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Abstract We argue that high-quality data on the reaction
ete™ — w5 will allow one to determine the doubly-
virtual form factor n — y*y™* in a model-independent way
with controlled accuracy. This is an important step towards
areliable evaluation of the hadronic light-by-light scattering
contribution to the anomalous magnetic moment of the muon.
When analyzing the existing data for eTe™ T~y for
total energies squared k> > 1 GeV?, we demonstrate that the
effect of the a, meson provides a natural breaking mecha-
nism for the commonly employed factorization ansatz in the
doubly-virtual form factor Fyy«,+(g?, k?). However, better
data are needed to draw firm conclusions.

— T

1 Introduction

Transition form factors contain important information about
the properties of the decaying particles. Additional interest
in meson decays with one or two virtual photons in the final
state comes from the fact that the theoretical precision of
the Standard Model calculations for the anomalous magnetic
moment of the muon is significantly affected by the one of
hadronic light-by-light (HLbL) scattering, where the latter
appears as a sub-amplitude; see Fig. 1. A few years ago,
the Bern group reported on important progress towards a
model-independent determination of the HLbL contribution
based on dispersion theory [1-3]. In principle this allows
for an analysis of similar rigor as commonly applied for the

4 e-mail: holz@hiskp.uni-bonn.de

b e-mail: kubis@hiskp.uni-bonn.de (corresponding author)

Published online: 13 November 2021
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Fig. 1 Diagrammatic representations of the HLbL contribution to (g —
2), (a), as well as pseudoscalar pole term contributions thereof (b),
where P € {7°, 5, 1’}

hadronic vacuum polarization [4].! The updated experimen-
tal value for (g — 2),,, combining the BNL measurement [6]
with the first Fermilab results [7,8], shows a 4.2¢0 tension as
compared to the current theory consensus on the Standard
Model value [4,9-33] and the upcoming improvement in the
experimental statistics [34] demands further efforts to reduce
the theoretical uncertainty. Reference [4] identifies the n and
n’ pole terms as major outstanding contributions in the disper-
sive approach to HLbL, next to axial vectors [35,36] and the
matching to short-distance constraints [21,29-31,37—40]. A
refined understanding of the doubly-virtual » transition form
factoris the object of this article; see also the review Ref. [41].

In Ref. [42] the isovector contribution of the singly-virtual
form factor Fy,+y (g?) = Fyy+y=(g°, 0) was calculated for
virtualities ¢> < 1GeV? from data on  — 777~y and
the pion vector form factor via a dispersion integral. This was
done with the help of a convenient parameterization of the
corresponding 7 7 invariant-mass distribution derived in Ref.

1 See also the alternative approach to analyze the muon’s Pauli form

factor dispersively [5].
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Fig. 2 The reaction eTe™ — nm 7 ~. The wiggly, dashed, solid, and
double lines denote photons, pions, 1, and a; meson, respectively. The
gray blob stands for the w7 final-state interactions

[43], see also Ref. [44]. In particular, it was demonstrated that
when the high-statistics data of Ref. [45] were used to fix the
n — w7~y input, this procedure leads to a determination
of Fy,+y (g?) with an accuracy higher than that of the most
recent direct measurements [46—49]. Especially this is the
case since the isoscalar contribution is negligibly small.

In this article, the program to pin down the 7 transi-
tion form factor with high accuracy will be extended to the
doubly-virtual form factor F;,« (g%, k%) in the kinematic
regime g2 < 1GeV? and k> > 1GeV?2. The analysis is
based on input from the reaction eTe™ — nmTm~, see
Fig. 2, which plays a very similar role to dataonete™ — 37
for the 7 © transition form factor [26,27,50]. The method pro-
vides access to the doubly-virtual form factor in a kinematic
regime where it is yet unknown. In particular it allows for a
test whether the factorization ansatz

Fny*y*(‘f’ kz) = Fyyry (‘Iz)Fm/V*(kz) M
for the normalized form factor Fny*y* (qz, K3 =
Fypxpx (qz, k2)/F,7y*y* (0, 0) is still valid in the kinematic
regime specified above.? It should be stressed that although
a direct measurement of the doubly-virtual form factor via
ete™ — neTe™ is in principle possible, we still expect
our method to lead to higher accuracy, simply because the
hadronic rates for y* — nm 7~ are a factor 1 /ozgm larger
than those for y* — nete™.

In Ref. [51] it was argued that the a;(1320), a tensor
resonance with 19 (JF€) = 17(2*%), should provide the
leading left-hand-cut contribution to the decay amplitude for
n — mtmw~y, and accordingly distort the spectra signifi-
cantly, however, only beyond the kinematic region accessible
in the direct measurement of the decay. Interestingly all nec-
essary parameters can be fixed from data directly. The claim
was corroborated by an analysis of the dataforn’ — w7~y
[52,53]. In this work we therefore also include the a; con-
tribution. Diagrammatically this amounts to including a»

2 Strictly speaking, we test factorization for the isovector—isovector part
of the transition form factor, as the isoscalar—isoscalar contribution is
small unless one of the virtualities hits a narrow isoscalar resonance,

2 12 2 2
q°, k ~Mw,M¢.
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crossed-channel exchange as shown in Fig. 2b, in addition to
the structureless vertex of Fig. 2a.

Unfortunately, the differential data presently available for
the reaction eTe~ — nm T~ from the BaBar [54,55], SND
[56], and CMD-3 [57] collaborations are rather limited: only
BaBar and CMD-3 provide 7 spectra, and both with the
shortcoming that they are not given at a fixed value of k2, but
for v/k2 integrated in ranges from 1.0-4.5 GeV [54], 1.4-1.8
GeV [55],0or 1.3-1.8 GeV [57]. As we argue below, analyzing
the two BaBar data sets, this integration limits the extrac-
tion accuracy of the form factor, since changes in the w
spectrum cannot only be induced by changes in the explicit
dependence of the amplitude on the w7 invariant mass, but
also by changes in the parameterization of the line shape of
the p’. The latter is the first excited resonance of the p meson
and dominates the total cross section.

The paper is structured as follows. In Sect. 2 we generalize
the formalism of Ref. [42] to the doubly-virtual » transition
form factor, based on amplitudes for n — 77~ y*. Sub-
sequently, we show how the dispersive representations for
n — m T~y discussed in Refs. [43,51] can be extended to
the virtual-photon case of interest here. In Sect. 3 we discuss
the parameterization used for virtualities beyond 1GeV?,
which are beyond the range of applicability of the disper-
sive approach employed in this work. In Sect. 4 we present
and discuss the results of our analysis of ete™ — nztm™
total and differential cross section data, without and with the
inclusion of the ap contribution. Section 5 reflects on the
impact of our findings for the 7 transition form factor. We
close with a summary and discussion; some technicalities
are relegated to an appendix.

2 Dispersive representations
2.1 Transition form factor of the n meson

The n — y™*y* transition form factor (TFF) F,”,*V*(qz, k%)
is defined by the matrix element

i / dhx ¢4 (01T (6)ju (O} n(g + 1))
= €vapq kP Fpyeye (g%, k), )

where j, = Quy,u — c?yud — Syus)/3 denotes the elec-
tromagnetic current, g and k are the photon momenta, and
the convention €923 = +1 is used. The decay into two real
photons is driven by the chiral anomaly [58,59], which fixes
the normalization F,,, = F;,+,+(0, 0) of the TFF,

TG, M)

F(U—>VV)=—|Fnyy|2, 3
4

where aem = €2/(47) is the fine-structure constant.
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Fig. 3 Diagrammatic representation of the dispersion relation for the
isovector part of the n TFF; see Eq. (5)

Isospin symmetry allows us to decompose Fy; (g%, k?)
into an isovector—isovector (/ = 1) and an isoscalar—
isoscalar (I = 0) part, which, for the normalized doubly-
virtual TFF Fyp s+ (g%, k?) = Fyyeyr (g%, k?)/ Fyyy, can be
written according to
Fryeyr(q® k%) = FOZ (@5 KD + Fy @ k). ()
As vector-meson-dominance estimates demonstrate, the
isoscalar part is strongly suppressed [41,42], such that for
the TFF’s low-energy properties, its contribution is within
the isovector part’s uncertainty.

A single-variable dispersion relation for the isovector part
is at low energies dominated by the two-pion intermediate
state, see Fig. 3, which yields

(=1
FUZN @2 % =

'ty 9672 F,,,
/°° 103 (1) Fymny+(t, KDIFY (0)]*
X dr 3 s
4M2 t—q

(&)

where ij (¢) is the pion vector form factor, and Fj 7+ (t, k?)
denotes the projection of the n — w7~ y* amplitude
onto the pion—pion P-wave, to be defined formally below.
We expect the dispersion relation Eq. (5) to hold up to
g*> ~ 1GeV?, even for a much wider range in the second
argument k2. We will briefly comment on the extent to which
two pions alone saturate this isovector dispersion relation
below in Sect. 5.

2.2 Dipion amplitudes

The decay amplitude for n(p,) — 7+ (p)m = (p=)y @ (k)
can be written as

(T (P (PO n(py))
:éﬂvaﬁpipikﬂ f(svtvuvkz)v (6)

with the Mandelstam variables given as s = (p; — P42,
t=(pr+p)andu=(p,—p ), s+t+u=%=
M% + ZM% + k2. An expansion of F(s, t, u, kz) in pion—
pion partial waves proceeds in odd waves only, and is totally
dominated by the P-wave [51], denoted by F; 5+ (t, kz) in
the following,

3 1
Fnﬂﬂy*(tvkz): Zf dZ(l _Zz)f(s’tvuskz)i (7)
-1

s—u =1 4M2
, O = - )
o (OMPM2, 1, k) T t

where

7 =cosf=

(®)
and the Killén function is defined by
ra,b,c) = (a—b—c)* —4dbc. 9)

In the real-photon case k> = 0, the n — 7t~y differ-
ential decay rate with respect to ¢ can be written as [43]

drl
= [Fynmye 1, 0)[* To (),
Qemt o> () (M? — 1)3

153672 M3

On the other hand, for k2 > (M, + 2Mn)2, the matrix ele-
ment (6) can be assessed in the reaction eTe™ — nw .
We write the differential cross section as

do 2 4 2 g2 302 2412
d«/;(t’k )=N 4(k2)2)h(t7k 9M7;) |Fnﬂrr)/*(t»k ),
(11)

where the normalization is kept unspecified due to the BaBar
differential cross sections being provided in arbitrary units
[54,55]. The total cross section data sets used, however, are
provided in meaningful units. Hence, for the total cross sec-
tion we use

0[2 J]{T—Mn 1 do
o(k?) = %/2 dvr Nd—ﬁ(t, k). (12)
M

A central element of the amplitude Firzp«(f, kz) is the
universality of the elastic pion—pion P-wave final-state inter-
actions as encoded in the Omnes function [60]

00 1
Q) =exp{i/ dtm}, (13)
T Jap2  T(T 1)

where § } (t) denotes the pion—pion P-wave phase shift. In
particular, €2 (¢) contains the physics of the p (770) resonance.
One of the most obvious applications to make use of the
Omnes function is the pion vector form factor, which can be

@ Springer
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extracted directly from data on ete™ — 7Tz~ or ™ —

7~ 7%;. It can be written as
FY ()= R®Q), (14)

where R(¢) is a function free of cuts up to inelastic effects,
which can in practice be approximated by a linear func-
tion up to r ~ 1GeV? [42,52]. Utilizing the phase shift
parameterization specified in Appendix A.l and fitting to
T decay data [61], this linear function is found to be
R(1) = 1+ 0.126(2) GeV~2¢. Comparable parameteriza-
tions [62,63] were used in previous studies of the n TFF
[42,43]. Similarly,

anny* (t7 k2)

P(t, k%) = o0

(15)
is a function free of right-hand cuts in # up to inelastic thresh-
olds. In Refs. [43,45] it was shown that for the real-photon
case, the function P (¢, 0) is sufficiently well approximated
as a linear polynomial

PO (r,0) = AL (1+ agqn), (16)

where AZ,,), is anormalization constant, to describe the high-
accuracy n — m T~y decay data obtained by the KLOE
collaboration [45]. The slope parameter «g is found to be
[51]

ag = 1.52(6) GeV 2, (17)

with only the statistical uncertainty included.’

As P(t,0) is not expected to grow for large ¢ on funda-
mental grounds, the representation Eq. (16) is unlikely to hold
beyond the small range in ¢ accessible directly in the decay
n — m T~ y. Indeed, high-statistics data for the analogous
decay n’ — w7~y require a polynomial of second order
[52,53] instead, motivating an alternative parameterization

PP (,0) = Al (1 +aqt + Bat®) (18)

that we will also test below. A possible physical motiva-
tion for such a curvature term was given in Ref. [51], where
it was demonstrated that the left-hand cut induced by the
a»(1320) distorts the linear behavior of P (t, 0) significantly
beyondt < M % In order to include the left-hand-cut contri-
bution, we need to generalize the dispersive representation
of Fyrzy+(t,0) according to [51]

FAe (1,0 = Fay (1, 0) + Fup (1, 0), (19)

3 The analyses [43-45] employ Eq. (15) with 2(¢) replaced by F,y (1),
due to the observation that the linear slope in R(¢) relating both quanti-
ties is small. The analogously defined parameter & was then determined
tobe o = 1.32(13) GeV~2, combining statistical and systematic errors,
which is slightly shifted compared to Eq. (17).

@ Springer

with

Fuy(t,0) = Q(t){A(l + aglaz]t)

+r2 /OO dr sin(s}(r)ﬁaz(r)}

7 Jaz 71RO —1)

. 3 rl
Fay(1,0) = Z/ldz (1 —z2> Far(s.1,u,0), (20)

where Fg,(s,t,u,0) comprises the a; s- and u-channel
exchange amplitudes (for real photons), see Ref. [51] for
details. The subtraction constant aq[as] that takes over the
role of the slope parameter aq is shifted only marginally:
extracted froma fitto n — 77~y (where r < 0.25 GeV?),
it reads [51]

agqlar] = 1.42(6) GeV 2. 2D
‘We define the function

(a2)
F) 1,0 o)

(@) _
Pt 0) = o0

as a straightforward generalization of Eq. (15) (for k2 =0).
This function is still free of right-hand cuts, but now con-
tains the left-hand cut due to a, exchange. P(@) (7, () can be
approximated by

P@(1,0) ~ Agw[az](l + {aqla] + o Jt + 5a2t2)
(23)

in the range 4M§ <t <1 GeVZ. It turns out that with
g, = 0.28GeV~2 and B,, = —0.66 GeV~*, this approx-
imation works to better than 1% accuracy. The constant
A?my[az] is chosen such that Fy; (¢, 0) is normalized to
the experimental rate for n — 77~ y. Note that if the as
left-hand-cut contribution is turned off, the constants A?W
and A, see Eq. (20), coincide. The overall strength of the a;
contribution is phenomenologically known from a, branch-
ing fractions to better than 10% accuracy [51]. Given the size
of the errors in the data analyzed in the present study, we will
neglect this source of uncertainty in what follows.

The same method that allowed us to connectn — 777~y
to the isovector component of n — y*y permits to connect
y* — nm T~ to the isovector component y* — ny* and
thus to the doubly-virtual n transition form factor. To this
end, we need to generalize the dispersion relation Eq. (5), and
hence the description of Fyz = (f, k?), to an off-shell photon
with invariant mass squared k%. We begin by noting that the
left-hand-cut contribution of Eq. (19) changes naturally for
k? # 0 due to the changed kinematics. We define

F\2) (1K) = Fap(t. k%) + Fop (1. K2). (24)

+

The angular integral over the a; exchange amplitudes can be
done analytically and yields the hat function (cf. Appendix
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A.2 for details on the analytic continuation)

A 8crgr M? - M;%
E, (t, k%) = 7 — 14+ | M2 - +2¢
as ( ) x/gFg ( M32 + ay +
(k* — M2)(M2 — M2)7 30(y(t, k%))
M2, 2M2 - +1)°
1 y+1
0 =y [5(1 —y%) log (—) + y} :
y—1
IM?2 — %+t
y(t, k%) = 2 (25)

o (1) J2 (1, K2, M2)

where the coupling constant gr (cr) has been determined
from the branching ratio of a, — 7 (a; — wy) [51] and
F; = 92.28(10) MeV [64] is the pion decay constant. The
dispersion integral contained in

Fo (1, k%) = Q(t){A(l + agla](k?) 1)

+t2 foo dr sin ] (v) Foy (1, k2)} 06)

7 Jaz 7 1Q@IC - 1)
can be carried out numerically via path deformation into the
complex plane in order to circumvent the singularities of the
integrand, inspired by the methods of Ref. [65]. Due to the
need to deform the integration path into the complex plane,
we utilize a w7 phase shift 5% calculated via the inverse-
amplitude method (we employ an approximation to the two-
loop representation of Ref. [66]), which provides us with an
analytic expression; see Appendix A.l. Equations (25) and
(26) encode a nontrivial entanglement of the dependences on
¢ and k? that clearly does not factorize in a simple manner.

We now make the following ansatz for the complete y* —
nm T~ form factor:

Fpmny» (1, k%) = F&2) (1, k) Fyyye (k7). 27)

i.e., any additional k> dependence is assumed to be mul-
tiplicative (or factorizing). Note that F,,W*(kz) cannot be
treated within the formalism of Ref. [42] for an application
toete™ — nntx~ data, since with k2 > 1 GeV? it is to be
evaluated in a kinematic regime where the original method,
relying on elastic unitarity, is no longer applicable. However,
as will be shown in Sect. 3, for the analysis aimed at here we
only need a convenient parameterization of F,,,« (k?). Alter-
natively, we will revert to the simpler approach to replace
F,gzzjzy* (t,k*) by Fyazzy=(t,0), given by either the linear
or the quadratic approximations P2 (z, 0). In these lim-
its, Fé%ﬂy*(t, k2) and, via the dispersion integral (5), the
(isovector part of the) doubly-virtual TFF, become factoriz-
ing in their dependences on the two respective variables, and
we can check the consistency of the assumption by testing to

which extent the linear subtraction constants of Egs. (20) and
(26) fulfill e faz] = aas], i.e., to which extent ad[as] (k%)
can (on average) be approximated by a constant consistent
with the value for the real-photon case. In this limit (only),
Fnyy* (k?) also corresponds to the normalized singly-virtual
n TFF Fy, (k).

In order to fix az‘z[az](k2) and mey* (k?), which provide
the input for the calculation of the doubly-virtual transition
form factor Fyy+,+(q%, k), data on e*e™ — nwt7x~ need
to be analyzed, with particular attention to the distributions
with the dipion invariant masses. However, data for the mw
spectrum are available only with a simultaneous integration
over the initial energy k>. Therefore it is not possible to
extract values for as*z[ag](kz) as a function of k2, but only
to extract some averaged value ag,[az]. Moreover, since the
value of a$[az] also influences the shape of the total cross
section for eTe™ — nm 7™, a combined fit to the w7 spec-
trum and the total cross section is mandatory, which calls
for a parameterization of the data in kinematic regimes that
cannot be captured by the dispersion integrals employed in
this work. We describe this parameterization in the following
section.

3 Form factor parameterization above 1 GeV
3.1 Inclusion of excited isovector vector resonances

For the fit to the total cross section we need to parameterize
the function Frn/y* (k%) fork? > 1 GeV2. As one can see from
Fig. 4, the total cross section for ete™ — nutm~ showsa
very prominent contribution from an excited p resonance,
the p’ or p(1450). It turns out that the low-energy side of
the spectrum calls for an inclusion of the p(770) resonance,
which enters through its upper tail. Moreover, the addition
of a higher resonance, the p” or p(1700), improves the data
fit significantly. Note that most experimental or phenomeno-
logical analyses of the reaction e™e™ — nx 7~ employ
two or three vector resonances [67—70]. It should be stressed
that what is crucial for the analysis is not that we have the
correct physics optimally built into the parameterization of
the function I:",,yy* (k%), but all we need is a convenient rep-
resentation that describes the data for the quantity of inter-
est for this analysis: the k>-integrated 7 spectrum. Since
ﬁn},y*(kz) enters here as a weight factor — cf. Eq. (11) — it
is sufficient to parameterize ﬁnw* (k?) by a sum of Breit—
Wigner functions. Clearly in doing so we should not expect
the resonance parameters to agree with those of the Particle
Data Group (PDG), since Breit—Wigner parameters are reac-
tion dependent and a sum of Breit—Wigner functions violates
unitarity. More explicitly, the Breit—-Wigner (BW) functions
we employ are given by

@ Springer
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1

BW;(k*) = :
/ M? — k2 — VKT (k)

(28)

with j € {p, p’, p”'} and the energy-dependent widths writ-
ten as [71]

M? 3 2

0(k*> —4aM?), (29)
1T i (M) ( )

where the center-of-mass momentum is given by

JAGs, M2, M?)

NG (30)

qab(s) =

Additionally, we employ another variant, in which the p’ and
o” widths are parameterized by the decay into the wm final
state:

42, (k%)

2) — T (M2
=0 o

0(k* — (My + Mz)?). (31

We parameterize the function Fy,,«(k?) o Y c;
M]2.B W; (k*), where j € {p, p’, p""}. Through the normal-

ization constraint F, yyy*(0)=1 we eliminate the coupling c:

an*(kz)
_ MIBW, (k) ey MY BW,y (k) +cpr M, BW (k)
1 —+ Cp/ “+ Cp// ’

(32)

The remaining couplings are used as fit parameters. While
the (large) Breit-Wigner coupling to the p’ is taken to be
real as required by unitarity, we see a substantial improve-
ment in the fit quality if the (small) coupling to the p” is
allowed to take complex values, which likely subsumes the
effects of yet higher resonances and the more complicated
coupled-channel structure in that energy region. Addition-
ally, the masses M, and M, as well as the widths I’ p/(MZ,)
and T pn(Mg,,) of the p’ and p” are fitted to the data. For the
p we use the PDG values for mass and width.

@ Springer

Since we do not expect the form factor ansatz in Eq. (24) to
hold up to arbitrarily high energies, we employ the following
prescription for a certain cutoff value s,:

anny* (tv kz)
2
t ~
Q1) <L(t) + —D(t, k2)> + Fyy (1, k)
T
for t, k% < Se,
s 2 2 2, 5¢
Q) | L(sc) + ;D(Sc‘vk ) )+ Fuy(se, k )7
for t > s A k? < s,

12 Se . Se
Q(1) L(t)+;D(t,Sc)p +Fa2(tvsc)k_2

for 1 <s. A kZ > s,

2
Q) (L(s,,o + 2 (s, s»s—”) + Foy (50 s) K (1, K)
T k2

for t,k2 > Sc,

(33)

this work (wm

BaBar (2007) ————
4 BaBar (2018)

7\

this work (7r7r§ ‘

\

=
S
I
y
0 —?—E—%’L‘}/ ‘ ‘ ‘ E
1 1.2 1.4 1.6 1.8
VE? | GeV

Fig. 4 Fit to the total cross section from BaBar 2007 [54] and 2018
[55] up to VK2 = 1.9GeV for se = 3GeV? (see Eq. (33) for details).
The gray band around the central black-dashed curve represents the
full model with 77 widths (cf. Eq. (29)) used in the Breit—-Wigner
parameterizations, while the red line corresponds to the central value
of the full model with wm widths (cf. Eq. (31)) for p’ and p”. The error
band of this curve is very close to the gray one. The central values of
both variants display only tiny differences between each other
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with

L) = A(1 + aglar]t),

et + 5¢) (k* + sc
K.k =" (2tk2s(t)(+k2)s - .

and the dispersion integral

D(t, k) =/°O d_fSin3f(f)Fa2(r, k%)
’ w2 7 Q@I —1)

(35)

This continuation ensures that the form factor drops off like
1/t and 1/ k? for high energies and is continuous everywhere
when going from one region to another. Through treating the
cutoffs in 7 and in k? in the same way, it reflects a symmetry
that is important for a later application in the 5 transition
form factor in the HLbL contribution to the muon g — 2. We
test the independence of the choice of continuation point s,
by varying it in the fits according to s. € {3, 4, 5} GeV?.

3.2 Finite-width effects in the a, exchange

In the tensor model used to describe the az-exchange dia-
grams, the a; meson is assumed to have no width. However,
in reality the a;(1320) has a width of about 100 MeV, and
in the reaction e¥e™ — nmw T, where the ay can be pro-
duced quasi on-shell, this effect is surely not negligible. To
cure this caveat, we define a dispersively improved Breit—
Wigner function BW (s), using the imaginary part of BW (s)
as in Eq. (28) as the spectral function above a certain thresh-
old sy [72,73],

1 [ ImBW(®)
dx ————2

BVe =2 famr
Sthr
| poo
= — dx Im(BW(x)) - BW(s; x; T =0),
g

Sthr

(36)

where in the last step we have written the Cauchy kernel
as a Breit-Wigner function with mass parameter 4/x and
width zero. We therefore generalize both dispersion integral
D(t, k%) and hat function 1’:"(12 (¢, k?) with the ap mass dis-
persed according to this spectral function,

— 1 (>
Ct. k) = —/ dMg, Im(BW (M) - C(t, k*; M),
Sthr

(37

where C € {D, I:"az}. We employ the parameterization [74,
75]

[s)=T Z i Mgz Giz (5) T(qir(s)R)
- T a i - ) ) 5
ieln.p) S q”T(Maz) T(qln(Maz)R)

x 0(s — (M; + My)?),
4

T(x) = (38)

9+ 3x2 + x4’

where M, (M,)) is the mass of the p (1) meson, I', the total ap
width, and the barrier factor is given by R = 5.2 GeV~! [75].
This energy-dependent width explicitly takes into account the
ap decays into 77 and p with branching ratios p, = 0.17
and p, = 0.83.

We evaluate C(r, k2 Mazz) for 20 different values of Mgz
in the range [sthr, 2.3 GeVz], where sqy = (M, + Mﬂ)z.
For D we use a grid of 107 x 150 values for t, kK2 €
[4M72T, 3GeV?]. The integral of Eq. (37) was then carried
out using the trapezoidal rule for each point of the (¢, k%)
grid. In the fitting routine we make the replacements

Fuy(t. k3 — Foy(t, k%) and D(t.k%) — D(1.k3). (39)

4 Data analysis of ete™ — gt~

In the following, we analyze the ete™ — nn 7~ data by
the BaBar collaboration [54,55] in three successively refined
models for the 7 invariant mass distribution: assuming a
linear or a quadratic polynomial multiplying the final-state
interactions as parameterized by the Omnes function, and
using the full-fledged description of left-hand cuts due to
the ap, which automatically generates breaking of the fac-
torization assumption. We fit to data from BaBar published
in 2007 [54] and 2018 [55]. The differential cross section
data from 2007 are integrated over Vk2 in [1.0, 4.5] GeV,
the ones from 2018 in the range V2 e [1.4, 1.8] GeV. The
s spectrum is dominated by the p, we choose to fit the
differential cross section data up to v/t = 1GeV. The tail
of the Breit-Wigner parameterization of F,,,«(k?) is rather
uncontrolled for larger k2, thus we fit the total cross section
data up to vk =19GeV only.

4.1 Linear model

As in the first dispersive attempts that dealt with the n TFF
[42,43] we employ a linear function as part of Fyz .y« (t, k2),
which does not include any effects of the a>-exchange left-
hand-cut contribution:

Foe o (6, 17) = QDAL + abt) Fyyyr (). (40)

For values of the w7 invariant mass squared larger than
a certain cutoff parameter s, we let the form factor fall
off like 1/¢ by setting the linear polynomial to a constant.
The constant term in the polynomial part of Eq. (40) is
fixed by fitting the corresponding linear representation to
n — ntx~y data measured by KLOE [45] to A =

@ Springer
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18.0(4) GeV 3. The results of these fits with cutoff param-
eter /5, € {0.9, 1.0, 1.2} GeV are shown in Table 1. The
central finding is that the extracted values for ag, are consis-
tently and significantly smaller than those found for «q, see
Eq. (17).

4.2 Quadratic model

As noted in Ref. [51] for the real-photon case, the inclusion
of the a»>-induced left-hand-cut contribution adds a curvature
part to the form factor Fiyz+(z, k%).In the quadratic model,
we do not use the explicit form of the a; exchange ampli-
tudes, but restrict ourselves to the approximation in Eq. (23).
The fit of this representation to n — w7~y decay data
yields A = 17.4(4) GeV 3. Note that this form omits all
the k2-dependence in Fynmy(t, k?) other than through the
multiplicative factor ﬁnw* (k?), cf. Eq. (32):

FM (1K) = Q) APalay)(t) Fyyy (k7).

Ty (41)

where the linear coefficient a§[az] is used as a fit param-
eter and the parameters o, and f,, are held fixed at their
respective values given below Eq. (23). For values of the w7
invariant mass squared larger than a certain cutoff parame-
ter s, we, again, let the form factor fall off like 1/7 by the
prescription

F:,];id;;*(t, k*) = Q(1)APalax](sp) Fyype (k%) for t>s,.
(42)

The fitresults for cutoff parameter , /s, € {0.9, 1.0, 1.2} GeV
are displayed in Table 2. Compared to the results of the lin-
ear model, the linear parameter &$[az] comes out substan-
tially closer to the value of the linear subtraction constant
aglas] for all tested values of s,, cf. Eq. (21), which has
been obtained from n — 77~y decay data, and compati-
ble within uncertainties throughout. The sizable shift of the
slope between the linear and quadratic model can be under-
stood in the following manner: in the real-photon case, the
main impact of the a> contribution on the mm spectrum is
to provide a downward curvature, with the quadratic coeffi-
cient B4, being sizable and negative. Accordingly, a fit with
a linear term only must find a reduced strength in order to
reproduce the data in the region of the p resonance.

4.3 Full model

Here, the full representation of Fyyy)«(t, k%) in Eq. (27)
is used for the ete™ — nmTm~ fits, i.e., including the
k*-dependent as-induced left-hand-cut contribution. The
parameter A = 17.2(4) GeV 3 in Eq. (26) is fixed by fitting
the representation in Eq. (19) to n — n ¥t~y decay data
measured by KLOE [45]. The fit results for cutoff parameters

@ Springer

se € {3, 4, 5} GeV? according to the high-energy prescrip-
tion in Eq. (33) are summarized in Table 3. We observe that
the wm parameterizations of the p” and p” widths result in a
slightly better fit quality. The mass and width parameters of
the p’ and p”, which must not be confused with pole param-
eters, vary strongly between both descriptions of the energy-
dependent width, most prominently for the p’. A compar-
ison with the PDG parameters (M/I;/DG = 1465(25) MeV,

FEPG = 400(60) MeV) is therefore not particularly mean-
ingful. However, the linear subtraction constant, the central
result for our investigation of potential factorization break-
ing, only varies within the error margins between the two
fits. Additionally, the resulting spectra for cutoff parameter
se = 3 GeV? are shown in Figs. 4 and 5, where the error
bands are generated by the fit uncertainties taking their cor-
relations into account. The description of differential spectra
turns out to be slightly worse than for the linear/quadratic
models. Those, however, do not capture the nontrivial k2-
dependence of the amplitude illustrated in Fig. 6: the change
of the left-hand-cut contribution with k2 is seen to be quite
significant. In Fig. 5 the fit result of the full model can be
compared to the central value of the quadratic one. Differ-
ences between the two curves can only be seen at the lower
flank of the p resonance. Moreover, if the uncertainty band
were added, it would overlap with the curve of the full model
almost everywhere. The large values of the reduced x 2 of the
differential cross section in the full model fit are primarily
caused by the flanks of the p resonance, as one can see in
Fig. 5. Especially below the p peak, the x? receives a large
contribution. The tension specifically for these 77 invariant
masses is surprising, as the dispersive representation should
be perfectly reliable there. Doubly-differential data (in the
variables 7 and k%) would be highly desirable to better under-
stand the origin of this discrepancy.

The Breit-Wigner coupling of the o’ resonance comes
out consistently in all fits; in particular, in contrast to mass
and width, it only changes mildly between the two different
parameterizations of the energy-dependent width. Moreover,
to good accuracy it fulfills the expectation

c M?
L =——t ~-028 (43)
Cp Mp,

(where in our convention Eq. (32), ¢, = 1), derived from a
superconvergence relation for V. — P transition form factors
that are expected to drop oc k~# asymptotically [76-79]. The
coupling to the p” resonance comes out complex, however it
is two orders of magnitude suppressed compared to the p and
more than one order of magnitude with respect to the p’ cou-
pling. Also the mass and width parameters of the p” deviate
somewhat from the PDG values, ME,I,)G = 1720(20) MeV

and r}jPG = 250(100) MeV, which may be explained by the
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Table 1 Results for the simultaneous fit to differential and total cross
section data from BaBar (2007) [54] and BaBar (2018) [55], employing
the linear model of Eq. (40). The differential cross section data have
been fitted up to 1GeV, the total cross section data up to 1.9 GeV.
( X2 /dof)Z labels the reduced x2 for the respective data sets, ¢ =dif/tot

for the differential/total cross section of BaBar in year y. The parameter
Ny labels the unphysical normalization of the differential cross section
data of BaBar in year y. Columns 24 refer to fits employing the BW
parameterization of p’ and p” widths according to w7 decays, columns
5-7 display those relying on the wm running width model

o', p” width T T

J/5p! GeV 0.9 1.0 12 0.9 1.0 1.2
(x%/doH)3% 2.14 2.09 2.09 1.97 1.94 1.94
(x?/do) 8 2.00 1.93 1.93 2.00 1.93 1.93
(x?/dof)01+18 0.86 0.85 0.85 0.83 0.83 0.83
ah/Gev—? 0.74(14) 0.79(15) 0.79(15) 0.73(14) 0.76(14) 0.76(14)
M,/ MeV 1517.3(68) 1517.2(68) 1517.2(68) 1632(18) 1629(21) 1629(21)
Ty (M?2)/ MeV 365(29) 363(29) 363(29) 680(110) 667(99) 667(99)
/107! —2.62(19) —2.58(18) —2.58(18) —2.71(20) —2.67(22) —-2.67(22)
/1072 1.04(44) 1.04(44) 1.03(44) 1.16(46) 1.16(45) 1.17(46)
¢, /1ad 4.53(28) 4.53(28) 4.54(28) 2.51(26) 2.49(27) 2.48(27)
M,/ MeV 1816(10) 1816(10) 1816(10) 1826(13) 1827(13) 1827(13)
Ty (M2,)/ MeV 109(30) 110(30) 110(30) 126(31) 128(34) 128(34)
No7/10" arb. units 4.97(18) 5.00(18) 5.01(18) 4.61(18) 4.62(20) 5.63(18)
Nig/10" arb. units 9.84(21) 9.86(21) 9.86(21) 10.55(21) 9.86(21) 9.86(21)
Table 2 Fit results as in Table 1, but employing the quadratic model approximation of Eq. (41)

o', p” width b814 w7

J/5p! GeV 0.9 1.0 12 0.9 1.0 1.2
(x%/doH)3% 231 2.27 2.27 2.07 2.04 2.03
(x?/dof) 18 2.17 2.12 2.12 2.17 2.12 2.12
(x?/dof)7 18 0.84 0.83 0.83 0.82 0.82 0.82
aglaz]/GeV 2 1.43(19) 1.52(20) 1.52(20) 1.38(17) 1.44(17) 1.44(17)
M,/ MeV 1527.2(85) 1527.5(88) 1527.5(89) 1632(21) 1630(21) 1629(20)
Ty (M?2)/MeV 363(36) 360(20) 360(36) 650(100) 640(100) 640(100)
¢y /107! —2.14(20) —2.07(20) —2.07(20) —2.21(21) —2.1521) —2.16(20)
¢, /1072 1.24(57) 1.28(60) 1.27(60) 1.15(45) 1.17(47) 1.17(46)
¢, /1ad 4.35(38) 4.35(41) 4.35(41) 2.57(27) 2.55(28) 2.55(28)
M,/ MeV 1814(12) 1814(12) 1815(13) 1829(14) 1830(15) 1830(15)
Ty (M2,)/ MeV 130(33) 133(34) 133(34) 136(36) 140(37) 140(36)
No7/10" arb. units 5.05(18) 5.08(18) 5.08(18) 4.48(20) 4.48(20) 4.48(20)
Nig/10" arb. units 9.79(21) 9.80(21) 9.80(21) 9.79(21) 9.80(21) 9.80(20)

occurrence of higher resonances in the spectrum that are not
included in our parameterization.

The linear subtraction constant &&[a2] comes out consis-
tently for different cutoff parameters s, but deviates from
the linear constant found in the polynomial part fitted to
n — mTx "y decay data of 1.42(6) GeV~2. This is illus-
trated in Fig. 7, where the ete™ — nm T~ form factor in
the extrapolation to k> = 0 is compared to the representa-
tion in Eq. (19) fitted to n — 7w 7~y decay data. This is in
contrast to the quadratic model, which allows for a smooth

connection between the extrapolated eT™e™ — nm 7~ and
the n decay data. We therefore have to conclude that the dom-
inant left-hand-cut contribution of the a, exchange provides
a factorization breaking mechanism that is too strong com-
pared to the available data, and likely calls for further effects
that mitigate this to some extent.
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Table 3 Fit results as in Table 1, but employing the full model

o', p” width T 0% 4
s5¢/GeV? 3 4 5 3 4 5
(x2/donH% 2.48 2.34 2.34 2.35 2.22 221
(x?/dof) & 2.77 2.71 2.71 2.77 2.71 2.71
(x?/dof)7+18 0.86 0.87 0.87 0.84 0.84 0.84
ablar]/GeV =2 0.61(18) 0.50(17) 0.50(17) 0.59(17) 0.49(16) 0.50(16)
M,/ MeV 1510.8(64) 1510.0(63) 1510.0(63) 1625(21) 1626(20) 1627(21)
Ty (M2)/MeV 363(27) 363(26) 363(26) 679(108) 680(110) 690(110)
¢, /107! —2.69(20) —2.79(20) —2.78(20) —2.79(25) —2.90(25) —2.90(25)
/1072 0.96(39) 0.93(37) 0.93(37) 1.09(42) 1.09(41) 1.06(40)
¢, /rad 4.53(27) 4.58(25) 4.58(25) 2.52(27) 2.50(25) 2.52(25)
M,/ MeV 1816.6(99) 1816.5(93) 1816.4(93) 1827(13) 1825(12) 1825(12)
Ty (M2,)/ MeV 105(28) 100(28) 100(27) 123(33) 120(32) 118(31)
No7/10" arb. units 4.86(18) 4.87(18) 4.88(18) 4.52(18) 4.59(18) 4.59(18)
Nig/10" arb. units 9.62(21) 9.67(21) 9.67(21) 9.65(21) 9.67(21) 9.67(21)
200 T ol
quad. quad.
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Fig. 5 Fitto the differential cross sections from BaBar 2007 [54] and
2018 [55] up to /7 = 1 GeV for s, = 3 GeV?Z (full). The results shown
here correspond to the fits employing the full model, with 77 width

5 Consequences for the 5 transition form factor

The observations made on the different models for
Fyrry+(t, k%) in the previous section immediately translate
into the 7 transition form factor. Figure 8 shows the results
for the normalized n — yy* transition form factor based on
a once-subtracted variant of Eq. (5) in the time-like regime
(thus enforcing the correct normalization by hand), compared

@ Springer

parameterizations for the p’ and p” resonances in the total cross sec-
tion. For comparison, the central value of the fit of the quadratic model
(quad.) with s, =1 GeV? and 7 width is also shown

to experimental data [46—49]. Here, the dispersion integral
has been truncated [42], with the upper limit of integration
varied between M2, and 2 GeV2. The error bands in Fig. 8
are generated from the error of the linear subtraction con-
stant ag[as], the variation of the integration upper limit,
the pion vector form factor, and the errors of the branching
ratios entering the result. The central results shown as the
dashed lines stem from evaluating the integral with cutoff
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Fig. 6 The function P (z, kz), cf. Eq. (15), of the full model for s, =
3 GeV? for different k2
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t /) Gev?

Fig. 7 Comparison of the functions P (¢, k> = 0), cf. Eq. (15), extrap-
olated from ete~™ — nm*m~ using both the full and the quadratic
model, and the one directly obtained from n — 77~ y. The band
for the full model includes the uncertainty due to ag[az] as well as
the different values for s. € {3, 4, 5} GeV?; see Table 3. In the same
way the band for the quadratic model comprises the uncertainty due to
&5*2[“2] as well as J5p € {0.9, 1.0, 1.2} GeV;see Table 2. The onset of
the high-energy prescription can be seen in the quadratic band around
t = 0.81 GeV?

0.02

0.04 0.06 0.08

Fig. 8 Results for the normalized singly-virtual 5 transition form fac-
tor. The very small isoscalar contribution has been omitted. We show
n — ete y data from the A2 (squares [47], triangles [49]) and
n — pu "y data from the NA60 (circles [46], diamonds [48]) collab-
orations. The insert magnifies the low-g? region. The gray band shows
the result from the full model for s, = 3GeV2. The red (yellow) band
represents the outcome of the quadratic (linear) model fors, = 1 GeV?Z.
Additionally, for comparison, the result derived from n — 7 t7 "y is
shown as the blue band. The central results are represented by dashed
lines colored accordingly throughout

1 GeV?2. Not surprisingly, the transition form factor based on
the extrapolated quadratic model agrees well with the direct
calculation based on n — 777y, while the extrapolated
linear and full models yield a form factor significantly below
the others. This is also illustrated by the x2/dof, where x>
as usual refers to the weighted sum of residuals between data
and the central values of the predictions and dof stands for
the number of data points (as there are no fit parameters to
be adjusted). The full model yields Xf2un /dof = 2.09, when
compared to the linear model with Xﬁn_ /dof = 1.54 and the
quadratic model with Xéuad. /dof = 0.48. This is to be com-
pared to Xjfm, /dof = 0.78 for the TFF calculated directly
basedonn — 77~y decay data. In particular the data from
Refs. [46,48] disfavor the TFF based on the extrapolated full
model rather strongly.
These differences are also reflected in the slope parameter

of the TFF defined by
Froe (%) = 2 4

iy (@) =14+ byg” + O(q"). (44)

According to Eq. (5), its isovector part fulfills a sum rule

b ! foo & JOF (1, OLFy (D]*. (45)
= —0. *(, .
n 9677:2Fr]yy 4M72[ t g nmmwy e
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Table 4 Slope parameter results for the different models, where the
small isoscalar contribution has been omitted; see Eq. (45)

Model b,/ GeV~?2
: 0.1
Linear 1.6f0'l
. 0.2
Quadratic 1 ,9f0' 1
+0.1
Full 1575,
n— ntr~y [51] l.9f8f
&
<
ar
=
s
~ <
\LJ\
0 . | . | . | . | .
0 0.2 0.4 0.6 0.8 1

(¢ k%) / GeV?

Fig. 9 Comparison of the normalized isovector 7 transition form factor
=(I=1
Foyey
are shown from the full model for s, = 3 GeVZ. The error band for the
k* = 0 case is generated as described before, whereas the error band of
the g2 = 0 curve additionally takes the fit errors of the parameters in

an* (k%) and their correlations into account

i(qz, k?) in the singly-virtual limits k> = 0 and g2 = 0. Results

The slope parameters of the respective models are listed in
Table 4. The isoscalar contribution b7(71=0) = —0.022GeV~2
[42] is inside the quoted uncertainties throughout.

Bose symmetry requires the TFF as well as its isovec-
tor part to be symmetric under the exchange of the two
arguments g2 and k2. This symmetry is by no means man-
ifest in our model, which in contrast is built onto informa-
tion in two disjoint kinematic ranges: the dispersion rela-
tion (5) is designed for the region ¢ < 1GeV?, while
the dependence on the second variable is fitted in the range
1GeV? < k? < (1.9 GeV)2. Indeed, Fig. 9 demonstrates that
the two different singly-virtual limits F;Jl/f;i (g%, k* = 0)
and F,gll/fyli (g% = 0, k?) do not coincide in the region of the
p(770) peak, although the disagreement hardly exceeds the
combined width of the two uncertainty bands. Obviously,
in order to calculate and predict the limit > = 0, we are
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required to use the unsubtracted dispersion relation (5), with-
out the integral being cut off. Instead, the high-energy pre-
scription in Eq. (33) has been used above a certain cutoff
varied between 1 and 2 GeV2. Note that the TFF shown in
Fig.9isnormalized using F};;,,, based on the physical value of

the two-photon partial width. Fn(}[,f;l (0, 0) is hence a test of
the hypothesis that two-pion intermediate states saturate the
isovector dispersion relation to a large extent: indeed, the nor-
malization is reproduced to 90(8)%. Figure 9 suggests that
the remaining deficit, which is due to omitted heavier inter-
mediate states (such as 47, Tw, K K, etc.), likely increases

somewhat around the o (770), but not dramatically so.

6 Summary and discussion

In this article, we have investigated the consistency of pion—
pion spectrain the closely related reactions n — 77~y and
ete™ — nmw T~ which serve as central input to dispersion-
theoretical analyses of the singly- and doubly-virtual » tran-
sition form factor, respectively. This comparison has been
quantified in terms of the residual dependence on the wx
invariant mass squared ¢ that multiplies universal elastic
rescattering, as encapsulated in the Omnes function. While
the small phase space available in the decay n — w7~y
is sufficiently accurately described by a residual linear ¢-
dependence [43,45], both a study of the dominant left-hand
cuts, induced by crossed-channel exchanges of the a; tensor
meson [51], and data on the closely related o' — 7w~y
decay [52,53] demonstrate that at least a quadratic polyno-
mial is required to describe the 7 spectra up to 1 GeV?.
The present analysis of the pion—pion distributions in
ete™ — nm T~ confirms that, indeed, a linear parameteri-
zation is insufficient to describe these with a universal slope
parameter independently of the dilepton squared invariant
mass k2. On the other hand, a quadratic polynomial, with the
quadratic term in ¢ fixed from the size of curvature induced
by the left-hand cut at k> = 0, seems well compatible with a
naive factorization assumption for the 7 and k% dependences,
and as a result, for the doubly-virtual 7 transition form fac-
tor varying with its two arguments according to Eq. (1). The
somewhat puzzling observation is that the natural breaking
of factorization, induced by the nontrivial k> dependence
of the a> exchange contribution, is too strong to be con-
sistent with the data: the amplitude we have built on this
physically well-motivated picture does not link the available
ete™ — nmtmw~ data to those for the n decay in a con-
sistent manner; factorization breaking has to be mitigated
significantly by other mechanisms not investigated so far.
One way how such a damping might be achieved is
through different k%-dependences of the two considered iso-
bar components in the y* — nz 7~ amplitude: we have
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implicitly assumed that the dominant “np” and the supple-
mentary apm contribution responsible for the left-hand cut
evolve with k2 in parallel. The only way to understand devi-
ations from this simple picture is to analyze differential dis-
tributions in n7 T~ in different bins of k2, as opposed to the
kz-integrated 7 spectra available to date [54,55,57]. Such
information, combined with a doubly-dispersive construc-
tion based on a n — 2(m 7 ™) amplitude at low energies
(cf. the corresponding " — 2(w "7 ~) decays [80,81] and
the discussion in Ref. [41]), would then pave the way towards
a more complete understanding of the doubly-virtual , tran-
sition form factor.
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Appendix A: Technical implementation
A.1: P-wave phase shift

As mentioned in the main text, the 7w phase shift employed
in this work is calculated via the inverse-amplitude method
(IAM) from an approximation of the two-loop representation
of Ref. [66]. The amplitude for 7w — mm scattering in
chiral perturbation theory (ChPT) up to next-to-leading order
(NLO), projected onto the P-wave, can be written as

fchpT(s) = 12(s) + t4(s) + O(p®), (A.1)

where #; labels the contribution of chiral order p’. The P-
wave projected amplitudes up to NLO are given by [83,84]

S02

h(s) = ——,
20) = 62 2

() Sy 15,
t4(S) = W{S (12 l] + §> 7Mﬂ

4

M
- 2—;[41 — 2L, (73 — 2502)

+3L2(5- 3207 + 304)]} +io ()% (A2)

where

1 1 I14+o

Ly =;(§log — o —1>
and o0 = o7 (s). In those expressions F represents the pion
decay constantin the chiral limit, which can be extracted from
the ratio F,/F = 1.062(7) [85-90]. The combination of
low-energy constants /; — I is later used as a free parameter.
Utilizing the IAM, we write the unitarized amplitude as [91—
93]

(A3)

(t2(s))?
12(s) — ta(s)”

Now the mr P-wave phase shift can be extracted from this
expression as 811 = arg tiam(s). However, in order to enforce
the phase to converge to r for s — oo, we add terms, inspired
by the next-to-next-to leading order amplitude, to 4 by hand:

fam(s) = (A4)

12 (s)

m(!}sz + lAnMﬁ),

14(s) > 14(s) + (A.5)
where two additional parameters f s and fn have been intro-
duced. In order to fix the three parameters, we fit the phase
parameterization from the IAM amplitude to the solution of
the Roy-equation analysis of 7 scattering [82]. The fitup to
/s = 1.3 GeV is displayed in Fig. 10. The parameters result-
ing from this fit are [, — I; = 4.47(3), [y = 1.74(3) GeV~2,
and [, = 560(20) GeV 2.

A.2: Hat function
The analytical hat function obtained through the angular inte-
gral over the a> exchange amplitudes in Eq. (25) is imple-

mented in a smooth way by choosing the correct sheets of
the logarithm appearing in Q(y), explicitly given by

o)

1-y? 1 1
=y e log Bl +i arg rr +i 270 ) +y |,
2 y—1 y—1

(A.6)
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Bern
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§ / rad
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Fig. 10 Fitofthe [AM phase to the phase of Ref. [82] (“Bern analysis”,

with the dashed curve as the central result) up to /s = 1.3 GeV

where

1 for Im (i%}) <0 and

2
M2 —M?
K> Q orRe<%) < O),

—_

M;

(o)

—1 for Im(y—ﬂ) >0 and

y—

2
<k2 > M 0rRe<%{) < O),

2
M’I

~

0 else.
(A7)
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