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ABSTRACT

We show that the Weibel or currente filamentation instability can lead to the emission of circularly

polarized radiation. Using particle-in-cell (PIC) simulations and a radiation post-processing numerical

algorithm, we demonstrate that the level of circular polarization increases with the initial plasma

magnetization, saturating at ∼ 13% when the magnetization, given by the ratio of magnetic energy

density to the electron kinetic energy density, is larger than 0.05. Furthermore, we show that this

effect requires an ion-electron mass ratio greater than unity. These findings, which could also be tested

in currently available laboratory conditions, show that the recent observation of circular polarization

in gamma ray burst afterglows could be attributed to the presence of magnetized current filaments

driven by the Weibel or the current filamentation instability.

Keywords: plasmas, magnetic fields, polarization, radiation mechanisms: general

1. INTRODUCTION

Understanding the origin of polarization in the radi-

ation from charged particles is of central importance in

the study of many astrophysical objects like gamma-

ray-bursts (GRBs) Wiersema et al. (2014); Troja et al.

(2017), supernova remnants (SNRs) Milne & Dickel

(1974); Bandiera & Petruk (2016), active galactic nu-

clei (AGN) Lopez-Rodriguez et al. (2018) and pulsar
wind nebulae (PWN) Linden (2015). The vast major-

ity of theoretical models predict low degrees of linear

polarization and no circular polarization Medvedev &

Loeb (1999); Gruzinov & Waxman (1999); Matsumiya

& Ioka (2003); Sagiv et al. (2004); Toma et al. (2007).

This is in contrast with recent observations that demon-

strated the existence of circularly polarized radiation

emission in the afterglow of the GRB 121024A Wiersema

et al. (2014). This emphasizes the importance of rein-

vestigating previously theoretical formulations regard-

ing the origin of circular polarization in these scenar-

ios, and, in particular, at the plasma scale Sagiv et al.

(2004); Sinha et al. (2018). Here we show that circu-
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larly polarized radiation emission can be observed in the

context of the Weibel/current filamentation instability

(WI/CFI) Weibel (1959), and we explore the physical

conditions under which this can occur.

It has been shown that the WI/CFI mediated colli-

sionless shocks could be a possible mechanism to explain

the power law distribution of charged particles and sub-

equipartition magnetic fields believed to be present in

GRBs Spitkovsky (2008); Martins et al. (2009b); Sironi

& Spitkovsky (2009a); Fiuza et al. (2012); Stockem et al.

(2014); Huntington et al. (2015), and the radiation ob-

tained from charged particle motion in these magnetic

fields is attributed to synchrotron process Hededal &

Nordlund (2005); Sironi & Spitkovsky (2009b). How-

ever, although the mechanism of radiation in such col-

lisionless shocks was demonstrated, little attention has

been paid to the polarization of the radiation emitted.

In this Letter, we show that plasmas in the presence

of an ambient magnetic field, composed of a light (e.g.

electrons) and heavy (e.g. protons) species, the radia-

tion emitted by the plasma particles due to their mo-

tion in fields generated due to WI/CFI is partially cir-

cularly polarized. The trajectories of charged particles

in the WI/CFI fields are studied using two-dimensional

particle-in-cell (PIC) code OSIRIS Fonseca et al. (2002,
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2013). A semi-analytical model is developed to describe

such motion and estimate the radiation spectra and the

degree of circular polarization for a fixed observer for

various pitch angles that an electron makes with the

WI/CFI magnetic fields in initially magnetized and un-

magnetized plasmas. Furthermore, the radiation spec-

tra and the degree of circular polarization are computed

from particle trajectories extracted directly from PIC

simulations and post-processing them using the radia-

tion code jRadMartins et al. (2009a). We show that

an initial magnetization leads to transverse symmetry

breaking in the pitch angle distribution of electrons con-

fined in a current filament, producing a finite circular

polarization in the emitted radiation. Of particular in-

terest is the degree of circular polarization associated

with different initial magnetizations.

We simulate a relativistic cold electron-proton plasma

of uniform density and a relativistic factor γ0 = 20 flow-

ing through a background plasma at rest with identical

electron and proton densities. Both electrons and pro-

tons are initialized with a small isotropic thermal ve-

locity βth ≈ 10−3 (=
√

T/mc2) to initiate the WI/CFI.

The flow velocity (along z) is perpendicular to the sim-

ulation plane (see Fig. 1). The computational domain

is 512 × 512(c/ωpe)2 with periodic boundaries. The cell

size is ∆x = ∆y = 0.1c/ωpe, time-step ∆t = 0.045ω−1pe
and each cell contains 3×3 particles per cell per species,

where ωpe = (4πn0e2/me)1/2 is the plasma frequency, n0
is the initial plasma density, me is the electron mass,

e is the electron charge and c is the velocity of light.

We include a uniform out-of-plane (along z) initial mag-

netic field (Bz) measured in the frame of the background

plasma corresponding to a magnetization of the flow-

ing plasma σ ≡ B2
z /4πγ0men0c2 which we varied from

σ = 0.0−0.2 for both signs of Bz . The WI/CFI in inter-

penetrating plasma flows give rise to current filaments

with an associated azimuthal magnetic field (Bφêφ) sur-

rounding them. Because the electrons respond at time

scales faster than the protons, a space charge radial elec-

tric field (Er êr) develops at the edge of the electron fil-

aments. The maximum electron WI/CFI growth rate

is given by ΓWI/CFI ≈ |β0 |/
√
γ0ωpe Silva et al. (2002);

Shukla et al. (2012), where β0 is the flow velocity nor-

malized to c. For our γ0 = 20 this yields Γ ≈ 0.2ωpe,

and simulations show that the magnetic field saturates

in a few 100ω−1pe.

At the saturation of WI/CFI, there is a strong emis-

sion of radiation from the filament edges. This is il-

lustrated in Fig. 1a, which shows the radiated power

(P) from the electrons in a single magnetized cur-

rent filament. The radiated power is calculated us-

ing the relativistic generalization of Larmor’s formula,
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Figure 1. (a) shows the spatial distribution of radiated
power from electrons in a magnetized current filament of
an electron-proton plasma (mi/me = 1836) with initial mag-
netization σ = 0.05 and at time t = 9000ω−1pe. (b) shows
the transverse magnetic field vectors (represented by arrows)
arising due to WI/CFI for the same simulation as in (a).
Trajectories of 50 electrons trapped in the current filament
are shown from time ti=8910ω−1pe to t f =9000ω−1pe, with color
scales representing their longitudinal momentum (pz). The
fields and tracks of electrons for the same time period in an
unmagnetized electron-proton plasma are shown in (c).

P = 2/3(e2/c)γ6e [ Ûβ
2

e − (βe × Ûβe)], where βe is the elec-

tron velocity vector normalized to c, Ûβe is the normal-

ized electron acceleration and γe is the electron Lorentz

factor Jackson (2012). The peak value of P at the fila-

ment edges is nearly ten times larger than that within

the filament. This is because additional mutually per-

pendicular strong electric and magnetic fields resulting

from WI/CFI leads to a relatively stronger Ûβe perpen-

dicular to βe and increased kinetic energies of the elec-

trons at the filament edges, whereas the electrons at the

center gyrate only under the influence of the initial mag-

netic field and the longitudinal momentum (pz) is much

larger than the transverse momentum (px, py). Hence,

the electrons at the filament edge primarily contribute

to the radiated energy. The electric field of the radiation

emitted by an electron is given by Jackson (2012),

Erad(r, t) =
e
c

[n × [(n − βe) × Ûβe]
(1 − βe · n)3R

]
ret

(1)

where n is the unit vector from the position of the charge

to the observer at a distance R from the particle. The

quantities are evaluated at the retarded time t ′ = t−R/c.

The spectrum of the radiated electric field is determined
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from the Fourier transform of Eq.1 Jackson (2012),

Erad(ω)=
( e2

8π2c

)1/2 ∫ ∞

−∞

n × [(n − βe) × Ûβe]
(1 − βe · n)2

× eiω(t
′−n·r(t′)/c)dt ′ (2)

The information about the instantaneous position,

velocity and acceleration of the electrons can be ob-

tained from the electron trajectories. The electron tra-

jectories, superimposed on the magnetic fields due to

WI/CFI for magnetized and unmagnetized plasmas, are

shown in Figs.1b and 1c respectively. The electrons have

enhanced longitudinal momentum (pz) at the filament

edge, which indicates that most of the radiation emitted

from them will be collimated in the direction perpendic-

ular to the simulation plane. An initial magnetization

causes the electrons to drift along the azimuthal direc-

tion, due to a combination of E × B and ∇B drifts,

executing a correlated motion (Fig. 1b). On the other

hand, in an unmagnetized plasma, the electrons scatter

at all possible angles from the WI/CFI fields (Fig. 1c).

To formulate a model describing the motion of charged

particles in WI/CFI fields, we consider a cylindrical cur-

rent filament with electrons flowing along the positive

z-direction (êz). The electric and magnetic fields can

be described as E = ErS(r)êr and B = BφS(r)êφ + Bz êz
respectively, where Er and Bφ are the respective am-

plitudes of the E and B fields in the radial and az-

imuthal directions, Bz is the initial magnetic field and

S(r) is the spatial profile. At saturation, the spatial pro-

file of the fields from the simulation closely resemble a

Gaussian with FWHM∼2.5c/ωpe. Hence, we substitute

S(r) = exp[−(r −r0)2/2η2] where r0 is the filament radius

and η = 1/
√

2. The equation for the electron trajec-

tory obtained by combining the momentum and energy

equation is,

dβe

dt
= − 1

γe
[E + βe ×B − βe(E · βe)] (3)

where the normalizations E ≡ eE/(meωpec); B ≡
eB/(meωpec); t ≡ ωpet have been used. The radiated

electric field vectors can be calculated using Eq.(1) and

Eq.(3) for a given field configuration and initial position

and velocity of the particles.

A schematic representation of the geometry of the

magnetic field due to the current filaments and the mo-

tion of plasma electrons in the frame of the background

plasma is shown in Fig. 2a. The radiated electric field

vectors obtained using Eq.(1) and Eq.(3) for electrons

making pitch angles ψ1(< π/2) and ψ2(> π/2) with re-

spect to the direction of WI/CFI magnetic field at the

instant of emission is shown in Fig. 2b. The direction

B φ = 4; B z = 1; E r = 2

Figure 2. (a) shows the schematic representation of the az-
imuthal magnetic field due to a cylindrical current filament
with a flow along z with 1 and 2 representing electron tra-
jectories that make the pitch angles ψ1 < π/2 and ψ2 > π/2
respectively with the direction of the WI/CFI magnetic field
vector at the time of emission. (b) shows the trajectories of
two electrons from the semi-analytic model for an observer
along êz (trajectory 1 (ψ1) in blue and trajectory 2 (ψ2) in
red). The electric field vectors (arrows) are attached to each
point on the trajectory, and shown more clearly in the zoom
(b1) and (b2). It is clear that the radiation from trajectory
1 is left circularly polarized and from trajectory 2 is right
circularly polarized because the electric field vectors are ro-
tating clockwise and counter-clockwise respectively.

of rotation of the radiated electric field vectors show a

left handed (LH) circular polarization for ψ1 and right

handed (RH) for ψ2. The handedness of circular po-

larization depends on the pitch angle. The emission

from a single electron whose velocity vector makes a

pitch angle ψ with the direction of the WI/CFI mag-

netic field vector at the instant of emission is equiva-

lent to that emitted by a particle moving at a constant

speed in a circular path. For the observer lying on the

z-axis in the far field, it is reasonable to assume that the

angle between the observer and the point of emission

α ≈ 0. Hence, the electric field vectors of the emitted

radiation will be oriented in the xy plane. For a rel-

ativistic electron, the radiation lasts for a very short
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time and is limited within a small angle θ ∼ 1/γe � 1

for a fixed observer. Under this assumption, Eq.(2) re-

duces to, Erad = −2(i(1+γ2e (π/2−ψ)2)/(
√

3γ2e )K2/3(ξ)êx+
(π/2−ψ)

√
1 + γ2e (π/2 − ψ)2/(

√
3γe)K1/3(ξ)êy), where K2/3

and K1/3 are the modified Bessel functions, ξ = ωω0(1+
γ2e (π/2 − ψ)2)3/2/3γ3e , ω0 is the gyrofrequency and ω is

the frequency of radiation Jackson (2012). It is clear

that the polarization of radiation is right-handed (RH)

or left-handed (LH) according to ψ ≷ π/2 and is con-

sistent with the results from the semi-analytical model

shown in Figs.2b1 and 2b2. For a plasma with no initial

magnetic field component along êz , the electrons have a

symmetric pitch angle distribution for ψ ≷ π/2. Hence,

the contribution to the RH and LH polarizations are

equal, resulting in a net zero circular polarization. In a

magnetized plasma, the initial magnetic field (Bz) along

êz bends the electron trajectory in the xy plane creating

an anisotropy in pitch angle distribution. When Bz is

along positive êz , the number of electrons with negative

pitch angles exceed those with positive pitch angles re-

sulting in a net RH circular polarization and vice versa

when the direction of Bz is reversed.

To validate our model, we extracted trajectories of

1000 electrons from a current filament directly from PIC

simulations and computed the radiation spectrum and

the degree of circular polarization (Pc) of the radiation

emitted from them using the post-processing radiation

code jRad Martins et al. (2009a). Although the OSIRIS

simulation is 2D, we reconstruct the 3D trajectories as

z =
∫

pz(t)/γe(t)dt. The spectrum was calculated on a

two-dimensional virtual detector in the xy plane at a dis-

tance z = 1.5× 104c/ωpe and size 60000× 60000(c/ωpe)2
divided in 100 × 100 cells to capture the entire emitting

region. The detector captured a spectra of frequencies

(ω) in the range ω = (100 − 103)ω−1pe with a resolution

of 256 cells per decade in the frequency axis. Radia-

tion was calculated following the trajectories from time

ti = 6300ω−1pe to t f = 9000ω−1pe during which the filament

was in a steady state. The degree of circular polarization

(Pc) was estimated using the relevant Stokes parame-

ters, in which Pc = V/I, V = 2〈Im[(ε1 ·Erad)∗(ε2 ·Erad)]〉,
I = |ε1·Erad |2+|ε2·Erad |2 and ε1 and ε2 are the unit vec-

tors perpendicular to the direction of observation. The

angular brackets 〈·〉 represent the time average. Figs.3a

and 3c show the spatial distribution of frequency av-

eraged radiated energy, 〈Irad〉ω =
∫

Iraddω/
∫

dω from

the electrons confined in the current filament of Figs.1b

and 1c respectively. Figs. 3b and 3d show the cor-

responding 〈Pc〉ω =
∫

Pc Iraddω/
∫

Iraddω for the fila-

ment. A strong right circular polarization with a peak

value of 〈Pc〉ω ≈ 0.25(25%) is observed for the mag-

netized filament. For the unmagnetized filament, a

1.00.0 0.3-0.3 Pc ωIrad ω[a.u.]
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Figure 3. Simulation results from jRad illustrating the key
properties of radiation and degree of circular polarization
from 1000 electrons trapped in a current filament. (a) and
(c) show the frequency averaged spatial distribution of radi-
ated energy on the detector lying in the XY plane (parallel
to the simulation plane) from the current filament shown in
Fig. 1c and 1b respectively. (b) and (d) show the frequency
averaged degree of circular polarization corresponding to (a)
and (c). For the unmagnetized filament, there is almost equal
contribution to left and right circular polarization, whereas,
a magnetized filament produces a strong right circularly po-
larized radiation with peak value ∼ 25%. (e) shows the
frequency averaged spatial distribution of radiated energy
on a detector similar to (c) from four magnetized current
filaments ( with initial magnetization σ=0.05) of electron-
proton plasma shown in the inset (a zoom of this inset can
be found in the Appendix Fig. 5). (f) shows the frequency
averaged degree of circular polarization corresponding to (e)
with the inset showing the

〈
Pc

〉
for each of the corresponding

filaments.

nearly equal distribution of left and right circular po-

larization is observed resulting in a net zero circularly

polarized radiation flux. The total circularly polar-

ized radiation flux, 〈Pc〉, can be obtained using the

formula 〈Pc〉 =
∬

Pc IraddAdω/
∬

IraddAdω, where A



Circular polarized filaments 5

is the detector area. For the radiation in Fig. 1b,

〈Pc 〉 = 0.117(11.7%). To confirm that 〈Pc〉 was not

affected by the time period on which it is averaged, the

time of averaging (6300ω−1pe − 9000ω−1pe) was divided into

three equal segments of interval 900ω−1pe and 〈Pc〉 was

separately calculated for each of these intervals. We

found that 〈Pc〉 was equal in all the cases with a varia-

tion of ±0.1%, which indicates that our observation for

a single filament are physically meaningful.

Furthermore, to check for the effect of multiple fila-

ments, we computed the radiation spectra and Pc from

1000 electrons distributed equally in four filaments of a

magnetized electron-proton plasma of Fig. 1b. Figs. 3e

and 3f show the 〈Irad〉ω and 〈Pc〉ω respectively for the

four filaments described in the inset of Fig. 3e. The ra-

diation spectra and circular polarization is similar to the

single filament. In addition, the 〈Pc〉 obtained from each

of the filaments (inset of Fig. 3f) is computed separately

and found to be nearly equal (∼ 0.115). This shows that

the anisotropy in pitch angle distribution depends only

on the fields and not the filament shape. An important

observation is that WI/CFI in magnetized plasmas gen-

erate local islands of anisotropic pitch angle distribution.

Hence, circular polarization can be observed even in case

of WI/CFI driven shocks in magnetized spherical jets ir-

respective of the position of observation in contrast to

the model described earlier Nava et al. (2015), which is

valid only for collimated jets.

To investigate the role of initial magnetization of the

plasma, 〈Pc〉 was calculated from 1000 electrons con-

fined in a single filament of electron-proton plasma with

initial magnetizations varying from 0.0 to 0.2 for both

signs of Bz . It was found that the 〈Pc〉 increased ini-

tially with magnetization and then started to saturate

beyond σ = 0.05 converging to ∼ 13%. The level of cir-

cular polarization depends on the electron pitch angle

distribution, and we have confirmed that the external

magnetic field changes this distribution such that finite

levels of circular polarization become possible. Specifi-

cally, in unmagnetized scenarios, the pitch angle distri-

bution is symmetrical about π/2. Thus, the total level

of circular polarization vanishes in this case. In mag-

netized scenarios, instead, the pitch angle distribution

is off-set due to the particle drifts that appear in the

presence of the external magnetic fields. As the pitch

angle distribution becomes asymmetric, the level of cir-

cular polarization level increases. Other processes can

also lead to finite circular polarization levels, for instance

Sinha et al. (2018) where generation of circular polariza-

tion in a different physical configuration is attributed to

an assymetric energy dissipation mechanism instead of

σ
-0.2 -0.1 0 0.1 0.2

⟨P
c⟩

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
⟨Pc⟩e− ;mi/me = 1836
⟨Pc⟩e− ;mi/me = 918
⟨Pc⟩e−+e+ ;mi/me = 1

Figure 4. Simulation results from jRad illustrating the nor-
malized flux of circularly polarized photons (averaged over
frequency and spatial domain) from 1000 electrons trapped
in a typical current filament arising from interpenetrating
flows of electron-positron and electron-ion plasmas for vary-
ing magnetizations. Note that here negative σ represents
negative Bz .

the topological changes in pitch-angle distribution dis-

cussed here.

For high magnetizations (' 0.05), the cyclotron mo-

tion completely dominates over the azimuthal velocity

vector leading to a saturation of the pitch angle distri-

bution which results in the saturation of the 〈Pc〉. The

handedness of circular polarization changes with the sign

of Bz because the velocity vector due to cyclotron motion

reverses with the sign of Bz resulting in an anisotropy

in the opposite direction. Furthermore, to understand

the effect of plasma composition i.e. ion-electron mass

ratios (mi/me), we performed simulations for the same

magnetizations for plasmas with mi/me = 1 and 918.

We observed that the values of 〈Pc〉 for mi/me = 918

and 1836 were almost equal. This is because the ion

response time scales are very large when compared to

electron time scales, resulting in the radiation primarily

emitted only by the electrons and the circular polariza-

tion arising only due to the anisotropies in electron pitch

angle distribution. For electron-positron plasmas, both
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species contribute to the emitted radiation. They rotate

in opposite directions due to their opposite charge and

create anisotropies in mutually opposite directions re-

sulting in a net cancellation of the circular polarization.

In conclusion, we have shown that the motion of the

charged particles in the fields due to WI/CFI produces

strong radiation emission in the direction of the plasma

flow. An initial magnetization breaks the symmetry in

pitch angle distribution of the electrons resulting in a

partially circularly polarized radiation. Results indicate

that the anisotropies in pitch angle distribution satu-

rates at high initial magnetizations leading to a satura-

tion in the degree of circular polarization. The emission

of circularly polarized radiation is limited to electron-ion

plasmas (plasmas with mi/me > 1). For pair plasmas,

the electrons and positrons produce circular polarization

of opposite handedness resulting in a net zero circular

polarization. The simulation set-up mimics the flow be-

lieved to be present in astrophysical scenarios. Hence,

this study is significant to understand the origin of circu-

lar polarization in the recent observation of GRB after-

glow Wiersema et al. (2014). As the anisotropy in pitch

angles is local to the current filaments, the treatment is

valid even for broader or spherical jets. With the ob-

servation of WI/CFI in laboratory and future proposals

to study the interaction of electrically neutral electron-

positron beams (fireball beams) with plasma Hunting-

ton et al. (2015); Fox et al. (2013); Sarri et al. (2015),

it may be possible to design scaled experiments to test

the results presented in this Letter and develop a better

understanding of radiation and its polarization in real

astrophysical scenarios.
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APPENDIX

DEGREE OF CIRCULAR POLARIZATION FROM MULTIPLE FILAMENTS

Although we have only considered radiation from a single filament, it is important to consider the net effect on

the degree of circular polarization due to radiation from multiple filaments. A simple analytic model can be con-

structed by assuming the current filaments as independent sources of radiation. In the far field, each filament can

be described as a point source of radiation with electric field components given by Ex(r, t) = A exp[i(k · r − ωt)]
and Ey(r, t) = A exp[i(k · r − ωt + φ)] with k being the wave vector, ω the frequency and φ the phase difference be-

tween the components. The degree of circular polarization associated with a single filament is then, Pc = sin(φ)
where the light is circularly (elliptically) polarized for φ = π/2(φ < π/2). To incorporate the effect of multi-

ple current filaments, we consider the superposition of N plane waves with a random phase factor ψk between

them. The resultant electric field components can be written as Ex(r, t) =
∑N

n=1 An exp[i(kn · r − ωnt + ψn)] and

Ey(r, t) =
∑N

m=1 Am exp[i(km · r − ωmt + ψm + φm)]. The degree of circular polarization (Pc) is given by the rel-

evant Stokes parameters, in which Pc = V/I, V = 2〈Im{E∗xEy}〉, I = E∗xEx + E∗yEy, and where the angular

brackets 〈·〉 represent the time average. Hence, V = 2〈Im{∑N
n,m=1 AnAm exp

[
i
(
∆kn,m · r − ∆ωn,mt + ∆ψn,m + φm

) ]
}〉,

I =
∑N

n,m=1 AnAm exp
[
i
(
∆kn,m · r − ∆ωn,mt + ∆ψn,m

] [
1 + exp(i∆φm,n

) ]
, and ∆an,m = am − an where a is a generic quan-

tity. If the phase ψn is randomly distributed, we can employ the random phase approximation Silva et al. (1999), for

which 〈exp[i∆ψn,m]〉s = δm,n, where 〈·〉s is the average over a statistical ensemble of systems differing from one another

only in the phase ψ. It is thus straightforward to show that V = 2〈∑N
n=1 A∗nAn

∑N
m=1 sin(φm)〉 =

∑N
n=1 A∗nAn

∑N
m=1 sin(φm)

and I = 2N
∑N

n=1 A∗nAn. Hence, the degree of circular polarization emitted by N filaments corresponds to:

Pc =
1

N

N∑
m=1

sin(φm) (1)

Equation (1) is consistent with our simulation results, where we tracked 1000 electrons distributed equally in four

different filaments of the magnetized electron-proton plasma described in Fig. 5. The inset of Fig. 3f shows the 〈Pc〉
for the four filaments separately, the average of which is 0.113. The 〈Pc〉 = 0.115 when calculated from all the four
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Figure 5. The transverse magnetic field vectors (represented by arrows) arising due to WI/CFI in a magnetized interpenetrating
electron-proton (mi/me = 1836) plasma flow with initial magnetization σ = 0.05 at time t=9000ω−1pe is shown. The trajectories of

25 electrons each trapped in four different current filaments are shown from time ti=8910ω−1pe to t f =9000ω−1pe, with color scales
representing their longitudinal momentum (pz).

filaments together. We emphasize that Eq. (1) is valid for an arbitrary large number of filaments, such that our results

hold in such scenarios.
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