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Abstract 

The microstructural evolution during sintering involves 

the formation and pinch-off of pore channels. The sintering of 

three particles in three dimensions is a simple model for 

studying the pinch-off of a pore channel. We simulate the 

solid-state sintering of three particles by using Brakke’s 

Surface Evolver program, which incorporates coupled grain 

boundary diffusion and surface diffusion. The pinch-off of pore 

channel divides the sintering process into two stages; the 

initial stage and the later stage. The contact area has a 

non-circular shape bounded by both surface triple junction and 

triple junction in the later stage. A general method is 

presented to determine the sintering force acting on the 

non-circular contact. The mechanical approach of densification, 

where the relative motion of particles is driven by both 

sintering force and applied force, is applicable not only for 

the initial stage, but also for the later stage. 
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1 INTRODUCTION 

Controlling the shrinkage and microstructural evolution during 

sintering is crucial to the dimensional accuracy and properties 

of products. However, it is difficult to predict the sintering 

behavior with accuracy, because macroscopic shrinkage depends 

on the detail of local geometry at the particle scale. The 

densification in solid-state sintering of crystalline 

particles involves motion normal to the boundary of two adjacent 

grains, in a similar way to diffusional creep either by bulk 

diffusion [1, 2] or by grain boundary diffusion [3]. Even 

without the applied stress, the shrinkage in sintering occurs 

spontaneously by diffusive transport of matter driven by 

surface tension at temperatures below the melting point. Beere 

[4], Riedel, Zipse and Svoboda [5], Wakai and Brakke [6] defined 

the thermodynamic driving force of solid-state sintering, i.e., 

the sintering force, acting on a circular contact between two 

particles. The sintering force is also defined for viscous 

sintering of glass particles.[7] This mesoscopic force at the 

particle scale is the origin of macroscopic sintering stress 

tensor either isotropic [8, 9] or anisotropic [10] in continuum 

mechanics of sintering, where the macroscopic shrinkage rate 

is expressed as a response to the applied stress and the 

sintering stress.[5, 11-14] The continuum mechanics is useful 

for predicting the dimensions of final sintered products,[14] 
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and for analyzing problems of constrained sintering [12] and 

co-sintering. 

The center-to-center approach of two particles and the neck 

growth were major topics in the classical theory of sintering 

which was developed by Frenkel [15], Kuczynski [16], and Kingery 

and Berg [17]. Coble [18] and Johnson [19] analyzed the role 

of grain boundary diffusion. Bross and Exner [20] and Swinkels 

and Ashby [21] included the coupling of grain boundary diffusion 

and surface diffusion. In recent years, several techniques for 

the computer simulation of solid-state sintering have been 

developed, including finite difference method (FDM) [20, 22-24], 

finite element method (FEM) [25-30], Monte Carlo Potts models 

(MC) [31-34], phase field approaches (PH) [35-37], discrete 

element method (DEM) [38-43] and Surface Evolver program [6, 

44, 45].  

The naturally evolving pore structure during sintering is 

characterized by the formation and pinch-off of pore channels 

[46]. Consider sintering of three spherical particles in three 

dimensions (Fig. 1 (a)). There is a pore channel at the center 

of three particles. The lower part shows a circular contact in 

the initial stage. As these contact areas expand, the radius 

of the pore channel decreases, and the contact has a 

non-circular shape in Fig. 1 (c). When the pore channel is 

pinched off, a triple junction, where three grain boundaries 
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meet, is formed as shown in Fig. 1 (d) and (e). As a model of 

pore channel pinch-off, we analyzed the solid-state sintering 

of three particles by coupled grain boundary diffusion and 

surface diffusion. We show the sintering force can be defined 

for non-circular contacts bounded by both surface triple 

junction and triple junction.  

The introduction of the concept of sintering force confers 

an advantage in analyzing the effect of applied force on 

densification as will be described in Section 5.1. The relative 

motion of particles depends on both sintering force and 

mechanical force transmitted by the contact area.[5, 13, 38, 

41] It is the microscopic principle for the enhanced 

densification by sinter-forging, hot pressing, hot isostatic 

pressing, and spark plasma sintering. On the other hand, the 

debonding occurs by a tension force, which is larger than the 

sintering force, leading to the formation of defects. The 

knowledge on sintering force among interacting multiple 

particles will be useful to understand the micromechanics in 

the intermediate stage of sintering. 

 

2 THEORY 

2.1 Grain boundary diffusion 

We consider the grain boundary diffusion in a non-circular 

contact shown in Fig. 1 (e), lower part. The grain boundary 
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intersects with the surface to form a surface triple junction 

 (free surface-grain boundary-free surface). The vacancy 

diffuses from the source (surface near the surface triple 

junction) to the sink (grain boundary). The chemical potential 

of atoms on a flat grain boundary depends on normal traction 

 on the boundary.[2] The flux along grain boundary is 

proportional to the gradient of chemical potential, then, the 

gradient of normal stress. The normal stress distribution is 

a solution of Poisson’s equation [5, 19] 

 on       (1) 

where  denotes the surface Laplacian,  is the relative 

velocity between two particles,  is the atomic volume,  

is the grain boundary diffusion times the grain boundary 

thickness,  is Boltzmann’s constant, and  is absolute 

temperature. 

We solve Eq. (1) for a contact of any shape with the boundary 

condition along the surface triple junction  and triple 

junction  in Fig. 1 (e). The chemical potential of atoms on 

the surface depends on surface tension , where  is the 

surface energy, and  is the curvature. At the surface triple 

junction, the chemical potential on the surface is equal to that 

on the grain boundary, then, 
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  on  (surface triple junction)   (2) 

where the sign of curvature is negative for a spherical particle. 

The boundary condition along the triple junction is zero from 

symmetry  

 on   (triple junction)   (3) 

where  is a directional derivative in the direction of the 

unit vector tangential to the contact plane and normal to the 

triple junction, drawn outward from the region enclosed by  

and . When external force is not applied, the integration 

of the normal stress over the boundary area  must balance with 

the surface tension force along the circumference.[19] By 

including both surface tension and grain boundary tension (see 

Fig.1 (e), upper part), the force balance is expressed as 

     (4) 

where  and  are length of surface triple junction and that 

of triple junction, respectively. The grain boundary tension 

term is multiplied by 1/2, because it is shared by two particles. 

The equilibrium dihedral angle  is given by the ratio of the 

grain boundary energy 
 
to the surface energy  

.       (5) 

kgs sn = 1C

0=
¶
¶
n
s n

2C

n¶¶

1C

2C

A

( ) ( )3sin
2
12sin 21 pgygs LLdS gbsA n --=ò

1L 2L

y

gbg sg

( )2cos2 ygg sgb =



7 
 

Here, we give the relationship between the relative 

velocity  and the sintering force. Green’s second identity 

for a surface  is 

.    (6) 

Now choose  

         (7) 

 on  (contact area)     (8) 

 on  (surface triple junction)   (9) 

 on   (triple junction)    (10) 

and apply to the contact area. We obtain 

 .    (11) 

By substituting Eq. (4) into Eq. (11), the relative velocity 

is given by 

        (12) 

    (13) 

       (14) 

where  is the sintering force,  is the effective viscosity, 

and  is the contact area.  is a weighted average of 

curvature at surface triple junction 

.       (15) 
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 is a geometry factor that depends on the shape of contact 

area 

.        (16) 

 has the dimension of area. For sintering of two identical 

spheres, the contact area is a circle of radius , then, 

 in two-dimensional polar coordinates, , and 

 where  is the curvature at the neck. The sintering 

force on a circular contact agrees with the previous analyses 

[4, 5] 

.     (17) 

 

3.2 Surface diffusion 

The surface motion occurs by atoms moving along the surface 

as analyzed by Mullins,[47] 

 .       (18) 

where  is the surface diffusion coefficient. The normal 

velocity  is proportional to the negative of the surface 

Laplacian of the mean curvature.[48] The diffusive flux along 

the surface  and that along the grain boundary  must be 

continuous at the surface triple junction 

.         (19) 
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3 SIMULATION METHOD 

      Brakke’s Surface Evolver program [44] was used to 

simulate the sintering of three particles of the same size by 

coupled grain boundary/surface diffusion. The details of the 

simulation method are described elsewhere,[6] then, we describe 

it briefly. We assumed the isotropic surface energy and the 

isotropic grain boundary energy. The stress distribution in the 

flat grain boundary and  are determined by solving Eq. (1) and 

Eq. (8) by using the finite element method, respectively. The 

sintering force and the effective viscosity are determined to 

give the relative velocity . In each time step , vertices 

on each particle surface are shifted   toward the center 

of three particles. The contact area was expanded by moving 

vertices along the surface triple junction, so as to satisfy 

the continuity condition, Eq. (19). This motion is proportional 

to the diffusive flux  along the surface triple junction.  

 

4 RESULTS
 

4.1 Total energy and neck growth 
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The growth of contact area, i.e., neck growth, decreases 

the sum of energies associated with the surface area  and the 

grain boundary area  

.       (20) 

Here we define the normalized energy per particle as 

       (21) 

where  is the energy of a single sphere with a radius 

of . The energy is plotted in Fig. 2 as a function of the 

dimensionless time 

.        (22) 

which is defined for the sintering by surface diffusion 

according to Herring’s scaling law[49]. The three particles 

reach the final equilibrium shape with the minimal energy as 

shown in Fig. 2. The equilibrium energy of a ring of three 

particles depends on  as analyzed by Kellet and Lange [50] 

and Wakai (Fig.3 in [51]). 

The increase of contact area is expressed as the growth 

of effective contact radius  

 .        (23) 
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It is plotted as a function of dimensionless time in Fig. 3 (a) 

and (b). The neck growth in the initial stage of sintering is 

expressed as [52] 

        (24) 

where  and  are numerical exponents. The value of  is 

about 6 for both grain boundary diffusion [18, 19] and surface 

diffusion [53, 54]. This relationship is only valid in the very 

beginning of the initial stage. After the pore channel is 

pinched off (filled black circles in Fig. 3), the value of  

increases with time. The effective contact radius at the 

pinch-off is close to  0.5, and depends on  and 

, because these factors affect the shape of contacts 

just before the pinch-off (Fig. 1 (c)). 

 

4.2 Effective viscosity and geometry factor 

     The effective viscosity, Eq. (14), is inversely 

proportional to both the grain boundary diffusion coefficient 

and the geometry factor , and increases with the fourth power 

of the effective contact radius. The geometry factor  

defined by Eq. (16) is a coefficient which describes the effect 

of contact shape on the effective viscosity. Figure 4 shows the 

relationship between the geometry factor and the effective 

contact radius. The geometry factor is independent of contact 
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area, but depends only on its shape. It is constant ( ) as 

long as the contact shape is circular. As the triple junction 

is formed, the shape becomes non-circular. The increase of the 

geometry factor shows the effect of non-circular contact in the 

later stage. 

       

4.3 Sintering force 

     The grain boundary diffusion is driven by stress 

distribution in the contact area as illustrated in Fig. 1, lower 

part. For a circular contact area (Fig. 1 (a), (b)), the stress 

is tension at the neck surface, and compression at the center 

of the contact. The stress distribution is parabolic

     (25) 

where  is the distance from the center of the contact, and 

 is the average normal stress, which arises from Eq. (4), 

.       (26) 

It is negative, and the compressive stress is very large at small 

contact radius. The difference between  and the tensile 

stress  at the neck surface ( ) is the origin of the 

sintering force for a circular contact 

 .       (27) 
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     As the radius of pore channel decreases, the curvature near 

the pore channel increases significantly (Fig. 1 (c)), and the 

local curvature becomes very large just after the pinch-off (Fig. 

1 (d)). The sintering force of non-circular contact, where neck 

curvature depends on position, is calculated by substituting 

the weighted average of curvature  (Eq. (15)) for  in Eq. 

(27).  

     Figure 5 shows the weighted average of curvature decreases 

with increasing the effective contact radius.  shows a small 

peak at the pinch-off of pore channel, and reaches to an 

equilibrium value in the final state.  in the initial stage 

decreases with increasing  (Fig. 5 (a)). This result is 

consistent with the geometrical analysis of Johnson [19] and 

Coblenz [52].  in the initial stage decreases with 

decreasing  in Fig. 5 (b), because so-called 

“undercutting” reduce the neck curvature when the surface 

diffusion is dominant as analyzed by Nichols and Mullins.[53, 

54] 

     The sintering force is calculated by Eq. (13), and is 

plotted as a function of effective contact radius in Fig. 6 (a), 

(b). It varies slightly showing a broad peak in the initial stage. 

After showing a sharp peak at pinch-off of pore channel, it 
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decreases to zero at the equilibrium. The sintering force 

depends on  and , because it is a function of . 

 

4.4 Shrinkage 

     The relative velocity  (Eq. (12)) is given by the 

effective viscosity and the sintering force, and the relation 

between relative velocity and effective contact radius is shown 

in Fig. 7. The relative velocity increases proportionally to 

. The slope of line in the double-logarithmic plot was 

about 4 in the initial stage. The sintering force can be regarded 

as constant in the initial stage, so that the relative velocity 

depends mainly on the effective viscosity, which is 

proportional to the fourth power of the contact radius. A small 

peak on the velocity curve shows the pinch-off of pore channel. 

The decrease of sintering force is responsible for the decrease 

of relative velocity in the later stage. The relative motion 

of particles stops when the sintering force becomes zero 

finally. 

     The shrinkage in sintering is defined by the distance  

between mass centers of two particles as shown in Fig. 1 (a), 

upper part. The mass center of a particle was calculated from 

a surface integral of position by using the divergence theorem 

of Gauss.[6] The shrinkage  is plotted as a function 
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of the dimensionless time in Fig. 8. The shrinkage  by rigid 

body motion is given by integrating relative velocity . The 

grain boundary diffusion is very efficient, so that 83 % of the 

final shrinkage is caused by the rigid body motion at  

= 1. Especially, the grain boundary diffusion is fully 

responsible for the shrinkage in the initial stage, even in the 

case of  = 0.1. The motion of mass center of a particle 

occurs by both rigid body motion and shape change by surface 

diffusion. The difference between  and  in the later stage 

is caused by surface diffusion. Since the sintering by surface 

diffusion can take place without grain boundary diffusion, the 

shift of mass center occurs even at  = 0. Although the 

sintering force is defined also at  = 0 in Fig. 7 (b), 

the shrinkage  by rigid body motion is zero, because the 

effective viscosity is infinitely large. 

     The pinch-off of pore channel divides the sintering process 

into only two stages; the initial stage with open pore channel 

and the later stage without internal porosity. The slope of 

shrinkage curves ( ) for  = 1 and 0.1 in Fig. 8 changes 

at the pinch-off. By assuming an appropriate geometrical 

relation between the relative velocity and the neck growth rate, 

u
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Coble [18] obtained a relation between  and the dimensionless 

time for the initial stage of sintering of two particles 

         (28) 

where  is an exponent. In the initial stage, the slope of 

shrinkage curve was close to the value  = 1/3 as proposed by 

Coble. The value of  decreased in the later stage in the 

present simulation. The initial stage of sintering ends with 

the pinch-off of pore channel in a very short period of time. 

The amount of shrinkage during the initial stage is only 20 % 

of the total shrinkage  by rigid body motion. The shrinkage 

continues in the later stage, which lasts for a long time. 

 

5 DISCUSSION 

5.1 Effect of applied force on densification 

The relative velocity between two adjoining particles is 

expressed as 

       (29) 

where  is the force transmitted by the contact area. This is 

the approach used by Jagota and Dawson [38], Parhami and 

McMeeking [41], McMeeking and Kuhn [13], Riedel, Zipse and 

Svoboda[5] for circular contacts. Eq. (29) is a generalized form 

applicable also to non-circular contacts. It shows that the 

sintering force is equivalent to the tension force necessary 
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to stop the shrinkage ( ) as defined by Gregg and Rhines.[56] 

This equation shows also that the debonding occurs by the 

application of tension force, which is larger than the sintering 

force. 

     The discrete element method (DEM), which was initially 

developed for granular materials,[57] has been applied to 

sintering, in which the motion of a huge number of spherical 

particles is simulated by using the micromechanical relation 

of Eq. (29). The sintering force used in DEM simulation was 

derived from the analysis of viscous flow,[38-41] the initial 

stage of solid-state sintering,[42] and the periodic porous 

structures in equilibrium.[43] Bouvard and McMeeking [24] 

simulated the effect of applied force on sintering of two 

particles by coupled grain boundary and surface diffusion, and 

proved that the shrinkage rate was the sum of free sintering 

rate and the creep rate by the applied force.  Martin [42, 58, 

59] used a convenient approximate formulation of free sintering 

rate, which was provided by Bouvard and McMeeking, in their DEM 

simulation of sintering. In their formulation the sintering 

force was approximately expressed as a constant [58] or a linear 

function of contact radius.[42] By following their approximate 

approach, the sintering force is schematically illustrated in 

Fig. 9, where parameters ( , , ) are chosen according to 

0=nu!

sF1 1 *c 2 *c
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the simulation results in Fig. 6 (a) and (b). The sintering force 

can be considered constant before the pinch-off at , and 

decreases linearly to zero at the equilibrium . For the 

sintering of three particles, the contact radius at the 

pinch-off  is about 0.5, and the equilibrium contact radius 

 is calculated from the dihedral angle [50, 51]. The authors 

suppose this formulation can be used for DEM simulation of the 

later stage of sintering.  

     This two-part piece-wise linear approximation is simple, 

and can be generalized to other configurations of pore channel. 

Kellett and Lange [50] modeled the pore channel by using closed 

arrays, or rings, of spherical particles. The number of particle 

 is the coordination number of the pore channel. The spheres 

are located at vertices of regular polygon. The pinch-off takes 

place when the sphere surface touch the center of the polygon 

as shown in Fig. 10. The contact radius depends on the geometry 

         (30) 

where the angle is . The contact radius at the 

pinch-off increases with increasing the pore coordination 

number; it is = 0.71 and 0.81 for  and , 

respectively. The sintering force can be considered constant 
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even for large contact radius , when the coordination 

number of pore channel is larger than three. 

The sintering force depends on the weighted average of 

curvature along the surface triple junction. Since the local 

curvature becomes very large at the pinch-off, we suppose that 

the sharp peak in sintering force will be also observed for pore 

channels with the coordination number larger than three. 

Although this effect gives a small peak in relative velocity 

in Fig. 7, its contribution to the total shrinkage is very little 

(Fig. 8), because the very narrow pore channel disappears 

quickly at the pinch-off. Therefore, for simplicity, it is 

appropriate to use the two-part piece-wise linear approximation 

for the sintering force (Fig. 9). 

 

5.2 Motion of mass center by surface diffusion 

     Several diffusion mechanisms contribute to sintering 

concurrently, and their relative importance varies with 

temperature and particle size.[21] In this paper, we analyzed 

the sintering force in solid-state sintering by coupled grain 

boundary diffusion and surface diffusion, which is the most 

important mechanism for the densification of fine crystalline 

particles. Swinkels and Ashby [21] distinguished “densifying 

mechanisms”, where the grain boundary acts as sink/source of 

vacancy, from “non-densifying mechanisms”, where only the 

0* 0.5c r >
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surface acts as source/sink of matter transport. However, the 

mass center of a particle shifts with time by non-densifying 

mechanisms, because the particle shape changes by surface 

diffusion, bulk diffusion, and evaporation-condensation. In 

the present paper, we showed that the motion of mass center by 

surface diffusion is important in the later stage, especially, 

when the grain boundary diffusion coefficient is lower than the 

surface diffusion coefficient (Fig. 8). Here we point out that 

a thermodynamic driving force can be defined for the motion of 

mass center by surface diffusion.[6] Furthermore, the surface 

motion is controlled by the interface reaction when the surface 

diffusion is infinitely fast compared with the attachment 

kinetics.[47, 48] The sintering by interface controlled surface 

diffusion is described mathematically in a similar way with that 

by evaporation-condensation process.[60] One of the authors has 

analyzed the sintering force [45, 61] and the moment of inertia 

tensor,[62] which characterizes the shape evolution, in the 

interface controlled sintering of three particles also. The 

sintering force increased with time in the initial stage, showed 

a sharp peak at the pinch-off of pore channel, and decreased 

to zero at the equilibrium. These features observed during the 

pinch-off of pore channel were common in both the densifying 

mechanism and non-densifying mechanisms. 
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5.3 Initial stage of sintering in various simulation models 

     Computer simulations were carried out to study the initial 

stage of solid-state sintering of two particles for several 

decades. Many aspects of the results of each of these 

investigations [23-30] lie in quantitative agreement with one 

another and with analytical models.[52] For example, all of the 

simulation models yield a value of 6 for the exponent  of Eq. 

(24), and they find that the shrinkage takes on a power-law form 

of Eq. (28). In most cases, the differences between the 

simulations and the analytical models lie on the assumption of 

the neck shape that depends on  and .[63-64] 

     The initial stage of sintering of three particles in three 

dimensions is essentially the same with that of two particles, 

especially at the very beginning. The present results on three 

particles agreed well with our previous results on two 

particles.[6] On the other hand, Tikare, Braginsky and Olevsky 

[31] studied the sintering of three particles in two dimensions 

by using Monte Carlo simulation. Since a closed pore was formed 

at the beginning, their two-dimensional model was able to study 

the final stage, where the closed pore shrank. While real 

samples possess several types of pores, the sintering of four 

particles will be a simple model for investigating the formation 

and shrinkage of a closed pore in three dimensions.  

 

m
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6 CONCLUSION 

The implementation of the finite element method to analyze 

the stress distribution on grain boundary in Brakke’s Surface 

Evolver program allows this method to be extended to the 

simulation of sintering by coupled grain boundary diffusion and 

surface diffusion. Consequently, the calculation of sintering 

force acting on a contact of any shape becomes tractable, from 

which the constitutive law for the relative velocity between 

two adjoining particles can be extracted. The evolution in the 

sintering of three particles leads to the pinch-off of pore 

channel, and the constitutive law was applicable to both the 

initial stage and the later stage after the pinch-off. This 

simulation algorithm will help to analyze the interaction of 

many particles in solid-state sintering. 
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Figure caption 

 

Fig. 1  Sintering of a ring of three spheres by coupled grain 

boundary diffusion and surface diffusion (  = 1,  

= 0.5 (  = 151°)). (a) Dimensionless time   1.2 ´ 10-5, 

effective contact radius  = 0.30, (b)  5.8 ´ 10-5, 

 = 0.39, (c)  0.00020,  = 0.47, (d)  0.00037, 

 = 0.53, (e)  0.0071,  = 0.72. The upper part shows 

the process of pore channel pinch-off. The lower part shows the 

distribution of normal stress  on a grain boundary.  

 

Fig. 2  Normalized energy per particle as a function of 

dimensionless time. The equilibrium shapes with the minimal 

energy are shown as examples. 

 

Fig. 3 Effective contact radius as a function of dimensionless 

time. (a) Effect of , (b) Effect of . Arrows show pore 

channel pinch-off. The slope shows the exponent  in Eq. 

(24) for sintering by grain boundary diffusion and surface 

diffusion. 

 

Fig. 4 Relationship between geometry factor and effective 

contact radius. Some examples of contact shape for  = 0 

are shown in the figure. 
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Fig. 5 Relation between weighted average of curvature and 

effective contact radius. (a) Effect of , (b) Effect of 

. 

 

Fig. 6 Relation between sintering force and effective contact 

radius. (a) Effect of , (b) Effect of . 

 

Fig. 7 Relation between relative velocity and effective contact 

radius.  

 

Fig. 8 Shrinkage as a function of the dimensionless time. Solid 

line represents the distance between mass centers .  Broken 

line represents the rigid body motion  caused by grain 

boundary diffusion.   

 

Fig. 9 Piece-wise linear approximation of sintering force. 

 

Fig. 10 Configuration of spheres at the pinch-off. For the pore 

coordination number ,  is 30° and  is 0.5. 
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