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(Dated:)

Pro�les of the spin and orbital angular momentum accumulations induced by a longitudinally
applied electric �eld are explored in nanoribbons of p-band systems with a honeycomb lattice.
We show that nanoribbons with zigzag borders can exhibit orbital magneto-electric e�ects. More
speci�cally, we have found that purely orbital magnetization oriented perpendicularly to the ribbon
may be induced in these systems by means of the external electric �eld, when sublattice symmetry
is broken. The e�ect is rather general and may occur in other multi-orbital materials.

I. INTRODUCTION

The magneto-electric e�ect (MEE) observed in cer-
tain materials evinces the interrelationship between their
magnetic and electrical properties. It consists in either
the appearance of a magnetization induced by an applied
electric �eld or the advent of electric polarization brought
about by an external magnetic �eld. In the literature dis-
tinct names have been given to the ME e�ect in order to
highlight the main mechanisms involved and the relevant
features of the systems where it manifests, but here we
shall generically refer to them simply as magneto-electric
e�ect (MEE), without detriment to their speci�cities.1�4.
Possibilities of utilizing electric �eld to control the

magnetization (or the other way around) are certainly of
great interest for device applications5�9. The MEE has
been explored in various materials, including antiferro-
magnetic systems10,11, multiferroic composites12,13, and
topological insulators14�16, among others. From a mi-
croscopic point of view, contributions to the MEE may
originate from the electronic spin and/or from its orbital
angular momentum (OAM)4. In the second case, the
phenomenon is often called the orbital magneto-electric
e�ect (OME)17, which has also been previously inves-
tigated, for example, in helical lattices18�20, graphene
twisted bilayers21 and magnetic nanoparticles22.
An external electric �eld may also induce the appear-

ance of an OAM current �owing transversely to the ap-
plied �eld direction. This is the so-called orbital-Hall
e�ect (OHE), which is similar to the spin-Hall e�ect
(SHE)23 but, contrarily to the latter, does not neces-
sarily requires the presence of spin-orbit interaction to
occur. Some years ago, the OHE was predicted to
happen in semiconductors24 and in metals, where it
can be very strong25�27. More recently, signi�cant in-
terest in the OHE and other orbital phenomena have
been revived28�36, specially in two-dimensional (2D) sys-
tems37�49, with the aim of exploring novel possibilities
for utilizing OAM currents to transmit and store infor-

mation on nanoscopic scales31,37.

The spin and orbital Hall e�ects may lead to angu-
lar momentum accumulations at the system's boundaries.
In topological insulators, these borders host conducting
electronic states that are topologically protected by sym-
metry and thus robust to inhomogeneities. Nanoribbons
of these materials exhibit these edge states and are quite
useful for investigating their features. Recently, we have
examined the transport properties of charge, spin and
OAM in px-py orbital systems with a 2D honeycomb
lattice43,44. This model was introduced and intensively
explored in the context of optical lattices, where it is
possible to �lter the pz-orbital by application of laser
beams polarized in the z-direction, leaving only the px
and py orbitals e�ectively active50�57. More recently, it
has been found that this relatively simple model also de-
scribes fairly well the low energy electronic properties
of group-V-based 2D materials grown atop a SiC sub-
strate. Here, the pz-orbital �ltering occurs naturally due
to the interaction between the overlayer and the SiC sub-
strate58�62. Despite its simplicity, the px-py tight-binding
model on a honeycomb lattice exhibits a rich topological
phase diagram as a function of the spin-orbit coupling
and the sublattice asymmetry potential strengths63. We
have analysed some of these phases and under certain cir-
cumstances found sizeable OHE, with values that exceed
those obtained for the SHE44.

Quantum con�nement e�ects caused by the nanorib-
bons �nite width may signi�cantly alter the electronic
states and transport properties of a system64�67. Quite
generally, they depend upon the ribbon's breadths and
edge shapes, enabling the emergence of novel attributes
and functionalities68�70. Hence, it is instructive to in-
quire into how nanoribbons of these px-py-orbital mate-
rials respond to an electric �eld applied along the stripe
axis and, in particular, evaluate the spin and OAM dis-
turbances induced by it.

Here we calculate pro�les of the spin and OAM accu-
mulations produced by a longitudinally applied electric
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�eld on nanribbons of p-band systems. We show that a
MEE can take place in zigzag (ZZ) nanoribbons of these
materials where a purely orbital magnetization is brought
about by this external �eld. The possibility of controlling
the appearance of orbital magnetization by means of an
electric �eld enlarge the prospects of using these systems
for orbitronic applications.

II. MODEL AND METHODS

We consider a tight-binding model with two atomic
orbitals (px, py) per site on a honeycomb lattice58,63, de-
scribed by the Hamiltonian

H =
∑
〈ij〉

∑
µνs

(
tµνij + εiδijδµν

)
p†iµspjνs

+λI
∑
iµνs

szssL
z
µ,νp

†
iµspiνs, (1)

where the �rst line represents the electronic kinetic en-
ergy plus a spin independent local potential, and the sec-
ond one describes the intrinsic atomic spin-orbit interac-
tion in the subspace spanned by the px-py orbitals. Here,
i and j denote the honeycomb lattice sites positioned at
~Ri and ~Rj , respectively. The symbol 〈ij〉 indicates that
the sum runs over nearest-neighbour atoms only. The

operator p†iµs creates an electron of spin s =↑, ↓ in the

atomic orbitals pµ (µ = x, y) located at ~Ri. εi repre-
sents the on-site atomic energy plus a staggered local
potential Vi that breaks the inversion symmetry between
the two interpenetrating triangular sublattices A and B;
Vi = +VAB (−VAB), when i belongs to sublattice A (B).
The hopping integrals tµνij between orbitals piµ and pjν
are parametrized according to the standard Slater-Koster
tight-binding formalism71 and may be expressed in terms
of the usual two-center integrals Vppσ and Vppπ. λI repre-
sents the strength of the intrinsic SOC, szss are the diag-
onal elements of the usual Pauli matrix diag(1,−1), and
Lzµ,ν are matrix elements of OAM operator represented
in px,y subspace. More details on the Hamiltonian can
be found in Appendix A.
In our calculations, the energy origin is chosen to coin-

cide with the energy level of the atomic orbitals px,y. For
simplicity, we assume that Vppπ = 0 and take Vppσ = 1
as our energy unit. We shall explore the accumulations
of spin and OAM induced by an electric �eld applied
along the nanoribbon axis direction. Fig. 1(a) illustrates
a nanoribbon with ZZ edges in which the atoms belonging
to sublattices A and B are represented by white and black
circles, respectively. It is �nite along the transverse ŷ di-
rection and, in general, have N atomic lines in breadth,
which are identi�ed by integer numbers ` = 1, .., N , as
schematically illustrated in Fig. 1(a) for N = 5. Panels
(b) to (e) of Fig. 1 show the calculated band-energy spec-
tra for ZZ nanoribbons with 15 atomic lines in breadth
for di�erent values of VAB and λI . Panels (b) and (c)
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Figure 1: (a) Schematic representation of a ZZ nanoribbon
comprising 5 atomic lines that are identi�ed by integers num-
bers ` = 1, .., 5; the atoms in sublattice A (B) are depicted
in white and black circles, respectively. The vertical dashed
black line indicates the plane of mirror symmetry (M) which
contains an AB-site vertical bond in ZZ nanoribbon. The
red circle indicates the spatial-inversion symmetry center (P)
of the ZZ nanoribbon in the absence of sublattice potential.
Panels (b) to (e) illustrate the calculated electronic energy
bands for a ZZ nanoribbon with 15 lines in breadth. The
wave-vector k is written in units of a−1

0 , where a0 represents
the lattice constant. Black dotted and red dashed lines refer
to ↑- and ↓-spin bands, respectively. Results calculated for
VAB = 0.15 with λI = 0 and 0.10 are displayed in panels (b)
and (c), respectively. Panel (d) shows the results calculated
with λI = 0.15 and VAB = 0, while panel (e) displays the
results obtained with λI = 0.15 and VAB = 0.05. The gray
stripes highlight the 2D bulk energy-band gaps denoted by
∆E1̄, ∆E0, and ∆E1.

display results for nanoribbons taken from 2D bulk sys-
tems in which the central energy band-gap ∆E0 is non-
topological. This is con�rmed by the absence of edge
states crossing this energy range, where the system is an
ordinary insulator. For λI = 0.10 and VAB = 0.15 de-
picted in panel (c), the bulk system is in the A1 phase,
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which is categorized by the set of ↑-spin band Chern
numbers CA1s = (1,−1, 1,−1) in Ref. 63. In this case,
the system exhibits two lateral energy band gaps (∆E1̄

and ∆E1) that are topological, in addition to the non-
topological one ∆E0. Panel (c) show that ∆E1̄ and ∆E1

are crossed by chiral edge states in the ribbon geometry,
as expected72. Panels (d) and (e) of Fig. 1 display the en-
ergy bands for nanoribbons extracted from 2D systems in
the B1 phase, classi�ed by CB1s = (1, 0, 0,−1), where they
exhibit three topologically nontrivial bulk energy-band
gaps, within which the systems behave as a quantum
spin Hall insulator44,63. We clearly see in panels (d) and
(e) that all three gaps are crossed by edge states. As de-
picted in panel (b) and expected from our non-interacting
particles approach, the energy-band spectrum for λI = 0
is spin degenerated. The same happens in the absence of
VAB, as exempli�ed in panel (d). This is due to a combi-
nation of time-reversal symmetry and spatial-inversion.
However, when sublattice symmetry is broken, SOC lifts
this degeneracy giving rise to spin-split energy bands, as
illustrated in panels (c) and (e).

We shall calculate the spin δ〈Ŝz` 〉 and OAM δ〈L̂z` 〉 ac-
cumulations per atom induced at each atomic line ` in
the nanoribbons by an applied electric �eld. For this pur-
pose, we utilize linear response theory following the same
procedure described in Refs. 29 and 30. The electric �eld
is applied in-plane, along the longitudinal x̂ direction, as
depicted in Fig. 1(a). Up to linear order in the perturbing
�eld, the inter-band and intra-band contributions to the
change in the expectation value of an observable δ〈Ô`〉
due to the applied �eld are given by,

δ〈Ô`〉Intra =− e~Ex
2Γ

∑
n,k

∂fnk
∂E

×
〈
nk
∣∣Ô`∣∣nk〉〈nk∣∣v(k)

∣∣nk〉, (2a)

δ〈Ô`〉Inter =e~Ex
∑
n,m,k

(fnk − fmk)

× Im

[〈
nk
∣∣Ô`∣∣mk〉〈mk∣∣v(k)

∣∣nk〉
(Enk − Emk + iη)2

]
.

(2b)

Here, Ô` may represent either the spin Ŝz` or the OAM

L̂z` operators projected on line `73. For the OAM oper-
ator, we follow Ref. 30 and use the intra-atomic orbital
approximation. Enk are the eigenvalues and |nk〉 the
corresponding eigenvectors of the Hamiltonian given by
Eq. (1) evaluated in the reciprocal space; n denotes the
energy band index, k is the wave vector, and fnk sym-
bolizes the Fermi-Dirac distribution function associated
with the state |nk〉. v̂(k) = ~−1(∂Ĥ(k)/∂k) is the veloc-
ity operator, e is the modulus of the electronic charge,
and Ex denotes the intensity of the applied electric �eld.
Γ = ~/(2τ), where τ is the momentum relaxation time, is
treated here as a phenomenological parameter that sim-
ulates e�ects of disorder in the transport properties of

the nanoribbons within the constant relaxation-time ap-
proximation30,74; η is a small positive quantity arising
from a conventional arti�ce to ensure that the external
perturbation is turned on adiabatically.

III. RESULTS AND DISCUSSIONS

We consider a ZZ nanoribbon with 15 atomic lines and
calculate the spin and OAM accumulations per atom in-
duced by the applied electric �eld in each one of these
lines. We start with the two cases in which the cen-
tral energy-band gap ∆E0 of the 2D system is non-
topological, namely when VAB = 0.15 with λI = 0 and
0.10, whose energy bands are displayed in Figs. 1(b) and
(c), respectively. In these circumstances, both the in-
duced spin and OAM accumulations vanish for EF = 0,
which is compatible with the fact that the bulk 2D sys-
tem for those sets of parameters is an ordinary insulator
that shows neither SHE nor OHE at this Fermi energy
(see Ref. 44). However, beyond the energy gap ∆E0 (e.g.
for EF = −0.25), the OAM accumulation is not zero,
as panels (a) and (b) of Fig. 2 illustrate. Panel (a) re-
veals that outside the range of ∆E0 we obtain OAM ac-
cumulation throughout the ribbon, even in the absence
of SOC. While the induced spin accumulation in this
case vanishes (as expected), the OAM pro�le is �nite.
Its most striking feature is the lack of symmetry with
respect to the ribbon axis, which is markedly di�erent
from what one would expect solely from the OHE. More-
over, δ〈Lzt 〉 =

∑
` δ〈Lz` 〉 6= 0, indicating the appearance

of an induced net orbital magnetization�typical of an
orbital magneto-electric e�ect. Generally, the magnetiza-
tion originates from spin and orbital magnetic moments,
but in this speci�c case there is no spin contribution and
the induced magnetization has solely orbital character.
Panel (b) shows that, for a nanoribbon extracted from
a 2D system in the A1 phase, both the induced spin
and OAM accumulation pro�les are �nite in the metallic
regime and also asymmetric with respect to the ribbon
axis. By summing the contributions of all lines, we ob-
tain that the net magnetization remains purely orbital,
as the total spin contribution vanishes.
We shall now explore some cases in which the nanorib-

bons are extracted from 2D systems in the B1 phase,
where all three energy-band gaps are topological, as il-
lustrated in Figs. 1(d) and (e). For λI = 0.15 and in the
absence of VAB, we see in panel (c) of Fig. 2 that sizeable
spin accumulations with opposite signs appear near the
nanoribbon's edges for EF = 0, whereas δ〈Lz` 〉 = 0 ∀ `.
This is what one would expect from the SHE and is also
consistent with the fact that in the B1 phase the 2D sys-
tem behaves as a quantum spin Hall insulator that dis-
plays no orbital Hall e�ect within ∆E0

44. In contrast, by
moving the Fermi level outside of ∆E0 to EF = −0.25,
we observe in Fig. 2(e) that the induced OAM is �nite.
Here, both the induced spin and OAM accumulations are
much more spread across the ribbon and not so restricted



4

−25

0

25

(c)

Vab = 0

Sz

Lz

E
F

=
0

(d)

Vab = 0.05

Sz

Lz

1 8 15

`

−10

0

10

δ〈
O
〉/
h̄
eE

x
[a

0
/V

p
p
σ
]

(e)

1 8 15

`

E
F

=
−

0.
25

(f)

1 8 15

`

−20

0

20

δ〈
O
〉/
h̄
eE

x
[a

0
/V

p
p
σ
] (a)

λI = 0

Sz

Lz

1 8 15

`

E
F

=
−

0.
25

(b)

λI = 0.10

Sz

Lz

Vab = 0.15

λI = 0.15

Figure 2: Spin and OAM accumulation pro�les induced by
an applied electric �eld across ZZ nanoribbons with 15 atomic
lines in breadth. δ〈Sz

` 〉 and δ〈Lz
` 〉 are calculated per atom in

each atomic line ` of the ribbon. Panels (a) and (b) illustrate
results for VAB = 0.15 and EF = −0.25, with λI = 0 and 0.10,
respectively. Results obtained for VAB = 0, and λI = 0.15,
with EF = 0, and EF = −0.25 are depicted in panels (c)
and (e), respectively. Panels (d) and (f) display results for
VAB = 0.05, λI = 0.15 and the same values of EF . Black
squares and circles represent the results obtained by means
of an alternative approach (see text) for the spin and OAM
accumulations, respectively. Here, we used Γ = 10−3.

to the borders as in the case of EF = 0. Nevertheless,
they are both anti-symmetric with respect to the ZZ rib-
bon axis and hence do not lead to a net magnetization,
as the spin and orbital Hall e�ects forecast44. Moreover,
when the sublattice symmetry is broken by a staggered
potential VAB = 0.05, di�erent pro�les emerge. For ex-
ample, in Fig. 2(d), we obtain an induced spin accumu-
lation pro�le for EF = 0 that is rather similar to the
previous case, having anti-symmetric character with re-
spect to the nanoribbon axis as one would expect from
the SHE. However, the induced OAM pro�le across the
ribbon is symmetric with respect to the nanoribbon axis,
which is not expected from the OHE and clearly leads to
a non-zero net orbital magnetization when we sum over
all lines. In panel (f) of Fig. 2, asymmetric pro�les for
both the induced spin and OAM accumulations are also

revealed for EF = −0.25. Here, by summing over all
lines the spin contribution once again vanishes and the
resulting induced magnetization acquires a purely orbital
character.
In order to con�rm our predictions, we have repeated

our calculations employing an alternate approach, de-
scribed in Refs. 75 and 76. It considers a spatially uni-
form and time dependent harmonic electric �eld with
small amplitude Ex that within linear response theory
gives rise to a local spin and OAM disturbances per atom
in line ` given by

δ〈O`(t)〉 = − lim
ω→0

eEx
~ω

Im
{
e−iωtD`(ω)

}
, (3)

where

D`(ω) =
∑
k

s1s2s3

∑
`1`2
µνγξ

Os1s2µν χ
s1s2s3s3µνγξ
```1`2

(k, ω)
∂tγξ`2`1(k)

∂k
.

(4)
Here, s1, s2 and s3 designate the ↑ and ↓ spin directions,
µ, ν, γ, and ξ denote the px and py atomic orbitals,
and `, `1, and `2 label the atomic lines. The matrix el-
ements Os1s2µν = Szs1s2δµν for the spin accumulation or
Os1s2µν = Lzµνδs1s2 for the OAM disturbance. In our case,
since we are neglecting electronic Coulomb interaction,
χ(k, ω) represent generalized non-interacting spin suscep-
tibilities. The results obtained with this method for the
induced spin and OAM accumulations are also depicted
in Fig. 2 by black squares and circles, respectively. The
agreement between the two approaches is excellent and
corroborates our �ndings.
To extract some physical insights into the di�erent ef-

fects that contribute to the spin and OAM responses on
ZZ nanoribbon, we further explore the cases with asym-
metric pro�les exhibited in panels (a), (b) and (f) of
Fig. 2. It is instructive to identify their symmetric and
anti-symmetric components. To this end it is useful to re-
label the atomic lines by ¯̀∈ [−7, 7]. The anti-symmetric
(−) and symmetric (+) contributions to the pro�les are

obtained by δ〈Ô¯̀〉∓ =
(
δ〈Ô¯̀〉∓δ〈Ô−¯̀〉

)
/2, and are shown

in Fig. 3. We identify the anti-symmetric contributions
to the induced spin (〈δSz〉A) and OAM (〈δLz〉A) pro�les
as arising from the spin and orbital Hall e�ects44, respec-
tively, and the symmetric ones (〈δSz〉S and 〈δLz〉S) are
ascribed to the MEE. Clearly, a nonzero induced magne-
tization can only come from the symmetric components.
However, the appearance of a symmetric contribution
does not necessarily lead to a nonzero magnetization. For
example, the symmetric spin contributions to the total
induced magnetization illustrated in panels (c) and (e)

of Fig. 3 is zero, i.e.,
∑7

¯̀=−7〈δSz` 〉S = 0. In contrast, the
symmetric orbital components depicted in panel (b), (d)
and (f) of the same �gure clearly lead to a non-zero mag-
netization that is purely orbital, characterizing an orbital
magneto-electric e�ect.
We shall now examine how the total induced or-

bital magnetization per unit cell of the ZZ nanoribon
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Figure 3: Decomposition into symmetric and anti-symmetric
components of the induced spin and OAM pro�les depicted
in panels (a), (b) and (f) of Fig. 2. The original pro�les are
reproduced here by the grey lines. Panels (a) and (b) show
the decomposition of the spin and OAM pro�les depicted in
panel (a) of Fig. 2, calculated for VAB = 0.15, λI = 0, and
EF = −0.25. Panels (c) and (d) show the decomposition
of the spin and OAM pro�les depicted in panel (b) of Fig.
2, calculated for VAB = 0.15, λI = 0.10, and EF = −0.25.
Panels (e) and (f) show the decomposition of the spin and
OAM pro�les depicted in panel (f) of Fig. 2, calculated for
VAB = 0.05, λI = 0.15 and EF = −0.25.

(Mz = −µB〈δLzt 〉) is in�uenced by the sublattice sym-
metry breaking potential VAB, the SOC strength λI and
the Fermi energy EF . Here µB denotes the Bohr magne-
ton. We start with the case in which λI = 0, where ∆E0

is non-topological and is not crossed by conducting edge
states in the ribbon geometry. Fig. 4(a) shows results of
Mz calculated as a function of energy for di�erent val-
ues of VAB. The energy-band gaps increase with VAB,
and within them the OME vanishes. However, outside
and close to the energy-gap borders, the OME assumes
quite large values even in the absence of SOC, indicating
that with the use of a gate voltage one may control the
advent of the OME in this case. In panel (b) of Fig. 4,
we show results calculated for VAB = 0.15 and λI = 0.03
and 0.10, which represent nanoribbons extracted from a
2D system in the A1 phase. Here we see once more that
for energies within the corresponding central energy-band

gaps, where the system is an ordinary insulator, there is
also no OME. Nevertheless, in the metallic regime, the
OME may reach relatively high values that increase as
the SOC diminishes. Finally, in panel (c) we display re-
sults calculated for VAB = 0.05 and three di�erent values
of λI . They all refer to nanoribbons extracted from a 2D
system in the B1 phase where, in contrast with the two
previous cases, the central energy-band gap is topologi-
cal and crossed by conducting edge states in the stripe
geometry, as exhibited in panels (d) and (e) of Fig. 1.
We clearly see that the OME is �nite and relatively large
within ∆E0, changing sign when EF crosses its borders,
and also attaining fairly high values outside the range
of ∆E0. Once again, we note that in this phase, which
requires λI > VAB, the maximum intensity of the OME
also reduces as the SOC increases. Here, it seems also
possible to manipulate the direction of the induced or-
bital magnetization with the of use of gate voltages.

It is noteworthy that the appearance of the orbital
magneto-electric e�ect in these nanoribbons requires sub-
lattice symmetry breaking. Spin-orbit coupling in�u-
ences the OME but is not a necessary ingredient for its
occurrence. Our results reveal that with the increase of
the SOC strength the maximum intensity of the OME
actually reduces. They also show that the OME van-
ishes in the absence of conducting states at the Fermi
energy, which typi�es a current-induced magnetization
e�ect, also called kinetic magneto-electric e�ect2,3. This
is consistent with the fact that the induced orbital mag-
netization is totally dominated by the intra-band contri-
bution [Eq. (2a)] for the cases we have examined. Up to
�rst order in the applied �eld, the magneto-electric e�ect
is well described by the magneto-electric susceptibility
tensor α̂, which links the components of the induced mag-
netization to the applied electric �eld: Mi =

∑
j αijEj ,

where i and j here denote the Cartesian directions x, y, z,
and αij represent the matrix elements of α̂. The general
form of α̂ may be determined by symmetry arguments77.
Parity and time reversal symmetries in particular play an
important role in the magneto-electric e�ect. For exam-
ple: it is possible to show that the intra-band contribu-
tion to Mz requires inversion symmetry to be broken, as
pointed out in Refs. 78 and 79. However, to activate the
inter-band contribution [Eq. (2b)] it is also necessary to
break time-reversal symmetry. This justi�es the absence
of inter-band contributions in our calculations, since our
Hamiltonian breaks spatial inversion symmetry in the
presence of VAB, but remains invariant by time-reversal.
It is also worth mentioning that the crystal structure of
the 2D bulk system in the presence of VAB belongs to the
point group D3h that leads to αzx = 080 and hence does
not allow the OME to take place. Nevertheless, for the
zigzag nanoribbon with sublattice asymmetry, the point
group is reduced to C2v, with the principal axis lying in-
plane along the ŷ direction, which allows non-zero values
of αzx

81.

In Fig. 4 (a) and (b) we see that the maximum cal-
culated value for the total induced orbital magnetiza-
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tion per unit cell of the ZZ nanoribon Mz/(~eEx) is ap-
proximately 200µBa0/Vppσ in the metallic regime close
to the energy-band-gap borders. Thus, for a0/Vppσ ≈
0.25nm/eV (typical of the group-V elements/SiC) and for
Ex = 1×105V/m, we obtain a value ofMz ≈ 5×10−3µB.
This is more than one order of magnitude larger than
the current-induced magnetic moment for Au(111), and
is slightly larger than the results obtained for Bi/Ag(111)
and for the α-Sn(001) surface82. The results depicted in
Fig. 4(c) show that the absolute value of Mz for ener-
gies within the bulk topological energy-band gap ∆E0 is
a little bit smaller but still comparable with the previ-
ous case for the same value of Γ = 10−3, which corre-
sponds to a momentum relaxation time τ ≈ 0.17ps. In
this case, it is worth noting that the appearance of the
induced magnetization is mediated by conducting edge
states that are topologically protected against disordered
scattering. Therefore, the induced magnetization may be
much larger, since it increases linearly with τ , according
to Eq. (2a).
Here, since the OME is mediated by conducting states

only, it may be useful to associate the induced magnetiza-
tion with the components of the electric-current density
Ji as Mi =

∑
j βijJj18. In our case Mz = βzxJx, where

βzx = αzxρxx with ρxx representing the longitudinal re-
sistivity. Since αzx ∝ τ and ρxx ∝ 1/τ , βzx does not
depend upon τ . It is also noteworthy that the staggered
local potential (Vi = ±VAB) creates electric dipoles that
cancel out in the bulk but not for nanoribbons with zigzag
edges, where a net in-plane polarization Py emerges along
the ŷ direction, leading to a polar system with no inver-
sion symmetry. In this case, the induced orbital magne-

tization ~M ∝ ~P × ~J , which results in non-zero values
of Mz ∝ PyJx. For nanoribbons with armchair borders,
however, Py vanishes and so does the induced orbital
magnetization, as our calculations con�rm.

IV. CONCLUSIONS

In summary, we have shown that nanoribbons with
zigzag borders of px-py band systems in a honeycomb
lattice can exhibit fairly large orbital magnetization in-
duced by an electric current �owing along the ribbon axis,
when sublattice symmetry is broken. We have explored
nanoribbons extracted from 2D systems in two distinct
phases. In the �rst one, the 2D system is an ordinary
insulator at the neutrality point and the ribbon exhibits
no induced magnetization for Fermi-energies within the
energy-band gap. Nevertheless, it shows signi�cant val-
ues of OME outside this energy range, even in the absence
of spin-orbit coupling. In the second case, the 2D system
is a topological insulator that has conducting edge states
crossing the energy band gap in the nanoribbon geome-
try. In this situation, the induced orbital magnetization
is fairly large for energies within the 2D bulk gap and
also attains high values of opposite sign just beyond the
gap boundaries. In both cases, the induced orbital mag-
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Figure 4: Electric-�eld induced orbital magnetization (Mz)
per unit cell calculated as a function of EF for a ZZ nanorib-
bon with 15 lines. Panel (a) show results obtained for λI = 0
and three distinct values of VAB. The inset highlights the
calculated values of Mz(EF ) around EF = 0. In panel (b)
we display results for nanoribbons taken from a 2D system in
the A1 phase, calculated for VAB = 0.15 with λI = 0.03 and
0.10. Panel (c) exhibits results calculated for nanoribbons
taken from a 2D system in the B1 phase with VAB = 0.05 for
three di�erent values of λI .

netization is oriented perpendicularly to the nanoribbon
plane. Our results indicate that it may be controlled by a
gate voltage, a basic requirement for device applications.
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Appendix A: TIGHT-BINDING MODEL FOR

ZIGZAG NANORIBBON

In this Appendix, we present details of the px-py
tight-binding model [Eq. (1)] used to compute the spin
and OAM responses to an external electric �eld in ZZ
nanoribbons.

1. Kinetic Term

The hopping amplitudes between orbitals on di�er-
ent sites i and j are computed using the Slater-Koster
method71. They are written in terms of the direction
cosines connecting sites i and j, nµ(i, j) (µ = x, y, z),
and of the two centers integrals, Vppσ and Vppπ,

tµ,µ(i, j) = n2
µ(i, j)Vppσ + (1− n2

µ(i, j))Vppπ, (A1)

tµ,ν(i, j) = −nµ(i, j)nν(i, j)(Vppπ − Vppσ), (A2)

We restrict the hopping of our model to nearest neigh-
bors sites, which have vectors, on the coordinate system
of Fig. 1(a), pointing along ~e1 = (a0/

√
3)(0, 1), ~e2 =

(a0/
√

3)(−
√

3/2,−1/2), ~e3 = (a0/
√

3)(
√

3/2,−1/2).
Here, a0 is the lattice constant. We now de�ne the Slater-
Koster matrix of hoppings connecting a site i to its m-th
neighbor (m = 1, 2, 3) as

tm(k) =
∑

µ,ν=x,y

∣∣pµ〉tµ,ν(m) exp(ik ~em · x̂)
〈
pν
∣∣ (A3)

where tµ,ν(m) are given by Eqs (A1) and (A2). In the
unit cell of the ZZ nanoribbon, there are two inequivalent
sites; one at sublattice A and the other at sublattice B.
The Hilbert space of the ZZ nanoribbon is spanned by
Hzz = {

∣∣A,B〉 ⊗ ∣∣px, py〉 ⊗ ∣∣`〉} ⊗ ∣∣k〉, where ∣∣`〉 is the
quantum number associated with the line of the ribbon.

The hopping integral t2,3 occurs within the same line `.
We de�ne the matrix of hoppings in the same line, in the
basis

∣∣A,B〉, as,
hl0(k) =

[
0 t2(k) + t3(k)

(t2(k) + t3(k))† 0

]
; (A4)

The matrices of hoppings that switch the lines are,

hl+(k) =

[
0 t1(k)
0 0

]
;hl−(k) =

[
0 0

t†1(k) 0

]
. (A5)

Using these matrices, we built the kinetic term of Hamil-
tonian of Eq. (1) in the reciprocal space for ZZ nanorib-
bon,

Hkin(k) =


hl0(k) hl−(k) 0 . . . 0
hl+(k) hl0(k) hl−(k) . . . 0

0 hl+(k) hl0(k) . . . 0
...

...
...

. . .
...

0 0 0 . . . hl0(k)

 . (A6)

For a ribbon with N lines, the matrix of Eq. (A6) have
a tri-diagonal block form with N diagonal blocks hl0(k).

2. SOC and Sublattice Potential

The component Lz of the orbital angular momen-
tum operator at atomic-approximation30,84,85 in the basis
{
∣∣px〉, ∣∣py〉} is written as,

Lz =

[
0 −i
i 0

]
. (A7)

The spin-orbit coupling term is written as,

HSOC = λIS
zLz1σ1`, (A8)

where, Sz = diag(1,−1) is the Pauli matrix related to
electron spin, and 1σ (1`) is the identity operator in sub-
lattice (line) degree of freedom. The sublattice potential
term is de�ned as,

HAB = VAB1S1Lσz1`, (A9)

where, now, σz = diag(1,−1) is the Pauli matrix related
to sublattice degree of freedom and 1S(1L) is the identity
operator in the spin (orbital) space.
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