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ABSTRACT: The nature of the three narrow hidden-charm pentaquark P. states, i.e.,
P.(4312), P.(4440) and P.(4457), is under intense discussion since their discovery from
the updated analysis of the process Ag — J/¥pK~ by LHCb. In this work we extend our
previous coupled-channel approach [Phys. Rev. Lett. 124, 072001 (2020)], in which the
P, states are treated as 2&*)[)(*) molecules, by including the A.D® and n.p as explicit
inelastic channels in addition to the J/¢p, as required by unitarity and heavy quark spin
symmetry (HQSS), respectively. Since inelastic parameters are very badly constrained by
the current data, three calculation schemes are considered: (a) scheme I with pure con-
tact interactions between the elastic, i.e., Zg*)[?(*), and inelastic channels and without
the A.D™) interactions, (b) scheme II, where the one-pion exchange (OPE) is added to
scheme I, and (c) scheme III, where the A.D®) interactions are included in addition. It is
shown that to obtain cutoff independent results, OPE in the multichannel system is to be
supplemented with S-wave-to-D-wave mixing contact terms. As a result, in line with our
previous analysis, we demonstrate that the experimental data for the J/¢p invariant mass
distribution are consistent with the interpretation of the P.(4312) and P.(4440)/P.(4457)
as ¥.D and ¥.D* hadronic molecules, respectively, and that the data show clear evidence
for a new narrow state, P.(4380), identified as a ¥*D molecule, which should exist as a
consequence of HQSS. While two statistically equally good solutions are found in scheme I,
only one of these solutions with the quantum numbers of the P,(4440) and P.(4457) being
JP = 3/27 and 1/27, respectively, survives the requirement of regulator independence
once the OPE is included. Moreover, we predict the line shapes in the elastic and inelastic
channels and demonstrate that those related to the P.(4440) and the P.(4457) in the >D
and 7.p mass distributions from A) — Eg*)DK ~ and AY — 7.pK~ will shed light on the
quantum numbers of those states, once the data are available. We also investigate possible
pentaquark signals in the A,D™ final states.
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1 Introduction

A quantitative understanding of hadron spectra plays a key role in our understanding of

the strong interaction as well as its fundamental underlying theory, i.e., quantum chromo-

dynamics (QCD). For a long time, hadrons were believed to be composed of either a pair of

quark and antiquark (gq) or three quarks (gqq) according to the conventional quark model.

However, the confinement property of QCD in principle allows for the existence of any color

neutral object, such as multiquarks, hybrids, glueballs, hadronic molecules and so on, which

are usually called exotic states. Up to now, a tremendous number of candidates for having

an exotic structure has been observed [1-13]. Among them the observation of the P.(4380)



and P.(4450) [14], as the first observation of pentaquarks, in 2015 builds a landmark. They
decay strongly into J/ip and thus contain at least five quarks, ccuud. The existence of
these two pentaquark states is consistent with a model-independent reanalysis of the same
data sample [15] and a full amplitude analysis of the A) — J/ipr~ decay [16]. A later
analysis based on an order-of-magnitude larger data sample, i.e., the combined data set col-
lected in Run 1 and Run 2 by the LHCb Collaboration, shows that the P,(4450) structure
consists of two narrow overlapping peaks, i.e., P.(4440) and P.(4457), and a third narrow
peak P.(4312) emerges [17]. However, the verification of the broad P.(4380) reported in
2015 awaits a complete amplitude analysis. Numerous theoretical interpretations of the
nature of the pentaquarks followed these discoveries, including hadronic molecules [18-48],
compact pentaquarks states [43, 49-54], hadro-charmonia [55-57], and cusp effects [43].

The proximity of the £.D®) thresholds to these narrow pentaquark structures suggests
that the corresponding two-hadron states play an important role in the dynamics of the
pentaquarks, hinting at an interpretation of their structure as hadronic molecules. In the
most common hadronic molecular picture, the P.(4312) is an S-wave X.D bound state,
while the P.(4440) and P.(4457) are bound states of ¥.D* with different spin structures,
see e.g., refs. [21, 26, 32, 40, 46]. The origin of the peak from the P.(4312) is attributed
to a virtual state of X.D in ref. [58] based on an amplitude analysis," which only fits to
data around the ¥.D threshold. In ref. [43], final state interactions are constructed based
on a K-matrix including the channels J/vyp-$.D-X.D*. The analysis suggests that the
P.(4312) is a YD molecule, while the P.(4440) could be a compact pentaquark state, and
the P.(4457) could be caused by the cusp effect.?

While the proximity of the narrow P, peaks to the ¥.D®*) make the molecular inter-
pretation very compelling, at least some peaking structures in the J/1p mass distributions
can be also generated by the triangle singularities [11, 17, 61-64]. A triangle singularity
arises when all intermediate particles in a triangle loop are (nearly) on-mass-shell. There-
fore its location is quite sensitive to the masses and widths of the involved particles [11].
The potential triangle singularities were discussed in ref. [17] for the three P. structures.
Considering the realistic widths of the exchanged resonances, the P.(4312) and P,.(4440)
structures are unlikely to be caused by triangle singularities. However, the P.(4457) struc-
ture could in principle be produced by a triangle diagram with D, (2860), A.(2595) and D*°
in the intermediate state. It is worth noticing that even if P.(4312) and P.(4440) are not
generated by triangle singularities, this does not necessarily mean that triangle diagrams
play no role in producing these states. In the present work, however, we assume a pointlike
production mechanism of the P, states and focus on a coupled-channel approach for the
final-state interactions of the () D(*) as well as the inelastic channels. This means that
in this work the possible effects of the triangle singularities on the pentaquark production
are absorbed into the parameters of the production vertex. A study of the dynamical role
of triangle diagrams will be the focus of future studies, once more data become available.

! As a consequence of being a near-threshold virtual state, the peak for the P.(4312) should behave as
a sharp threshold cusp. It is due to the convolution with the energy resolution that the peak shown in
ref. [58] is smooth.

2A strong threshold cusp effect normally requires the existence of a near-threshold pole in an unphysical
Riemann sheet (RS) [11, 59, 60].



To make further progress it is necessary to systematically investigate the implications
of the symmetries of QCD, here, most importantly, heavy quark spin symmetry (HQSS). In
simple terms, under the assumption that the observed pentaquarks are of molecular nature,
the symmetry allows one to predict additional states, the so-called spin partners. To be
concrete, HQSS predicts seven P, states which are classified into two heavy quark spin
multiplets. Three of these seven correspond to the ones reported by LHCb [21, 40, 65, 66]:
while the P.(4312) is unambiguously assigned to the J¥ = %7 ¥.D bound state, there are
two possible spin structures for the P.(4440) and P.(4457) identified as the ¥..D* bound
states, namely J© = %_ and JF = %_ [21, 23, 40], and their spin assignment is not uniquely
fixed by HQSS alone [19, 22, 35, 40, 67]. In ref. [40], the J/¢p invariant mass distribution
of the Ag — J/¢¥pK~ process was described in the molecular scenario. In particular, the
Eg*)D(*) channels (in what follows called elastic channels, since their thresholds are close
to the P, states) and the J/p channel (inelastic channel) were included dynamically. The
interactions between elastic channels were constrained by HQSS, which guarantees that
there are only two momentum-independent contact potentials, reflecting that the number
of independent multiplets is two. The effect from additional inelastic channels, such as
the A.D® and nc.p channels and so on, was absorbed into additional imaginary parts
of the two contact potentials in the spirit of an optical potential. For the case of only
contact potentials, two different solutions, corresponding to scenarios A and B in ref. [21],
were found describing the data almost equally well. Each of them gives seven poles in
the E[(;*)D(*) scattering amplitudes, however, with different pole locations. Meanwhile, as
soon as the one-pion-exchange (OPE) potentials was included, only one solution was found
which suggests that P.(4440) and P.(4457) couple dominantly to the ¥.D* with quantum
numbers J¥ = 37 and 17, respectively [40]. In both fits, the P.(4312) couples dominantly
to the ¥.D channel with JX = %7. In addition, evidence for an additional narrow state,

also called for by HQSS, around 4.38 GeV was found in the data with JX = %7, which

couples dominantly to the X% D (see also refs. [25, 46]).

The mentioned imaginary parts of the contact terms violate unitarity. In this work
we overcome this shortcoming by including explicitly the supposedly most prominent ad-
ditional inelastic channels, namely, A.D™ and n.p making the mentioned imaginary parts
of the contact terms obsolete. The inclusion of the 7.p channel explicitly is also necessary
from HQSS, since the 7. and J/1 are in the same HQSS multiplet. While the interactions
of nep and J/vyp with the elastic channels are of a short-range character, A.D™ can also
interact with ) D®) via one-pion exchange. Thus, when the A.D and A.D* channels
are included explicitly, three-body effects from the A.Dm intermediate states have to be
taken into account in both the X*D®*) — A.D®) transition potentials and the 22*) self-
energy [68] (for recent discussions on the subject see refs. [69, 70]). The 2% width may
have a sizable effect on the widths of the Z((;*)D(*) molecular states. This is especially
important for those states that have a prominent ZzD(*) component, since the X7 width,
which is around 15 MeV [71], is of the same order as the widths of the pentaquarks. Among
them, the narrow P,(4380) attracts special interest, since its confirmation would provide
strong support for the molecular picture. Equipped with the mentioned extensions of the
approach, in this work we are also in a position to investigate the invariant mass distribu-



tions in all the elastic and inelastic channels to understand what can be learned from the
corresponding data, once they exist.

Before we proceed, a remark on the treatment of the OPE in effective field theories
(EFTs) is in order. As discussed in ref. [72], the OPE potential is well defined in the sense
of an EFT only in connection with contact operators, the dependence of which on the
regulator is dictated by the renormalisation group. Thus, the question if the OPE alone
provides sufficient binding to produce shallow bound states cannot be addressed from an
EFT perspective. In addition, to preserve HQSS in a coupled-channel problem with OPE,
all relevant channels need to be coupled with each other: the omission of the off-diagonal
transitions between some particle channels or partial waves leads to a strong violation of
HQSS [73]. To the best of our knowledge, the aforementioned conditions are not satisfied
in the previous studies available in the literature, where the OPE was included, see, e.g.,
refs. [28, 34, 35, 37, 39, 67, 74-76]. However, these conditions are crucial to unearth the true
impact of the OPE on the formation of the molecular states. Thus, in what follows, we aim
at the construction of a field theoretically consistent formalism, where the renormalisation
of the OPE is carried out in a way consistent with the requirements of renormalisation
group invariance and HQSS.

It was recently noticed in studies of the X (3872) and Zj, systems [73, 77] that, in line
with what is well-known for the nucleon-nucleon interaction [78], the most prominent contri-
bution from the OPE originates from the tensor force inducing significant S-D transitions.
However, the situation in the heavy quark sector is more complicated than in nuclear EF'T
because transitions between the different channels connected by HQSS, can be separated
by more than 100 MeV due to the D*-D and ¥%-¥. mass differences. The resulting sizable
momentum scales enhance further the role of the S-D transitions. The analysis of the line
shapes relevant for the Z;(10610)/Z;,(10650) and their spin partners [79, 80] showed that,
to remove the strong regulator dependence caused by the high-momentum contribution
from the S-D OPE transitions, the formally next-to-leading-order (NLO) contact term for
the S-D transitions is required to be promoted to leading order (LO). Meanwhile, the
NLO S-S contact terms are numerically marginal, consistent with the expectations. In
line with the observations of refs. [79, 80], if we omit the S-D counter terms in the pen-
taquark system, we also observe a strong dependence on the regulator, as soon as the OPE
is included in the 22*)[)(*) — 22*)[)(*) and Eé*)[)(*) — ACB(*) transition potentials. Fol-
lowing refs. [79, 80], one expects that introducing the S-D contact terms allows us to obtain
regulator-independent results and, at the same time, to arrive at a satisfying description
of the data. However, only one of the two statistically almost equivalent solutions present
in the pionless formulation survives the strict requirements of renormalizability upon the
inclusion of the OPE together with the S-D term. The second solution still shows a strong
regulator dependence, which can not be cured by the S-D counter terms only, and, ac-
cordingly, is treated here as unreliable. The cutoff independent solution suggests that the
quantum numbers of the P.(4440) and P.(4457) should be J¥ = 37 and 1, respectively,
in line with ref. [40]. Moreover, we predict the possible line shapes of the DM and
nep mass distributions from AY — Eg*)D(*)K ~ and A) — n.pK~, which can be used to
test the hadronic molecular nature of the P, states, determine their quantum numbers
experimentally and verify the existence of the missing P, states.



The paper is organized as follows. In section 2 we derive the effective interaction po-
tentials for the dynamical channels and parametrize the relevant weak production vertices.
In particular, in subsection 2.1, we discuss the purely contact potentials in the basis of
heavy-light spin degrees of freedom. In subsections 2.2 and 2.3, we derive the OPE and the
S-D contact terms from the effective Lagrangian. The relativistic Lippmann-Schwinger
equations (LSEs) with the dynamical width of ) are given in section 3. The fitting
schemes to the J/v¥p mass distributions are presented in section 4. Section 4.1 is de-
voted to a study, in which only contact potentials are considered. The OPE potentials
are included in section 4.2 and the explicit inclusion of the A.D™) is investigated in sec-
tion 4.3. The pole positions and their effective couplings are also explicitly presented for
schemes I and II. In addition, we also predict the line shapes for the 2&*)[)(*) and n.p (and
A.D™ for scheme TIT) mass distributions in the A) — S8 D® K~ and AY = nepK~ (and
AY — A.D™ K~) processes. We summarize in section 5.

2 Effective potentials

In order to fully exploit the implications of HQSS and to study the role of the A.D®)
channels and the effect of the E((;*) width stemming from the decay E((;*) — A.m, we extend
the framework of ref. [40] to dynamically include the A.D™ and n.p channels in addition
to the Z((;*)D(*) and J/1p channels. The effective transition potentials for those channels
entering the LSEs contain short-range contact terms as well as OPE. In this section, both
the contact and OPE potentials are presented employing the constraints from HQSS.

2.1 Contact potentials

The short-ranged contact potentials can be derived either from the effective Lagrangians or
from the decomposition of the spin structures of the charm-anticharm and light degrees of
freedom in the heavy-quark limit following, e.g., ref. [81]. As the later one is more intuitive
and easier to be applied to the bare production amplitudes, we extract the LO contact
potentials and the bare production amplitudes based on the heavy-light spin structures.
Afterwards, we also show the construction based on the Lagrangian method — while it
provides identical results it is easier extendable to higher orders.

Along this line, we expand the two-particle basis in terms of heavy-light spin structure
|sQ®jir), with sg and j, representing the total spin of the heavy quarks and the total angular
momentum of light degrees of freedom, respectively. In the heavy-light spin structure
basis, the 2&*) and D®) are ‘% ® 1> and '% ® %> spin multiplets, respectively, while the AT

corresponds to a ‘% ® 0> singlet. The higher partial-wave amplitudes for the orbital angular

momentum £ are suppressed by a factor (p/A)%¢, where p is the center-of-mass (c.m.) frame
three-momentum of the system and A denotes some typical hard scale commonly assumed
to be of the order of 1 GeV. Accordingly, the short-ranged E((;*)D(*) and A.D™ potentials
should be dominated by S waves, although, given the large range of momenta involved in
the study, effects of the S-D mixing may also become important, as discussed below. The



S-wave Zg*)D(*) and A.D™ systems can be cast in terms of |sQ ® je) as [32, 40, 65]

_ 1 1 2
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where the subscripts on the left-hand side represent the total angular momentum J = %,
%, % The superscript / on the right-hand side denotes the heavy-light structures of the
A.D™ systems. The rotation matrices in egs. (2.1)-(2.3) will be denoted as R’ in the
following. Because the E((;*) and A. are in different light spin multiplets, one needs four
independent parameters to describe all transitions between various channels. Therefore,

we introduce

1] ~ 1 3| ~ 3
C;:<SQ®2'H1 8Q®2>, Cg:<$Q®2"H1 SQ®2>, (2.4)
for the transitions between the 22*)1_)(*) channels, and
”—/<s L ®1>, (2.5)
3 \T@ TR E L /o '

for those between the A.D™) channels with 7 the effective Hamiltonian respecting HQSS.
For the transition between E((;*)D(*) and ACD(*), we define

1

1]~ 1
SQ®2> = <SQ®2’H1

/ ’
1] ~
/l = <8Q®2"H1 8Q®2> . (2.6)

2

In the heavy quark limit, the contact interactions defined above are independent of sg = 0
or 1. By virtue of the decomposition of egs. (2.1)—(2.3), the leading order contact potentials
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The transition between the elastic channels and the inelastic channels J/¢¥p and n.p
can be obtained in a similar way. In the present work, we include both S and D waves
for the J/¢p and 7.p systems, since the three-momenta of the proton could be as large as
0.9 GeV and thus the D wave can be as important as the S wave in the energy region of
interest. While the ‘1 ® %> component only couples to the J/¢p in S wave in the heavy

quark limit, the ‘1 ® %> only couples to the J/vp in D wave [40]. The ‘0 ® %> and the
‘0 ® %> components couple to the n.p channel in S wave and D wave, respectively. The

coupling strengths of the S-wave Zg*)l_?(*) to the J/¢p and 7.p channels are related to each
other via HQSS. We therefore need to introduce only two coupling constants,

<1®;‘7%1 J/¢p>s <0®; ncp>s,
J/¢p>D = <0®§'ﬁ1 ncp>D,

where k is the magnitude of the J/v (n.) momentum in the J/vp (n.p) rest-frame. Employ-
ing egs. (2.1)—(2.3), the constants gs and gp allow one to write the transition potentials

Hi

gs

(2.10)

31 ~
gpk? <1®2‘H1

Vai and V!, between the ath elastic channel and the inelastic channels J/¢¥p and n.p,
respectively, as

Vi = g5 Rla, Via(k) = gok* R, I=3 5

Vi =0, Via(k) = goh® I=>.

V§ = g5 R, Vih(k) =0, T=3

Vih =0 Vib(R) = 9o R, 7=3

Vi =0, Vih(k) =0, J = g (2.11)



where o = 1,2,3 for J = %, % and a =1 for J = %, and i = 1, 2 denote the S and D wave in
the inelastic channels, respectively. The direct J/¥p and n.p interactions can be neglected
since they are Okubo-Zweig-lizuka suppressed and were found very weak in a recent lattice
QCD calculation [82] (see also the estimate based on a coupled-channel model in ref. [83]
leading to a .J/1p scattering length of the order of 1073 fm). A similar assumption about
neglecting the direct interactions between the inelastic Y7 and hym channels was shown
to be consistent with data for the Z,(10610) and Z,(10650) in a combined analysis of the
T(10860) decays [79], and with the Dalitz plot analysis of the YTz final states from the
T(10860) [84]. In addition, we assume that the effect from the interaction of the A,D®)
with the J/ip and n.p channels is suppressed and can also be neglected. As long as the
direct J/¢p and n.p interactions are neglected, the effect of these channels on the elastic
channels can be included through an additional contribution [40, 79, 80, 85-87] to the
potentials among the elastic channels. While the real parts of this contribution can be
absorbed by redefining the contact terms C'1 and C'3 [80], the imaginary parts are included
into the potentials as ’ ’

. 2 . 2
J ! J ) l JyyJ
Vinas(B) = =5 D mapumpVaVigk = 5> mn.mpVijVijh. (2.12)
J=1 Jj=1

As a result, the full effective potential for the elastic channels is the sum of the contact
potential Vé] , the effective potential from the inelastic channel V;/ and the OPE potential
V(‘)]PE(E,p,p/)

VJ(Eapap,) = Vé] + V;I{(E) + VOIPE(Evpvp/)v (213)

with E the total energy of the system, and p and p’ the incoming and outgoing three-
momenta. The OPE potential V(‘)]PE(E ,p,p’) will be discussed in the next subsection.

To describe the Ag — J/YpK~ decay, one needs the bare weak production vertices as
well. In this work, we only consider the S-wave 2&*)[)(*) bare production vertices for the
AY — EE*)D(*)K ~ process, since the Zg*)D(*) thresholds are close to the energy region of
interest. It is stated in ref. [39] that the decay of the A, into a spectator and D s
suppressed compared to that of A,D® due to isospin breaking or color suppression in the
isospin conserving case. However, the color suppression factor is hard to quantify. In fact,
with the b quark replaced by a ¢ quark, were the color suppression effective, one would
expect that the branching ratio of A} — XK T should be suppressed compared to that of
A} — AK™, which, however, is in conflict to data, since these branching ratios are almost
equal [71]. Reversely, this might suggest that the production strength of A) — E,(;*)D(*)K -
could be comparable to that of Ag — A.D®K~. We take this as the motivation to neglect
the A.D® K~ bare production vertex, since in the molecular picture advocated here the
pentaquarks couple most strongly to the Z((;*)D(*) channels. Also, it was shown in ref. [60]
based on an EFT, if the system contains only two channels, that a dip must appear near
the elastic threshold in the inelastic line shape if the elastic-channel interaction is strongly
attractive and the production process goes dominantly through inelastic channels. On
the other hand, data in the production channels driven by elastic channels should have a
near-threshold peak. The fact that there are no obvious hints of dips in the vicinity of the



22*)[)(*) thresholds may then be regarded as yet another indication for the dominance of
the elastic production mechanisms in the pentaquark system.

The weak bare production matrix elements can also be parametrized in terms of the
sQ ® jo) basis, i.e., F = (Ap|Hw|(so ® jo) K~), where (sq ® jg): refers to the nth state
in the |sg ® ji¢) ba51s in eqs. (2.1)(2.3). With the seven parameters ./ in total [40], the
bare weak production amplitude for the ath elastic channel for a given J reads

=Y R}, T (2.14)

Therefore, the bare weak production amplitudes for Ag — Eg*)D(*)K ~ with the S wave

E(*)D()mJ 272,amdQIead

1 11 1
PQ:<]:1+ ]:2 \/7‘/—:3"7:14_‘/—:2 ]:3»\/7f1 7]:2 3f32>,

2 L3 V5 3 3 3 3
P2 = %.F *./_'.24‘7.73 *.F1+7./—'.2 f3, §f1+ §f2—6./_"3 s
Pi=F2. (2.15)

2.2 One-pion-exchange potentials

The LO OPE potential can be obtained using the effective Lagrangian for the axial coupling
of the pions to the charmed mesons and baryons [88, 89],

1 L ,

L= 4 <U uabeHT> + Zg?el]ksabubcsja - ﬁg?’ (Sczl];)uchca +1T, bubcsza)7 (2'16)

where (...) denotes the trace in the spinor space and o represents the Pauli matrices. The

subindices a, b, ¢ denote the light-flavor content, and the superindices ¢, j, k denote the

polarization. S* and H are the heavy quark spin doublets for the ground states (X, 25
and (D, D*) [90],

. 1 . . _ _ _
§'= Jgo'e+ ¥, H=-Dto- D" (2.17)
with ()4t (0t
Ec>k LEc* — D(*)O
SG) = ( V2 D™ = . (2.18)
= gt Vg0 | D
\/5 4 (&
The A is described by the spinor field T,
0 LAS
T= (_1A+ v ) : (2.19)
\/5 c

and the pions are collected in u = —V®/F; + O(®3), where ® = 7 - 7w with 7 and =
the Pauli matrices in the isospin space and the pion fields, and F; = 92.1 MeV is the pion
decay constant. From the width of D*t — D% one gets g1 = 0.57, and the couplings
g2 = 0.42 and g3 = 0.71 are taken from a lattice QCD calculation [91]. The signs of these
couplings are fixed from the lattice results [91].



Jr S wave D wave

1 _ _ _ _ _ _ _ _ _ _
<§> ¥.D, ¥.D*¥*D* A.D, A.D* X.D%, XD, ¥¥D%, ¥ED%, AD%
2 2 2 2

3\~ _ _ _ _ _ _ _ _ _ _ _ _ _ _
<§> X.D*, ¥iD, ¥;D*, A.D* XD, X.D%, ¥.D%, XD, ¥:D%, ¥:D5, Y5 D5, AcD, AcD7, AcDj
2 2 2 2 2 2 2
5\~ _ _ _ _ _ _ _ _ _ _ _
<§> ¥:D* XD, X.D%, ¥.D%, XD, ¥:D%, ¥:D5, X7 D5, AcD, AcDi, AcDj
2 2 2 2 2 2 2

Table 1. Coupled channels for both S- and D-wave Eﬁ*)D(*), A.D™) systems considered in the
present work. Whenever the two particles can couple to different spins, we use a subindex to denote
their total spin. The states given in this table appear as basis vectors for the potentials discussed
in the text.

Once the OPE is considered, the corresponding tensor force, whose importance is well-
known for few-nucleon systems, generates a mixture between S waves and D waves, which
can have a sizable impact on the line shapes between thresholds [77, 79, 80]. The quantum
numbers of the 22*)1‘)(*) and ACD(*) systems taken into account in this work are listed
in table 1.

All pentaquarks so far were observed in the J/p final state and therefore have isospin

1/2. The corresponding isospin wave functions can therefore be related to the particle

P = \/222*)“1?(*)‘ - \/gggwmm. (2.20)

Starting from the potentials

channels via

OPE — 0
E£*>+D(*)O%E£*)+D(*)O -
OPE — _LvoPE — _i OPE
DIEREIOESN 5 AR JOE V2 BT DE0Lu It plo- V2 =TT D 5xIT D
OPE _ OPE
Zﬁ*H*D(*)*—)AiD(*)O - _\/5 EE*HD(*)O—MjD(*)O’ (221)
one thus gets
OPE _ OPE
Vzﬁ*)Dt*mz(c*’D(*) - 2VE£*)++D(*)_HEE*)-H—D(*)_7
3
OPE _ [ 2y/0PE
Vzg*>D<*>_>ACD<*> - \@ ST D) - A DO (2.22)

In the framework of time-ordered-perturbation theory (TOPT), the OPE potentials acquire
two parts corresponding to the two contributions in figure 1, where the vertical lines indicate
the intermediate three-body states. In some cases, for example, for the ¥.D — A.D*
transition, the intermediate state A.Dm can be on shell in the energy region where all
P, states reside. Thus, the effect of the three-body cut has to be taken into account in

(%)

the potential and in the ¢ self-energy loops, see egs. (A.5)—(A.7) in appendix A for the

relevant potentials and section 3 for the self-energy loop.

2.3 Next-to-leading-order contact terms

In subsection 2.1, we construct the LO contact potentials using the heavy-light spin struc-
ture decomposition [sg ® jg). Alternatively, one can also obtain those potentials using

~10 -
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Figure 1. Diagrams in TOPT responsible for the two contributions to the OPE potential. The
solid line represents the z&*), A, and D™, the dashed line denotes the pion field.

an effective Lagrangian. For the 2&*)[)(*) and A.D®™ channels, the effective Lagrangian
reads [21, 32, 66]

Lro = —CoS!, - Spa(HIH,) — Cyic;irS71 SE (Hio H..)
+ Co( SihTeal Hio" Hy) — TL, Shy(Hlo ) ) = CaTl Tha (I HL), (2.23)

where the contact potentials Cy, Cy, C. and Cy are related to those in egs. (2.7)-(2.9) as

1 2 1

Ca=§0%+§03, Cb:§(C%—C%),
2

C.==C1, Cy=C1. (2.24)
3 2 2

The transitions between the elastic and inelastic channels in egs. (2.11) can also be obtained
using the effective Lagrangian respecting the HQSS [32]:

o . N 4
Line = %NWHJTSl ~ V3gpNo H(0' = 2676%) 1187, (2.25)
where N denotes the nucleon doublet, and J = —n. + o - 1 contains the ground state

charmonium fields.

It was noticed in refs. [73, 77] for B®*) B* scattering that the NLO contact terms which
contribute to the S-D transitions need to be promoted to LO to tame the ultraviolet
(UV) divergence associated with the S-D OPE potentials in the course of iterations. The
S-S NLO contact terms, however, play a subleading role resulting only in a marginal
improvement in the fits to the Zp line shapes. In this work, we proceed analogously, and
we also find that once the full OPE potential is included dynamically the S-D NLO contact
terms are required to obtain regulator-independent results. The S-S NLO contact terms
are expected to play a marginal role also in the pentaquark system. More details on this

- 11 -



will be given in section 4.2. To this end, we construct the NLO effective Lagrangian
Lxio = ~DF5 (081, - Syu(0"HIH,) + S}, - 0" Sy (HIO'H.) )
— Dy Siesu (0" SISE (0" Hio He) + 200 S, (o' L))

— D§Piejin [aisj.sk@ﬂwm +8,SI S (0 H oy H) — gagsjsk@mmﬁ)

+ S10S (o0, H) + 810,y (H o0, ) — fsT 0, (00 H>}

+ gx/inD [aiS;LTca@ngaij) + & ST, (0" H o/ Hy) — fajsjg:rca@jﬁgaiﬁb)

—O'T! S (O HI o H,.) — T S8 (0 HY o7 HL.) + aﬂTTas;b@j Hio'H.)

+ ST T (HIo & Hy) + S0V T (Hi 0?7 0V Hy) — gsabaﬂTca@j o'&7 Hy)

T Sy B FL) — T Siy (o 0 FL) + ST, 00, (o7 )

+ D% (0T} Toa O HI H) + T,0 Tha (HI0 L), (2.26)

where the Df(‘z ) and the Df(g are responsible for the contact S-S and S-D transitions,

respectively. Specifically, Dy” contributes to the O(Q?) S-D transitions > pE
E((;*)D(*), while DSP to E((;*)D(*) — A.D®™ . The NLO contact potential matrix, on the
basis of the S and D waves, for the scattering process 12 — 1’2’ with p and p’ for the
incoming and outgoing three-momenta, respectively, reads

(2.27)

2 /2 J Avel
p” +p)Vsg PV,
hotnat) = (701 TS0

279 \T
p*(Vip) 0
The potential V¢, for the channels listed in table 1 can be written in the matrix form (where
the columns and rows are given for the channels in order they appear in the table) as

D[_)S‘D 0 _Dij DSD DSD
46 84/30 V

DED DSD DbD DSD
T12v2 0 8V6 610 8 T e
vh, - 1| o o DsVD DP (2.28)
= -_——— —0 —_ —0 — C .
SD 3 8 TI6V3 48y 85 24v2 |’
Dy Dy 1 /31nSD
I, 0 syl sViDe O
7D(: Dr 7D(: D(’ 0
24 8v3 6v5 8v5
SD SD SD SD SD SD 3 3
- fo D2b4 - D1b2 Db\[ — 2 ~ 2 16 \ 10 D 5P Dfs/[*) Df\? - D{;
83 163 482 485 8v6 242 1212
0 DSD DSD O Df{ le’[ DSD O DSD DSD
3 —b —_b_ _—c _—Zc
Ve — _ 128 16\/ 16f 16V6 4\/15 ) 8v6 86
SD 3 DSP DgP 7DJP \/’D _D$P DpSP pEP |
16\/ 12\f 48f 4\/ 48\/ 15 8v30 6v10 2410

DS DEP SD
8f 21v3 12f 8f % 243/10 16\/;Dc 0 0 0

V% 77128(_D§‘D _DSP DSP 4 DSP 7 DSP DSP 7 DSP 7 pSP psSD psp l)
SD 3 810 84/30 16 15 16 5 815 80 3 20 2 8/5 8/15 8 30
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Figure 2. Diagram for the A) — J/¥pK~ decay through A) — Eé*)D(*)K_ following the final
state interactions.

By comparing to the S-D OPE potentials in egs. (A.5)—(A.7), it is easy to see that the
NLO S-D contact potential has the same structure as the corresponding OPE potentials.
Indeed, the coefficients for the 2£*>D<*> — 2£*)D(*) transitions are exactly the same, while
those for the transitions 2&*)15(*) — ACD(*) differ by an overall coefficient, which can be
absorbed into a redefined DSP. The same holds for the structure of Vg compared to the
LO contact potentials in egs. (2.7)—(2.9). Thus, Vs is not shown explicitly here.

3 Lippmann-Schwinger equation with dynamic width of Eg*)

With the above ingredients, one can obtain the production amplitude satisfying unitarity
by solving the LSEs. A diagrammatic representation thereof is shown in figure 2. Here
we treat the pion relativistically and employ the relativistic mass-energy relations for Z‘E*),
D™ and A.. To be consistent, we employ the LSEs with relativistic Green functions. The

T-matrix for Zé*)D(*) — Et(j*)D(*) scattering is given by the LSE,

d3
T (E,p,p) = Vi (E,p,p Z/ 5(E,p,0)Gs(E, )T, (E,q,p'),  (3.1)

where the two-body propagator reads [92]
Es (D) Epe (@) By (@) +Epe (@)~ E=Sr(s,mye)/ (2B (q))

Gp(E,q) = (3.2)
with
s=(E—Epw(q) - ¢ (3.3)

for the off-shell £ resonance and 3 R(8, My () the renormalized self-energy loop diagram

with E; = (/q? + m?. The self-energy function ) R(s,mzm) can be evaluated from the

(%)

diagram in figure 3, since the width of the 3¢’ is almost saturated by the two-body decay

into the A.m [71]. For simplicity, here we use a more pragmatic way and consider only the
unitarity-driven part of the loop diagram, which generates a relevant three-body cut from

the A.D7 threshold. We expect that the principal value part of the loop can be largely ab-
(%)

sorbed into renormalization of the ¢’ mass. Therefore, the self-energy function reduces to

Yr(s,mye) = (3.4)

3
i9*

~13 -



Figure 3. Loop diagrams of the self-energy for Eg*).

where p = A/2(s, m3_,mz)/2y/s with Kéllén function A(a, b, ¢) = a*4+b*+c*—2ab—2bc—2ca

and g is set to reproduce the physical width of the 2&*), i.e., iR(m;(*) , mE(*)) = im2<*)FZ<*).

The effect of the D* width can be safely neglected as it is only several tens of keV, i.e., it
is three orders of magnitude smaller than that of the Zg*). The widths of the D and A, are
even smaller than that of D* since both states decay only via the weak interaction, and
thus are also negligible. Neglecting the energy-dependence of the self-energy, i.e., employ-
ing Yr(s, mzm) = im2£*>FE(*> in the LSEs, the two-body propagator eq. (3.2) reduces to

the form used in ref. [40] in the nonrelativistic limit.

To describe the J/¢p mass distribution, we work in terms of the production amplitudes
rather than the scattering amplitudes. The LSE for the physical production amplitude of
the ath elastic channel U, (E,p)” reads

d3q
HERS A Y| )y Vas(E:p.0)C5(E, QUF (E.q). (3.5)
B

where P, denotes the bare production vertices in eq. (2.15). Note that we only include
the S-wave Eﬁ*)D(*) production source in LSE, while the sources from the other channels
are neglected, as discussed above. The source corresponding to production of the D-wave
E((;*)D(*) is also neglected due to the centrifugal barrier as discussed above. As a result
of these simplifying assumptions, the production amplitude, Ui(/)‘], for the ith J/vp (n.p)
inelastic channel is simply given by

3
v, k)f%:/ GV BG(B.)U (E.0) (3:6)

To render the integrals in the LSEs well defined one needs to introduce a regulator, with
a cutoff larger than all typical three-momenta scales related to coupled-channel dynamics.
In what follows, we will discuss the results obtained for a hard cutoff A set to 1GeV for
the pure contact potentials, namely scheme I, and to 1.3 GeV for the case including OPE
potentials, i.e., schemes II and III, as discussed below. However, we have checked that the
final results barely depend on the cutoff value, when A is varied from 0.7 GeV to 1.7 GeV
for the contact scheme, and from 1.0 to 1.7 GeV for the schemes including OPE potentials,
once the mentioned S-D counter terms are included (in the case of solution B).
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4 Fit results

With the decay amplitude from eq. (3.6), we are in a position to fit the J/v¢p invariant
mass distribution of the decay A) — J/¥pK~ by LHCb [17]. The possible contributions
from misidentified non—Ag events, the A* resonances coupled to the pK~—, and possibly
additional broad P structures are modelled by a smooth incoherent background [40]

2
9r
(m— E)? +12/4°

fogd(E) = by + b1 E? + by E* + (4.1)
where by, b1, b2, g-, m and I' are the parameters to be determined by fitting to the
data. The other variations of the background used in the experimental analysis [17] are
also considered, and the results are similar. In principle, the contributions from the A*
resonances coupled to the pK~ and the possible broad P states living in the partial
waves we are studying should be summed coherently at the amplitude level.> However,
the three P. states we are interested in are so narrow that, similar to refs. [15, 17], our
one-dimensional analysis is expected to be insensitive to the possible broad structures. In
addition, a direct sum of our signal amplitudes and the coherent background would violate
unitarity, unless the resonance structures in the background emerge in the channels included
in the present framework. Since there is no evidence for such states so far, we restrict
ourselves to the incoherent background given in eq. (4.1). As for the A* contributions, it
will be discussed below that the position of the poles in our analysis is robust with respect
to three different LHCb datasets used in the fits, including the fit with the kinematic
constraint mg, > 1.9 GeV which cuts more than 80% of the A* hyperons. The sensitivity
of the poles to the experimental input will be included in the uncertainty estimate. The
parameters of the background in various fits can be found in appendix B.
In this work, we consider three different fit schemes:

e scheme I: the LO contact potentials for the E((;*)D(*) channels are implemented in-
cluding the couplings of the elastic channels to the S- and D-wave J/v¢p and n.p
channels;

e scheme II: the OPE potentials supplemented by the NLO S-D contact terms for the
Z((;*)D(*) channels are added to the potential of I;

« scheme III: the explicit A.D™*) channels are added to scheme II, including the LO
contact potentials, the OPE potentials and the NLO S-D contact terms.

In this analysis, we do not consider isospin symmetry breaking effects, which can be impor-
tant to the isospin-breaking decay modes [20, 93], but have little effect on the description
of the line shapes in the isospin-conserving J/1p channel. The masses of particles used in
the calculation are collected in eq. (B.1) in appendix B. For all results shown a Gaussian
convolution of the theoretical distributions with the mass resolution of the experiment [17]
is employed.

%Note however that the preferred parity of the broad P.(4380) is opposite to that of the P.(4450) in
ref. [17] and thus to all pentaquarks considered here.
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Following the fit schemes introduced above, we improve our previous framework pre-
sented in ref. [40], where only the SYDE and J /¥p channels were considered explicitly
and all other inelastic channels were parametrized as imaginary parts of the short ranged
operators, in several steps.

4.1 Scheme I: contact potentials
4.1.1 Including the n.p channel

The new n.p channel comes without additional unknown parameters, since the transitions
between the Z((;*)D(*) and 7.p channels are related to those between Zg*)D(*) and J/¢p
channels by HQSS, as discussed in section 2.1. In addition, a relativistic form of the two-
body propagator eq. (3.2) and the energy-dependence of the width for the EE*), eq. (3.4),
are employed in this work. As the first step, we do not consider coupled-channel effects from
the A.D™) channels, i.e., for the fits discussed here we set both ¢, and C% to zero. From
now on we further assume that the widths of the P, states are sa%urated l2)y the channels
included — in this subsection those are J/¥p, n.p, and the elastic channels (including those
via the decays of the Eg*)). Therefore, no additional imaginary contact potentials as in
ref. [40] need to be introduced and unitarity is realized.

Three data sets of the m,,, distribution given in ref. [17] are used in fits. The m J/p
distribution with mg, > 1.9 GeV can effectively remove over 80% of the A* contributions
and the F. signals are enhanced in the mj,,,, distribution by applying cos fp,-dependent
weights to each event candidate, with 0p, the angle between the K~ and the J/1 in the P,
rest frame [17]. In analogy to what was reported in ref. [40], also with our modified model,
two solutions, called A and B, describing the data almost equally well are found as shown
in figure 4.

To study the poles in an n-channel problem, a multi-sheet Riemann surface in the
complex energy plane is invoked. We only consider the RSs associated to the four elastic
channels 22*)[)(*), since all inelastic thresholds are remote and their impact on the poles
near the elastic thresholds is marginal. Assuming that all four elastic channels can couple to
each other, there are 2¢ = 16 RSs in total labeled as RS+44+, with the subscript composed
of the signs of the imaginary parts of the c.m. three-momentum in the ith channel, gem i,
from the lowest in the energy to the highest.* However, in the special case when we are
dealing only with quasi-bound states — unstable states that would be bound states if there
were no low-lying thresholds which provide some possibility to decay — only 4 of 16 RSs
are of interest because they can be reached from the physical region by crossing the unitary
branch cut from E + i€ to E — ie between the (n — 1)th and the nth threshold, see ref. [94]
for a review. In order to simplify notation, we enumerate these RSs as follows: RS I (the
physical sheet) = RSy 414, RSII=RS_;44, RSIII =RS__,; and RSIV=RS____.
As a result, in the particular case of quasi-bound states that is of interest here, the poles
located on these RSs have a much shorter path to the real energies on RS I and thus have

“Even if some elastic channels are uncoupled, we still use the generic four-channel notation (as relevant

in Schemes IT and III) by assuming that the couplings to the absent channels vanish. For instance in scheme

I, there are only 3, 3 and 1 elastic coupled-channels for J = %, J = % and J = g, respectively, see table 1.
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Figure 4. The best fits to the different experimental data [17] for both solution A (blue dashed
curves) and solution B (red solid curves) of scheme I. The corresponding backgrounds are shown

as red-dotted and blue-dotted curves, respectively. The vertical dashed lines from left to right are
the X.D, E;D, ¥Y.D*, and ZZB* thresholds, respectively.

more significant impact on physical observables than those on the more remote sheets. We
note also that when we search for the poles of the P.’s and calculate the corresponding
residues, all inelastic channels are assumed to be on the unphysical RS (—), since otherwise
the poles would be remote, see ref. [80] for a detailed discussion of this case and a more
general classification of the poles in the conformally mapped w plane.

The Nth RS (RS-N) can be reached from the physical amplitude 7" by the analytical
continuation in a matrix form,

(Tn) ™ = (T) ™" — 2ipn, (4.2)

where py is a diagonal matrix with the first N — 1 elements equal to the two-body phase
space factors for the corresponding channels and the others zero, i.e., py = diag(p,...,
PN—-1,0,...) with p; = mz(c*)mD(*)qch/(QwE). Moreover, one can define the product of
the effective couplings gngg of a given state to channels o and § from the residue of the
scattering amplitude T,5(E) at the pole of that state, i.e.,

9dadp = E_IEE:)OIG(EQ - Egole)Ta (E) (43)
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solution A solution B

DC ([MeV]) |RS|JP  Pole [MeV] gpc JP Pole [MeV] gpc
P.(4312) | £.D(4321.6) | T |17 4314(1)—4(1)i 2.6(1)+0.4(2)i |3~ 4312(2)—4(2)i 2.9(1)+0.4(2)i
P.(4380) | 5D (4386.2) | I |37 4377(1)—7(1)i 2.8(1)+0.1(1)i [ 2~ 4375(2)—6(1)i 3.0(1)40.1(1)i
P.(4440) | £.D* (4462.1) | IIT | 1~ 4440(1)—9(2)i 3.7(2)+0.6(1)i | 3~ 4441(3)—5(2)i 3.6(1)40.3(1)i
P.(4457) | £.D* (4462.1) | IIT | 3~ 4458(2)—3(1)i 2.1(2)+0.3(1)i | 3~ 4462(4)—5(3)i 2.0(2)+1.2(3)i
P, S5D*(4526.7) | IV | 37 4498(2)—9(3)i 4.0(1)+0.4(2)i | 1~ 4526(3)—9(2)i 1.5(2)+1.1(4)i
P, S5D*(4526.7) | IV | 37 4510(2)—14(3)i 3.3(2)+0.6(2)i | 3~ 4521(2)—12(3)i 2.5(2)~+0.9(2)i
P, S5D*(4526.7) | IV | 57 4525(2)—9(3)i 1.9(2)+0.6(7)i | 3~ 4501(3)—6(4)i 3.9(2)+0.1(2)i

Table 2. The names of the states, their dominant channels (DCs) and thresholds, the Riemann
sheet (RS) where they lie, their quantum numbers found, the pole positions, and the dimensionless
couplings to their DCs, gpc, from the T-matrix residues for the solutions A and B of scheme I
are given. The uncertainties stated result from taking the fit to different data and the different
backgrounds used.

The two solutions produce different values of the parameters, which are given in table 4
in appendix B, in particular 6'1 and C’3, and thus give different pole locations. Both

solutions give seven poles in the E( )D(*) amplitudes, i.e., seven P, states: three with
J = 1/2, three with J = 3/2 and one with J = 5/2. The pole positions, the dominant
channels (DCs) having the largest effective couplings and lying closer to the corresponding
pole, and the effective couplings of those for solutions A and B are listed in table 2. In both
solutions, among the seven poles, the lowest one corresponds to the P.(4312) with J = %7
It appears as a %.D bound state, located on the physical RS for the elastic channel and
on the unphysical RS for the J/vp and 7.p inelastic channels. It would become a true
bound state, if the J/i¢p and n.p channels were switched off. There are two ¥.D* bound
states with quantum numbers %_ and %_, corresponding to the P.(4440) and the P.(4457),
respectively, in solution A and with the quantum numbers interchanged in solution B, as
that in ref. [40]. The interchange of the spin assignments for the P.(4440) and P,(4457)
in the two solutions is a result of the proximity of the values of C 1 (Cg) in solution A to
those of C% (c 1 ) in solution B, see e.g. table 4 in appendix B. There are three P, states
dominated by the E;D* channel with quantum numbers %7, % ,and 3 5 . Analogous to
that of the ¥.D* channel, the mass pattern of the three P, states is m,- < mz- < ms-
for solution A and the opposite, i.e., m{ > mgf > mgf for Solutiofl B. T2he narréw
state P.(4380), required by HQSS, with J* = %_ predicted in refs. [26, 32, 40, 46] is found
around 4.38 GeV in both solutions. As a consequence of HQSS, it is as narrow as the other
three P. states (see e.g. table 2) and different from the broad P.(4380) reported by LHCb
in 2015 [14]. The effective couplings of the P, states to the nearby elastic channels are
dominant though the effects from the other elastic channels are not negligible and in some

cases reach up to 30% of the dominant one, see tables 8 and 9 in appendix C.
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4.1.2 Predictions for the line shapes

With the parameters extracted from fits to the J/1¢p channel and under the assumption that
production of the inelastic channels goes through the elastic ones, i.e., Ag — Zé*) D®K—,
one can predict line shapes for other channels. This is particularly interesting because the
two solutions found here correspond to different heavy-light spin structure decompositions
of the higher P, states. They are expected to have distinct consequences in their decays into
channels other than the J/¢¥p whose sg is 1. Consequences of HQSS on the decays of P,
states into the A,D™) and 7.p considering only S-waves have been reported in refs. [31, 32].
The results below on these channels go beyond the previous results in giving line shapes,
instead of ratios of partial widths, and including D-waves.

Among all possible decay channels other than the J/¢p of the P. states, the E((;*)D(*)
are of particular interest since their thresholds are close to the P, states and are sensitive
to their nature [59]. One can predict the line shapes of the EE*)D(*) mass distributions
from the decay Ay — E,(;*)D(*)K . They are shown in figure 5. The existence of S-wave
bound states below the thresholds leads to several manifestations in the line shapes. First,
one sees the threshold enhancements for the line shapes of the E((;*)D(*) mass distributions.
The threshold enhancement above the threshold of the ¥.D is due to the P.(4312), and
that of the XD is due to the narrow P.(4380). Second, the P.(4440) and P.(4457) show
prominent signals in the ¥.D and ¥*D invariant mass distributions only if they couple
to these channels in S waves. Indeed, the J = 1/2 P,(4440) (P.(4457)) and the J = 3/2
P.(4457) (P.(4440)) are clearly seen in the YD and XD invariant mass distributions for
solution A (B), respectively. These observations can be used to single out the unique
solution from the two once data in these channels become available. Furthermore, since
there are no .J = 3/2 elastic channels below the X% D threshold, the J = 3/2 ¥ D molecular
state P.(4380) can only manifest itself as a threshold enhancement in the ¥*D channel but
not as peaks in the other elastic channels. The higher P. states show up as structures
in all channels for both solutions though the strength of the peaks is quite uncertain and
depends on the data set used in fits. This should not come as a surprise given that the
shape and the relative strength of the peaks vary quite significantly in three data sets by
LHCb. Specifically, the data set “m, all” shows some hints for the existence of the higher
resonances near 4.5 GeV while the other two data sets do not, see appendix C for more
details on the effective couplings to the source.

With the parameters extracted from fits to the J/i¢p channel and under the as-
sumption that production of the inelastic channels goes through the elastic ones, i.e.,
Ag — E((;*)D(*)K - — n.pK~, one can also predict line shapes for the 7n.p channels. In
figure 6, we show predictions for the 7.p invariant mass distributions, which also allow
one to make several important observations. First, this inelastic channel shows quite pro-
nounced signals from all P. states observed by LHCb and their spin partners predicted in
our analysis. Second, the centrifugal-barrier suppression of the D-wave coupling of J/¢p
to the P.’s is no longer active because the J/¢p threshold is much lower than the relevant
2&*)[)(*) thresholds. Therefore, the coupling of the elastic channels to 7.p in the D wave,
which is related to that for J/¢p via HQSS, is of a comparable strength or even larger than
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Figure 5. Predictions for the line shapes of ¥.D (blue dashed curves), ¥* D (orange dotted curves),
¥.D* (green dot-dashed curves), and ¥*D* (red solid curves) mass distributions based on the fit
results in figure 4 for solutions A and B of scheme I without the A.D™) channels. The qualitative
differences for the higher states in various data sets are mainly caused by the different shapes of
the LHCD distributions in this energy range. Note also that the background for this process is not
included since it is unknown.

the S-wave coupling, as shown in table 4 in appendix B. This observation can be used to
account for the fact that, contrary to the elastic channels, the J = 3/2 P.(4457) for solution
A with its D-wave coupling to 7.p is more pronounced in this line shape than the J = 1/2
P.(4440), though the latter can couple to n.p in S-wave. Similarly, the J = 3/2 P.(4440)
coupled to n.p in D wave dominates in the line shape for solution B. Thus, the shape of the
¥*D and 7.p spectra provides a straightforward criterion for distinguishing between the
two solutions of the simplified model including contact interactions only, in the experiment.
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Figure 6. Predictions for the line shapes of the n.p invariant mass distributions based on the
fit results in figure 4 for solutions A and B of scheme I without the A,D™*) channels. The blue
dotted, orange dashed and green dot-dashed curves correspond to the predictions from the three
fit results (cosfp,-weighted, mg, > 1.9GeV and myp-all) of figure 4, in order. The contribution
from background is not included.

4.2 Scheme II: including the OPE potential

The importance of the OPE potential is well known for the nucleon interaction as its tensor
force leads to the mixing between the S and D waves and can leave a significant impact on
the line shapes. In this section, we investigate the role of the OPE for the elastic channels
without considering the ACD(*) channels under the assumption that the widths of the P,
states are saturated by the J/v¢p, n.p and elastic channels. We also note that the inclusion
of the OPE potential does not involve any additional parameters, see section 2.2 for the
discussion of the coupling constants used, however, it calls for the inclusion of the S-D

counter terms that come with unknown strengths.

4.2.1 How to renormalize the OPE and the role of S-D transitions

As noticed in refs. [73, 77], because of the large mass of the heavy system and the large
splittings between the thresholds treated dynamically, the typical involved momenta are
much larger than those for low-energy two-nucleon scattering, e.g., in the deuteron. In
our case, the typical momenta piyp ~ /210, with 0 and p the largest threshold splitting
and the reduced mass of the system, are about 670 MeV when the energy range between
the 2&*)[)(*) thresholds is considered and can reach 900 MeV when the energy is extended
down to the A.D threshold. These large typical momenta make the contribution from the
tensor force of the OPE that leads to the S-D transitions even more important than that
in the NN case, as it was already pointed out in similar studies of the X (3872) and Z,
systems [73, 77]. In previous studies, the iteration of such a potential within the integral
equations was shown to yield a strong regulator dependence for the observable quantities
in the b-quark sector [79, 80]. This is also what we observe in the current study, as can be
seen from the left panel in figure 7. In line with ref. [40], once the OPE is included, only
solution B survives when the cutoff A in the LS equations is varied from 0.8 to 1.1 GeV.
Although the x?/dof changes barely with the cutoff variation, a closer look into the line
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Figure 7. Left panel: best fit results for different cutoffs A using a potential of scheme I plus OPE
in the elastic channels. Only solution B exists in this case. The background is shown as the orange
dot-dashed curve. Right panel: predictions for the line shapes of the ¥.D (blue), ¥*D (orange),
».D* (green), and X¥D* (red) mass distributions (background is not included).

shapes in figure 7 shows visible deviations in the results: indeed, the peak corresponding to
the P,(4440) disappears in the results with increasing the cutoff. Moreover, the difference
in the predicted line shapes — see the right panel in figure 7 — becomes even more
pronounced, in line with the observations of ref. [80]. In particular, the disappearance of
the P.(4440) in the J/1p spectrum for A = 1.3 GeV leads to the same effect in the X.D
and ¥*D line shapes in figure 7.

In order to cure the cutoff dependence, caused by the short-range part of the S-D OPE
transitions, it was suggested to promote the formally NLO O(Q?) S-D contact terms® to
LO [79, 80]. Here, we follow the same procedure, namely we include the S-D contact terms
in the elastic channels (Dy? terms in eq. (2.28)) together with the OPE. In what follows,
this formulation will be referred to as scheme II. As expected, the line shapes obtained
for solution B within scheme II, as shown in the right panel of figure 8, demonstrate only
a milder regulator dependence, especially for cutoffs A > 1 GeV, which provide a larger
separation between the soft and hard scales. More importantly, the line shapes predicted
in the elastic and inelastic channels also exhibit a very mild regulator dependence (see the
second and third rows in the right panel in figure 8). We expect that the residual cutoff
dependence can be further reduced if the S-wave momentum dependent O(Q?) contact
terms are added, in line with a related study of ref. [80]. Since these contact terms obviously
cannot be fixed on the basis of current data, further studies of the regulator dependence
within scheme IT will be postponed to future work when new data become available.

In addition to solution B, in scheme II there is in principle also the best fit correspond-
ing to solution A with the comparable x?/dof at least for smaller cutoffs. The corresponding
results are shown in the left panel in figure 8. However, a closer look into the J/ip line
shape in figure 8 shows a clear cutoff dependence, making the peak from P.(4440) hardly
visible for cutoffs greater than 1.5 GeV. This observation finds quantitative support in the
values of the x2/dof, which grow with the cutoff and quickly become larger than the those
for solution B. For example, for the cutoff A = 1.3GeV the x?/dof values are 1.01 and

5Q denotes the soft scale for the given system.

- 29 —



300 Scheme Il ] _ 300} Scheme Il l ]
> Solution A ez Solution B e
= 550 LHCb: mip>1.9 GeV B aiace 1 = 250 LHCb: mip>1.9 GeV Atsoey ]
Q ———— A=1.5GeV g ———— A=1.5GeV
§ A=1.7 GeV §
§ 200 1 ._8‘ 200}
2 k=
< i < !
© 150 1 © 150
= =
8 3
o o
-2 100 15 100
z 3
4250 4300 4350 4400 4450 4500 4250 4300 4350 4400 4450 4500
myyp [MeV] myyp [MeV]
400p Fit: mk,>1.9 GeV < s AS13Gev ] 2001 Fit: mk,>1.9 GeV st AS13GeV
2 300l Solution: A o ::Z z:: 1. Solution: B o 2::2::
g Scheme |1 N A=16Gev g 150+ Scheme I === A16GeV
> A=1.7 GeV > A=1.7 GeV
< <
g 200 1 :“é-‘ 100}
=z Z :/\N\\
100} 50[ \\&\,
/%4
4300 4350 4400 4450 4500 4550 4300 4350 4400 4450 4500 4550
My o IMeV] My, 5o [MeV]
700 ' ' ' '
Fit: m;>1.9 GeV Fit: myp>1.9 GeV
600 - - - - A=13GeV - A=13GeV
Solution A: n.p A=1.4 GeV 150+ Solution B: ncp A=1.4 GeV
500 Scheme Il T AR1sGeY ] Scheme Il 115 Gev
% ———— A=1.6 GeV 3 ———— A=1.6 GeV
'_‘g 400 A=1.7 GeV ] % 100k A=1.7 GeV
5 5
S 300 18
@] @]
200 50+
100
0 i stk AR ] 04 . . . . .
4250 4300 4350 4400 4450 4500 4250 4300 4350 4400 4450 4500
M, , [MeV] M, , [MeV]

Figure 8. First row: best fit results for solutions A (left) and B (right) for different cutoffs A
using a potential of scheme II. The background is shown as red-dotted curve. Second row: cutoff
dependence of the predicted line shapes of ¥.D (blue), XD (orange), ®.D* (green), and X% D*
(red) mass distributions. Third row: cutoff dependence of the predicted line shapes for the 7n.p
mass distributions. No background is included for predicted line shapes.

0.90 for solutions A and B, respectively. This pattern is actually not surprising: given that
solution A does not exist as long as the OPE is included but the S-D contact terms are
switched off, the possibility to have a solution A in scheme II could be achieved only with
the unnaturally large S-D transitions generated by the contact interactions in an attempt
to improve the description of the data. Accordingly, in such an unnatural scenario, which
would violate the power counting, the cutoff dependence can not be properly absorbed
into redefinitions of the contact terms and reveals itself in the line shapes, especially for
the predicted mass distributions in the 2&*)[9(*) and n.p channels, as seen from figure 8.
Therefore, we discard this scenario and in what follows focus on the results for solution B.
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Since the focus of the discussion above in section 4.2 was put on the renormalization
of the OPE, the results presented in figures 7 and 8 were obtained using some fixed back-
ground. It is also worth mentioning that while the separation of scales calls for larger
cutoffs, the cutoff larger than the c-quark mass, m. >~ 1.5 GeV, may introduce additional
HQSS breaking effects.

4.2.2 Description of the data in Ag — J/YpK~

In ref. [40], it was found that the inclusion of the OPE singles out a unique solution (the
solution B) from the two almost equivalent ones present for the pure contact potentials.
However, no effects from the S-D contact terms were taken into account which, as shown
in the previous section, does not meet the criteria of renormalizability. Here we improve
on this and discuss the renormalized results as well as their implications for the predicted
line shapes, as will be shown in the next section. In figure 9, we present the best fit results
for solution B of scheme II for various data sets.

A general feature of both schemes I and II is that the source couplings P are badly
determined, especially for those of the three EZD* bound states, which are almost invisible
in the line shapes, as can be seen from tables 4 and 5 in appendix B. Also, the couplings to
the inelastic channels have sizeable uncertainties. However, the elastic channel interactions,
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DC ([MeV]) | RS | JF Pole [MeV] gDC
P.(4312) | ©.D (4321.6) | T |17 4313(1) —3(1)i 2.7(2) + 0.2(1)i
P.(4380) | 2D (4386.2) | II | 37  4376(1) — 6(2)i 2.8(2) + 0.0(1)
P.(4440) | ©.D* (4462.1) | IIT | 37 4441(2) — 6(2)i  3.6(2) + 0.5(2)
P.(4457) | £.D* (4462.1) | IIT | 17 4461(2) —5(2)i  1.9(4) + 1.2(3)i
P. S:D* (4526.7) | IV | 37 4525(4) —9(1)i  1.4(3) + 0.8(5)i
P, Y:D* (4526.7) | IV | 37 4520(3) —12(3)i  2.4(2) + 1.0(4)i
P, Y:D* (4526.7) | IV | 37 4500(2) — 9(6)i  4.0(5) + 0.6(2)i

Table 3. The names of the states, their dominant channels (DCs) and thresholds, the Riemann
sheet (RS) where they lie, their quantum numbers found, the pole positions, and the dimensionless
couplings to their DCs, gpc, from the T-matrix residues for the solution B of scheme II are given.
The uncertainties stated result from taking the fit to different data and from the different back-
grounds used. The statistical uncertainties from the fit for a given background are negligible.

i.e.,, C1 and C3, are well determined and thus the pole positions and their effective couplings
to the2 domin;nt channels are quite stable for different fits, as shown in table 3. The
effective couplings of the P, resonances to all elastic channels are collected in tables 10-12
in appendix C. The two solutions lead to poles which are similar to those in scheme I (see
also refs. [35, 67]). The results are insensitive to the form of the background. Similar to
scheme I, the P.(4312) couples dominantly to the £.D with J = 17, and the P;(4440) and
P.(4457) couple dominantly to the X D* with quantum numbers 5 ~ and %_, respectively,
in solution B. They are all (quasi-)bound state poles and should be understood as hadronic
molecules of the corresponding dominant channels [7]. In both schemes, there is a narrow
P.(4380) with J” = 3~ located at around 4.38 GeV as a £}D bound state. Its width is
smaller than that obtained using a constant width of ) in ref. [40] by about a factor
of 2 (see, e.g., table I in ref. [40] for solution B). The reduction of the width obtained
within our dynamical framework including a three body cut is consistent with the findings
of ref. [95], where the same effect was found for the partial width X (3872) — DDr.

4.2.3 Predictions for the line shapes in the elastic and inelastic channels

Our predictions for the elastic line shapes within scheme II are given in figure 10. In order
to see the effect from the renormalized OPE, these results should be compared to the
analogous predictions for solution B of scheme I in the contact potential framework given
in figure 5.

As a general pattern, the shape of the invariant mass distributions for most of the elastic
channels is consistent for schemes I and II, though quantitative differences are visible. The
exceptions are the line shapes in the ¥.D channel, which exhibit qualitatively different
behavior near the state P.(4440). The P.(4440) with J = 3/2 can couple to the ¥.D
channel only in D wave and, given that only S-wave interactions are included in scheme I,
this state does not reveal itself in the ¥.D line shape in this scheme. However, the P.(4440)
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Figure 10. Predictions for the line shapes of X.D (blue dashed curves), XD (orange dotted
curves), X.D* (green dot-dashed curves), and X% D* (red solid curves) mass distributions based on
the fit results in figure 9 for solution B of scheme II. See caption to figure 5 for further details.

is clearly seen in the ¥.D spectrum in scheme II. This can be accounted for by the presence
of the remaining D-wave contribution, which does not vanish after the OPE has been
renormalized and thus supports the coupled-channel transitions between the dominant (S-
wave) channel ¥.D* and the ¥.D.% Similarly, the D-wave structure generated by the J =
1/2 P.(4457) state is seen in the X% D line shape in scheme II, though it is not so pronounced
as in the previous case. Clearly, it is not present in scheme I. This shows that the D-
wave interactions in the OPE may have nontrivial consequences for the elastic line shapes.
Nevertheless, all enhancements for the line shapes generated by the S-wave thresholds
show up consistently in both Schemes. Moreover, we would like to emphasize that, as
follows from table 11, by far the dominant contributions to the residues of the P,.(4440)
and P,.(4457) states originate from the interactions in the nearby S-wave ¥.D* channel
while the D-wave contributions to their residues are strongly suppressed. This picture is
very natural for the molecular scenario and also finds support in a very strong enhancement
of the ¥.D* line shape near its threshold in spite of the very limited phase space.
Predictions for the 7.p invariant mass distribution within scheme II are shown in
figure 11. Although the D-wave contributions from the OPE could bring about a visible

SNote that the actual strength of the D-wave peaks depends on the coupling constants g; and g2 in
eq. (2.16). While g; is extracted accurately from the experimental width of the D** — D%t go was
determined in a lattice QCD calculation [91] and is subject for an about 25% uncertainty not included in

figure 10.
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Figure 11. Predictions for the line shapes of the 7.p invariant mass distributions based on various
fit results for solution B of scheme II. The blue dotted, orange dashed and green dot-dashed curves
correspond to the predictions from the three fit results (cos 0 p,-weighted, mg, > 1.9 GeV and myp-
all) of figure 9, in order. The contribution from background is not considered.

impact on the elastic line shapes in the 22*)[)(*) channels, their contributions to the 7.p are
minor. Indeed, the D-wave contributions to the residues are strongly suppressed and the
phase-space suppression, which was important for the elastic channels, does not apply any
more. Accordingly, the J/¢¥p and n.p spectra are related to each other by means of HQSS.
Thus, the line shapes with and without the OPE for solution B are qualitatively consistent
with each other, though quantitative changes in the magnitudes of the peaks are visible.
For this channel it appears promising, that the first data for the reaction Ay, — n.pK~ are
already available [96], although the quality of the spectra is not yet sufficient for the kind
of analysis indicated above.

4.3 Scheme III: including the A.D®) channels

As discussed in schemes I and 11, the J/¢p invariant mass distribution can be well described
without considering the coupled-channel effects from the A.D®*) channels and thus the
widths of the P, states can be accounted for by the channels J/¥p, n.p and the elastic
channels. However, the lack of experimental information at present does not mean that the
A.D®™ channels can be neglected. Indeed, the proximity of the A.D* channel to the elastic
thresholds, where the P, states reside, implies that the A,D™) channels potentially can be
even more important than the distant channels composed of a charmonium and a pion.
Unlike other inelastic channels, the A.D®) channels can couple to the elastic channels via
the OPE in addition to the short-range operators, which provides further support for their
potentially important role. In addition, some model calculations without the unitarity
constraint concluded large branching fractions of the P, states decaying into the A.D*
channel [36, 97]. As discussed above, as the E((;*) states dominantly decay to A.mw, the
simultaneous inclusion of the A.D® channels and the OPE potential will lead to ADM 7
three-body cuts,” when the energy goes above the corresponding three-body threshold.

"Strictly speaking, A.D*r is a four-body state, since D* can decay to Dw. However, neglecting this
width which is tiny, i.e., under the assumption that the D* is a stable particle, that we use here, A.D*71
corresponds effectively to a three-body channel.
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Therefore, once the A.D™) channels are included one is also in a position to investigate the
effects from the associated ACD(*)TF three-body cuts on the line shapes and the P, states.

Considering these points as a motivation, we developed a coupled-channel framework
that incorporates the A.D®) channels explicitly including the OPE. While the currently
available data do not allow us to adjust the parameters in the A, D™ potentials reliably, this
framework, being the most advanced and well defined formulation of the relevant coupled-
channel problem on the market, should be very useful in the future in revealing the role
of AcD™ in the formation of the P, states and their decays. It should be mentioned that
preliminary LHCb data on the A) — A} DYK~ are already available, but the statistics is
not high enough to see clear P. signals [98].

4.3.1 Parameters in the fits

As discussed in scheme II, because of the large mass of the heavy system and the large
splittings between the dynamic thresholds, the typical involved momenta py;, can reach
up to 900 MeV when the energy is extended down to the A.D threshold. These large
typical momenta make the contribution from the tensor force of the OPE that leads to
the S-D transitions even more important than that in scheme II. As a result, to obtain
regulator-independent line shapes, promoting the formally NLO O(Q?) S-D contact terms
(see DyP and DZP in eq. (2.28)) to LO is mandatory in line with the procedure discussed
in section 4.2.1.

From the currently available data it is impossible to determine the strength of the
A.D® — A.D®™ interactions, i.e., C". Indeed, since the effect of A.D®™ on the elastic

2

channels appears as a combination of C, and C7, a stronger (weaker) A.D™ interaction can
2 2

be always compensated by a weaker (stronger) transition A.D® — Eg*)D(*). In addition,
because there is no isospin-conserving A.A.m vertex, the long-range OPE potentials for the
A.D™ — A.D®™ transitions vanish (see appendix A), and thus only short-ranged direct
interactions could be possible. Therefore, in what follows, we use these arguments as a
motivation to neglect direct interactions in the A.D®) channels, as it was also done for
other inelastic channels. This approximation can be relaxed in the future easily, once new
data, e.g. in the A.D®™ channels become available. In the current study, the effect of
A.D™ channels is therefore included through their coupling to the elastic channels. The
inclusion of the OPE potential will not introduce additional parameters as the coupling
constants are either fixed from experimental data or from lattice QCD [91]. In this case,
under the assumption that the J/vp, n.p, A.D™ and 2&*)15(*) saturate the widths of the
P, states, we have 7 parameters to describe the final state interactions:

o (1 and C3 in eq. (2.7) for the contact potentials among the elastic Zg*)[)(*) channels;
2 2
o (' in eq. (2.9) for the transition between the elastic S D) channels and the in-
2 —
elastic A.D™ ones;

e gs and gp in eq. (2.28) for the S- and D-wave inelastic J/¢¥p and 7n.p channels;

o DPP and D3P in eq. (2.28), the NLO S-D contact terms, for the transitions among
the Eg*)l_?(*) and ACD(*) channels.
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Figure 12. The best fits to the experimental data of mg, > 1.9 GeV [17] with three different fixed
backgrounds for solution B (solid curves) of scheme ITI. The corresponding backgrounds are shown
as dotted curves. The vertical dashed lines from left to right are the ¥.D, EZD, ¥Y.D*, and EﬁD*
thresholds, respectively.

In addition, there are the parameters that parametrize the background, eq. (4.1), and those
of the bare production amplitudes, eq. (2.15).

4.3.2 Description of the data in Ag — J/YpK~

There are three prominent narrow P, structures in the J/vp spectrum, which are used to
extract the overall strength of the inelastic parameters and the production constants. As
the fits without the A,D™ channels have already yielded values for y2 /dof less than one,
it is not surprising that the explicit inclusion of A.D™) does not improve the fit quality. As
a result, the fitted inelastic parameters, as well as the bare production parameters P, are
very sensitive to the data sets used in the fits and to the background employed. Indeed, as
the system is overdetermined, it is hard to discriminate the contributions from the J/vp
(n.p) and A.D™ to the widths of the P, states from just the .J/¢p mass distributions.® To
illustrate this more clearly, instead of fitting to the three data sets as used in schemes I and
II, we make fits to the data with mg, > 1.9 GeV for solution B only with three different,
fixed backgrounds, as shown in figure 12. All the fits have values for x?/dof very close
to the best fit results. However, their inelastic and bare production parameters are very
different, as shown in table 6 in appendix B. Accordingly they lead to different predictions
for the line shapes in the elastic and inelastic channels, as illustrated in figure 13. It
follows in particular from table 6 that the product of the bare production vertices and the
inelastic constants J/1p is much better constrained by the J/¢¥p mass distributions than
these quantities individually. For example, the fit with the background-2 (orange lines in
figure 12) yields values for the J/¢p constants which are an order of magnitude smaller
than for the other two fits (cf. the couplings gs and ¢/, for the fit in the middle of table 6

8We checked also that the inclusion of just the S-wave contact interaction C'; between A.D™) and
2

2 D™ to scheme I does not allow one to reliably extract C’; from data.
2
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Figure 13. Predictions for the line shapes in the 2D and A.D™ channels based on the fit
results of scheme III (solution B) for three different backgrounds. The left, middle and right columns
show the results that are related to the blue, orange and green lines in figure 12, respectively. First
row: mass distributions in the ¥, D (blue dashed curves), * D (orange dotted curves), X.D* (green
dot-dashed curves), and ¥*D* (red solid curves) channels. Second row: mass distributions in the
A.D (blue dashed curves) and A.D* (orange dotted curves) channels. Note the different scales on
the y-axes of the different plots. No contribution from a possible background is included.

with the similar couplings in other fits),” which is balanced by a corresponding increase
in bare production vertices. Consequently, the production rates to E((;*)E(*) and A.D™
channels for this fit are an order of magnitude larger than for the other fits, as can be seen
from figure 13 (cf. the rates in the middle column with the others). Nevertheless, the results
in figures allow for several constructive comments. First, we note that the line shapes in
the elastic channels for background-1 are completely consistent with the corresponding line
shapes of scheme II shown in figure 10. The elastic spectra for background-3 also look very
similar except for the fact that the ¥* D line shape in this case shows a dip near the P,(4440)
instead of the peaks in the other cases. As discussed in section 2.1 (see the next-to-the-last
paragraph), the dip in the X% D line shape near the ¥,.D* threshold may appear because of
the destructive interference between the amplitudes in these channels. Indeed, as follows
from tables 12 and 9, the bare production amplitudes P3 from eq. (2.15) have opposite
signs for the ¥.D* and ¥¥D channels for background-3, while they have the same signs for
background-1 as well as in the case of scheme II. Second, since the differences in the ¥*D
channel play only a minor role for inelastic line shapes, the predicted line shapes in the
A.D®™ channels in figure 13 are quite similar for backgrounds 1 and 3. Therefore, one may
conjecture that, in contrast to the results for background 2, the line shapes for backgrounds
1 and 3 represent natural extensions of the results of scheme II to the full multichannel
case. Then, the results for the A.D* spectra should have clear S-wave peaking structures

%In addition, we define a new parameter gp = gpk2, with kg = VA(mg, m3,mg)/(2mo) the c.m.
momentum of the proton at the energy mo = (ms, +mxzx +mp +mp~)/2, to allow the comparison of gs
and gp, in the same units.
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Figure 14. Predictions for the line shapes of the 7.p invariant mass distributions based on the fit
results of Scheme IIT (solution B) in figure 12 for three different backgrounds. The blue dotted,
orange dashed and green dot-dashed curves correspond to the predictions from the three fit results
in figure 12 of blue, orange and green colors, in order. No contribution from a possible background
is included.

from the P.(4312), P.(4380), P.(4440) and P.(4457). In a complete analogy to the ¥.D line
shape (see discussion in section 4.2.3), also the A.D spectrum shows the D-wave peak from
the P.(4440). However, the P.(4312) can not be seen in the A.D channel because the LO
¥.D — A.D S-wave transition potential vanishes completely (see eqs. (2.7) and (A.5)).
Also, vanishing of the SD transition potential between ¥*D and A.D, as follows from

egs. (2.28) for VS%D and (A.6), explains why the A.D spectrum does not show signals from
the P.(4380). These are therefore testable predictions in the molecular picture which can
be further updated and improved once data in these channels become available.

We stress also that the poles around the Zﬁ*)l_)(*) thresholds are sensitive neither to the
form of the background nor to the choice of the experimental data set in the fits. The poles
in scheme III are consistent with those in scheme II and thus not explicitly presented here.
Also, it is worth mentioning that the line shapes in the 7.p channels, which are related to
the J/vp distributions via HQSS, have comparable rates for all fits considered here (see fig-
ure 14). Furthermore, the shape of the 7.p distributions is generally consistent with the pre-
dictions of schemes I and II, reported above. Specifically, the peak from the P.(4440), which
is clearly seen in all line shapes for solution B, is an experimentally testable prediction.

5 Summary

In this work we present an updated coupled-channel analysis of the process Ag — J/YpK~
for the hidden-charm pentaquark states discovered by LHCb. In ref. [40], an analysis of the
J/vp invariant mass distributions in this process was performed within a coupled-channel
approach including interactions between the elastic EE*)D(*) channels and transitions from
the elastic to the S- and D-wave J/1p inelastic channels in a way consistent with HQSS. To
account for other inelastic channels not included explicitly, the LO contact interactions in
the elastic channels were augmented with imaginary parts in the spirit of optical potentials.
The investigation presented here improves and extends the study reported in ref. [40] in
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several aspects. In particular, now we include the n.p and A.D® channels dynamically
in order to restore unitarity and investigate the effect from these inelastic channels. The
inclusion of 7.p is also required by HQSS. To account for the effect of the width of 22*) in the
Lippmann-Schwinger equations, the self-energy of the 2£*> is considered dynamically, which
generates three-body cuts from the A.D® 7 intermediate states. Additional three-body
cut contributions appear from the transition potentials Z((;*)D(*) — A.D®™ driven by OPE.
Apart from OPE, these transition potentials also involve one leading-order momentum-
independent contact term as a consequence of HQSS.

We emphasize that in the fits performed in this study we take into account all the
data sets of the J/vp invariant mass distributions provided in ref. [17]. To perform the
fits, we consider three strategies: employing the momentum-independent LO contact po-
tentials without including the A.D™) channels (scheme I), including the OPE potential
supplemented by the S-D contact terms to scheme I (scheme II), and explicitly including
in addition the A.D™) channels (scheme IIT).

For scheme I, we assume that the widths of the P, states are saturated by the J/¢p,
Nep and Zg*)D(*) channels. Two solutions (denoted by A and B) are found describing the
data almost equally well, with y2-values almost coincident to those of scheme I in ref. [40].
Both solutions give seven poles corresponding to seven P, states. Among these states, the
lowest one corresponds to the P.(4312) with J* = %_. It appears as a ¥.D bound state
in both solutions. There are two ¥.D* bound states with quantum numbers J = %_ and
%_, corresponding to the P.(4440) and the P.(4457), respectively, in solution A and with
interchanged quantum numbers in solution B, as in ref. [40]. Also the three predicted ¥ D*

states show different mass patterns: m,- < m;- < m;- for solution A and reversed for
2 2 2

solution B. However, the three ZZD* states are almost invisible in the spectra. In addition,
HQSS calls for a seventh state, located close to the ¥*D threshold with J¥ = %7 and with
a width comparable to those of the other states. As in ref. [40], in the data we found clear
evidence for this state, dubbed P.(4380), in both solutions. Testable predictions for the
line shapes in the Z((;*)D(*) and 7.p channels are proposed. For the Eg*)l_)(*) line shapes,
the threshold enhancement at the Zg*)D(*) thresholds, which is seen in these line shapes,
signals the existence of the corresponding shallow bound states.

Once the OPE potentials for the E((;*)D(*) channels are included in scheme II, an
enhanced S-wave-to-D-wave mixing is induced leading to strongly regulator dependent
line shapes. This calls for a promotion of formally NLO contact terms to LO to provide
renormalization. In this way regulator-independent results for J/¢p spectra were found
for solution B, while those for solution A still show a visible cutoff dependence, which
becomes even stronger when the line shapes in the elastic and inelastic channels are studied.
Meanwhile, solution B shows only a very mild regulator dependence for all predicted line
shapes. This means that only solution B, with the P.(4440) (P.(4457)) identified as a

%7 (%7) Y.D* bound state, survives the strong requirements of renormalizability once

the OPE is included. While generally the predicted line shapes in the Z‘,&*)D(*) and nep
channels are qualitatively similar in both schemes I and II for solution B, the results of
scheme II show also some signatures of the interactions in D-waves, which can be clearly
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seen, e.g., near the P.(4440) in the Y.D spectrum. Apart from this observation, the n.p
invariant mass distributions are very interesting since in most fits they show significant
signals from the P.(4312), the P.(4380) and also from higher states around 4500 MeV. A
very pronounced peak from the P.(4440) reveals itself in the 7.p spectrum in all schemes for
solution B, and therefore can be used to test the quantum numbers of the ¥,D* molecular
states experimentally and thus to unravel the nature of all P, states.

In scheme III, we developed the most advanced version of the coupled-channel approach
for the pentaquark states reported by LHCb, which also incorporates the A.D™) channels
as well as the OPE. It is demonstrated, however, that, because of the lack of structures
around the A.D®) thresholds in the .J/¢p channel and the absence of data in the other
channels, the A.D™) interaction strength cannot be reliably extracted from the fits to the
J/¢¥p data only. Once new data become available, this approach should not only allow
one to determine the pentaquarks quantum numbers but also to reveal their leading decay
properties. Meanwhile, even based on the current data and a plausible assumption that
the line shapes in the elastic channels should be qualitatively similar in schemes II and
I1I, we make predictions for the line shapes in the A.D™) channels which can be further
updated and improved once data in these channels become available. In addition, we find
that the effect of including a three-body cut from the A.D7 channel in the OPE potentials
and especially in the self-energy 2&*) in the two-body Green function reduces the width of
the narrow P.(4380) by about a factor 2 compared to the one extracted using a constant
complex mass of X in ref, [40].

It still remains to be understood why the three P. states near 4.5 GeV are almost
invisible in the data for the J/vyp distributions,'” or why the P.(4440) and P.(4457) are
more pronounced than the others. This must be related to the production mechanism,
which in this work is assumed to proceed entirely through the X.D®*) channels at the
primary production vertex. There can also be effects from nearby triangle singularities
discussed in refs. [17, 61, 62, 64] enhancing or interfering with the production of some of
the P. states.
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A One-pion-exchange potentials

Since the pion couples to the charmed mesons and baryons in the P wave, see the La-
grangian in eq. (2.16), the OPE potential mixes the S wave and D wave. To calculate
the partial wave projection of the OPE potentials [99], we start from a two-body state
|JM, LY) with J (M) the total angular momentum (its third component), L the orbital
angular momentum and ¥ the total spin

|JM, LE> /dQ YL <81820'10'2’223><L2L323’JM> \p0102>,
01 02723 L3

(A.1)
where |pojog) is the direct product of the one-particle states |p,o1) and |—p, o92) with o;
the third component of spin s; for the i*" particle in that channel; p is the momentum in
the c.m. frame. The partial wave transition between the states with the same J and M
reads

Tis prsy = (JM,LS|T|JM,L'S)

1
oD VDY / QY[ (Qp) (51520102 883) (LE LS| J M)

0102313 ol 0'22’ Ll

x [ a0 Y () (51540104 S5) (LS TSHLIM) 0/ T lponos), (A.2)

where T is the transition operator. In the framework of the TOPT, the OPE potential
acquires two contributions as shown in figure 1. For the scattering process 12 — 1’2" with

E the total energy of the system, and p, p’ the incoming and outgoing three-momenta, we
define

-2 0
Vss(E,p,p')=— / deoso?. +p (m;cos (D3 (E,p,p',0)+Dy (E,p,p’,0)],
4p'? -8 50+ 3p2 cos(20
Vsp(E,p,p') =— / dcosf—L 1~ 8p/peost3p” cos( )[DZI(E,p,p’,9)+D§(E,p7p’79)],
2E7T(pﬂ’)
/2 / /2
+4p* —8p'pcosf+3p’ cos(26 " -
VDS(E,p,p =- /dCObep p vy P ( )[Da(E’pap/79)+Db(E7p7p/79>]’
2E7r(p7r)
e /2 / 0 2 4 p? 20)—cup’ 0
Vé%’CQ’CB’C4)(E,p,p )=— / deosdS c1(p"?+p?) —cap'peos 043 (p? +p?) cos(26) —cy p'pcos(36)
2E(px)
x [DI(E,p,p',0)+DF(E,p.p,0)], (A.3)
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where 6 denotes the angle between the three-momenta p’ and p. The values for the ¢;(i =

1,...
Moreover,

1

,4) coefficients are specified below for each value of the total angular momentum J.

DI (E,p,p',0) =

Er(px) + Ev () + Ea(p) —

1

oL
(A.4)

Dy (E,p,p,0) =

Ex(pr) + Er(p) + Ex(p) — E

are the contributions of the two TOPT orderings with p, = /p? + p’2 — 2pp’ cosf and

E; =

\/p?+ m?.

The OPE potentials in the elastic channels listed in table 1 for J* = 5

L™ can be written

in a matrix form (where the columns and rows are given by the channels listed in order in

table 1) as
VS’S VSD
g1
Yy OPE — A5
% f2 VDS VDD ’ ( )
2 2
with
g2 g3
0 \[Vss 5 f 0 s Vss
573 Ves % Vss i \/Vss LVss sts
SS _ _
Vi = 575 Vs 6\sts T Vss —15Vss 25Vss |,
0 gg’ng —FVSS 0 0
93 g3
BVes ZVes LVes 0 0
1% Vsp 0 %\ 10Vsp 155Vs
___92
" 12ﬂVSD 5.5 VSD 6\ﬁVSD S\ﬁVSD 16\/‘/50
_ g2 _ g
V%— = 48VSD 16\/§VSD 48\[ Sg\fVSD 32\fVSD ,
93
TN 0 16WVSD 16WVSD 0
g3 _
16fVSD Tov3 9D 4\/%VSD {5/ 16Vsp 0
__92 92 g3 _
4\[VDS vz VPs  §Vps  155VDs 16\/‘/135
_ 92
0 8V VDS 16\TVDS 0 16\f
DS __ 92 _92 _ 93
V%— = s VDS Gy VDS 48fVDS ToyT0 /DS 4WVDS ;
_92 /3 __92 92 393 3
3 10VDS 8\/ﬁ‘/vDS 8\/5 Vs 16rv 10VDS
gs _ 93 _ 93
Tov3 VDS T6vG /DS ~3,3VDS 0 0
4,23,12,9 8,37,24,27 2,13,6,3 1,8,3,0
ﬂv(1a8:3»0) _92VJ§D ) _ 2V]£D ) ( : VSD :
24 "DD 32V/3 96v/5 32f 32v/3
v (4,23,12,9) y(1-1,3,9) 2,13,6,3) 4,23,12,9
92Vpp 0 92Vpp \/7‘/( 973‘/(: ,12,9)
32v/3 16315 64 DD
VDD _ VAT gy e V(13 77,39.2T)  go V(2 13,6,3) gaV\3:57:24.27)
1 96/5 16v/15 120 160 64\/7
o V(315:6:5) \/‘V(z 13,63) g V(z 13,6,3) 392 1 (1:93-1) fV (2,13,6,3)
160 DD
3(21\,4,53,0) (8,37,24,27)
aVon o V(4 2312,9) g3V 7\/’ V(2136.3)
32v/3 64+/15
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The OPE potentials for J& = 3~

5 read
SS 1/SD
OPE _ 91 VyZ Vs
Virt =5 Jhs oo | (A.6)
3 \vhksyp
2 2
where!!
g2 _ V5ga _ 93
3Vss —3 \[VSS LI TWALE
g2 /5
SS _ —5Vss s \/;Vss 4\[Vss
3T V5 2 2 5 2 5 )
2 —V20Vee 2 [3Vss  BVss 8. /3Vgg
_ g3 g3 /5
BsVss 1gVss B \@VSS 0
_ 92 92 _ 92 92 _ 92  _ _92 g2 [T _ 93 g3  _ _9g3
8/3 24 12 1643  48v2 485 16V 10 32 323 163
0 g2 g2 0 g2 g2 g2 /21 0 _93 _ 93
VSD — Vsp 163  16V3 1616 44/15 16V 10 32 32
5 92 _ 92 g2 g2 _Tg2 g2 92 /7 g3 g3 g3 ’
16v/15 125 485 415 4810 15 80V 2 " 32v5 815 3215
__ 93 g3 __g3 _ g3 g3 g3 g3 /21 0 0 0
32 323 16v/3 32 326 3215 32V 10
T
_ 92 g2 _ g2 g2 _ g2 g2 g2 /T _ g3 g3 g3
83 24 12 16v/3  48v2 485 16V 10 32 323 163
0 g2 g2 0 g2 g2 g2 /21 _93 _93
VDS _ Vs 16v3 163 16v6 4415 16V 10 32 32
5 92 g2 _go g2 _ 792 _ g2 g2 \/7 g3 g3 g3 ’
1615 125 485 415 4810 15 80V 2 " 32v5 815 3215
32v/3 16v/3 32 326 3215 32 10
0 V(1,5,3,3) V]é% 13,6,3) Végs,:}ﬁ) _Vé%13,6,3) \/7V(2 ,13,6,3) 0 gsVégs‘S’s) gBV[()%IB,G,B)
(1 5.3,3) (9 1336 3) (2,13,6,3) (1\/563 3) (322\1/3%3) (2 13 6,3) (1,5,3,3) ?%9523 3) 6?2 %3 6,3)
Vbo —Vob —Vob Voo Voo Voo 93Vpp 3Vop 3V
12 48 3243 2412 2475 16@ o 322 16v/3gs 64v/3g>
7Vr()}),5,3,3) *Vr()}f’&s) V(z ,13,6,3) 7\[‘/(1 ,5,3,3) \/7\/( ,13,6,3) g:;VIg%u’G’S) 7g3VI§2D,13,b,3) 793‘4()}),5.3,3)
24 16v/3 9612 6492 64\/39? 32¢§q2'
0 V(z 13,6,3) \[V(l ,5,3,3) \/Ev(z ,13,6,3) 0 g3vgj,m,6,d) gaVéBSTM)
32\/6 6492 3292
Svégs,:s,s) 7V(2 13 6,3) _ ]:()QDIS ,6,3) _ 3V]§1[;5’3’3) SV élD 5,3,3) _ (2‘13‘6,3)
48 qaf 16/35 16v/2g2 16v/6g2 64\/
VégS,S,S) V]:()EIS,S.S) 93‘/]5%13,6,3) v(2,13,6,3) \/gg V(l 5 3,3)
24 3214 64\/59? _ 16\/72 2 o
Svl()i; 3,5) 73g3vl()f),13,6,3) 7\/77(] V( 13,6,3) \/7 V( 13,6,3)
112 321/70g2 52g2 0492
0 0 0
0 0
0

1 As the V§DP potential is symmetric, here only the elements on the upper triangle are presented. The
2

case is similar for the Vf_D potential.
2
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VPP

=92

The OPE potentials for the channels in order listed in table 1 for J¥ = %7 read

VSS VSD
5— 5—
VOPE g1 3 5 (A 7)
5~ f2 VDS VDD ’ .
2 5— s
2 2
where
ss_ 1
V2 =——92Vss,
5 4
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2 8/10 8v30 16 16V 5 815 20 16V 10 16410 32V 5 ’
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0

B Results of the fits

This study was performed neglecting isospin symmetry breaking effects.

particles used in the calculation are [71]

MA[b)

My
Mnc
Ms,,
Mp

My,

= 5.6196 GeV,  My- = 0.4937 GeV,
= 3.0969 GeV, M, = 0.9383 GeV,
= 2.9839 GeV, M, = 0.1380 GeV,
= 24535 GeV,  Ms: = 2.5181 GeV,
= 1.8680 GeV,  Mp- = 2.0086 GeV,
= 2.2865 GeV.

The masses of

(B.1)

The fitted parameters to the three data of schemes I and II shown in figures 4 and 9

are collected in tables 4 and 5, respectively. We do not show the unit of .7-";{ because an

arbitrary overall normalization factor is inseparable.

The fitted parameters of the three

fits of scheme III with fixed background in figure 12 are given in table 6. The parameters

of the background in all fits are collected in table 7.
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Parameter cos O p,-weighted myp > 1.9GeV miyp all
solution A B A B A B

C’% [GeV™2)| —14.72(26)  —9.86(32) | —14.89(18) —9.06(49) | —14.71(17) —9.66(34)

C% [GeV™?]| —10.33(25) —13.28(21) | —10.16(20) —13.87(16) | —10.54(18) —13.76(19)

gs [GeV™2] | 1.17(201)  2.23(132) | 1.39(90)  4.51(94) | 2.42(89) 3.63(80)

g [GeV?] 3.88(64) 3.61(48) 3.78(42) 1.32(118) 2.58(67) 2.50(72)
.7-'1% 27(249) 716(1424) | —139(219) 362(1109) 606(327)  —3388(875)
}"2% 883(257) 1782(908) 471(110) 1631(743) 208(247) 4165(711)
.7:3% —3509(453) —3333(572) | —1879(120) —2866(766) | —3365(574) —1676(334)
.7:1% —3768(2140) —1948(1101) | —2785(755) —497(335) | 1255(1087)  2385(985)
]-"2% —1743(1670)  32(1255) | —1459(541) 32(—463) | —305(735) —1495(1139)
.7:3;% —4662(648) —3400(351) | —2396(186) —1530(242) | —2901(306)  934(458)
}"1% 721(1593) —992(205) 0(825) 421(130) 1953(292) —1284(226)

Table 4. The best fit parameters of scheme I for various datasets shown in figure 4. Here only the
statistical uncertainties are presented.

Parameter cos Op -weighted mp, > 1.9 GeV mgp all
Cy [GeV 2] 7.35(27) 7.45(21) 7.06(19)
Cs [GeV 2] —16.55(99) —16.41(71) —16.01(45)
DJP [GeV™ —1.63(77) —1.75(36) —1.90(17)
gs [GeV2] 3.33(63) 3.42(58) 2.79(55)
gh [GeV~2 1.96(55) 1.67(30) 1.67(37)

fﬁ —396(636) 890(636) —2192(454)
fé 2996(456) 1089(391) 3085(435)
fé —1992(387) —1368(258) —788(144)
]-"1% —1086(806) —489(209) —627(601)
IQ% —381(899) —21(324) —113(1101)
ff —2046(594) —983(146) —1399(295)
]-"1% 692(335) 243(114) 759(146)

Table 5. The best fit parameters of scheme II (solution B) for various datasets shown in figure 9.
Here only the statistical uncertainties are presented.
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Parameter background-1 background-2 background-3
C1 [GeV™2] 7.58(42) 10.38(46) 7.76(110)
Cs [CGeV™2] | —16.04(62) —15.37(57) —16.26(64)
C’% [GeV 2] 14.41(197) 19.32(44) 14.93(387)
DJP [GeV™Y | —1.62(45) —0.71(19) —1.46(80)
DSP [GeV™4 | —2.33(15) —1.65(30) —2.24(31)
gs [GeV2 3.42(71) 0.52(19) 3.38(77)
g [GeV2] 1.67(46) 0.24(10) 2.00(65)
}‘1% 800(596) 16970(3632) 622(1126)

fg% 1214(411) 9004(2535) 1376(692)

.7-“3% —1462(177)  —22751(2744)  —1406(547)

flg —432(244)  —5603(3320)  —1538(793)
}‘2% —51(338) —1640(2687) 874(432)

f§ —1132(206)  —11493(3221)  —451(278)
]—“1% 197(150) 3878(2093) 247(229)

Table 6. The best fit parameters of scheme III (solution B) for various backgrounds shown in
figure 12. The fit is made to the LHCb dataset with mg, > 1.9 GeV. Here only the statistical
uncertainties are presented.

Scheme | Solution Fit bo by [GeV 2] | by [GeV™Y] | g, [GeV] | m [GeV] | T [GeV]
cos Op,-weighted | -4.05x 10 | 4.39x10% | -1.16x107 | 150.7 4.41 0.058
A mip >1.9GeV |-3.14x10% | 4.30x107 | -1.33x105 | 104.9 4.41 0.074

mip all 1.18x107 | -1.13x10% | 2.88x10% | 595.9 4.42 0.166
cos Op,-weighted | -2.87x10° | 3.16x108 | -8.40x105 | 254.0 4.43 0.088
B mip >1.9GeV |-1.44x108 | 2.52x107 | -8.56x10° | 126.2 4.42 0.093

micp all 1.30x10% | -1.23x10% | 3.03x10° | 706.1 4.43 0.188
cos Op.-weighted | -3.19x10° | 3.51x10% | -9.33x10° | 280.4 4.43 0.102
11 B mip >1.9GeV |-3.14x10% | 4.30x107 | -1.33x10% | 160.43 | 4.42 0.117

mi, all 3.95x107 | 5.55x105 | -1.83x10° | 497.8 4.43 0.152
background-1 |-2.93x10% | 4.07x107 | -1.27x10% | 145.0 4.41 0.117
111 B background-2 | 2.41x10% | -1.36x107 | 1.05x10° | 228.0 4.41 0.150
background-3 |-5.91x108 | 7.17x107 | -2.07x10% | 145.0 4.41 0.117

Table 7. The parameters of the backgrounds in all fits.
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State Pole [MeV] JP | RS ».D ».D* ¥ D*
P.(4312) | 4314(1) —4(1)i | &~ | T | 2.6(1)+0.4(2)i |0.7(1) +0.2(1)i| 0.4(1)+ 0.1(1)s
P.(4440) | 4440(1) —9(2)i | & | IIT | 0.1(1) +0.3(1)i |3.7(2) +0.6(1)i | —0.7(1) +0.2(2)i

P. 4498(2) —9(3)i | 37 | IV | 0.1(1) +0.2(1)i [0.0(1) — 0.3(1)i | 4.0(1) + 0.4(2)i

State Pole [MeV] JP | RS ».D* YD ¥ D*
P.(4380) | 4377(1) —7(1)i | 27 | II | 0.5(1) +0.2(1)i |2.8(1) +0.1(1)i | —0.9(1) +0.1(2)i
P.(4457) | 4458(2) —3(1)i | 37 | IIT | 2.1(2) +0.3(1)i |0.1(1) —0.1(0)i | —0.7(1) +0.2(2)i

P, |4510(2) —14(3)i| 37 | IV | —0.4(2) — 0.3(1)i | 0.2(1) + 0.3(1)i | 3.3(2) + 0.6(2)i

State Pole [MeV] JP | RS YD

P, 4525(2) —9(3)i | 27 | IV | 1.9(2) + 0.6(7)i

Table 8. The effective couplings to the elastic channels for solution A of scheme I, as defined in
eq. (4.3).

State Pole [MeV] JP | RS ».D ».D* iD*
P.(4312) | 4312(2) —4(2)i | 3~ | I | 2.9(1)+0.4(2)i | —0.6(2) +0.0(1)i | —0.5(1) + 0.1(2)i
P.(4457) | 4462(4) —5(3)i | 3~ | III | 0.1(1) —0.2(2)i | 2.0(2) +1.2(3)i | 0.2(1) +0.2(1)i

P. 4526(3) —9(2)i | 3~ | IV | 0.0(0) — 0.1(1)i | 0.0(1) +0.1(1)i | 1.5(2) + 1.1(4)i

State Pole [MeV] JP | RS ¥.D* YD YrD*
P.(4380) | 4375(2) —6(1)i | 3~ | II | 0.5(1) —0.2(2)i | 3.0(1) +0.1(1)I | —0.8(2) + 0.2(2)i
P.(4440) | 4441(3) —5(2)i | 37 | III | 3.6(1) +0.3(1)i | 0.0(1) +0.1(1)i | 0.8(1) — 0.1(2)i

P. [4521(2) —12(3)i| 37 | IV | —0.1(2) — 0.2(1)i | 0.1(2) +0.4(1)i | 2.5(2) +0.9(2)i

State Pole [MeV] JP | RS Y D*

P. 4501(3) — 6(4)i | 5~ | IV | 3.9(2) +0.1(2)i

Table 9. The effective couplings to the elastic channels for solution B of scheme I, as defined in
eq. (4.3).

C The effective couplings to the elastic channels and the source

The effective couplings of the P. states to the elastic channels defined in eq. (4.3) for
solutions A and B in scheme I are collected in tables 8 and 9, respectively, where the RSs

on which those poles are found and the corresponding quantum numbers are given explicitly.
For scheme II, the effective couplings for different quantum numbers, i.e. J& = %7, %7
gf, are presented in table 10, 11 and 12, respectively.

and

Three experimental data sets obtained by LHCb using different kinematic selections for
the candidates are employed in fits made in this analysis. It is worth mentioning, however,
that the shape and the relative strength of the peaks vary quite significantly in these three
data sets. Moreover, there are some hints for the existence of the higher resonances near
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J=13" P.(4312) P.(4457) P.

Pole [MeV] | 4313(1) — 3(1)i 4461( ) —5(2)i 4525(4) 9(1)i

».D(S) 2.7(2) +0.2(1)i  0.0(1) —0.2(1)i  0.0(1) —0.1(1)i

Y.D*(S) | —0.6(2) +0.1(1)i 1.9(4) +1.2(3)i  —0.0(1) +0.1(1)i

YED*(S) | —0.4(3) +0.1(1)i  0.3(1) +0.7(2)i  1.4(3) +0.8(5)i

».D%(D) | —0.7(1) +0.1(0)i  0.0(0) +0.0(1)i  0.1(0) — 0.0(0)i

»*D(D) —0.0(0) +0.0(0)i  —0.3(1) — 0.0(0)i —0.2(1) — 0.0(0)i

YED3(D) | 0.2(1) —0.0(1)i  —0.3(1) +0.3(1)i  0.0(0) — 0.0(0)i

D% (D) 0.6(2) —0.1(0)i  0.2(1) —0.2(1)i  0.0(0) — 0.0(0)i

Table 10. The effective couplings to the elastic channels for J* = %7 resonances of scheme II, as
defined in eq. (4.3).
J=3" P.(4380) P.(4440) P,

Pole [MeV] | 4376(1) — 6(2)i 4441( )—6(2)i  4520(3) — 12(3):
¥.D*(S) | 0.4(2) —0.3(1)i  3.6(2)+0.5(2)i —0.2(1) +0.1(1)i
¥ED(S) 2.8(2) +0.0(1)  0.1(2) +0.1(1)i  —0.0(1) — 0.3(1)3
Z*D*(S) —0.7(2) —0.0(1)i  0.8(2) +0.5(2)i  2.4(2) + 1.0(4)i

D(D) | 0.0(0)+0.00)i —0.3(1)40.0(0)i 0.1(1) +0.1(1)i

ECDE(D) —0.2(0) 4 0.0(0)i  —0.0(1) — 0.0(0)i —0.2(1) +0.1(1)i
Y.D%(D) | —0.2(1) —0.0(0)i  0.2(1) —0.0(0)i  —0.0(0) + 0.1(1)i
Y*D(D) | 0.0(0)+0.000)i  0.1(1) +0.0(0)i  0.3(1) —0.1(1)i
YED%(D) | —0.2(1) +0.0(0)i  0.1(1) —0.1(1)i  0.0(1) + 0.0(0)i
YED3 (D) | —0.4(1) +0.0(0)i  0.1(1) +0.0(0)i  0.1(0) + 0.0(1)i
YED3(D) | —0.6(1) +0.0(1)i —0.2(1) +0.2(1)i  0.0(0) + 0.0(0)i

Table 11. The effective couplings to the elastic channels for J* = %7 resonances of scheme II, as
defined in eq. (4.3).

— 41 —



2
Pole [MeV] | 4500(2

YED*(S) | 4.0(5) +0.
».D(D) | —0.2(1)
».D% (D) | —0.1(1)

J=2" P,
)

¥:D(D) | —0.3(1) 4 0.0(1)i
YED%(D) | —0.0(1) +0.0(0)i
2
YED% (D) | 0.1(1) —0.0(0)i
2
YEDi(D) | 0.2(1) —0.1(0)i
2
Table 12. The effective couplings to the elastic channels for J* = %7 resonances of scheme II, as
defined in eq. (4.3).
Pole Solution A Solution B
cos Op,-weighted | mp, > 1.9 GeV mp all cos Op,-weighted | mg), > 1.9 GeV myp all
P.(4312) | 68(19)+4(2)i | 39(6)+3(1)i | 64(19)+2(3)i | 69(13)+9(5)i | 68(16)+6(4)i | 65(9)-+6(4)i
P.(4380) | -66(17)+13(6)i | -35(6)+7(2) i | -39(9)+5(2)i | 60(11)-11(20)i | 30(7)-2(2)i | 41(11)+4(2)i
P.(4440) | -96(9)+4(3)i | -51(10)+3(1)i | -75(14)+3(3)i | 160(20)+23(16)i | 55(20)+5(3)i | 97(23)+4(7)i
P.(4457) | 126(31)+30(20)i | 65(5)+18(4)i | 81(12)+8(4)i | -76(15)-24(12)i | 75(13)+48(8)i | T7(6)+32(13)i
P.(1/2) | -37(35)421(8)i | -14(14)+12(4)i |-72(40)+12(6)i | 13(26)+32(7)i | 1(14)+14(16)i | 76(52)-+11(24)i
P.(3/2) | —98(77) + 16(9)i | -88(39)+8(2)i | -19(12)+7(4)i | -5(6)+2(2)i 1(5)-2(7)i | -6(20)+11(8)i
P.(5/2) | -23(23)-7(7)i | 0(12) 40(11)i | 52(31)+5(4)i | 39(60)+2(4)i | -17(20)+0(1)i | 55(32)+1(2)i

Table 13. The couplings of the P, states to the source for Scheme I. They are normalized by the
event numbers and thus only the relative values are meaningful. The uncertainties given are from
taking different backgrounds.

4.5 GeV in the data set “m, all”. However, they are almost invisible for the other two data
sets. Therefore, it should not come as a surprise that the effective couplings to the source
also strongly depend on the input used. Their particular values are also quite sensitive
to the variation of the background. For illustration, in table 13 we collect the effective
couplings to the source gsource for scheme I defined as

JaGsource = EEEQ}Q(Eg - Egole)Ua(E)' (C.1)

The uncertainties given in parentheses correspond to the different backgrounds.
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