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Reaction kinetics in the system Y2O3/Al2O3 – A solid state reaction forming 
multiple product phases investigated by using thin film techniques 

Carsten Korte a,*, Bernhard Franz b 

a Institut für Energie und Klimaforschung (IEK-14: Elektrochemische Verfahrenstechnik), Forschungszentrum Jülich, 52425 Jülich, Germany 
b Physikalisch-Chemisches Institut, Justus-Liebig Universiät Gießen, Heinrich-Buff-Ring 58, 35392 Gießen, Germany   

A R T I C L E  I N F O   

Keywords: 
Heterogeneous solid state reactions 
Al2O3–Y2O3 multiple product phases 
YAG–YAP–YAM 
Coupled growth kinetics 
Parabolic rate constants 

A B S T R A C T   

The kinetics of the heterogeneous solid state reaction between Al2O3 and Y2O3 is investigated by using thin film 
techniques. Y2O3 films are grown by means of pulsed laser deposition (PLD) on single crystalline alumina sub
strates with a (0001) orientation. The solid state reactions are performed at a temperature of 1400 ◦C (1673 K). 
The cross sections of the reacted samples were investigated by means of SEM and XRD and exhibit a sequence of 
three product layers, Y3Al5O12 (YAG), YAlO3 (YAP) and Y4Al2O9 (YAM). The simultaneous growth of the product 
layers is controlled by a diffusional kinetics and the thickness increases are coupled to each other. According to 
Wagner and Schmalzried, one has to distinguish between rate constants of the first kind (“practical” Tammann 
constant), in the case of simultanous and coupled growth of multiple product phases, and rate constants of the 
second kind (“true” Tammann constant), in the case of the uncoupled and only growth of one product phase in 
equilibrium with the adjacent phases. The growth kinetics for a solid reaction forming three product phases 
(layer) is analysed in detail using linear transport theory. For the formation of YAG, YAP and YAM the rate 
constants of the second kind are determined from the experimental data and those of the first kind are calculated 
and compared to the available literature data. Based on these considerations, a detailed overview about the phase 
formation kinetics in the temperature range of 1200–1400 ◦C can be given for the first time. The (Nernst-Planck 
coupled) cation conductivities are calculated.   

1. Introduction 

Solid state reactions play an important role in high temperature 
corrosion processes. The formation of a degradation layer covering a 
device, due to the reaction with ambient air or the formation of an 
interphase layer between two solid components, can be treated as a 
diffusion-controlled heterogeneous reaction. The synthesis of functional 
ceramics by sintering of powderous educts is also controlled by analogue 
processes at the contact points of the adjoined particles. 

Considering oxide materials, the prerequisite for a diffusion- 
controlled heterogeneous solid state reaction is the mobility of cations 
and/or oxide anions. If only one ternary compound exists in the quasi- 
binary phase field of two binary starting oxides, the reaction product 
is formed as a single continous layer between the starting materials. The 
growth kinetics of the diffusion-controlled product layer formation 
depend on the thickness of the product layer. It can be fully charac
terised by a single parabolic (Tammann) rate constant and its activation 
energy. [1,2] 

If more than one ternary compound exists in the phase field of the 
two binary oxides, the diffusion-controlled sequence of reactions is 
much more complex. A sequence of more than one product layer can in 
principial be formed. The growth kinetics of a distinct product layer are 
coupled to those of the adjacent layers. According to Wagner and 
Schmalzried, it is necessary to distinguish between rate constants of the 
first kind (“practical” rate constants) when the sequence of product 
layers is simultaneously formed in a reaction and rate constants of the 
second kind (“true” rate constants) when considering the insulated and 
uncoupled growth of a single product layer. [1–3] 

Many oxide materials of technological importance, such as garnets or 
perovskites are formed as a product in a multi-product solid state re
action. In the case of a (kinetically-formed) sequence of (intermediate) 
products, the finally obtained product(s) depend in a delicate way on the 
reaction time and on the stoichoimetry of the starting materials. [4] To 
apply new preparation methods, but also to understand degradation 
processes in thin film systems, it is important to know the reaction ki
netics of these product formation sequences. 
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In the case of the Al2O3–Y2O3 system, many experimental studies 
have been performed to elucidate the product phase formation as a 
function of temperature and the molar ratio of the starting oxides. [4–8] 
The product phases Y3Al5O12 (YAG) and YAlO3 (YAP) are used as host 
material for rare-earth metal cations for applications as phoshors, 
luminophors or solid-state laser materials. Ca-doped YAP is discussed as 
an electrolyte for solid oxide fule cells (SOFC). [9] In theses studies the 
reaction between powdery educts is investigated using diffraction 
methods, kinetic data in the sense of parabolic rate constants is not 
available. Experimental studies on such multinary reaction sequences 
performed on geometrically-defined thin film samples is fairly sparse. 
[10–12] The latter is a prerequisite for conducting precise measure
ments to obtain these data. Thus, in this study we focus on thin film 
experiments on the Al2O3–Y2O3 system and a detailed formal analysis. 

2. Formal considerations 

2.1. Heterogeneous solid state reactions with multiple product phases 

If several ternary compounds exist in the quasi-binary phase field of 
two binary oxides, they can principially be formed as products in a 
(diffusion-limited) heterogeneous solid state reaction. The product 
phases will appear in a sequence of layers embedded between the the 
starting oxides, controlled by the activity gradients of the reactants 
[1–3]. As a model for a heterogeneus solid state reaction forming mul
tiple product phases the reaction between two trivalent oxides A2O3 and 
B2O3, forming a 3:5 product A3B5O12, a 1:1 product ABO3 and a 2:1 
product A4B2O9 is treated exemplarily. This is a typical sequence that 
can be observed for the reaction of Al2O3 and rare earth sesquioxides 
RE2O3: 

Al2O3 – Y2O3 [4,6–8,10], see also Fig. 2. 
→ Y3Al5O12 (YAG), YAlO3 (YAP), Y4Al2O9 (YAM) 
Al2O3 – Gd2O3 [4,13,14] 
→ GdAlO3 (GAP), Gd4Al2O9 (GAM) 
Al2O3 – Yb2O3 [4] 
→ Yb3Al5O12 (YbAG), Yb4Al2O9 (YbAM) 
For the further treatment, the two trivalent oxides will be denoted by 

A2O3 and B2O3. A3+ and B3+ are general trivalent cations. In the case of 
the rare earth sesquioxides RE2O3, the 3:5 product A3B5O12 usually has a 
cubic garnet structure, the 1:1 product ABO3 has a (orthorhombic dis
torted) perovskite structure and the 2:1 product A4B2O9 a monoclinic 
cuspidine structure. For the sake of brevity, all quantities that are related 
to one of the product phases A4B2O9, ABO3 or A3B5O12 will be marked 
with a capital letter according to their structure (M: monoclinic phase, P: 
perovskite and G: garnet). If all three products are formed from the 
starting oxides A2O3 and B2O3, the following reactions will take place in 
the layer sequence between the neighbouring phases: 

M : A2O3 + 2ABO3 = A4B2O9 (1)  

P : A4B2O9 +A3B5O12 = 7ABO3 (2)  

G : 3ABO3 +B2O3 = A3B5O12 (3) 

In the following, we will assume a simple planar geometry between 
the starting oxides and product layers, as depicted in Fig. 1. The cations 
A2+ and B3+ have a sufficent mobility in the product phases. Fluxes of 
O2− anions and of electronic charge carriers are neglected in the further 
treatment for the sake of simplicity (see also Appendix A). There is no 
access of oxygen from the surrounding atmosphere to the phase 
boundaries B2O3/G, G/P, P/M and M/A2O3. The total reactions in Eq. 
(1), (2) and (3) can be diveded up in partial reactions for each phase 
boundary: 

M
/

A2O3 : A4B2O9 + 2A3+ = 3A2O3 + 2B3+ (4)  

P
/

M : 3ABO3 +A3+ = A4B2O9 +B3+ (5)  

G
/

P : A3B5O12 +A3+ = 4ABO3 +B3+ (6)  

B2O3
/

G : 4B2O3 + 3A3+ = A3B5O12 + 3B3+ (7) 

Eq. (4) to (7) are written in a form that the progressing reaction will 
move the phase boundaries in Fig. (1) to the left. In the case of the re
action system Al2O3 – Y2O3 (A = Al and B = Y), as depicted in Fig. 2, the 
partial reactions in Eq. (4) to (7) are indicated in the quasi-binary phase 
diagram with the equation numbers (in parentheses). We assume that no 
redox reactions will take place at the phase boundaries, which could 
lead to the formation of pores or to the precipitation of metal. 

2.2. Description by linear transport theory 

The fluxes of the cations in the product layers are coupled due to the 
condition of electroneutrality. With regard to the stoichiometry of the 
boundary reaction driving the reaction fronts, the simultanous and 
coupled formation of the product layers can be described in terms of 
linear transport theory. The general description is given by Wagner and 
Schmalzried. [1–3] A solid state reaction forming two product phases is 
treated by Borchard et al. [17] The treatment for a solid state reaction 
forming three product phases as described in Eq. (4) to (7) is provided in 

Fig. 1. Simultaneous and coupled growth of the three product phases (layers) 

from the two starting oxides (sesquioxides). The cation fluxes j
→

A3+ and j
→

B3+ in 
the layer sequence are indicated by arrows. The initial interface between the 
starting oxides is marked with a dashed line at x = 0. 

Fig. 2. Phase diagram of the (pseudo-) binary system Al2O3 – Y2O3 accor
ding”Phase Diagrams for Ceramists“, American Ceramic Society. [15,16] The 
numbers in brackets correspond to the reactions given in Eq. (4) to (7). 

C. Korte and B. Franz                                                                                                                                                                                                                         



Solid State Ionics 368 (2021) 115699

3

Appendix A. 
Assuming the independent growth of the product layers, e.g. when 

providing A4B2O9 and A3B5O12 as starting materials to grow the ABO3 
phase, the “true” uncoupled growth kinetics can be measured. Using 
these “true” parabolic rate constants kTam, G, kTam, P and kTam, G for the 
uncoupled growth of the product layers and the stoichiometric factors of 
the interface reactions in Eq. (1) to (6), a non-linear system of ordinary 
differential equations (ODE) with constant coefficients can be derived, 
describing the simultanous and coupled growth of all product layers: 
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Hereby, ΔxM, ΔxP and ΔxG denote the product layer thicknesses and 
Vm

M, Vm
P and Vm

G the molar volumes. 
The chemical potentials of the starting oxides A2O3 und B2O3 in each 

growing product layer are fixed at the interfaces by the chemical equi
libria with the neighbouring product phases, see Eq. (1) to (3). Thus, 
simple parabolic rate laws d(Δxi)/dt = ki

′/Δxi (i = M, P and G) should 
also be valid for the growth of each product layer in the case of simul
taneous and coupled growth, as expected for a diffusion-limited process. 
[1,17] When introducing “practical” parabolic rate constants kTam, M

′, 
kTam,P

′ und kTam, G
′ for a solid state reaction forming multiple product 

phases, it yields parabolic growth laws for each product layer: 

ΔxM =
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√

(13) 

The approach in Eq. (11) to (13) is a general analytical solution for 
the system of differential equations in Eq. (8) to (10). The values of the 
“practical” parabolic rate constants are always smaller compared to the 
“true” parabolic rate constants of the independent and uncoupled for
mation of a single product layer. In the case of the simultanous and 
coupled growth of multiple product layers, a distinct product layer is at 
the same time the starting material for the neighbouring layers. 

Using the approach in Eq. (11) to (13) to solve the system of differ
ential equations in Eq. (8) to (10), the following relations can be derived 
between the “true” and “practical” parabolic rate constants: 
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The ratio of the product layer thicknesses ΔxM, ΔxP and ΔxG during 
the growth process can be derived from Eq. (11) to (13). It depends only 
on the “practical” parabolic rate constants: 

ΔxM : ΔxP : ΔxG =
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3. Experimental 

3.1. Preparation of the thin film samples 

The solid-state reaction between Al2O3 and Y2O3 has been selected as 
a model system that kinetically forms a sequence of three product 
phases. The reaction products are Y3Al5O12 (YAG), YAlO3 (YAP) and 
Y4Al2O9 (YAM), see Fig. 2. [4,6,15] 

The setup for all experiments was prepared using thin-film technol
ogy. Epi-polished Al2O3 single-crystal wafers with the orientation 
(0001) were used (CrysTec GmbH/Berlin, 10 × 10 × 0.5 mm). The Al2O3 
substrates were coated with a Y2O3 layer using pulsed laser deposition 
(PLD). The Y2O3 targets were prepared by uniaxial cold pressing of Y2O3 
powder (99.999%, Chempur/Karlsruhe) with a pressure of 60 MPa and 
subsequent sintering for 48 h at 1500 ◦C (1773 K) in air. The substrate 
temperature during the deposition was adjusted to 700–900 ◦C. Oxygen 
was used as a background gas in order to avoid a non-stoichiometry of 
the thin film oxide. The pressure was adjusted to 9 Pa (9 ⋅ 10− 2 mbar). A 
growth rate of 1–2 μm h− 1 could be reached at a repetition rate of 10 Hz 
and pulse energy of 200–250 mJ (fluence in focus 20–25 J cm− 2). Y2O3 
layers with a thickness of 6–10 μm were prepared. 

Depending on the results from the XRD characterisation the Y2O3- 
coated Al2O3 substrates were post-treated in air at 800–1000 ◦C for 24 h 
in order to increase the crystallinity. The substrates were then sawn into 
samples of about 4 × 2 × 0.5 mm in size. 

3.2. Solid state reaction 

The samples were placed in a sample holder, made of a Al2O3 oxide 
ceramic tube and covered with a platinum foil to prevent the sample 
surface from possible dust particles in the furnace, see Fig. 3. Initially, 
preliminary experiments were carried out at different temperatures and 
a fixed reaction time of 30 min. in order to identify a suitable reaction 
temperature for the subsequent time-dependent experiments. According 
to the results, a fixed temperature of 1400 ◦C was chosen. The samples 
were brought to the desired reaction temperature in about 60 min. 
(20 ◦C/min. until 1000 ◦C and 30 ◦C/min. from 1000 to 1400 ◦C) by 
moving the sample holder into a tubular oven at the reaction tempera
ture and cooled down to room temperature by moving out. During the 
heating and cooling process the total time the samples reside in the 
temperature range between 1250 and 1400 ◦C is less than 20 min. In this 
temperature interval the practical parabolic rate constants will drop by 
two orders of magnitude according to the results by Heffelfinger et al. 
(see discussion). [10] Thus the resulting experimental errors may be 
neglectable. For the time-dependent experiments, time periods of be
tween 1.5 and 72 h were choosen. 

Fig. 3. Sketch of the experimental setup (not true to scale). The height of the 
Al2O3/Y2O3 sample is oversized. The Pt foil was used as protection against 
possible dust partices in the furnace and was not in contact with the sample. 
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3.3. Microstructural characterisation by XRD and SEM 

The crystallinity, texture and orientation relationships of the crys
tallites in the unreacted and reacted samples were characterised by 
means of X-ray diffractometry (Siemens D500, Cu-Kα, Graphite dif
fracted beam monochromator, Bragg-Brentano geometry). 

The morphological development and the microscopic structure of the 
phase boundaries were characterised by using scanning electron mi
croscopy (SEM, LEO Gemini 982). Cross sections of the reacted samples 
were prepared by means of mechanical polishing. The final polishing 
step was carried out using colloidal silicon oxide (0.01 μm). The SEM 
images were taken in backscattered electron mode (BSE) at 10 kV ac
celeration voltage in order to achieve an optimal contrast between the 
individual phases Al2O3, YAG, YAP, YAM and Y2O3. 

4. Results 

4.1. Structural chracterisation of the Y2O3 thin film 

Y2O3 can be grown on Al2O3 substrates by PLD as a dense and con
tinous thin film up to a thickness of 10 μm. Using SEM no voids could be 
detected in the Y2O3 phase, see Fig. 4. 

The as-deposited thin films have poor crystallinity. According to the 
results from the XRD characterisations, an FWHM of ~0.8◦ can be found. 
After the thermal treatment at 800–1000 ◦C, the FMWH was reduced to 
~0.5◦, see Fig. 5. 

In addition to the very strong (0001) peak of the Al2O3 substrate, 
essentially only the (222) and (440) peak of Y2O3 exhibit an increased 
intensity compared to a (untextured) powder sample. At very low film 
thicknesses only the (222) peak can be detected. The intensity of the 
(222) peak decreases with increasing film thickness and the intensity of 
the (440) peak is increasing, finally exceeding the (222) peak. In an 
untextured powder sample, the (222) peak has a higher intensity than 
the (440) peak. Thus, the crystallites of a Y2O3 thin film growing on a 
(0001) Al2O3 surface initially have a (111) orientation. With increasing 
film thickness the subsequently formed crystallites prefer the (110) 
orientation. 

4.2. Morphology of the product layers 

In order to analyse the moving phase boundaries, the cross sections 
of the samples are characterised by SEM. This showed that the interfaces 
between Y2O3 and the YAM product layer, respectively between the 
Al2O3 substrate and the YAG product layer were comperatively flat, see 
Fig. 6. The observed wavyness, respectively the triangular-like features 
in the interface were usually connected to grain boundaries in the 
adjacent phases that were partially visible in BSE imaging mode due to 
the channeling contrast. 

In the case of the YAP phase, a uniform layer thickness was only 
present at very short reaction times. When the reaction proceeds, sig
nificant thickness variations appear, as shown Fig. 7. After 24 h, the size 
of the YAP crystallites varies in the range of 200 nm and 1.2 μm 
perpendicular to the moving interfaces. After 72 h, thickness variations 
of between 0.18 μm and 1.47 μm can be measured. Within the investi
gated reaction time, up to 72 h and as long as unreacted Y2O3 is avail
able, the YAP phase is always the thinnest product layer. 

Fig. 4. Cross section of an unreacted Y2O3 thin film on a (0001) Al2O3 sub
strate. The images was taken in the BSE mode at an acceleration voltage of 10 
kV. As Y2O3 has the highest average atomic mass, it appears as a bright belt on 
the Al2O3 substrate. 

Fig. 5. Diffractogram of a Y2O3 thin film on a (0001) Al2O3 substrate with a 
thickness of 5.5 μm as deposited by PLD and after a heat-treatment in air at 
1000 ◦C for 4 h and 24 h. 

Fig. 6. SEM microslide (cross section) taken in the BSE mode of a sample after a 
reaction time of 15 h. The grain boundary structure in the Y2O3, YAG, YAP and 
YAM layers is partially visible due to the channeling contrast. The reaction 
temperature T was adjusted to 1400 ◦C. An acceleration voltage of 10 kV 
was used. 
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A formation of pores could be observed in the Y2O3/YAM interface 
within the investigated reaction time. To a smaller extend, this is also 
noticable for the YAM/YAP interface. Furthermore, some samples show 
a noticable accumulation of pores in the remaining Y2O3 thin film, ar
ranged in a line parallel to the Y2O3/YAM interface. The distance from 
the interface depends on reaction time and initial Y2O3 film thickness. 

4.3. Growth kinetics 

The average product layer thicknesses Δxi (i = M, P and G) were 
evaluated from the SEM microslides by using the software ImageJ. [18] 
The errors were estimated acoording to the observed variations when 
performing the image analysis at different locations, respectively to the 
observed thickness variations. In Fig. 8, the average product layer 
thicknesses Δxi (i = M, P and G) are plotted vs. the reaction time Δt with 
a double logarithmic scaling. 

5. Discussion 

5.1. Orientation of the deposited Y2O3 layers 

Y2O3 has a cubic bixbyite structure (Ia3) and the Al2O3 substrate a 
trigonal corundum structure (R3c). The (111) lattice planes of the Y2O3 
thin film and the (0001) lattice planes of the Al2O3 substrate feature a 
trifold symmetry axis. This match may explain the preferential nucle
ation and growth of Y2O3 crystallites in (111) orientation on a (0001) 
Al2O3 substrate. This preferential orientation on (0001) Al2O3 substrates 
has been frequently reported in the literature. Using PLD as a deposition 
technique, this was observed for thin Y2O3 film (100 nm) by Heffelfinger 
et al., Johnson et al. and in own studies on Y2O3/YSZ multilayers. 
[10,11,19,20] When using spin-coating, it was also found by Arakawa 
et al. after a heat-treatment of the (gel-like) precursor film at 1000 ◦C. 
[12] 

With increasing film thickness crystallites with other orientations 
will also nucleate. The XRD results suggest, that the Y2O3 crystallites 
with a (110) orientation grow faster than the others and ultimately 
dominate the texture in the case of thick films. This may explain the 
change in the preferential orientation observed by XRD. 

5.2. Morphology of the product layers 

As the observed wavyness of the Y2O3/YAM and Al2O3/YAG inter
face, respectively the triangular-like features are usually connected to 
grain boundaries in the adjacent phases, these features are most likely 
caused by the enhanced mass transport along these boundaries and by a 
preferential nucleation at the end of the boundaries, see Fig. 6. [21] This 
is often observed for heterogeneous solid state reactions. [19,22–25] 

Compared to the other product layers, the YAP layer exhibits the 
strongest thickness variations, especially at long reaction times (>20 h). 
Its nucleation and growth depends on the growth and the grain 
boundary structure of both, the YAM and YAG product layers, as it is 
embedded between them. Thus, it may be caused by an increased variety 
of crystallite orientations in the YAM and YAG product layer compared 
to the single crystalline substrate or the initial Y3O3 thin film (see 
above), resulting in locally (more) different conditions for the growth of 
the YAP layer. When considering the weak contrasts due to channeling 

Fig. 7. SEM microslides (cross sections) taken in the BSE mode of different samples after a reaction time of 1.5 h, 5 h, 7 h, 16 h, 24 h, 40 h 46 h and 72 h. The reaction 
temperature T was adjusted to 1400 ◦C. An acceleration voltage of 10 kV was used. 

Fig. 8. Thickness Δxi (i = M, P and G) of the product layers YAG, YAP and YAM 
measured by image analysis of the SEM microslides vs. the reaction time Δt. The 
reaction temperature T was adjusted to 1400 ◦C. The dashed lines are obtained 
by non-linear fitting of the tamman growth laws according Eq. (11) to (13). 
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contrast in Figs. 6 and 7, there is (mainly) columnar grain growth in the 
YAG and YAM phases. 

The observed pore formation in the interface between the Y2O3 and 
YAM phase, respectively in the bulk of the Y2O3 phase is most probably 
due to the presence of electronic conductivity at the high reaction 
temperature. As reported by Schmalzried and Pfeiffer, a running solid 
state reaction will cause a build-up of an oxygen partial pressure 
gradient in the presence of electronic conductivity, resulting in the 
formation of voids at grain and phase boundaries. [26] 

5.3. Growth kinetics, “practical” parabolic rate constants 

The data for the thickness increases of all three product layers can be 
sufficiently fitted by using the parabolic growth laws, see the dashed 
lines in Fig. 8. In the double logarithmic plot, diffusion-limited growth 
according Eq. (11) to (13) would correspond to straight lines with a 
slope of 1/2. In the case of the YAM product phase, slight systematical 
derivations towards higher values are visible at low layer thicknesses 
and in the case of the YAP product phase, towards lower values. A de
viation in the low layer thicknesses may be caused by a change in the 
rate determining process from diffusion-limitation to an interface 
(transfer-) limitation. [22,23,27] In a double logarithmic plot the latter 
would correspond to a slope of 1. A decisive explanation is difficult, as 
the scattering of the data due to the uneven interfaces is in the same 
order, especially in the case of the YAP layer. It is only partially repre
sented by the error bars. The uneven interfaces are primarily caused by a 
preferred nucleation of the product phases at the grain bondaries in the 
adjacent phases, as well as an enhanced grow in the vicinity of the in
terfaces, as they usually act as fast diffusion paths. 

Despite the scattering of the data, especially for very thin layers, the 
expected diffusion-limitated growth kinetics (parabolic rate law) can be 
demonstrated. The following values for the “practical” parabolic rate 
constants of the reaction between Y2O3 and Al2O3 at 1400 are obtained 
by fitting with Eq. (11) to (13): 

k’
mM = (1.15 ± 0.07)⋅10− 13 cm2s− 1

k’
P = (1.32 ± 0.18)⋅10− 14 cm2s− 1

k’
G = (4.51 ± 0.32)⋅10− 13 cm2s− 1 

The highest value for the “practical” parabolic rate constant can be 
found in the YAG phase. The kinetics of the YAP phase formation is 
about one order of magnitude slower compared to the other. 

The simultaneous formation of multiple product phases has been 
reported by studies on powdery samples as well as on Y2O3 thin film 
samples on single crystalline Al2O3 substrates. According to studies 
using thin films on single crystalline substrates, the YAM phase appears 
first at the lowest experimental temperatures. [10–12] Using spin- 
coated samples and XRD for the analysis, Arakawa et al. detects the 
only formation of the YAM phase after a reaction time of 10 min. in the 
temperature range of 1000–1200 ◦C. Using samples prepared by PLD 
and TEM/SAED for the analysis, Heffelfinger et al. observe the only 
formation of an about 25 nm thick YAM layer after 6 h at 1200 ◦C. A 
lower limit for the reaction at 1100 ◦C is reported. 

The simultaneous formation of the YAG and YAM phase were 
observed by Heffelfinger et al. after 6 h at a temperature of 1250 ◦C. An 
approximately 75 nm thick YAG and a 50 nm thick YAM layer were 
formed. The YAP phase was not detectable. Arakawa et al. were able to 
simultaneously detect the YAG, YAP and YAM phase above a reaction 
temperature of 1300 ◦C. In addition, they found a hexagonal modifica
tion of YAlO3 (YAH) as fourth product phase above a reaction temper
ature of 1200 ◦C. This was also confirmed by Gandhi et al. for the 
reaction of powdery samples at 1250 ◦C. [6] A fourth product layer 
could not be confirmed in this study, as it may not be discernable from 
the YAP phase when using SEM in BSE contrast mode. It was also not 
confirmed by Heffelfinger et al. using TEM/SAED. 

Using the values for the product layer thickness of the YAM and YAG 

phase, evaluated from the TEM microslides provided in the publication 
by Heffelfinger et al., it is possible to estimate values for the “practical” 
parabolic rate constants at 1200 ◦C: 

k’
M ≈ 1.4⋅10− 16 cm2s− 1 for (25 ± 10)nm

/
6h  

and at 1250 ◦C; 

k’
M ≈ 5.8⋅10− 16 cm2s− 1for (50 ± 10)nm

/
6 h

k’
G ≈ 1.5⋅10− 15 cm2s− 1 for (75 ± 10)nm

/
6h 

The available but very limited temperature-dependent data for the 
“practical” parabolic rate constants can be plotted in an Arrhenius dia
gram, see Fig. 9. However, despite these limitations, a fairly good fit is 
found in the case of the YAM phase (R2 = 0.998). The “practical” 
parabolic rate constant kM

’ of the YAM phase exhibits an activation en
ergy of about 738 kJ mol− 1 (7.6 eV). This is a considerably high value, 
but according to Eq. (A.66) to (A.68) and (A.78) to (A.80), kM

′ is a 
weighted average of the (coupled) ionic conductivities of the YAM and 
YAP phases, as well as of the free formation enthalpies of both phases. 
The activation energies for ionic transport in YAM, YAP and YAG are 
(presumably) also considerably high. In a study by Bates and Garnier, a 
value of 3.4 eV could be found for single cystalline YAG (1000–1260 K). 
[28] 

A simple approach to explain the absence of the YAP phase in the 
study of Heffelfinger et al. at a reaction temperature of 1250 ◦C and 
below is to estimate the “practical” parabolic rate constant kP

′ for this 
temperature using Fig. 9. This is highly speculative, as the activation 
energy of kP

′ is unknown. Assuming a comparable temperature depen
dence as that found for kM

′, a value for kP
′ in the order of 10− 16 cm2 s− 1 

seems reasonable. However, this may result in a YAP layer with a 
thickness of about 20 nm after 6 h reaction time. Thus, considerably 
different nucleation energies must also be taken into account. Just from 
the observed sequence a distinct product phase appears vs. the reaction 
temperature, one may assume that the nucleation energy is increasing in 
the order YAM < YAG < YAP. 

According to the findings of the studies using powdery samples and 
diffraction methods, the reaction between Al2O3 and Y2O3 starts at 
temperatures of 1000–1200 ◦C. [6,7] A preferential formation of the 
YAM phase in the very beginning at low reaction temperatures is not 
reported. 

Fig. 9. Arrhenius plot of the “practical” parabolic rate constants ki
′ (i = M, P 

and G) of the product layers YAG, YAP and YAM measured in this study and 
estimated from Heffelfinger et al. The dashed line is obtained by fitting the data 
of the YAM phase to the Arrhenius law. 
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5.4. Growth kinetics, “true” parabolic rate constants 

The “true” parabolic rate constants for the independent and uncou
pled growth of the product phases can be calculated by using Eq. (14) to 
(16) and values for the molar volumes. The required molar volumes Vm

M, 
Vm

P and Vm
G of the product phases were calculated by using the densities 

obtained from XRD data.1 [29–32] This yields for the reaction temper
ature of 1400 ◦C: 

kM = (6.30 ± 0.49)⋅10− 13 cm2s− 1

kP = (3.04 ± 0.34)⋅10− 13 cm2s− 1

kG = (1.53 ± 0.12)⋅10− 12 cm2s− 1 

The differences between the “true” parabolic rate constants are 
clearly smaller compared to the “practical” constants. The observed slow 
kinetics of the YAP phase formation is mainly caused by the simulta
neous consumption due to the YAG and YAM phase formation. 

Considering Eq. (A.66) to (A.68) from the Appendix A, the molar 
volumes and the standard free formation enthalpies of the product 
phases, it is possible to estimate the Nernst-Planck-coupled cation par
tial conductivities in the product layers. This yields: 

σM
Y3+σM

Al3+

σM
Y3+ + σM

Al3+
= (8.92 ± 0.70)⋅10− 9 Scm− 1

σP
Y3+σP

Al3+

σP
Y3+ + σP

Al3+
= (2.3 ± 1.4)⋅10− 9 Scm− 1

σG
Y3+σG

Al3+

σG
Y3+ + σG

Al3+
= (3.55 ± 0.23)⋅10− 8 Scm− 1 

The required values for the standard free formation enthalpies ΔRGM
∘ , 

ΔRGP
∘ and ΔRGG

∘ can be calculated from data given by Fabrichnaya et al.2 

[33,34] The highest (Nernst-Planck averaged) cation conductivity is 
found in the garnet phase, the lowest in the perovskite phase. This re
sembles also the observed product phase thicknesses. 

Only very few measurments have been made of the ionic con
ductivies of the product phases. A value of the total ionic conductivity 
for the YAG phase at 1400 ◦C, σtot

G ≈ 6.3 ⋅ 10− 7 S cm− 1, can be gained 
from a study by Bates and Garnier. [28] Taking the experimental setup 
into account and neglecting a possible O2− anion and electronic con
ductivity, the given value is presumably the total cationic conductivity 
σY3+

G + σAl3+
G. This was also suggested by Bates and Garnier, attributing 

the conductivity mainly to the Al3+ cations. Using the Nernst-Planck- 

coupled cation conductivity from this study and the total cation con
ductivity from Bates and Garnier, it is possible to estimate values for the 
cation partial conductivities in the YAG phase3: 

σG
Y3+ ≈ 3.8⋅10− 8 Scm− 1

σG
Al3+ ≈ 5.9⋅10− 7 Scm− 1 

This yields a transference number for the Al3+ cations of tAl3+
G ≈ 0.94 

and would confirm the former assumptions of Bates and Garnier. 
Eq. (A.66) to (A.68) which are used to calculate the “true” parabolic 

rate constants are derived by neglecting a possible contribution due to 
O2− ion conduction to the product phase growth. An additional contri
bution due to an O2− ion flux would also lead to a parabolic growth law. 
It would change the expected relative shifts of the reaction fronts (phase 
boundaries) in relation to a fixed reference frame, e.g. to the lattice of the 
Al2O3 substrate, respectively to the original position of the interface to 
the Y2O3 thin film. The relative shift (velocities) of the phase boundaries 
of, e.g. the garnet phase, can be derived from Eq. (A.8) and (A.9) by 
combining with (A.29), (A.32), (A.56) and (A.59). The original interface 
between the substrate and the reacting film can be principally marked 
by embedding platinum particle. [25] Unfortunately, this was not per
formed for the complex reaction system in this study. Thus, the 
(coupled) cationic conductivities in Eq. (5.4) to (5.4) may be 
overestimated. 

6. Summary 

The formalisms of Wagner and Schmalzried is applied for the general 
treatment of the solid state reaction in the Al2O3–Y2O3 system using 
linear transport theory. In the case of the simultaneous formation of 
multiple product phases “practical” and “true” parabolic rate constants 
must be distinguished. 

The “practical” parabolic rate constants for the simultaneous growth 
of the three product phases YAM, YAP and YAM are determined for a 
reaction temperature of 1400 ◦C. The growth kinetics of all product 
phases can be satisfactorily described by parabolic rate law (Tammann 
law). There are possibly small derivations for layer thicknesses below 5 
nm. When evaluating experimental studies from the literature per
formed at lower reaction temperatures, it is possible to estimate the 
activation energy of the “practical” parabolic rate constant of the YAM 
phase. The obtained high value may represent the high activation en
ergies for ionic transport in this material. The combined data of this 
study and of that by Heffelfinger et al. performed on geometrical defined 
thin film samples helps illuminate the reaction kinetics of the Al2O3

–Y2O3 system in the temperature range between 1200 and 1400 ◦C. At a 
low reaction temperature of 1200 ◦C, the nucleation of the product 
phases is strongly influenced by the (presumably) different nucleation 
energies. 

The “true” parabolic rate constants are calculated from measured 
data using a model for the product phase growth based on linear 
transport theory. Using caloric data from the literature, it is possible to 
calculate the Nernst-Planck-coupled cation partial conductivities of all 
product phases. Using the total ionic conductivity of the YAG phase from 
the literature it is possible to estimate the cationic transference numbers. 
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1 YAM phase: Vm
M = 122.88 cm3 mol− 1, YAP phase: Vm

P = 30.66 cm3 mol− 1 

and YAG phase: Vm
G = 130.37 cm3 mol− 1  

2 Fabrichnaya et al. reviewed the available thermochemical data of the 
Al2O3–Y2O3 system from various sources and performed thermochemical cal
culations of the phase diagram using the calphad approach. Experimental data 
for the standard free formation enthalpies of YAM, YAP and YAG from the bi
nary oxides Al2O3 and Y2O3 at 1350 K is given, see Eq. (A.18) to (A.20) from 
Appendix A: 

ΔfG∘
M = − 67.6 kJ mol− 1

ΔfG∘
P = − 23.1 kJ mol− 1

ΔfG∘
G = − 84.9 kJ mol− 1  

The values are increasing with increasing temperature. At the reaction 
temperature of 1673 K (1400 ◦C) used in this study the values measured 
at 1350 K may deviate by no more than 10%. Using Eq. (A.45) to (A.47) 
from the Appendix A to calculate the standard free formation enthalpies 
ΔRGM

∘ , ΔRGP
∘ and ΔRGG

∘ yields: 

ΔRG∘
M = − 21.5 kJ mol− 1

ΔRG∘
P = − 7, 33 kJ mol− 1

ΔRG∘
G = − 15, 8 kJ mol− 1   

3 There is also a second set of solutions with reversed conductivity values for 
the cations as the problem yields a quadratic equation. The second set would 
imply a higher (but improbable) conductivity of Y3+ cations, i.e. σY3+

G ≫ σAl3+
G. 
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Appendix A. Description of the heterogenoues reaction system A2O3–B2O3 by linear transport theory 

The following treatment is restricted to a one-dimensional system, see Fig. 1. For the sake of simplicity all vector quantities as the (ionic) fluxes, 
(phase boundary) velocities and electrochemical potential gradients will be introduced as scalars. A positive sign corresponds to a vector in the di
rection of the x-axis and a negative to a vector in the opposite direction. 

A.1. Condition of electroneutrality 

All of the cation fluxes in the three product phases M, P and G are coupled by the condition of electroneutrality, i.e. Nernst-Planck coupling: 

M : jM
A3+ + jM

B3+ = 0 (A.1)  

P : jP
A3+ + jP

B3+ = 0 (A.2)  

G : jG
A3+ + jG

B3+ = 0 (A.3) 

The presence of O2− and electronic fluxes would lead to a decoupling of the cation fluxes in Eq. (A.1) to (A.3). This would (partially) cancel the 
Nernst-Planck coupling. Furthermore, it would modified the partial reactions at the interfaces in Eq. (5) to (7), now including oxide ions as reaction 
partner. 

A.2. Velocity of the phase boundaries (reaction front) 

When regarding the stoichiometric factors in Eq. (7), (6), (5) and (4) the movements of the phase boundaries can be expressed by the cation fluxes 
in the product layers. The oxide sublattices of the product phases will be assumed as rigid reference frames. The movement of each phase boundary/ 
reaction front can be described as velocities relative to the adjoining phases, which are not necessarily the same, as the molar volumes of the product 
phases are different: 

M : vM
P/M = VM

m

(
jM
A3+ − jP

A3+

)
= − VM

m

(
jM
B3+ − jP

B3+

)
(A.4)  

vM
M/A2O3

= −
1
2

VM
m jM

A3+ =
1
2
VM

m jM
B3+ (A.5)  

P : vP
G/P = 4VP

m

(
jP
A3+ − jG

A3+

)
= − 4VP

m

(
jP
B3+ − jG

B3+

)
(A.6)  

vP
P/M = 3VP

m

(
jM
A3+ − jP

A3+

)
= − 3VP

m

(
jM
B3+ − jP

B3+

)
(A.7)  

G : vG
B2O3/G =

1
3
VG

m jG
A3+ = −

1
3
VG

m jG
B3+ (A.8)  

vG
G/P = VG

m

(
jP
A3+ − jG

A3+

)
= − VG

m

(
jP
B3+ − jG

B3+

)
(A.9) 

Hereby, vM/A2O3
M and vP/M

M are the relative velocities of the phase boundaries M/A2O3 and P/M with respect to the rigid oxide sublattice of the 
monoclinic phase (M), vP/M

P and vG/P
P the relative velocities of the phase boundaries P/M und G/P with respect to the perowskite phase (P), respectively 

vG/P
G and vB2O3/G

G the relative velocities of the phase boundaries G/P und B2O3/G with respect to the garnet phase (G). The molar volumes of the product 
phases M, P and G are denoted with Vm

M, Vm
P and Vm

G. 
The rate of the thickness change of a distinct product phase can be obtained from the difference of the relative phase boundary velocities belonging 

to that phase: 

M :
d(ΔxM)

dt
= vM

M/A2O3
− vM

P/M (A.10)  

P :
d(ΔxP)

dt
= vP

P/M − vP
G/P (A.11)  

G :
d(ΔxG)

dt
= vG

G/P − vG
B2O3/G (A.12) 

Combining Eq. (A.10) to (A.12) with Eq. (A.4) to (A.9) yields: 

M : 1
VM

m

d(ΔxM)

dt = −

(
3
2j

M
A3+ − jP

A3+

)

= 3
2j

M
B3+ − jP

B3+ (A.13)  

P :
1

VP
m

d(ΔxP)

dt
= 3jM

A3+ − 7jP
A3+ + 4 j→

G

A3+ = −
(
3jM

B3+ − 7jP
B3+ + 4jG

B3+

)

(A.14) 
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G : 1
VG

m

d(ΔxG)
dt = jP

A3+ − 4
3j

G
A3+ = −

(

jP
B3+ − 4

3j
G
B3+

)

(A.15)  

A.3. Diffusive charge transport 

In all three product phases M, P and G, the ionic transport is driven by chemical potential gradients and can be described by linear transport 
equations (with i = M,P or G): 

ji
A3+ = −

σi
A3+

(3F)2
dμ̃i

A3+

dx
(A.16)  

ji
B3+ = −

σi
B3+

(3F)2
dμ̃i

B3+

dx
(A.17) 

Hereby, σA3+
i and σB3+

i are the partial cation conductivities in all product phases i. For the further treatment the electrochemical potential gradients 
dμ̃i

A3+/dx and dμ̃i
B3+/dx of the cations have to be expressed by directly measurable values as the chemical potential gradients of components A2O3 and 

B2O3, respectively by their differences. The chemical potential gradients of the components A2O3 und B2O3 are coupled necessarily in each product 
phase. When considering the formation of each product phases from the components A2O3 and B2O3, this will lead to the following relations for the 
bulk of the monoclinic (M), the perovskite (P) and the garnet phase (G)4: 

M : 2
dμM

A2O3

dx
+

dμM
B2O3

dx
= 0 (A.21)  

P :
dμP

A2O3

dx
+

dμP
B2O3

dx
= 0 (A.22)  

G : 3
dμG

A2O3

dx
+ 5

dμG
B2O3

dx
= 0 (A.23) 

Taking Eq. (A.21), (A.22) and (A.23) into account, it is also possible to derive a coupling between the electrochemical potential gradients of A3+

and B3+ cations in each product phase: 

M :
dμ̃M

A3+

dx
−

dμ̃M
B3+

dx
=

1
2

(dμM
A2O3

dx
−

dμM
B2O3

dx

)

=
3
2

dμM
A2O3

dx
= −

3
4

dμM
B2O3

dx (A.24)  

P :
dμ̃P

A3+

dx
−

dμ̃P
B3+

dx
=

dμP
A2O3

dx
= −

dμP
B2O3

dx
(A.25)  

G :
dμ̃G

A3+

dx
−

dμ̃G
B3+

dx
=

4
5

dμG
A2O3

dx
= −

4
3

dμG
B2O3

dx
(A.26) 

Using Eq. (A.24), (A.25) and (A.26) and the coupling of the cation fluxes in each product phase due to electroneutrality in Eq. (A.1), (A.2) and 
(A.3), the relations between the electrochemical potential gradients of the cations and the chemical potential gradients of the components A2O3 and 
B2O3 can be derived. Thus, the cation fluxes in Eq. (A.16) and (A.17) can be rewritten that only the chemical potential gradients of the components 
A2O3 and B2O3 appear as driving forces: 

M : jM
A3+ = −

3
2

1
(3F)2

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
A2O3

dx
(A.27)  

jM
B3+ = −

3
4

1
(3F)2

σM
A3+σM

B3+

σM
A3+ + σM

B3+

dμM
B2O3

dx
(A.28)  

P : jP
A3+ = −

1
(3F)2

σP
A3+ σP

B3+

σP
A3+ + σP

B3+

dμP
A2O3

dx
(A.29)  

jP
B3+ = −

1
(3F)2

σP
A3+σP

B3+

σP
A3+ + σP

B3+

dμP
B2O3

dx
(A.30) 

4 Total reactions to form the products M, P and G directly from the components A2O3 and B2O3: 

2A2O3 +B2O3 = A4B2O9 (A.18)  

A2O3 +B2O3 = 2ABO3 (A.19)  

3A2O3 + 5B2O3 = 2A3B5O12 (A.20)   
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G : jG
A3+ = −

4
5

1
(3F)2

σG
A3+ σG

B3+

σG
A3+ + σG

B3+

dμG
A2O3

dx
(A.31)  

jG
B3+ = −

4
3

1
(3F)2

σG
A3+σG

B3+

σG
A3+ + σG

B3+

dμG
B2O3

dx
(A.32)  

A.4. Chemical potential gradients of the components A2O3 and B2O3 in the product layers 

The chemical potentials of the components A2O3 and B2O3 at the boundaries between a product layer can be derived from the chemical equilibria5: 

M
/

A2O3 : μM/A2O3
A2O3

= μ0
A2O3

(A.37)  

μM/A2O3
B2O3

= μ0
A4B2O9

− 2μ0
A2O3

(A.38)  

P
/

M : μP/M
A2O3

= μ0
A4B2O9

− 2μ0
ABO3

(A.39)  

μP/M
B2O3

= 4μ0
ABO3

− μ0
A4B2O9

(A.40)  

G
/

P : μG/P
A2O3

= 5μ0
ABO3

− μ0
A3B5O12

(A.41)  

μG/P
B2O3

= μ0
A3B5O12

− 3μ0
ABO3

(A.42)  

B2O3

/
G : μB2O3/G

A2O3
= 2

/
3μ0

A3B5O12
− 5

/
3μ0

B2O3
(A.43)  

μB2O3/G
B2O3

= μ0
B2O3

(A.44) 

The free reaction enthalpies ΔRGM
∘ , ΔRGP

∘ and ΔRGG
∘ for the partial reaction in Eq. (1), (2) and (3) are defined as follows6: 

ΔRG∘
M = μ0

A4B2O9
−
(

μ0
A2O3

+ 2μ0
ABO3

)
(A.51)  

ΔRG∘
P = μ0

ABO3
−

1
7

(
μ0

A4B2O9
+ μ0

A3B5O12

)
(A.52)  

ΔRG∘
G = μ0

A3B5O12
−
(

3μ0
ABO3

+ μ0
B2O3

)
(A.53) 

The chemical potential gradients of the components A2O3 and B2O3 in each product layer can be calculated from the difference of the component 

5 Chemical equilibria of components A2O3 and B2O3 at the phase boundaries: 

M/A2O3 : A4B2O9 = 2A2O3 +B2O3 (A.33)  

P/M : 2ABO3 + A2O3 = A4B2O9
4ABO3 = A4B2O9 + B2O3

(A.34)  

G/P : A3B5O12 + A2O3 = 5ABO3
A3B5O12 = 3ABO3 + B2O3

(A.35)  

B2O3/G : 5B2O3 + 3A2O3 = 2A3B5O12 (A.36)    

6 The free reaction enthalpies ΔRGM
∘ , ΔRGP

∘ and ΔRGG
∘ of the partial reaction in Eq. (1), (2) and (3) can be expressed by the free reaction enthalpies ΔfGM

∘ , ΔfGP
∘ and 

ΔfGG
∘ for the formation of the product phase directly from the components A2O3 and B2O3 in Eq. (A.18), (A.19) and (A.20): 

ΔRG∘
M = ΔfG∘

M − 2ΔfG∘
P (A.45)  

ΔRG∘
P = ΔfG∘

P − 1
/

7
(
ΔfG∘

M + 1
/

2ΔfG∘
G

)
(A.46)  

ΔRG∘
G = ΔfG∘

G − 3ΔfG∘
P (A.47)  

ΔfG∘
M = μ0

A4B2 O9
−
(

2μ0
A2 O3

+ μ0
B2 O3

)
(A.48)  

ΔfG∘
P = μ0

ABO3
− 1

/
2
(

μ0
A2O3

+ μ0
B2O3

)
(A.49)  

ΔfG∘
G = μ0

A3 B5 O12
− 1

/
2
(

3μ0
A2 O3

+ 5μ0
B2O3

)
(A.50)   
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chemical potentials at the adjacent phase boundaries and the product layer thicknesses ΔxM, ΔxP and ΔxG. Thus, using Eq. (A.37) to (A.53), one 
obtains for the monoclinic phase (M) (e.g. ΔμA2O3

M = μA2O3
M/A2O3 − μA2O3

P/M): 

dμM
A2O3

dx
≈

ΔμM
A2O3

ΔxM
= −

ΔRG∘
M

ΔxM
(A.54)  

dμM
B2O3

dx
≈

ΔμM
B2O3

ΔxM
= 2

ΔRG∘
M

ΔxM
(A.55)  

for the perovskite phase (P): 

dμP
A2O3

dx
≈

ΔμP
A2O3

ΔxP
= − 7

ΔRG∘
P

ΔxP
(A.56)  

dμP
B2O3

dx
≈

ΔμP
B2O3

ΔxP
= 7

ΔRG∘
P

ΔxP
(A.57)  

and for the garnet phase (G): 

dμG
A2O3

dx
≈

ΔμG
A2O3

ΔxG
= −

5
3

ΔRG∘
G

ΔxG
(A.58)  

dμG
B2O3

dx
≈

ΔμG
B2O3

ΔxG
=

ΔRG∘
G

ΔxG
(A.59)  

A.5. Simultaneous growth of all product layers, “true” and “practical” Tammann rate constants 

The results from the preceeding paragraphs regarding component gradients and cation fluxes can be combined to obtain expressions for the growth 
rates of each product layer. The rate equation for the growth of the monoclinic phase (M) in Eq. (A.60) can be acquired by using Eq. (A.13) and the 
cation fluxes in Eq. (A.27) to (A.30): 

1
VM

m

d(ΔxM)

dt
= −

(
3
2

jM
A3+ − jP

A3+

)

=
3
2
jM
B3+ − jP

B3+

=
1

(3F)2

[
9
4

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
A2O3

dx
−

σP
A3+ σP

B3+

σP
A3+ + σP

B3+

dμP
A2O3

dx

]

= −
1

(3F)2

[
9
8

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
B2O3

dx
−

σP
A3+σP

B3+

σP
A3+ + σP

B3+

dμP
B2O3

dx

] (A.60) 

In the case of the perovskite phase (P), Eq. (A.14) has to combined with the cation fluxes in Eq. (A.27) to (A.32): 

1
VP

m

d(ΔxP)

dt
= 3jM

A3+ − 7jP
A3+ + 4jG

A3+ = −
(
3jM

B3+ − 7jP
B3+ + 4jG

B3+

)

= −
1

(3F)2

[
9
2

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
A2O3

dx
− 7

σP
A3+σP

B3+

σP
A3+ + σP

B3+

dμP
A2O3

dx
+

16
5

σG
A3+σG

B3+

σG
A3+ + σG

B3+

dμG
A2O3

dx

]

=
1

(3F)2

[
9
4

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
B2O3

dx
− 7

σP
A3+ σP

B3+

σP
A3+ + σP

B3+

dμP
B2O3

dx
+

16
3

σG
A3+σG

B3+

σG
A3+ + σG

B3+

dμG
B2O3

dx

] (A.61) 

The growth rate of the garnet phase (G) in Eq. (A.62) is gained from Eq. (A.15) and the cation fluxes in Eq. (A.29) to (A.32): 

1
VG

m

d(ΔxG)

dt
= jP

A3+ −
4
3

jG
A3+ = −

(

jP
B3+ −

4
3
jG
B3+

)

= −
1

(3F)2

[
σP

A3+ σP
B3+

σP
A3+ + σP

B3+

dμP
A2O3

dx
−

16
15

σG
A3+ σG

B3+

σG
A3+ + σG

B3+

dμG
A2O3

dx

]

=
1

(3F)2

[
σP

A3+ σP
B3+

σP
A3+ + σP

B3+

dμP
B2O3

dx
−

16
9

σG
A3+ σG

B3+

σG
A3+ + σG

B3+

dμG
B2O3

dx

]

(A.62) 

If there is no growth of the adjacent phases, the complex expression for the growth rate of a product layer in Eq. (A.60), (A.61) or (A.62) will be 
reduced to simple parabolic rate equation d(Δxi)/dt = kTam, i/Δxi (i = M, P and G), as the chemical potential gradients of A2O3 and B2O3 in the adjacent 
phases are each set to zero: 

1
VM

m

d(ΔxM)

dt
=

9
4

1
(3F)2

σM
A3+ σM

B3+

σM
A3+ + σM

B3+

dμM
A2O3

dx
(A.63)  

1
VP

m

d(ΔxP)

dt
= 7

1
(3F)2

σP
A3+ σP

B3+

σP
A3+ + σP

B3+

dμP
A2O3

dx
(A.64) 
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1
VG

m

d(ΔxG)

dt
=

16
15

1
(3F)2

σG
A3+ σG

B3+

σG
A3+ + σG

B3+

dμG
A2O3

dx
(A.65) 

Thus, the independent and uncoupled growth of the single reaction systems A2O3–A4B2O9, A4B2O9–A3B5O12 or A3B5O12–B2O3, as given in Eq. (1), 
(2) and (3) are described by Eq. (A.63) to (A.65). Accordingly, the parabolic rate constants kM, kP and kG for the independent growth of a product layers 
yields as follows7: 

kM = −
9
4
VM

m
1

(3F)2

σM
A3+σM

B3+

σM
A3+ + σM

B3+

ΔRG∘
M (A.66)  

kP = − 49VP
m

1
(3F)2

σP
A3+ σP

B3+

σP
A3+ + σP

B3+

ΔRG∘
P (A.67)  

kG = −
16
9

VG
m

1
(3F)2

σG
A3+ σG

B3+

σG
A3+ + σG

B3+

ΔRG∘
G (A.68) 

The chemical potential gradients of the components A2O3 and B2O3 are expressed by the free reaction enthalpies as given in Eq. (A.54) to (A.59). 
The Eq. (A.60) to (A.62), describing the simultanous growth of all product layers can be rewritten in a simplified and condensed form when 
considering the chemical potential gradients of the components A2O3 and B2O3 in Eq. (A.54) to (A.59) and the parabolic rate constants for the in
dependent and uncoupled growth of a product layers in Eq. (A.66) to (A.68): 

1
VM

m

d(ΔxM)

dt
=

kM

VM
m

1
ΔxM

−
1
7

kP

VP
m

1
ΔxP

(A.69)  

1
VP

m

d(ΔxP)

dt
= − 2

kM

VM
m

1
ΔxM

+
kP

VP
m

1
ΔxP

− 3
kG

VG
m

1
ΔxG

(A.70)  

1
VG

m

d(ΔxG)

dt
= −

1
7

kP

VP
m

1
ΔxP

+
kG

VG
m

1
ΔxG

(A.71) 

This is a system of non-linear ODEs with constant coefficients. As the functional expressions for the layer thickness ΔxM, ΔxP and ΔxG should only 
depend on one variabe, i.e. the reaction time Δt, the ODE system in Eq. (A.69) to (A.71) can be solved by means of simple parabolic rate laws: 

ΔxM =

̅̅̅̅̅̅̅̅̅̅̅̅̅

2k′

MΔt
√

(A.72)  

ΔxP =

̅̅̅̅̅̅̅̅̅̅̅̅

2k′

PΔt
√

(A.73)  

ΔxG =

̅̅̅̅̅̅̅̅̅̅̅̅̅

2k′

GΔt
√

(A.74) 

This is reasonable, as the chemical potentials of the starting oxides A2O3 und B2O3 in each growing product layer are fixed at the interfaces by the 
chemical equilibria with the neighbouring product phases and so their chemical potential gradients are only dependent on the layer thicknesses, see 
Eq. (A.54) to (A.59). In the case of a simultaneous growth of the product layers, this should also result in parabolic rate laws d(Δxi)/dt = ki

’/Δxi (i = M, 
P and G), as is expected for a diffusion-limited process [1,17] Accordingly, the rate constants introduced in Eq. (A.72) to (A.74) are the “practical” 
parabolic rate constants kM

′, kP
′ and kG

′ for simultaneous growth in a solid state reaction forming multiple product phases. The following relations 
between the “true” and “practical” parabolic rate constants can be gained by inserting Eq. (A.72) to (A.74) in the ODE system8: 

kM

VM
m
= 2

k′

M

VM
m
+

1
2

̅̅̅̅̅̅̅̅̅̅

k′

Mk′

P

√

VP
m

+
3
2

̅̅̅̅̅̅̅̅̅̅̅

k′

Mk′

G

√

VG
m

(A.78)  

kP

VP
m
= 7

̅̅̅̅̅̅̅̅̅̅

k′

Mk′

P

√

VM
m

+
7
2

k′

P

VP
m
+

21
2

̅̅̅̅̅̅̅̅̅̅

k′

Pk′

G

√

VG
m

(A.79) 

7 In fact, the parabolic rate constants are averaged values, as the partial conductivities of the A3+ and B3+ cations may be composition/stoichiometry dependent.  
8 By inserting the approach in Eq. (!0.72), (A.73) and (A.74 in the ODE system, Eq. (86) to (88), one obtains the following system of algebraic equations: 

1
VM

m

̅̅̅̅̅̅

k′

M

√

=
1

VM
m

kM
̅̅̅̅̅̅

k′

M

√ −
1
7

1
VP

m

kP
̅̅̅̅̅

k′

P

√ (A.75)  

1
VP

m

̅̅̅̅̅

k′

P

√

= − 2
1

VM
m

kM
̅̅̅̅̅̅

k′

M

√ +
1

VP
m

kP
̅̅̅̅̅

k′

P

√ − 3
1

VG
m

kG
̅̅̅̅̅

k′

G

√ (A.76)  

1
VG

m

̅̅̅̅̅

k′

G

√

= −
1
7

1
VP

m

kP
̅̅̅̅̅

k′

P

√ +
1

VG
m

kG
̅̅̅̅̅

k′

G

√ (A.77)  

This equation system is linear with respect to the set of “true” parabolic rate constants kM, kP and kG, but not with respect to the set of “practical” 
parabolic rate constants kM

′, kP
′ and kG

′. Thus, it can only be solved for the first set of variables, see Eq. (A.78) to (A.80). 
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kG

VG
m
=

̅̅̅̅̅̅̅̅̅̅̅

k′

Mk′

G

√

VM
m

+
1
2

̅̅̅̅̅̅̅̅̅̅

k′

Pk′

G

√

VP
m

+
5
2

k′

G

VG
m

(A.80) 

If the “true” parabolic rate constant of a distinct product layer is significantely higher compared to the adjacent product layers, the latter can be 
neglected, see Eq. (A.75) to (A.77). In this case, the “practical” parabolic constant becomes identical to the “true” parabolic rate constant: 

kM≫kP ⇒ kM ≈ k′

M (A.81)  

kP≫kM, kG ⇒ kP ≈ k′

P (A.82)  

kG≫kP ⇒ kG ≈ k′

G (A.83)  
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