38) is as follows:
Let G be a finite group. The group ring C(G] of G is defined to be the ring

of all complex valued functions on G. For all elements IT E G we identify IT with
the characteristic function of {IT). Then it is clear that every element f E C(G]
has a unique representation as f = E.eG as a where a. E C. Extending the
multiplication of Gby linearity, C[G] becomes a C-algebra of dimension IGI, where
IGI denotes the number of elements in G. By Wedderburn's theorem, the number
of maximal two-sided ideals of C(G] equals the number h(G) of conjugacy classes
of G, hence, L(C(G]/C) ~ 21GI- h(G).

In the next chapter we shall see how coding theory can be used to obtain
lower bounds for the rank of bilinear maps over finite fields.
Acknowledgement. The content of this chapter was presented by the second
author during the 12th school of Algebra of the Brazilian Mathemtical Organization.
We acknowledge the remarks of an anonymous referee of an expository article based
on these talks (submitted by the second author to matematmatica contemporanea)
which improved the presentation of this chapter.

8.6 Exercises

8.1. Suppose that I and m are positive integers, I< is a field and D is a simple field
extension of K of dimension at least I + in - 1. Prove that R(<I>~t) :S R(D/I<).

8.2. Let U' :S U, V' :S V, and W be finite dimensional I<-spaces and <I> E Bil (U x
V; W). Further let <1>' be the restriction of <I> to U' x V'. Show that R(<I>'):S R(<I».

8.3. Prove Lemma (8.28).
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CHAPTER 9

Bilinear Complexity and Codes

The relation between the bilinear complexity of bilinear mappings over finite fields
and the theory of linear codes was first observed by BROCKETT and DOBKIN [5].
The general procedure is as follows: one can assign to any bilinear computation of
length r for a bilinear mapping <I> a linear code of block length r with dimension k
and minimum distance d, where k and d depend only on <I> (and not on the specific
algorithm considered). A lower bound for r is then given by the smallest number n
such that there exists an [n, k, d]-code over Fq, i.e., by a Nq[k, d] (see Section 1.5).

9.1 Bilinear Complexity and Codes

From now on we only consider bilinear mappings over finite fields. The main theo­
rem of this chapter is given by the following.

(9.1) Theorem. Let U, V, and W be finite dimensional Fq-spaces, <I> E Bit (U x
V;W) be I-concise, and 6 := min{dim<I>(a,v) I °oF a E U}. Further let <I> =
L p$ ' Up e vp ® wp, where up E U', V p E V', and wp E W for 1:::: p:::: r. Then

a .....
1': U -+ Pq

(uI(a), ... , u,(a)),

is a homomorphism and its image is an [r,dimU, d]-code over Fq where d 2': 6. Thus
R(<I» 2': Nq[dimU,6].

PROOF. I certainly is a vector space homomorphism, since the up are linear forms.
Hence the image of l' is a linear code C. Now if a E ker1', then

<I>(a, V) =L up(a) vp(V)wp =0,
p<,.'-.....--'

- =0

61



9.2. A Lower Bound for Matrix Multiplication

hence a = 0 by the assumption of the I-conciseness of <I> and thus, is injective.
The dimension of C is therefore equal to dimU. For any a E U we have

<I>(a, V) ~ L F,wp ,

p,up(a)jfO

hence we deduce that dim <I>(a, V) ~ I{p I up(a) i 0JI = wgt(,(a)), which shows
that the minimum distance d of C satisfies d 2: 8. Hence r 2: N,[k, d] 2: N,[k,8],
since N, is an increasing function of the second variable by (1.15). 0

One can also formulate other versions of this theorem where U is replaced by
V or W, and prove them in an analogous way. We leave this as an exercise to the
reader.

9.2 A Lower Bound for Matrix Multiplication

As we have already seen, R(J(nxn) 2: 2n2 - 1 by (8.36). The only n for which this
bound is known to be sharp is n = 2 (over an arbitrary field). In this section we
discuss an idea of BSHOUTY [7J to show that for J( = F 2 and n 2: 5 the bound
2n 2 - 1 is not sharp. It is based on the following simple result.

(9.2) Lemma. R(F~xn) 2: N,[n, n2 ] .

PROOF. By considering the regular representation we can embed Fq.. into F~xn:.

let Xl, ••• , X n be a basis of F,. IF,. For every a E F,. there exists A a E F~ x n such
that (axl, ... , axn) = (Xl' ... ' xn)Aa. The mapping p: F,. --+ F~xn, a --+ A a is a
ring monomorphism, and p(F:.) ~ GLn(F,).

Now let <I> be the restriction of the multiplication in F~xn to F,. x F~xn.

Clearly, R(F~xn) 2: R(<I» by Exercise 8.2. Now for any nonzero a E Fq• the
dimension of <I>(a, F~xn) = a· F~xn is n2, since a is invertible. Hence, (9.1) implies
that R(<I» 2: Nq[n, n2J. 0

Now let us assume that q = 2.
n 1 2' 2(9.3) Lemma. We have L:,:o rn 12'12: 2n + n - 2 - f2log2 n].

PROOF. Let m:= r2log2 n]. Then 2m - l < n2 ~ 2m and

n-l 2

Lr;,1
i=O

m 2

2: L ;, + (n - 1 - m)
i::;O

n2

2n 2
- 2m + (n - 1 - m)

> 2n 2 +n - 2- m

= 2n2+n-2- r2log2m1. 0

As a simple consequence we obtain
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(9.4) Corollary. We have R(F~xn) 2:: 2n 2 + n - 2 - [210g2ml. Especially,
R(F~xn) > 2n 2 - 1 for n 2:: 5.

PROOF. By the Griesmer bound (1.16), N 2[n,n2] 2:: g(n):= 2:7';0'[n2/2;1. For
n 2:: 7 we clearly have 2n 2+n-2- [210g2n] > 2n 2- 1. Further, g(5) = 51 > 2·25-1
and g(6) = 73 > 2·36 - 1, hence g(n) > 2n 2 - 1 for n 2:: 5. Now (9.2) yields the
result. 0

Combining this result with a projection technique, BSHOUTY has shown that
R(F~xn) 2:: 2~n2 + 0(n 2) for large n, see [7].

9.3 A Lower Bound for Polynomial Multiplication

We have already discussed the bilinear complexity of the polynomial multiplication
map <I>~m in Section 8.5. We saw in (8.33) that R(<I>~m) = 1+ m - 1 if K has at
least 1+ m - 2 elements. In this section we shall show how to obtain lower bonnds
for this rank if K is a small finite field, using the theory of linear codes.

For the ease of notation, let us define 'R..(n) := R(<I>~~n). (In fact, the

methods we use here may also be applied to obtain lower bounds for R(<I>~m) for•
1# m, but we confine ourselves to the case 1= m.)

Let °# f E F.[xJn. Then the kernel of the multiplication with f is obviously
trivial which shows that dim(JF.[x]n) = n. Hence, 'R..(n) 2:: N.[n, n] by (9.1).
Applying the Singleton bound N.[n, n]2:: 2n - 1 we obtain 'R..(n) 2:: 2n - 1.

(9.5) Lemma. 'R..(n) 2:: 2n - 1.

This lemma is of course also a trivial consequence of (8.31) and (8.32): We
know by (8.31) that R(F.o/F.) 2:: 2n - 1 and by (8.32) that R(F.o/F.) :5 'R..(n).

The Singleton inequality is very poor. Suppose for example that q = 2 and
n = 4. Then the Singleton inequality gives N2[4,4] 2:: 7 but the Griesmer bound
gives N2[4,4] 2:: 4 + 2 + 1 + 1 = 8. Is it possible to obtain a better lower bound
for N. [n, n] which is at least valid for large n? In other words, what is a good
asymptotic lower bound for N.[n, n]? Here we can apply the asymptotic bounds
discussed in Section 1.6 in the following way.

(9.6) Lemma. Let R. be a continuous monotonically decreasing function in the
interval [0, ,:!-rl such that R.(x) 2:: O".(x) for every x E [0, 0]' R.(O) = 1, and

R.(~) = 0. Let e be the unique solution of R.(e) = e in the interval (0, 1).

(1) .I] R.(e) > O".(e), then N.[n,n] > nle for sufficiently large n.

(2) If R.(e) = O".(e), then there exists for every € > °an no such that for every
n 2:: no we have N.[n,n] 2:: n/(e+€).
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PROOF. For each n let Cn be an [N,[n, n]' n, n]-code. Further, let fJ :=
lim sup njN,[n, n]. By the definition of n, and our assumptions we have fJ :$ n,(fJ) :$
R,(fJ). In case (1) we obtain s< R,(fJ), i.e., s < e. In case (2) we obtain fJ:$ e. 0

The following corollaries are immediate.

(9.7) Corollary (BROWN-DOBKIN [6]). For large n we have R2(n) 2: 3.52n.

PROOF. We know already that R2(n) 2: N2[n,nJ. For estimating the right hand
side from below we use (9.6)(2) with R2(x) := H2(! - Jx(1 - x)) from (1.18).
Solving R2(O = e numerically for e E (O,!) we obtain e ~ 0.283477, hence
N2[n, n] 2: njO.2835 = 3.527n for large n. 0

(9.8) Corollary. For large n we have R,(n) > (2 + '~I)n.

PROOF. We use (9.6)(1) with the curve R,(x) = 1-~x from (1.18) and obtain
R,(e) = efor e= (q - l)j(2q - 1). This gives the assertion. 0

The lower bounds for R,(n) given in the last two corollaries are linear in n.
Is it also possible to give upper bounds for R,(n) linear in n? This would in fact
have an interesting coding theoretic application which we want to discuss in the
following.

Let us call a sequence Cn of linear codes good, if it contains a subsequence
Cm such that lim6(Cm ) 'I 0 and limR(Cm ) 'I O. Suppose that R,(n) :$ en for
infinitely many n for some constant c depending possibly on F,. Then for every
such n there exits by Section 9.1 a linear [R,(n), n, n]-code. By adding eventually
zero coordinates to this code one obtains a [ren1, n, n]-code Cn. The sequence of
codes obtained so is a good sequence since lim(R(Cn ) , 6(Cn)) = (c, c) and c 'I O.
Hence an asymptotic linear upper bound for R,(n) would imply the existence of
a family of "good codes and the effective construction of algorithms realizing the
asymptotic linear upper bound would yield an effective construction of a family of
good codes.

As the bilinear complexity of polynomial multiplication and that of multi­
plication in simple extension fields are related, we may also ask whether an upper
bound for R(F q' jFq) which is linear in n also yields families of good codes. Let a be
a nonzero element in Fq•• Then aF " = Fq . , hence by (9.1) R(F,.jF,) 2: N,[n, n].
This shows that an asymptotic linear upper bound for R(F" jF,) also yields a
family of good codes.

We have already seen that geometric Goppa codes give rise to sequences of
asymptotically good codes. Is it possible to use these codes to obtain linear upper
bounds for Rq(n) or R(F,.jF,)? An answer to this question is given in the next
chapter.
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9.4 Exercises

9.1. Let U, V, and W be finite dimensional F,-spaces and ct> E Bil(U x V; W)
be concise. Let 6, := min{dim ct>(U, b) I 0 i b E V} and 62 := min{ rk (Act» I
o i A E W') (note that for A E W', Act> is a bilinear form on U x V and
it makes sense to speak of the rank of this bilinear form). Show that R(ct» 2:
max{N,[dim V,6,], N,[dim W, 62]} .

9.2. Show that N,[n,n] > 2n for n 2: 3q and hence R(F,o/F,) > 2n for n 2: 3q
(Hint: use the Griesmer bound).
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CHAPTER 10

Multiplication in finite fields

10.1 The Theorem of Chudnovsky & Chudnovsky

In this section we discuss a connection between the bilinear complexity of multi­
plication in finite extensions of finite fields and algebraic function fields over finite
fields due to D.V. Chudnovsky and G.V. Chudnovsky. Recall that for any prime
divisor p of and algebraic function field [{Ik of one variable, the canonical residue
class morphism "p: Op - [{(p) (where Op is the valuation ring corresponding to p
and J(p) the residue class field of p) is called the evaluation map corresponding to
p. In the sequel we shall, by abuse of notation, denote restrictions of "p to subspaces
of Op also by "p' Also, we set R.(n) := R(F.o/F.).

(10.1) Theorem. Let q be a prime power and n be a positive integer. Suppose that
there exists an algebraic function field J(/F. of one variable such that K contains
divisors pond D with the following properties:

o p is a prime divisor of degree n,

o L(D) C Op and the evaluation map "p: L(D) - [{(p) is surjective,

o [{IF. contains more than 2deg(D) prime divisors of degree one.

Then R.(n) s dim(2D).

PROOF. Note first that [{(p) ::e F.o, hence for the multiplication e in J(p) we
have R(,p) = R.(n). Second, by the theorem of independence of valuations [I], we
can find in the class of D a divisor D' such that ord p(D') = °and such that for all
prime divisors P of degree one of [{IF•• ord p(D') = O. Because of ord p(D') = 0,
"p is defined on L(D'). Its kernel equals L(D' - p) and hence the dimension of its
image is dim(D') - dim(D' - p) = dim(D) - dim(D - p) = n. By changing D to
D' if necessary we may thus suppose that ordp(D) = °for all prime divisors of
degree one of [{IF•.
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Let v be the restriction of the multiplication in K to L(D) x L(D). The
following diagram clearly commutes:

L(D) L(D) v L(2D)x --->

1-' 1-' 1-'
I«p) K(p) • K(p)x --->

Since by assumption I<p(L(D» = K(p), (8.25)(1) gives that R,(n) = R(q,) ::; R(v).
Let PI, ... , PN be the prime divisors of degree one of KIF,. Let 1': L(2D) ->

fI!f:1K(P;) be defined by 1'(g):= (g(PJ), ... ,9(PN)) (Compare Chapter 3). Since
N > 2D by assumption, l' is injective. Without loss of generality we may assume
that the image of l' equals fI!1=1 K(P;) where d = dim(2D). Denoting by I' the mul­
tiplication in the F,-algebra fI!1=IK(P;) (with multiplication and addition defined
component-wise), the following diagram commutes:

L(D) x L(D)
v

---> L(2D)

where I' is the multiplication in fI!1=1 K(P;) and r is the restriction of l' to L(D).
Since l' is injective.we obtain by (8.25)(2) that R(v) ::; R(I') = d, hence R,(n) =
R(q,)::; R(v) s R(I') s d. 0

10.2 An Asymptotic Linear Upper Bound

Using p-modular function fields we want to prove the following theorem:

(10.2) Theorem (CHUDNOVSKV, CHUDNOVSKV). Let P 2: 5. There exists an in­
finite sequence (n;) of integers such that Rp,(n;) ::; 3n; + o(n;).

For the proof of this theorem we first need two preliminary lemmas.

(10.3) Lemma. Let KIF, be an algebraic function field of genus 9 and p be a
prime divisor of degree n of K. Suppose that K contains a non-special divisor B o
such that deg(Bo) + deg(p) 2: 2g - 1. Then there exists a divisor D in the class of
B o + P such that the restricted evaluation map L(D) -> K(p) is surjective.
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PROOF. By the theorem of independence of valuations there exists a divisor D in
the class of Bo+p such that ordp(D) = O. Hence L(D) is contained in the valuation
ring corresponding to p and the restricted evaluation map is defined. The kernel
of this map is L(D - p) and hence the dimension of the kernel is dim(D - p) =
dim(Bo) = deg(Bo) - 9 + 1. Further, since by assumption deg(D) ::': 2g - 1, Dis
non-special and dim(D) = deg(D) - 9 + 1 =deg(Bo) + deg(p) - 9 + 1. This implies
that the image of the restricted evaluation map is n-dimensional. 0

(10.4) Lemma. Let KIF 9 be an algebraic function field of one variable and let 9
denote the genus of K.

(1) If an integer n satisfies n > logg g + 6, then K contains a prime divisor of
degree n.

(2) If an integer m satisfies m ::': g + 210gg g + 6, then K contains a non-special
divisor of degree m.

For a proof of this lemma the reader is referred to [9] or [35J. The technique
used for the proof is the manipulation of the (-function of the function field. As a
corollary we obtain:

(10.5) Corollary. Suppose that there exists an algebraic function field KjFg of
genus g, and an integer n satisfying logg 9 + 6 < n :5 9 - 210gg9 - 7. Suppose
further that the number of prime divisors of degree one of KIF. is greater than
4g - 2. Then Rg(n) :5 3g - 1.

PROOF. (lOA) implies that K contains a prime divisor p of degree n. Let
m = 2g - 1 - n. Then m::,: 9 + 210ggg + 6 by assumption, hence by (lOA) KjFg

contains a non-special divisor of degree m. Thus (10.3) implies that I<IF 9 contains
a divisor D of degree 2g - 1 such that the restricted evaluation map L(D) ... K(p)
is surjective. Further, KIF 9 contains more than 4g - 2 = 2 deg(D) prime divisors
of degree one. By (10.1) We have Rg(n) :5 dim(2D) = 4g - 1 - g + 1 = 3g - 1. 0

Proof (of (10.2)). For a prime I different from p let I<, := Kg(1). We
denote by g, the genus of K, (see (5.11) for explicit formulas). Discarding small
values of I if necessary, the integer n, := g, - r210gg gil - 7 satisfies logg g, +6 < n,.
Further, by (7.6) the number N, of prime divisors of degree one of K, over Fp '

satisfies
N, ::': g, (P - 1) ::': 4g1 > 4g, - 2,

since p::,: 5. Hence, by (10.5),

Rp,(n,) :5 3g,-1

= 3n, + 3[log, gil + 20

= 3n, + o(n,).
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This proves the theorem. D.
We see that the sequence of codes derived from the above algorithms gives

rise to the point (!,!) E Ep" (See Section 9.3.)

10.3 Further Results

Besides the asymptotic result stated in the last section there exist results concerning
the exact value Rq(n) for different q and n satisfying h+1 < n. They can be derived
by applying (10.1) to different function fields.

For q a prime power, let e(q) be defined by

()
._ { max{t It::; 2,fi,(t,q) = I},

e st > 2,fi
if q is not a perfect square,
if q is a perfect square.

Then the following theorem holds [36]

(10.6) Theorem. For tq + 1 < n < t(q + 1 + e(q)) we have Rq(n) = 2n.

There exist also other ranges for q where the exact value of Rq(n) is (almost
known) [37]. We just mention one of the results.

(10.7) Theorem. Let p be a prime number such that (16p2 - 12p + 1)/5 is not a
square. Then Rp,(n) E {2n, 2n + I} if t p2 + 1 < n < t(p2 + 4p - 4).

Also the complexity of the generation of these bilinear algorithms has been
the subject of investigation. We refer the interested reader to [38, 39].
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CHAPTER 11

Answers to all Exercises

Chapter 1

1.1. Denote by HI, ... , Hn the columns of H. A word e = [cj , ... ,en) E F~ belongs
to C if and only if eH = O. But

cH = c1H1 + ... + cnHn = L CiHj.
i

c,iI=O

Hence, if every I columns of H are linearly idependent, eH '" 0 for every nonzero
e E F~ of weight less or equal to I and this shows that the minimum distance d of
C satisfies d ~ I + 1.

1.2. Let C be an [n, k, d)-code over Fq and H E Fln-kjxn be a parity-check matrix
for C. The rank of H is n - k, hence every n - k + 1 columns of H are linearly
dependent. There exist thus nonzero el," .,en-k+1 E Fq such that elHI + ... +
en_k+IHn_.+1 = O. Setting e = (el," .,en_'+I,O, ... ,0) we obtain thus eH = 0,
i.e., e E C, i.e., d S n - k + 1.

1.3. We have triviallyd(x,x) = 0 and d(x,y) = d(y, x) for allx,y E Fq•• It remains
to prove the triangle inequality, i.e., for arbitrary x, y, z E Fq• we have to prove
that d(x, y) S d(x, z) + d(z, V). It suffices to show this for x, y, z E Fq (why?) and
this is trivial.

1.4. Let e E C be transmitted and u with d(u, c) S e be received. We have to show
that e is the unique codeword in C having the least distance to u: suppose that
there exists another codeword c' different from e such that d(c', u) S e. Then by
the triangle inequality we have d S d(c, e') S d(u, c) + d(u, e') S 2e < d which is a
contradiction.
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1.5. This is a trivial consequence of d(x, y) = d(x - y,O) where 0 denotes the
zero-word.

1.6. A trivial computation shows that the minimum distance of Cis 3. Hence Cis
capable of correcting one error by Exercise 1.4.

1.7. The condition implies that the degrees of 91 and 92 are not equal. Hence the
dimensions of the ideals generated by 91 and 92 are also not equal.

1.8. Since (n, q) = 1, we have x" - 1 = TI~;I h,(x) where hi(x) are different
irreducible polynomials over Fq. The number of different cyclic codes of length n
over Fq is equal to the number of different monic divisors of x" - lover F q by the
previous exercise. Hence there exist 2' cyclic codes of length n over F s:

Now note that over F 2 we have

x· - 1 = (x + 1)(x 2+ X + 1)(x 6 + X
S + 1).

Hence there exist 8 inequivalent cyclic codes of length 9 over F 2 •

1.9. By (1.10) the minimum distance d of C satisfies d;::: 1+ 1. On the other side,
the dimension of C equals n - I, hence d ;::: n - k + 1. The Singleton Inequality
implies d :0; n - k + 1, hence, d = n - k + 1. This shows that for this code the
Singleton Inequality is sharp.

Chapter 2

2.1. Let v be a valuation on Fq and 0 of a E F q • Then v(a)q-l = v(aq- I ) = v(l) =
1, hence veal = 1.

2.2. Let v(O) = r. Then for all b E K we have r =v(O) = v(O· b) = rV(b), hence
r = O. Further we have v(l) = v(l . I) = v(l)', hence either v(l) = 0 (which is
impossible, since for all b E K we have v(b) =v(l . b) =v(l)v(b)), or v(l) = 1. To
see that v(-l) =1, note that 1 =v(l) =v((-l)(-l)) =v(_1)2.

2.3. Assume that veal < v(b) and suppose that v(a + b) < v(b). Then v(b) =
v(a + b - a) :0; max{v(a + b), v(a)} < v(b), which is a contradiction.

2.4. We only show this for multiplicative valuations, the case of additive valuations
being similar. Let v and v' be multiplicative valuations on K. Suppose that v and
v' are equivalent. By symmetry, it is sufficient to show that 0, S;; 0". Let x EO•.
Then vex) :0; 1. If vex) < 1, then v'(x) < 1 by the equivalence and hence x EO".
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If v(x) = 1, then by Exercise 2.3, we have v(x - 1) < 1, hence v'(x - 1) < 1, hence
x-I E OUtl i.e., z E Ou/

2.5. It is easily checked that M. is an ideal of 0.: for x, Y E M. we have
v(x + y) S max]v(x), v(y)} < 1, hence M. is additively closed. Further, for rEO.
and x E M. we have v(rx) = v(r)v(x) < 1, hence rx EM u- Now note that
M. = O. \ O~, since O~ = (r E O. Iv(r) = I}. This yields the assertion.

2.6. This is a standard exercise in algebra: If x + M is a nonzero element in R/M,
then x E R \ M and the ideal Rx + M generated by x and M contains M properly,
hence equals R since M is maximal. Thus there exist r E R, m E M such that
1 = rx + m. This shows that rx + M = 1 + M, that is r + M is the multiplicative
inverse of x + Min R/M.

2.7. If h(x) = g(x)/I(x) = g'(x)/I'(x), then g(x)g'(x) = l(x)l'(x), hence deg(g)+
deg(g') = deg(f)+ deg(f'), i.e., deg(f) _ deg(g) = deg(f') ~ deg(g'). Thus ord oo is
well-defined. To see that it is an additive valuation it suffices to note that deg(fg) =
deg(f) + deg(g) and deg(f + g) S max]deg(f) , deg(g)}.

2.8. It is easily seen that

{ / (x) I }0 00 := g(x) g(x),/(x) E k[x],g(x) of O,deg(f) S deg(g) ,

and

{ / (x) I }M oo := g(x) E 0 00 deg(f) < deg(g) ,

are the valuation ring, resp. the maximal ideal corresponding to ord oo in k(x). We
show that for every h E 0 00 there exists a E k such that h - a E Moo. Let
h = I/g E 0 00 , If 1 and g are not of the same degree, then s e Moo and we may
take" = 0. Otherwise, let m be the common degree of 1 and g and let" be the
quotient of the highest coefficients of 1 and g. It is easily seen that h - '" E Moo.

2.9. We have to show that for all °of h E k(x) we have L p ordp(h) deg(p) = 0,
where p runs over all irreducible polynomials in k[x] and 00 and deg(oo) = 1 by
the previous exercise. Let h := TI~=lpfi, where Pi are irreducible polynomials
and e; are integers. Then L pordp(h) deg(p) = L~=l ordp;(h) deg(p,) + ordoo(p) =
L~=l e;+ordoo(h). Now note that ordoo(h) = - L~=l e;, which yields the assertion.

2.10. Prinicipal divisors are of degree zero by the product formula, hence we have
to show that in the case of a rationalfunction field k(x) any divisor of degree zero is
principal. Let A = L p ap(p)+aoo(oo) where p runs over the irreducible polynomials
of k[x]. Let h := ITp pa,. Then it is easily seen that the divisor of h equals A.
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Chapter 3

3.1. By (3.2) the dimension k of the code equals k = deg(G) + 1 and its minimum
distance d satisfies d ~ n - deg( G) = n - k + 1. On the other side, the Singleton
Inequality implies that d S n - k + 1, hence d = n - k + 1= n - deg(G).

Chapter 5

5.1. Let us see whether there exists A = C:~) E SL2(Z) such that Ai = 2i. We
obtain ~:+~ = 2i, which yields (b+ 2c) + i(a - 2d) = O. Noting that ad - be = 1 we
obtain 2d2+ 2c2 = 1 which is impossible.

5.2. It is easy to see that the sequence (ni) does not converge in SL2(Z)\H and has
not any converget subsequences.

5.3. It is shown in (5.7) that a parabolic element a E SL2(Z) has a unique fixed
point R U {oo}. To show the converse, let a = C;~) E SL2(Z) and z E C U {(X)}
be a fixed point of a. If z = 00, then c = 0 and 1 = det a = ad. This shows that
a = d = ±1, and a = C:l:), i.e., a is parabolic. Otherwise cz 2 + (d - a)z - b = 0;
a has a unique fixed point in R U {(X)} if and only if (d - a)2 + 4bc = 0 which is
equivalent to 0 = (a + d)2 - (4ad- 4bc) = tr(a)2 - 4det(a).

Chapter 8

8.1. Let D = K[x]/(p(x)) where p is an irreducible polynomial over J(. Consider
the followiug commutative diagram

4>"m
K[x], K[x]m K K[xh+m-lX -

1-' 1-m 1"'I+m-I

D D " Dx -
where 1<: K[x]-> D is reduction modulo p(x), Kk is the restriction of K to K[X]k, and
"is the multiplication in D. By the assumptions KI+m-l is injective, hence (8.25)(2)
implies the assertion.
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Chapter 11. Answers to all Exercises

8.2. Consider the following commutative diagram

U' x V' <1"- W'

1idUl 1id Vi 1idWI

U x V W

where W' = (4)I(U ', V')). Since idwI is injective, we have R(4)') :5 R(4)).

8.3. It is easy to see that 4>' is well-defined and concise. Consider the following
commutative diagram

U

U/U'

x

x

V

VjV'

.s, W'

1id 1'"

W'

where 1'0:1 and K:2 are the canonical homomorphisms. Since Kl and K2 are surjective,
we have R(4)'):5 R(4)) and since id w' is (in particular) injective, we have R(4)) :5
R(4)') (by Lemma (8.25)).

Chapter 9

9.1. Let 4> = L~=I Ui @ Vi @ Wi where Ui E U', Vi E V' and Wi E W. Analogously
to the proof of (9.1) we define linear mappings ')'1 and ')'2 by

')',: V - P,
b ..... (VI (b), ... , v,(b)),

and
')'2: W' - P,

A ..... (A(wd, ... , A(W,)).

The images of ')'1 and ')'2 are linear codes over F, which we denote by C I and C2•

Let us compute the kernel of ')'i: let b E ker ')'1. Then

4>(U, b) = I>-eU)vp(b)wp = 0,
p<,. '-..--'

- =0

which shows that b = 0 since 4> is assumed to be concise (here 2-conciseness of 4>
would also sullice). Anlogously, if A E kef')'2, we obtain A4>(U, V) = 0 which shows
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that A= 0, since ~ is concise (3-conciseness would suffice). Hence dim C, = dim V,
and dim C2 = dim W. Now for any b E V we have

~(U,b)~ L F,wp ,

p,op(');o'o

hence we deduce that dim <p(U, b) :::; I{p I vp(b) of O}I = wgt('l'1(b)), which shows
that the minimum distance dl of C I satisfies d l 2': 61 . Analogously, for AE W' we
have

A~ = L up 0 vp,

p,~(wp);o'o

which shows that rkA~:::; I{p I A(Wp ) of O}I = wgt('Y2(A)). This implies that the
minimum distance d2 of C2 satisfies d2 2': 62.

9.2. Let m := pog, n1. Then we have

m

> L ~ +(n-m-1)
;;;;;0 q

qm+J _ 1 1
= n +n-m-1

q-1 qm

1 - l/qm
= 2n+n - m-1

q-1
n-1> 2n+-- -m-1
q -1 '

the last inequality being a cosequence of qm 2': n.
Now consider the function f( x) = ;::: -log, x -1. By studying the derivative

f'(x) = l/(q - 1) - l/x Inq, we see that f(x) is monotonically increasing for x 2': q.
Since n 2': 3q is assumed, this shows that

> 2n + 3q - 1 _ [log 3q1- 1
q -1 '

2
= 2n + 1 + q _ 1 - rlog, 31

> 2n.
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