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We investigate the interplay between gravity and the quantum coherence present in the state of a pulse of
light propagating in curved spacetime. We first introduce an operational way to distinguish between the
overall shift in the pulse wave packet and its genuine deformation after propagation. We then apply our
technique to quantum states of photons that are coherent in the frequency degree of freedom, as well as to
states of completely incoherent light. We focus on Gaussian profiles and frequency combs and find that the
quantum coherence initially present can enhance the deformation induced by propagation in a curved
background. These results further support the claim that genuine quantum features, such as quantum
coherence, can be used to probe the gravitational properties of physical systems. We specialize our
techniques to Earth-to-satellite communication setups, where the effects of gravity are weak but can be

tested with current satellite technologies.
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I. INTRODUCTION

Photons and pulses of light are physical systems that are
central to many areas of science. The ability to engineer,
transmit, detect, and manipulate light is key to successful
experimental, theoretical and technological endeavors
[1-3]. Modeling light can be done using classical electro-
dynamics alone, as well as quantum mechanics or quantum
electrodynamics. The latter avenue has given rise to the field
of quantum optics, which is now widely studied theoreti-
cally and employed experimentally [4]. Development of
quantum optics has led to the formation of the rapidly
growing area of quantum optical technologies, with appli-
cations such as quantum sensing [5—7], quantum computing
[8], and quantum communication with conventional [9-23]
and small satellites [24,25]. These applications have in
common the fact that, in order to surpass their classical
counterparts, a tremendous control over quantum states is
required. For quantum communication in particular, the
quantum states to be employed need to be transmitted over
large distances. A natural starting point is to use optical
fibres, which unfortunately limit achievable distances to
few-hundreds of kilometers [26,27]. The alternative to this is
to move part of the infrastructure to space, where satellites in
orbit are used to generate, receive or relay signals [10—
25,28,29]. This latter approach brings into play novel
advantages, such as significantly larger achievable distances
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[11], as well as novel difficulties. Regardless of the advances
within this avenue of research, the role of gravity on
quantum information protocols has been ignored mainly
because of the belief that its effects are negligible.
Nevertheless, since space-based science occurs in an envi-
ronment that is inherently within the remit of general
relativity, it is important to answer the question of how to
include gravity in these endeavors.

The question of the effects of gravity on wave packets of
the electromagnetic field has been recently addressed in the
context of quantum communications with satellite-based
platforms [30-32]. Wave packets of light were used to
model a photon or a pulse of light traveling between two
users located at different heights in the gravitational
potential of the Earth. It was found that the receiver would
detect a mismatch in the frequency distribution between the
received wave packet and the expected one, which encodes
important information about relevant parameters, such as
the distance between users, the mass of the Earth and its
rotation [30-32]. Extension to include the effects of gravity
on the polarization of the photons have also been per-
formed [33,34].

More recently, complementary work has quantified the
distortion of the wave packet in the degrees of freedom
perpendicular to the path of propagation [35]. Together, this
body of research provides a better understanding of the
effects incurred by photons that propagate in curved
spacetimes. The rapid advances in the study of satellite
based quantum communication [10-25,28,29] make it
necessary to obtain a comprehensive understanding of
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the effects of spacetime curvature on photons [36],
given their core role as information carriers in future
technologies.

In this work we use quantum field theory in (weakly)
curved spacetime to answer a fundamental question con-
cerning the effects of gravity on propagating light: is it
possible to separate and quantify the genuine distortion
experienced by a wave packet of light due to propagation
on a curved background from the rigid shift of the wave
packet as a whole? To answer this question we define an
operational way to quantify such genuine distortion, and
we compute it for simple, yet experimentally realizable,
wave packets. We find that, while bell-shaped (i.e.,
Gaussian) packets without any complex phase are resilient
to the deformation and witness small changes, as expected
for such functions [37], wave packets with complex phases
experience distortions that can be potentially large, and can
be detected with current technology. Our results also
highlight the difference inherent between initial states of
light that are pure compared to initial states of light that are
completely mixed. In particular, the coherence in the states,
which is encoded in a relative phase of the sharp-frequency
photonic states, can significantly enhance the genuine
distortion. This reinforces the intuition that quantum
coherence can influence gravitational properties of quan-
tum systems.

We believe that the theoretical results of our work
provide additional insight for the development of novel
tests of quantum field theory in curved spacetime, as well as
of advanced theories of Nature [6,21,38,39]. Finally, these
results will also provide new ways to exploit the informa-
tion encoded in the deformation of wave packets in the
development of novel technologies for sensing, positioning
[20], time-sharing [22] and communication [10,13,24,25].

This work is organized as follows. In Sec. II we
introduce the necessary tools. In Sec. III we provide our
main operational tool to distinguish between deformation
and translation of wave packets of light. In Sec. IV we
apply our main proposal to concrete wave packets. In
Sec. V we comment on the result of this work.

II. PROPAGATION OF PHOTONS IN
CURVED SPACETIME

The propagation of light (in curved spacetime) is an
important topic of research. An important aspect that is
crucial to our work is that of the nature and interpretation of
the effects of spacetime curvature on the defining quantities
of a photon: its frequency and momentum. There have been
many studies in this direction, which have come to “differ-
ent conclusions” [40,41]. While the formalism to quantify
the redshiftlike effects is not a topic of debate, the
interpretation of the results is at least twofold: on the
one hand, it has been suggested that energy and frequency
of the photon are conserved, and that the redshiftlike effects
are due to changes in the energy levels of local atoms at the

sender and receiver’s location [40]. On the other, locally
defined quantities along the null geodesic followed by a
photon are not considered as the correct ones to be used,
and a position-dependent frequency shift is obtained by
defining frequency using a local clock at the each user’s
end. Regardless of the point of view taken, we stress that
the overall physical conclusion is the same: experimentally
measured photons suffer from gravitational redshift [42].

The effects of the (weakly) curved spacetime surround-
ing the Earth on the frequency profile of photons propa-
gating between two users placed at different heights in the
gravitational potential have been considered recently in
order to provide realistic modelling of quantum commu-
nication setups [30-32]. More detailed analysis of propa-
gation in arbitrary curved backgrounds has also been
recently considered by computing including the distortion
effects of curvature on propagating pulses of light in the
dimensions orthogonal to the path of propagation [35].
Here we will employ the original approach [30-32] and
will assume that transversal deformations can be safely
ignored. We leave it to further work to establish a
complete quantitative estimation of the effects for concrete
3-dimensional setups.

A. Spacetime surrounding the Earth

Light propagating in curved spacetime can be modeled,
for simplicity, as scalar field $(x*) propagating through a
classical curved background with metric g and spherical
coordinates (z,r,6,¢). Such field is suitable to describe
qualitatively one polarization of the electromagnetic field
[43]. Distances in curved spacetime are obtained using the
infinitesimal line element ds? := Gudx*dx”, which in turn
is determined by the components g, of the metric. In the
case of the spacetime surrounding a (static) planet, such as
the Earth, we can employ the Schwarzschild metric

g = diag(—f(r), f~(r), r?, r*sin? 0) (1)

with good approximation. Here we have defined f(r) :=
1 — (2Mg)/r and M g is the mass of the planet.' The metric
(1) can be complemented with boundary conditions at
the Earth’s surface r = rg, but we note that we will
focus on effects that do not depend on light impinging
on the planet’s surface and therefore ignore this issue.
Rotation can also be included by extending the metric (1) to
the Kerr metric [44], but the effects of rotation are
negligible [32] to lowest order and we leave to its inclusion
to future work.

'In this work we use units # = c¢ = G = 1 unless explicitly
states. This means that wherever the mass of the Earth Mg
appears it should be replaced by GyMg/c? In these unites,
mass has dimension length. We employ Einstein’s summation
convention.
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The classical field @(x*) satisfies the Klein-Gordon
equation U = (—g)~1/29,((—g)"/*¢"9,)p = 0, where g
is the determinant of the metric. The quantum field can then
be decomposed as @(x*) = [ d>k[aguy () + ajup(x)]
when there is a natural timelike Killing vector 0, (i.e., a
natural direction of time), and the modes u;(x*) satisfy
Ol (x*) = 0, as well as the eigenvalue equation Jsuy =
—iwyuy, for appropriate field frequencies wy. The annihi-
lation and creation operators a, &,i satisfy the canonical
commutation relations [, ;] = 6°(k —k'), while all
other commutators vanish.

In weakly curved spacetime we can work within the
framework of linearized gravity, where g,, = n,, + ¢€h,,,
n = diag(—1,1,1,1) is the Minkowski metric of flat
spacetime, and h,,, is the perturbation to Minkowski metric
[44]. Here, ¢ < 1 is a control parameter that we can assume
upper bounded by e rg/rg ~1.4x107°, where rg:=
2GyMg/c? ~9 mm is the Schwarzschild radius associated
to the Earth.”

B. Propagation of light

We assume that we can model a photon as a wave packet
of the solutions u (x#) to the field equations iy (x#) = 0,
and that we can exclude all effects, such as dispersion and
diffraction, suffered by the photon during propagation [30].
We then assume that the photon is fundamentally confined
in the direction of propagation, and therefore we neglect to
first approximation the effects of the dimensions orthogo-
nal to the propagation (extra dimensions can be included if
necessary [35]). Other effects of propagation in curved
spacetimes can also be studied and included [36,45,46]. All
together, these assumptions allow us to approximate the
annihilation operator of a localized (in the propagation
dimension) photon as

+o0 .
&wo([) = A da)e_lm<h(r)_t)Fa)0 (a))&w’ (2)

where h(r) is related to the coordinate distance r — r
travelled by the photon from position r in flat spacetime
[44]. The function F,, (@) defines the frequency profile of
the photon, is peaked around @, with width ¢ and is
normalized by [ dw|F,, (w)|* = 1.

The photon operator (2) is constructed in a way such that,
at time ¢ = 0, the photon is localized around height r = r,
while it is localized at the height r at time # = h(r). It is
important to emphasize that the operator (2) can be used to
describe the same photon in two different points in
spacetime only if spacetime is flat. If the spacetime is
curved, then one needs to find a way to account for the

A compact object that is contained completely within its
Schwarzschild radius will collapse to form a black hole.

FIG. 1. Alice sends photons to Bob. Photons are initially
prepared with a chosen frequency distribution F,, and are then
detected by Bob as characterized by a different one F’ " This
occurs due to gravitational redshift, and the relevant parameters,
such as distance and mass of the planet, are now encoded in the
received distribution F’, .-

effects of propagation. This has already been done [30], and
we report the result below.’

Let us assume that Alice and Bob are placed at the two
different heights r, and rg in the gravitational field of the
Earth respectively. Alice is given a photon source and a
detector, and prepares a photon which is defined by the
function F,, (w) that is peaked around w, with width 6. Bob
is given a photon source and a detector identical to those in
Alice’s possession. Therefore, when Bob receives a photon
from Alice he expects to detect a wave packet characterized
by the function F,, (@) as defined locally by his measuring
devices. Nevertheless, the photon that Bob receives is differ-
ent than the reference photon F,, (@) he expects. In particular,
it was shown that he will detect a photon characterized by the
frequency distribution F :"6 (@), which can be related to the

expected one F,, (o) through the relation
F;;(’)(w) :){(FA9rB)FmO(XZ(rA9rB)w)' (3)

Here, the function y(r4, rg) encodes the overall effect, and
we have w(h(r) —t) = y*(ra, rg)w(h(r) — y2(ra, rp)t).
In the case of Alice located on the surface of the Earth and Bob
orbiting a nonrotating spherical planet, we have that y (4, rg)
reads

A pictorial representation can be found in Fig. 1.

*We are using different notation than the one used in the
literature [30—32] in order to reduce the burden of the mathematical
aspects in favor of clarity of the exposition of the concepts.
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The effects of rotation have already been evaluated [32],
and can be included to generalize the expression (4) of
x(ra, rg). However, since we will focus on Earth-based
applications where the rotation gives negligible corrections,
we keep the given expression (4). An important observation
is that, in (4), the factor of 2 is used for observers on the
surface of the Earth, while the factor of 3 is used for
observers orbiting our planet. The expression (4) needs to
be changed accordingly if the users exchange roles, or
assume different states of motion.

Finally, we assume that the phase exp[—iw(h(r) —t)]
induced in (2) by the propagation through (weakly) curved
spacetime can be compensated by a precise phase reference
such as a narrow band reference laser or a radio frequency
link [47]. For this reason, we drop this phase throughout
our work.

II1. DISTINGUISHING BETWEEN WAVE
PACKET TRANSLATION AND GENUINE
DISTORTION DUE TO GRAVITY

This section contains our main proposal. A full justifi-
cation will be presented in detail, while explicit calculations
can be found in the relevant appendix.

A. Gravity effects on quantum coherence

As described above there is a relation between the wave
packet F, (@) that Bob expects and the wave packet
F' (w) that he will receive from Alice. A crucial aspect

0

that we want to study is the potential difference of the
effects for coherent photons (i.e., photons characterized by
pure quantum states) and incoherent photons (those char-
acterized by completely mixed quantum states). The reason
is that, while pure states p, and mixed states p,, may have
the same contribution for each frequency @ within the
frequency distribution F,, (@), i.e., the diagonal elements
of the states are the same, in the mixed state case the phase
relation between the different frequency components is not
fixed. Since the study of the effects of gravity on genuine
quantum features, such as quantum coherence, is a topic of
great interest, we will apply our methods to both classes of
states and compare the outcomes.

To simplify our analysis we introduce |1,) := aj,|0),
[150) = [ daF,, (@)[1,) and p,(0) = [1F0){1%]. We
note that purely diagonal mixed states of sharp continuous
frequencies are ill defined (see Appendix A). Therefore, we
introduce the “rectangular” single-photon states |1 (6))
with finite width o, defined by

(n+1/2)0. d 9o
1) = [ "
(n—1/2)6, \/Ox

Crucially, we assume that 1 := 6, /0 < 1, that is, the width
of these rectangular states is much smaller than that of the
frequency distribution that defines our system (that is, that

1o)- (5)

defines the width of the wave packet). It is easy to check
that (107(8)[10")(8)) = 6,,,,.
We introduce on the photon states

Pm(0) i= D 2IF,, (2 2m) P11 (0)) (1) (0)]

pl0) = [ dod P (@) P2 (@)1 1 (6)

which will underpin all of the following analysis.

The definitions (6) give states that are correctly
normalized as Tr(py,(0)) = Tr(p,(0)) = 1. Finally, as
mentioned above, we have that (10")(0)[p,,(0)[10(0)) =
(11(0)|p,(0)[11)(0)) & |F,, (x*An)[?, which implies that
local measurements on the single rectangle photon state
|1(M(0)) cannot distinguish between the two states. This
emphasizes the role of the off-diagonal terms in the density
matrices, which describe for the quantum coherence
between Fock states.

The received states py,(y) and p,(y) by Bob read

Pmlx) = 2° ) AF o, (22 2m)P[100(0))(10)(0)]

Polt) = 1 / daodo' F oy (P 0) Fip (P )|10) (1l (7)

B. Change of quantum coherence due to gravity

We can now ask ourselves a preliminary question: does
the coherence of the state change due to gravity? To answer
this question we use the purity y of a quantum state p
defined as y(p) = Tr[p?], which is bounded by 0 < y(p) <
1 and is equal to unity only for pure states.” Introducing
the purities 7(r) = Tr[p3 ()] and 7,(r) = Trp3(x)],
we show in Appendix A that y,(0):=y(pn(0)) =
[ do|F,, (0)|* and 7,(0) := y(p,(0)) = 1. Using the modi-
fied states (7) in Bob’s local frame we find that

Ym(X) = ¥m(0)
7p(x) = 1,(0). (8)

This means that, although the wave packets have been
affected, the mixedness of the quantum states does not
change and there is no interaction of the system with any
additional degrees of freedom (such as gravity). This is
consistent with the semiclassical approach provided by
quantum field theory in curved spacetime.

4Contrary to finite d-dimensional systems, for which
iSr<L
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C. Quantifying genuine distortion due to gravity

We are now able to move on to the main proposal. The
key observation is that many protocols of interest to Bob
will depend on how well the naively expected state p (or
wave packet F,, ) and received state p' (or wave packet
F 6) overlap. We are thus motivated to introduce the

overlap A := \/F(p', p) between the states (wave packets)
of the two systems using the quantum fidelity

F(p',p) =Tr(\/\pp'\/p), following the results of the
original work in this direction [30]. It is then convenient to
WIite  F (@) = fo (@) cxpli(@)], where f,, (@) =
|F,,,(@)| is the modulus of the frequency distribution
and w(w) is its phase. Using this decomposition, in
Appendix A we show that the single-photon overlap A
for the two choices of initial single-photon states reads

+o0 '
Ap :Z‘ / da)fwo (){2(0)wa (a))el(l”(lza))—l[/(w))

Am=r / " diof oy (P0) f oy (@) (9)

for the mixed and pure state scenarios respectively. Here we
have defined y := y(ra, rg) for convenience of presenta-
tion. Note that we have extended the lower limit of
integration —oo for algebraic purposes, a modification that
requires us to assume that all peaked functions F consid-
ered, together with any transformed ones F’ obtained from
such functions, always remain far from the origin of the
frequency axis. Importantly, we know that 0 < Ay <A, <
1 due to basic properties of integrals, which suggests
already that the phase w(w) present in the pure state can
only increase the effects of gravity, that is, reduce the
overlap A. We emphasize that the quantities A fully
quantify the effects of gravity induced on the photons sent
by Alice and received by Bob [30].

We are interested at this point in separating two effects
that occur simultaneously: the rigid translation of the wave
packet and its genuine deformation. To define concretely
the two effects we first note that we expect any physical
system, to be used for realistic quantum information tasks,
to be localized in space and time. In practical terms, we can
model such a system through a peaked function f,, (@) that
depends functionally on @ as f,, (o) =1/ \/Ef(%) This
allows us to introduce a dimensionless function f.
Furthermore, the phase y(w) of the overall wave packet
is functionally dependent on w through w(w/0), since w is
a dimensionful quantity. Using the expression for single-
photon states, we have

A, =x’ /- da)}(’fz“’ - “)‘))}(“’ - wO)ei5W(w)
oo c c
‘oo 20— wg) - (@ — o
An :x/ dwf( )f( ) (10)
—oo o o

[N B

0 w

FIG. 2. Simple solution to the gravitationally-induced wave
packet separation. Panel (a) depicts the gravitational redshift,
while panel (b) illustrates a simple correction obtained by rigid
translation of the whole wave packet. In (a), the central frequency
is shifted from wy to w(, and the shape distribution is distorted. In
(b), a correction is applied: The whole new wave packet (dotted)
is shifted back by the same amount that the central frequency w,
has changed. Due to the distortion, the overlap to the initial wave
packet is reduced to the overlap A, emphasized in gray in the
figure.

= 2a
where oy (@) = y(y* %)
of presentation.
It is clear that, if we were to set y = 1 in the term
~ 2 . .
f(EZ=0), the peaks of the two distributions would
coincide. Therefore, we first write

— (%) here only for convenience

1w —wy =y (0 —wy+wy) — oy = x*[(0—wpy) + ko)

with k := (y*> — 1) /y*. We then view it natural to define the
quantity kw, as the rigid shift or classical gravitational
redshift of the incoming wave packet, which Bob might
want to compensate for. At this point, the temptation would
be to define the genuine deformation by the quantities (10)
obtained as the overlap between the incoming corrected
wave packet and the expected wave packet. In other words,
by implementing the replacement @ — @ — kw, in the first
function (and phase) of the overlaps (10). A pictorial
representation of this approach can be found in Fig. 2,
where we have introduced the corrected overlap A (defined
properly below).

This correction procedure, however, is naive since it could
in principle lead to underestimation of the true genuine
distortion. The reason is that, in general, the affected wave
packet will not be distorted in a way to fit completely within,
or cover completely, the original one (i.e., as we have
depicted in panel (b) of Fig. 2) after the correction described
above has been applied. One part, e.g., on the right, might
fall under the original wave packet, while some area on the
left might be left outside, which leaves open the question of
how to optimize between these two areas. A more refined
correction procedure is therefore necessary.

To achieve this goal, we assume that Bob can indeed
rigidly shift the entire wave packet of the received photon
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F

A
—_ —
0 6(*)opt ow
FIG. 3. Quantification of the genuine distortion. After the

correction shown in Fig. 2, the corrected overlap A of the wave
packets is not guaranteed to be optimal. Therefore, Bob chooses
instead to rigidly shift the whole incoming wave packet by the

freely adjustable amount Sw. This provides an overlap A as a
function of 6w which can be maximized. The lower panel shows a

plot of A versus 6w with the optimal overlap Owep, marked.

by a finite constant amount éw, thereby translating the
whole frequency spectrum in a chosen direction in the
frequency domain. Concretely, we assume that he is able to
perform the transformation @ — @ + déw for all w (once

more, if he performs the rigid shift 6w = —xw, he will not
obtain, in general, the optimal overlap. See panel (b)
of Fig. 2).

However, and this is the key observation, instead
of choosing to shift the wave packet by the amount
0w = —kw, that we found above, Bob chooses to seek
the shift dw,, that results in the largest value A,y of the
overlap (9). This will simultaneously achieve two goals:
(1) it will define the effective rigid shift of the wave packet,
and (ii) it will provide us with a value A, that quantifies
the genuine distortion of the wave packet due to gravity.
The optimization procedure is depicted in Fig. 3.

The above reasoning, therefore, motivates us to define
the new overlap quantities A as

A, = ‘ /_ ::o dzf (yz+2)f(z/x)e™ )

i, / " deF e+ 27 en). (11)

o0

which are corrected overlaps where we have introduced
the quantities z:=y®=", zp:=%2, §z:=% and Z:=
x*|kzo + 6z). The variable Z is nothing more than the
conveniently rescaled and shifted dw. We have also
introduced Sy (z) = w(yz+ 20 +2) —w(z/y + z0) here
only for convenience of presentation.

Finding the stationary points of the overlaps (11) with
respect to Z (the conveniently relabeled dw) and then
using the optimal value Z,, to evaluate the maximum

Aopl finally quantifies the genuine distortion due to gravity.
Furthermore, the value Z, also provides the value 6wy

that quantifies the effective rigid shift of the whole wave
packet. The comparison between the results for the pure
and mixed state case then quantitatively informs us on the
difference of the effects of gravity on the quantum
coherence of the photonic states. This is our main result.

D. Optimal overlap of wave packets with a
well-defined global peak

We have defined our main quantity (11) as an optimized
comparison between peaked photonic wave packets. We
note here that this might not be a well-defined operation for
all possible shapes of wave packet. For example, if f
contains two distinct and comparable peaks, it remains
unclear that the procedure outlined before would, in the
end, provide one optimal overlap. It is reasonable,
however, to expect that our optimization protocol will
provide a meaningful answer if the wave packet contains a
well-defined shape with a global maximum. By this we
mean, for example, that the function f is obtained by a
product of two functions f,, and fps, where f.,, provides
a peaked envelope shape to the function, while the fps
provides some particular structure to f. An example
is f = Cexp|—(z — z9)?] cos?[z]. 3

In this work we will focus on functions f that have a
Gaussian envelope peaked around a given frequency w. As
we will see below when considering specific examples, the
overlaps A will be optimized for effectively Z = 0, which in
turn means that the optimal shift dw,y, is (up to negligible
corrections in some cases) the rigid shift factor k.

E. Wave packets with multiple photons

Many photonic quantum information protocols, such as
quantum key distribution ones, are designed to employ
single photons [48,49]. However, many others employ
pulses of light instead [50]. A pulse of light is composed
of many photons and we therefore wish to extend our
single-photon result (11) to different states: Fock states,
coherent states and single-mode squeezed states.

To do so we observe the fact that the quantity A in (9) has
been obtained as the overlap of two different single-
photons states: the expected one and the effectively
received one by Bob. We can therefore extend the concept
and define the quantity AW ) that measures the genuine
distortion due to gravity of a wave packet composed of an
average of N photons. Importantly, we set the number N of
photons as the figure of merit that will allow us to compare
the scaling of the results. Since we have already defined

A:=/F(p',p) above, in cases such as those where we
want to make explicit the average number N of photons we

choose to emphasize that this number in the state as [)<N ),
and therefore write AN := / F(p™N)' pN)). We also to

introduce the useful quantity

085015-6



SPACETIME EFFECTS ON WAVEPACKETS OF COHERENT ...

PHYS. REV. D 104, 085015 (2021)

Ro= [ T aiibe+DFeere 2)

and note that A,(Jl) =|A,|.

1. N-photon Fock state
We start with the
,bI(,N) (0) := [Ny, ) (N, |, which is the generalization to N
photons of the state ﬁp(O) in (6). In this case, we can
compute the overlap AW and find A™) = AN which
implies that the fidelity of the N—photon Fock state is
polynomial in the number of photons. Note that, in this
case, we do not have a mixed-state counterpart to the
(N-photon) Fock state.

initial N-photon Fock state

2. Coherent states

We now focus on two different populated states
for our system: a coherent state Pz() >( 0) := |a){al, defined
through |a) = expladd, — a*a,,||0) with average number
N = |a|*> of photons, and its “mixed counterpart”
P (0) = exp[—lal?) 52 laf" /nl|n){n|. obtained by
adding a phase e to a and integrating over 6 (see
[51,52]). We know that a coherent state can be used, for
example, to model the state of the light emitted by a laser
[51,52], which is paramount in many applications of
continuous variables quantum information processing [50].

Simple algebra allows us to obtain

—(1-RA,)N
AL = A, (13)

This result shows that the coherent state, which by
definition contains quantum coherence of different Fock
states of the photonic Hilbert space, enjoys an enhanced
effect (i.e., smaller overlap) as compared to the mixed
counterpart. In particular, if it is true that there is an effect
for one photon, and therefore E}if\p < 1, this implies that
there is an exponential gain by considering such coherent
states. In those scenarios, as in our cases considered below,
one has S]tf\p ~ 1 — 6,, with §; < 1, and therefore we have
that E}‘tf\p ~ e %N~ (1 —8,N). This can be of aid when
designing concrete experimental applications that employ
the predictions of this work.

3. Single-mode squeezed states

We finally focus on single-mode squeezed states. Single-
mode squeezed states are nonclassical states [53] that can
be produced, for example, using stimulate emission via
nonlinear crystals, a process known as degenerate para-
metric down-conversion [54,55]. In this case, we study the
single-mode squeezed state pl(, >(0) :=[s)(s| defined
through |s) := > "% tanh”"(s)/ cosh(s)|2n) with average

number N = 2 sinh?(s) of photons, and its “mixed counter-
part” P, v (0) := > tanh®' () / cosh?(s)|2n) (2n|. Here s
is called the squeezing parameter.

The same algebra used above gives us

AN = AW, (14)

Note that if /~\p € R, then we have the simplified expression
AV = (1 + (1 = AlV)N/2)=1. Finally, for NA{" > 1 we
have A" ~ 2/(NA .

F. Extension to wave packets with multiple peaks

We note that not all wave packets will have the simple
property £, (@) ocf(“’;“’(’), where @, identifies the only
peak of the distribution. Here we consider the more general
case of frequency distributions with a clear global maxi-
mum, but also other local maxima. This will prove
especially useful when considering specific applications,
where multiple peaks are present.

Let the function f, (@) have the expression

eV - (0 — w, o (0 —awg,
(). o

where the functions G, are positive and are peaked around
wq , with width p,,. Here, the index n runs over (a subset of)
the integer numbers Z. Recall that the original functions
fw,(@) are normalized such that [ dw|f, (@) = 1.
Then, we repeat the analysis above and obtain the gener-
alized version of (11), which reads

fop(@)

5<% | itz a7

x G, (Mi (rz+z0+7— a)o,,,/a))

<G el mone))| (10
in the pure case, and

-3 |7 itz af e

x G, <,,£ (rz+z0+7— a)o_n/a)>

<Gu( Lt mmone)) )

in the mixed one. Here we have introduced Sy (z) :=
20+ Z)

wrz+
—w(z/x + zp) for this case. This expression reduces
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to (11) in different cases, such as when 3, G, = 1. We can
also include the complex part of the G-functions, but this is
an unnecessary complication at this point and we leave it to
future work.

IV. APPLICATIONS

In this section we discuss applications of our results. As
explained above, we will focus on frequency profiles that
have a clearly identifiable global peak. Note that all
functions F(z) are normalized such that [dz|F(z)]* =
[ dzf?(z) = 1. This is equivalent to say that the quantum
states of the electromagnetic field have unit norm.

A. Near-Earth protocols

Our scheme can be applied, in principle, to arbitrary
spacetimes where a notion of gravitational redshift can be
meaningfully introduced. Here, however, we focus our
methods to the spacetime surrounding the Earth, which can
be modelled as described above. In the near-Earth regime
we have rg/ry, < 1 and rg/rg < 1, and all the perturbative
analysis performed in the following is governed by param-
eters which are of the order of ~107?, or smaller. Therefore,
we introduce the parameter 6 = §; + J, < 1 through

y=146=1+6 +6, (18)

where §; and &, ~ 57 < §, collect the first and second order
corrections of d respectively, as we explain below. Note that
8; > 6, as long as rg is far away from 3/2r, (given the
particular choice of the expression y). We obtain

lrs 3rs 5 ré 3 ré 27 r% (19)
Tdry 8rg 3213 32rarg 12873
6 5

In case the location of Bob is far enough from Alice
(and, therefore, the Earth), it follows that his own con-
tributions to (19) are negligible. This implies that (19)

~ls g sn

reads 6~ 57 + 32r§.
Finally, assuming that Bob is located at a higher altitude
than Alice, and that the distance L := rg — r5 between the

two is (much) smaller than rp, i.e., if L/r, < 1, then (19)
reduces to

lrg 3rgL 19 r%

R ———= - ——— 2, 20
8rA+8 r12\ 128& (20)
6 [

These expressions, in particular (19), will be used below to
simplify the overlaps that we have computed before,
considering realistic space-based scenarios.

B. Application to bell-shaped wave packets

We now proceed by considering two different wave
packets with an overall Gaussian envelope: (i) a simple
Gaussian wave packet and (ii) a frequency-comb wave
packet modulated by a Gaussian. We have chosen these
wave packets, since Gaussian frequency distributions can
be seen as a crude approximation to what is usually
employed for pulse generation or filtering. These realistic
profiles include those obtained as the impulse response of a
root-raised-cosine filter, and are related to sinclike func-
tions [56]. A more realistic modeling, which might require
numerical analysis, is beyond the scope of this work. Recall
that, in the following, we give the functions in terms of the
normalized and rescaled variable z := y “~*°. Furthermore,
we only consider overlap functions for single photon wave
packets. Note that the phases ¢ used below have nothing to
do with the angular coordinate in the metric. Extensions to
multiple photons have been discussed above. Finally, all
explicit computations can be found in Appendix B.

1. Gaussian wave packets

We start by considering a Gaussian frequency profile. It is
known that Gaussian distributions are resilient to modifi-
cations of the type discussed in this work [37]. For this
reason, we can already anticipate that the choice of such
functions without any complex phase will result into small
deformations. We will consider two Gaussians with different
phase factors, that is, two different functions y(®). We will
show that the choice of functional dependence of the phase
y () on the frequency @ dramatically changes the results.

Linear phase.—The first choice of wave packet is the
normalized Gaussian F(z) = 1/v/2rxexp[—z>/4 — i¢z]. In
this case, the phase y(w) is linear in the frequency and
reads w(w) = ¢w, where ¢ := ¢/o is a constant. This
allows us to easily compute the overlaps A% as

V2 o g

AGa = ¢ ;(4+1 ¢_e_;ﬁ
V144
- 2 —z
Ao — Y (21)

V14

As argued above, we now need to maximize the expres-
sions (21) with respect to z. It is immediate to see that the
maximum occurs for z = Z,, = 0, which implies that the
redshift is indeed quantified by w = —«xw, and the optimal
overlaps are

N 212

Aggpt = 7[%_4 P

~ 2

AGs,, = VX (22)
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When we consider the near-Earth regime, we then have

A~ 1= (1429%)5
Ag,opt ~1- 5%’ (23)

and we must have 8, < 1 for the perturbative approach to
be valid. In this case, o =~ —(1 — 28, )wy.

Quadratic  phase.—We can choose a different
phase profile w(w) for our Gaussian, such as a

quadratic one y(w) = ¢*w?, with ¢ = ¢p/c a constant.
Therefore, we employ the normalized Gaussian F(z)=
1/v/2rexp[—z2/4—ig?z?] with our chosen phase profile,
and we find

oﬁ V2§t
-4 A4 5(45)&“

AGa \/E €
p /1 +)( /
V2

V144

where we have introduced  &(¢) =1 4 16¢* L=,

e~ 16a1(§7)2—4ar (%) 7

AS = e 07, (24)

4 1)2

0(4_,’_1 2
a,(¢) = x* (){4“ I 20 and ay(¢) = '}'f‘f $as $-depen-
dent functions. Optlrmzmg the expressions (24) over 2
clearly gives us Zoy = —32a,(¢)/a»(¢) for AGa Zopt = 0
for AS?, and therefore

2_1)2 34
AGa V2 e e ffwz @
popt = ay ()
V1t . / &)
2
AGa V2 (25)

Finally, considering again the near-Earth regime, we have
29 $4zééi

1+ 16¢*
A~ 1 -8 (26)

AGopt ~1- ( + 32¢4 + 8¢4 )52 =+

These results lead us to conclude that, given a choice of
quadratic phase, there is an error in making the naive choice
of redshift given by z = 0, since Zy = —32a,($)/a»(9)
here. This illustrates why we chose our specific method for
identifying the genuine distortion due to gravity.

In this specific case, however, we are working in the

Z,

=
and that |Z,,| < 82z367. Furthermore, we note that the last

term in (26) is bounded by 512 if‘é 4 < 327367 < 83, since

7361 < 1 for the perturbative regime to be valid. This
means that the last term that appears in Ap opt 1N the result
(26) can be dropped at the order that we are working here. It

near-Earth regime. It is easy to see that 7, ~

is also interesting to note that neither this term nor the shift
Zopt Ccan be increased (potentially unboundedly) with the
phase ¢. Even more interestingly, there is a optimal phase
parameter ¢ that maximizes the rigid shift (with respect to
the functional dependence on ¢ itself): namely ¢ = 1/2.
Nevertheless, in this case the optimal redshift factor Z, is
large, which means that the discrepancy between dw,p, and
the naive value kw, is also large.

2. Frequency comb wave packets

As a second profile we choose a (modulated) frequency
comb. A genuine frequency comb is a profile constituted by
(infinitely) many peaks separated by a constant spacing
[57]. In realistic situations, an envelope function will
provide a cutoff to such an ideal train of peaks, and a
different weight to each one of them.

Linear phase.—In this scenario, a simple normalizeable
frequency comb profile reads

(z nd)? —ic}ﬁ(z+zo)

1 + 52 e~ 4e 4
F(z)~ V4 27
(Z> \/_ 2r Z 152 P ’ ( )
n ,93<0’e 21462 )

where we have introduced the parameter y that dictates the
width of the combs, the distance d between the comb-peaks,
the normalized overall width & := ¢/u, the normalized
distance d := d/o, and finally the Jacobi theta function
93(z,7) := > ez €xp|rin’t] exp[2zinz]. To achieve the
explicit normalization for (27) we have assumed that the
peaks of the comb are separated enough such that their
overlap is negligible. This requires setting d& > 1.
Furthermore, we expect that 6 > 1 since the Gaussian
envelope profile must have a (much) larger size than the
individual peak. Extremely high values of & can be achieved
with current technology [58].

Lengthy algebraic calculations finally lead us to the
expressions for the overlaps of interest, but the analytical
expressions are not illuminating and thus we leave them in
the appendices, and they can be found in (B17). Exact
optimization of such expressions is not possible due to the
infinite sums involved. However, we were able to find the
optimal values in the near-Earth regime, which read

, T, _ﬁg,z
AR ~ <1—51_351>e -

52
-5 5%) , (28)

for an optimal frequency shift z,,, with value Zq, = 0.

Amopt"‘ <1 -8

Quadratic phase.—In this last scenario, we employ a
normalizable frequency comb profile of the form
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2 p 52 2
1+ 52 e_Te_T(Z_"d)ze_’d’ (z+2z0)
F(z) ~ V4 , (29
(z) ~ V4 5 > — (29)
n 9, (0’ PR )

where we assume the same conventions introduced above.
Notice that the only difference with (27) is in the phase
term, which is now quadratic.

This situation is more complex, and gives rise to
a richer space of results. We start by noting that with
the choice of phase above, the phase y(z) = —=¢*(z + z9)?
is a parabola centered around the origin. Since wy > 1, we
anticipate that we will find an artificial dependence on the
final results on a large z,. To compensate for this, we
assume that the parabola ¢*(z + z,)? that defines the phase
is centered at or around the peak @, of the Gaussian
envelope instead. This, effectively, means that we redefine
P (z + 20)> = ¢*(z + 6z)%, where now |zy| ~ O(1) or,
in other words, it is at most a small real number.
Importantly, when 6z < 0 the parabola is centered toward
the tail of the wave packet, when 0z, > 0O it is centered
toward the front, and when oz, = 0 it is centered exactly at
, (or, equivalently, z = 0).

Optimization of the expressions over 7 is also cumber-
some. We leave all computations to the appendix. We note
that we have to introduce a constant { that includes the
exact numerical values of the expressions and which was
not obtained analytically. We estimate it to be of a few
orders of magnitude, and leave its exact (or numerical)
estimates to future work. Therefore, since we have that

(d*&* > 1> &, we were able to obtain

46%
1+—261’ (30)

Zopt = 8(}2
where X == 52/ (16¢d*$?).
We can study the two opposite cases of interest: (i) where
¢~ O(1), and (i) where ¢ > 1:
(i) In the first case we have ¢ ~ O(1). We obtain

1
ASo ~1 -8 -3 257

. 1
N 5&25%. (31)

Note that the result here is independent on &z, and
that it matches the results obtained previously.
(i) In the second case, i.e., where (}5 > 1, we have two
possibilities.
(ii.i) When 8z ~ 167, with v a constant that is not
large, we then have Z, ~ 18] ~ 0. Therefore, we
find the optimal overlap

A Co 2 1~2 2 554 2
Ap,opt ~1 - 51 —56 51 + 16?51

o 1.
A%Dpt ~1-8 - 3 252, (32)
(ii.ii) We can also have dzy > 1, that is 0z, is finite

and not extremely small. Therefore Z,, = 8¢° 153’

which finally allows us to find, with lengthy algebra,
the overlap

1
t~1—52—§~252+16 52

pop
g L 8+ (1+3)+(dP5(1+%)
(1+X)
545)2 2 2¢2 5 5
2 -1 2~2734 282
+]+2+ 56 T3 60d*5>P* | 62362
_ 1
Ao~ 1 =53 —545%. (33)

It is clear that, when 6zy ~ 1/5% (i.e., we want to move
back to the case (ii.i)), we can effectively set the
terms proportional to dzy in (33) to zero and, as
expected, the result (33) reduces to (32).

C. Comparison of the results

We can now compare our main results. In both cases, we
note that for the Gaussian and frequency-comb pure-state
overlaps, there is a common term that is equal to A2 “opt
and Amf’opt respectively. Therefore, these two quantities can
be used as benchmark for the respective pulse shapes. The
deviations form this cases give us a way to compare the
magnitude of the effects, i.e., the dependence of the optimal
overlap on the phase. Therefore, let us introduce nq opt =

AGS/AGE  — 1 and 1S9, = ASS, /AGE, — 1 as the rela-
tive change for both the mixed and pure state cases, for
which q=m, p respectively. The definitions imply
nSa opt = = 55e “opt = 0. This means that we look only at the

relative changes for pure states compared to the mixed state
scenario.

1. Linear phase scenario

In the linear phase scenario we find that the relative
changes read

NG ~ —2075}

o 20
”goptz_ ) % (34)
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2. Quadratic phase scenario
In the linear phase scenario, the relative changes read
it 8] (4 ) - o4

Z% _ 54}5)452
1+ 164" !

oy 8dP5%6 5 [0 s
15 & 8{24)2 ) 2)0 - d*5%57] {452 + ¢d*5*
=472 BP&2d> P27 22
LT 56 POV 68T L0
(1+Z%) (1+Z%) 1+ &
35)

The expressions (34) and (35) inform us on the difference
between the pure state and mixed state scenarios. Therefore,
they meet the goal of quantifying how a pure state with a
complex relative phase in its Fock-state components can be
sensitive to the curvature of spacetime. Note that one cannot
take the limit ¢y — oo, and this is true also for any of the
parameters that appear in the numerator of the fractions. In
fact, recall that we have employed perturbative tools, and
therefore these expressions are correct as long as all
coefficients of the perturbative parameters give rise to
contributions that are smaller than one.

The expressions above also inform us on the differences
between a purely Gaussian profile, and a frequency comb
with the same Gaussian envelope. From our results it is
clear that the relative advantage of the pure state with
respect to the mixed state scenario is enhanced in the
Gaussian profile when compared to the frequency comb
profile. We note, however, that this behavior will change if
different profiles or phases are chosen. For these reasons,
we avoid providing specific plots of the results here, which
we leave to future work aimed at optimizing over initial
states and phase shapes.

V. DISCUSSION AND OUTLOOK

The results obtained in this work can shed light on the
interplay of quantum coherence and gravity. Below, we
conclude our work with some considerations regarding our
results, as well as comment on potential applications and on
outlook of this research direction.

A. Considerations

We have found that quantum states are deformed differ-
ently depending on their initial quantum coherence. This is
not only of practical interest for potential applications to
space-based protocols such as quantum communication in
curved spacetime [27], but also for studies that focus on
understanding the interplay of quantum mechanics and
general relativity [39,46,59,59-63]. There has been a recent
surge of proposals to use genuine quantum features such as
coherence and entanglement to test the nature of gravitating
quantum systems [39,60,64,65], and the present work can
provide yet additional insight in this fascinating topic. In

particular, we were able to quantify the difference in genuine
deformation due to background curvature of the frequency
spectrum that defines photonic states. In order to univocally
identify the gravitational effects on the quantum coherence
present in the state, we introduced a phase parameter that
dictates the unavoidable relative phase contribution to the
quantum coherence of each component in the superposition
that defines the state. Our results (34) and (35) explicitly
show that such phase parameter governs the deviation of the
pure-state case with respect to the mixed state case. When
the parameter vanishes, the pure state and mixed state
scenarios give the same result. This is the first strong
evidence in our work that gravity affects differently mixed
states and pure states with quantum coherence.

The expressions that constitute our final results for
the purely Gaussian frequency profile can be obtained
analytically for all redshifts. Nevertheless, we focused
all computations to the near-Earth scenario, where the
redshift parameter y has the perturbative expression
¥ =140+ 9,, and o, and o, collect the first-order and
second-order corrections respectively. All results obtained
in this work are proportional 7o lowest order to §7. Note that
this is not an approximation per se, but we find that all
contributions proportional to d, vanish identically. This
leads us to comment on this intriguing aspect. We first recall
that the §; contributions are Newtonian in character, while
the 6, contributions depend genuinely on the curvature
gradients [44]. We know that the redshift y, by definition,
depends on §; to lowest order. Since we have corrected for
such contribution, and we have sought for the genuine
distortion effects, we can conclude that we have de facto
computed the genuine area overlap of the original wave
packet with the deformed one. The area can be therefore
expected to depend to lowest order on the square of a
defining parameter of the system, which turns out to be §;.
This observation can be used to understand why, at lowest
order, 6, does not appear. Note that if we were to look at
higher orders, the curvature corrections would be expected
to appear through terms proportional, for example, to ;6,.

We end these considerations by emphasizing the fact that
the classical gravitational redshift for light has already been
demonstrated in experiments more than half a century ago
[42], and is indeed very well studied [66]. However, we
also note that the genuine wave packet deformation has
been so far lacked thorough investigation, a gap that we
have therefore contributed to fill here.

B. Applications and outlook

We now proceed with discussing potential applications
and outlook.

Deformations of wave packets of light are important for
applications, such as quantum communication, that rely on
the quantum properties of light for their functioning. For
example, in Space-based quantum repeater schemes, which
have been developed in order to extend the distances at
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which entanglement can be established between two users
or nodes [67], photons need to be stored in quantum
memories after travelling through empty space [68]. Given
our results, the efficiency of these memories will depend on
the overlap A even after compensation of the redshift, e.g.,
by shifting the frequency of the photons according to
Egs. (11) and (16). More in general, quantum protocols that
require entanglement sharing over long distances will be
affected by issues of the type just mentioned. Any effect
that occurs therefore needs to be quantified and understood
in order for its mitigation [30] or for its employment
[31,32]. The results presented here can therefore lay the
basis for measurement schemes using wave packet genuine
deformation, as well proposals for tests of gravitational
effects of quantum coherence.

Another consequence of the wave packet deformation is
that it poses an additional restriction to the rate at which
photonic-based quantum communication link can operate.
In fact, after a user prepares and sends a train of pulses, this
will propagate and therefore will be distorted once received.
Increasing distortion is expected to increase the temporal
envelope of each pulse, which means that in order to
achieve the same fidelity, more time needs to be introduced
between two pulses compared to the hypothetical non-
deformed case. This effectively reduces the time-bandwidth
product due to gravitational effects. We plan to investigate
these consequences in more detail in further studies.
Furthermore, this wave packet distortion might open a
new attack scheme on quantum communication protocols
based on single photons [69], entangled photons [70,71],
mixed bases [72], and continuous variables [73].

In order to employ the rescaled overlap defined in this
work, we have applied it to simple pulse-shapes. We found
that there are differences between the choices, namely a
Gaussian and a frequency-comb with Gaussian envelope, and
that such differences can lead to a detectable difference.
However, when considering realistic implementations, it is
necessary to seek the optimal input frequency profiles,
focussing in particular on the complex phase. Therefore,
future work will need to address the interplay between choices
of profiles that maximize the effect (i.e., minimize the
overlap) and requirements due to realistic implementations.

Modelling of realistic scenarios will additionally require
the extension of our work to 3 4+ 1 dimensions, which has
been preliminary investigated already [35]. This can be done
and analytical results can be sought, however, it is known
that solving the field equations in 3 4 1 curved spacetime
ultimately requires numerical approaches. Since here we
were interested in defining an operational way to quantify
the genuine wave packet distortion and a proof-of-principle
demonstration, we leave such extensions to future studies.

VI. CONCLUSIONS

We have studied the effects of spacetime curvature on a
wave packet of propagating light. We have introduced an

operational way to distinguish between two concurrent
effects induced by gravity on propagating wave packets of
light: the rigid shift of the whole wave packet, and the
genuine wave packet deformation. Given that a pulse
initially prepared by a sender, who is located at a different
point in spacetime, will not match the one expected by the
receiver, we define an overlap of the expected and received
wave packets that is optimized over all possible rigid shifts
of the incoming spectrum. This guarantees that the con-
tributions due to the rigid shift are compensated for, and
that we are left with the quantification of the genuine
distortion of the wave packet due to propagation in a curved
background. As wave packet deformations will reduce the
overlap between the expected and received pulses, a direct
measurement of the deformation can be performed using
this scheme within Hong-Ou-Mandel type experiments
[74,75], which have also been combined with changing
phase profiles of the incoming photons [76].

We have used our scheme for detecting changes
in the shape of the wave packet to study the interplay
between the initial quantum coherence present in the state
of the photon and gravity. We have therefore computed the
genuine distortion for two different initial states, a pure
state and a completely mixed state, which have the same
diagonal elements (i.e., the same probability of detecting
the frequency component @ of the wave packet).
Comparison between the overlaps obtained this way shows
that the initial phase in the pure state enhances the effects.
In other words, it increases the distinguishability of the
incoming and expected frequency profiles. We conclude
that this is another evidence of the influence that gravity
can play on quantum properties of physical systems.
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APPENDIX A: DERIVATION OF THE MAIN
FORMULA

Here we compute our main result. The wave
packet is determined by the (peaked) function F, (w) =
fup (@)@ =1/\/5f, (0)e™¥@), where we conven-
iently separate the modulus and the phase of F,, (w). We
start with the wave packet overlaps
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+o0 N
Ap = ‘ /_ dwfi% (a))fwo (a))el(y/ (@) =y (@)

tn= [ T dof, (@)1, (o) (A1)

These two overlaps are motivated in the main text and
are defined in terms of the local quantities, such as
frequencies, under control of the receiver. Here, we have
Ji&|F,, (w)]* =1 for normalization. We have implicitly
assumed that 6/, < 1 and that F,, (o) = 0 effectively for
all w/0 < wy/o. That is, we assume that the function has
effectively non-zero support in the neighborhood of the
peak, and is zero at the origin, which allows us to extend the
integral in the negative frequency domain. Throughout this
work we need to make sure that any transformation on the
function F,, (@) gives as a result another function that has
the same property. The phase y(w) of the wave packet will
play a crucial role in this work. The steps to be undertaken
are described in the following.

1. Deformation due to propagation in curved spacetime

The wave packet that is received is deformed in a specific
way as determined by general relativity. It is possible to
show that

Fﬁ,, (w) = )((VA,rB)FwO(XZ(rA’rB)w)’ (A2)
where the function y(r,, rg) encodes the overall effect, and
we have w(h(r) —t) = y?(ra, rg)@(h(r) =y 2(ra, r)1).
In the case of Bob orbiting a nonrotating spherical planet,
x(ra, rg) reads

(A3)

The gravitational redshift can be obtained for more general
spacetimes following a known recipe [32,44].

2. State normalization

In this work we consider two types of states: pure states
and their “completely mixed counterpart.” Let us look at the
case of a Hilbert space with a discrete energy basis |n,, ) for
each frequency w;. In this case, it is possible to define,
given a one-particle pure state p,, its completely mixed
counterpart p,, as the diagonal state defined by the relation
(Lo |Pmlle,) = S (ly,Ppl1a,) for its elements. In the
present situation, however, we need to generalize this
relation to a continuous set of frequencies, which results
problematic.

To see that this is the case let us repeat the proce-
dure above. We start with the pure state p, and naively
define its completely mixed counterpart p, through

(1p|Pm|Lley) = 8(w — ') (1,|pp|15,). It is immediate to
verify that this is not a trace-class state. In fact, writing

= [dwodo'py(w,')|1,)(1,/|, we have that p, =
[ dwp,(®)|1,)(1,]|, and therefore

Tr(pp) = /da)(l(,,l(/ dw’pm(w’)|1(0/><1(,)’|>|1w>
/dw/dwpm (1o1er) (1o [10)
= /da)/da)’pm(w’)éz(w—w/),

which is ill defined since there is no proper definition for
the application of squares of Dirac-delta to well-behaved
functions.

Regardless of the problem presented here, we wish to
have a mixed state counterpart to the proposed pure state

(A4)

Pox)

_ / dwdw F oy (Po)Fly (2)[1,) (1], (AS)

which is a trace-class state, with trace Tr(p,(y)) =
12 [ dolF, (Fo)P = 1.

To define its mixed counterpart we note that, in practice,
no realistic implementation of a detector can project exactly
the state (AS) on its diagonal components defined by a
sharp frequency Therefore let us introduce the “window

projector” TI" := [1(7)(9)) (1 (9)], with
(n+1/2)o. d, o
10@) = [T L), (a6)
(n—=1/2)6, /Ox

It is easy to check that T2 =T11") and that
{(109(0)[1(0)) = 8-

The parameter o, is crucial here. It has dimension of
frequency and we assume that 4 := 6, /6 < 1. This means
that the projector always selects very “thin slices” of the
profile functions F, , characterized by a width that is
much smaller than the characteristic width of the peaked
function F,, .

We now wish to compute the quantity p,,,(0) =
(10)(0) ()17 (0)). We have

n+1 /2 m+1/2 - -
punt0) =122 [ @ F oy G2 9) T 07
n—1/2 m—1/2
X el y (W) =y (iw)) 19 (W w) (A7)

We now ask ourselves what happens if we integrate out
the angle € from (A7). We can do this by introducing

Bum = 1/V27 [ dOp,(6). We find
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Pum = 5= / 0P, (0
n+1/2 m+1/2 Y
/ /n / dW/fCUU U(le)fwo (){2ﬂW ) i(y (W) =y (Aw)) et()(w -w)

1/2 1/2

n+l/2 +1/
=2 [ [ @ o G0, (2 50— ), (A8)
1/2 -1/2
which gives us
) { AL TR G aw) for n=m (49)
pﬂnl
0 otherwise
Therefore, focusing only on the diagonal elements we find
3 /2
Pnn :)(21/ 12 fmo ()(zj'w)
1/ ~
=7 [ vl (P + OGA2)
= P2 o, (P An) + O(x*22). (A10)

To obtain (A8) we have used the perturbative expansion of the f,, functions and the fact that 1 < 1. Therefore, we have that

7
Prm = Sum*Af 0, (0*An) + O(*2). (A1)
Therefore, we introduce the states pp,(y) and p,(y) by the expressions
= 1Y Ao, (7 An)[10(0)) (10 (0))|
o) =" [ dodofFo ()P (0L} (L (A12)

which represent the mixed and pure states received by Bob. The states that are sent can be obtained, instead, by simply
setting ¥ = 1. Note that normalization of the states (A12) is now free from the mathematical issues mentioned above. It is

easy, in fact, to check that

Tr(pp () = 1

Tr(pu(r)) = / dag®S AT, (2 am) (1,[10)(0)) (19 (0)]1,.)

by noting that, in the continuum limit y?>4 — 0, we have
1A ~dx and y*in ~ x.

This means that, for all purposes, the mixed state p,(y)
introduced in (A12) achieves our goal of providing a good
prescription to obtain a well-defined mixed state counter-
part to the pure state p,(y).

We can ask ourselves the following question: does the
coherence of the state change due to gravity? Intuitively,
since the frequency distribution is altered, but there is no
loss of information to additional degrees of freedom, we
expect the mixedness of the state not to change. To answer

=Y Af% () = / dxf? (x) =1 (Al3)

[
the question we use the purity y of a quantum state
p defined as y(p) := Tr[p?], which is bounded by 0 <
y(p) <1 and is equal to unity only for pure states.
Introducing the purities () = Tr[pn (¢)] and 7,(r) =
Tr[ps(x)] crucially defined in Bob’s local frame, we to
see that y,(0) :=y(p,(0)) = 1. It is immediate to see
that 7,() = 7,(0).

In order to compute the unmodified y,,(0) = y(p,(0))

and modified y,,(y) purities of the mixed state instead, we
use the modified mixed state (A12). We find that
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Ym(r)

T szzng}gjﬂ (2am)[10(0))(1¢)(0) ) 2]

Ty [;ﬁzﬁfio (2am) 72, (2Am) {10 (0)] 107 (0)) |10 (0)) (107 (0)|

n,m

- / dx / ' 72, (6) 72, () {16/ 62 (0) | 17622 (0) YT 167670 (0)) (1</ 64 (0)

- / A, ()T 1/ (0)) (1676240 (0)]] = / A, (x)

and, defining y,,(0)
x*n = x, as well as y*1 = dx. Explicitly,

(A14)

= [dxf4, (x), we also have that y,(y) = 7,n(0). To obtain this we have used the continuum limit

- / dxFl, (1) Te(| 1762 (0)) (16767 0)

(n/(r*2)+1/2)o
/dx/da)/
(n/(x*2)-1/2)e
dw~

/ / (n/(x*2)+1/2)6
(n/(r*2)-1/2)6, O«

3. Overlap of the states

In this work we require to compute the overlap A :=
VF(P',p) between the states (wave packets) of the
two systems using the quantum fidelity F(p',p):=
Tr(\/\/Pp'\/P). It is convenient to write F,, (w) = f,, (@)
expliy/(w)], where f, (@) = |F, (w)] is the modulus of the
frequency distribution and y(®) is its phase. Using this
decomposition it is immediate to compute the overlap A, for
the pure state case, which reads

+o0 .
A =x] |7 dof s el (are)

Let us quickly
of the mixed

show how we can compute that
state case. We need to compute

A, = Tr(\/\ /Pm(0)Pm(¥)/Pm(0)). Since we have that

VPm(0) = ¢ZA|F,,,O<M>|2|1<"> (0))(10)(0)|

=D VIF,,(n)[[1M(0) (1M (). (A17)

and analogously for all square-roots of diagonal states, it is not
difficult to see that

- do'do”

o, fwo( )<1w|1w’><1w”|1w>
9054 () = / A, (x). (AI5)
= A |Fi () i)
—x / da|Fy (o) (@), (ALS)

using the continuum limit 6An = @ and 61 = dw.

4. Compensation for the “rigid” shift

Physical quantum systems that are employed for con-
crete tasks are always localized. Therefore, the (modulus of
the) functions F,, () are assumed to be peaked and to have
the functional from f,, (@) = 1/\/cf(“=2). Here f are
conveniently normalized functions as it will become clear
later. We now use the relation (A2) and the function
dependence of the wave packet on the peak to obtain

+rodw - (Yo —wy\ ~ [ 0—wg
i e N
o 200 — —
e T (),
o O c c
The instinct is to try to identify a translation of the
frequencies as a means to compensate for the mismatch
between the received packet and the expected packet. For
this reason, we assume that the receiver:
(1) can perform an arbitrary and rigid shift of the whole
spectrum, implemented by setting @ — @ + dw for
an arbitrary dw;

(ii) will apply such transformation to the incoming wave
packet only.

(A19)
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With this in mind we obtain the new overlaps

+o0 dw ~ (¥ 285w — ~ - —
A — x‘ / 7‘0 f<% » +ZG G WO) f<“’ a)0> S W0 7260)y ()

c
+oo dw - (o — wp\ ~ [0 — w,
an= [0 7 .
0 O c c
From a formal perspective we can introduce the rescaled variable @’ := @ + @y, which would center both peaked functions
around @ = 0 if one was not affected by propagation in a curved background. We therefore have

o 2 2 2
A _ ‘/-ﬁ- do' - ()( o' + y“ow + ()( 1>w0>f< /> (w (P o' +x* 0+ wy)—w (o' +wy))

o

Am:x/ﬂodif(;( @ +X25a)+()(2_1)a)0>}<2’>.
o O c o

Finally, first rescaling @’ — y@' and then introducing the new dimensionless variable z := @’/o, with the corresponding
quantities 6z := éw/o and zg = wy/o, we have

(A20)

(A21)

A _' / 4z (yz + 2)F(z/x) e iolzzta)vlo(/rtz))

A, = /_ - dzf(rz +2)f(z/x). (A22)

Here we have introduced the important quantity
Z = x5z + (¥* — 1)z,, which is directly related to the shift
ow introduced by the receiver. Note that we have changed
the notation from A to A to highlight the change to
dimensionless, shifted quantities within the integrals. Of
course, the value of the integrals is independent of such
change of definitions.

5. Optimization over the rigid shift

We describe our last operation. We note that the overlaps
(A22) quantify how faithful the incoming photon is to the
expected one, modulo an arbitrary rigid shift of the whole
incoming wave packet. The final step, therefore, is to
optimize the expressions (A22) over the shift z (which
effectively means over the frequency shift éw). Given the
value Z,, that achieves this goal, we therefore say that

(i) The optimal dimensionless shift Z,,, provides us the

classical redshift dw, of the photon through

o _
? (Zopt -

5wrs = ()(2 - I)ZO)' (AZS)

(i) The genuine distortion Am,opt and &p,opt of the wave
packet due to gravity, defined by

(A24)

|
This is our main result.

APPENDIX B: DEFORMATION EFFECTS ON
DIFFERENT WAVE PACKETS

Here we explicitly compute the expressions for the main
quantity A in the case of: (i) a Gaussian profile; (ii) a
frequency-comb with Gaussian envelope. Note that, in the
following, F := f exp[iy].

1. Preliminary tool

In the following we will make use of the preliminary
expression

+oo L2 _1 1 . ¥ 1902} 2
/ dze 17 e 1igmit0 e i = | [ Do i @ ¢ m e,

(B1)

This will allow us to compute the A quantities for all of our
cases. In particular, it will allow us to do so for the case
where the phase y/(z) is present, i.e., the pure-state case,
which can be immediately adapted to the mixed-state case
by setting y = 0.

2. Gaussian wave packets

We start by considering Gaussian wave packets of light.
It has been argued that Gaussian distributions are resilient
to modifications of the type discussed in this work [37]. For
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this reason, we can already anticipate that the choice of
such functions will result into small deformations. We will
consider wave packets with two different frequency-
dependent phases.

a. Gaussian wave packets: Linear phase

The first wave packet is defined through the
normalized Gaussian with a phase that is linear in the
frequency. In our normalized variable z this reads

F(z) = 1/v2rmexp|-z2/4 — i(z + z0)], which allows us
to easily compute the overlaps A% as

V%
V1+p4
V%

e 7+l

_ 21250
e e A

AGa __
At =

AS = B2

VS >
Note that the results above are independent of z,. This
occurs because it induces a global phase contribution for
the mode of the photon. Instead, the overlaps depend on the
arbitrary rescaled shift z.

Optimization over Z clearly gives Z,, = 0, which means
that the optimal A% quantities read

AGa \/E;( . (A;z+lz~z
p.opt — \/—
1 +x
- \/E){
Agléopt = <B3)

NiES
When we consider the near-Earth regime, we then have

AS ~ 1= (1429763

A%~ 1 -6, (B4)

b. Gaussian wave packets: Quadratic phase

We can choose a different phase profile for our
Gaussian and therefore employ the Gaussian F(z) =

1/ 2z exp[-z2/4 —ig(z + z9)?] in
shifted coordinates. Then, we find

normalized and

u24 1) ¢ 2
7T+ & ~ ~
NS Var e o o~ 16a1(h)i—4ar ($)Z
V1+ [E()
RS = Yo (B5)

Vied

where we have introduced

» » 4 _ 1 2
&) =1+ 164’2%
2 _
(&5) 2&4 1)) =<0
e
@)= (B6)

as ¢-dependent functions. Optimizing over Z gives us

2 ) 72
o \/_ e (}; +11 ;E)f/') 256
Aty =
m \/7(}5
3 V2
AGt, = YA (B7)
itr
. ] A al(4)
with the optimal value Zopt = =32 u;(,/)

Finally, considering again the near-Earth regime, we
have

a e, S1287 5,
Apopt/vl—(l-‘r32¢ +8¢ Z0)51+T16$2Z0 1
Aop & 1 =67, (BS)
to be supplemented with the expression Z = 1?: 6;2 7362

3. Frequency comb wave packets

Here we consider a frequency comb, which is a profile
constituted by many peaks separated by a constant spacing
[57]. The normalizeable frequency comb profile as a
function of the shifted dimensionless frequency z reads

4’1+6 e 46 4 (z—nd)* —in(z+zo)
87 Z 152 dz ’

() e 2152 )

(B9)

where d determines the distance between the comb-peaks,
u is the width of the combs, and 95(z, 7) is the Jacobi theta
function. We have also defined & := o/u and d := d/o for
convenience of presentation.

To achieve this explicit normalization we have assumed
that the combs are separated enough such that their overlap
is negligible. This requires setting d& > 1. Furthermore,
we expect that 6 > 1 since the Gaussian envelope profile
has a (much) larger size than the individual comb.
Extremely high values of & can be achieved with current
technology [58]. Therefore, we started from the general
function

F(z) = Cze—ée—%zﬂo—naﬁe—ix,/(z+zo)’ (B10)
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to compute the constant C such that [+ |F(z)|> = 1. Here y(z) is an arbitrary z-dependent phase. We have

1= /jL dZ|F —? Z e g]j‘r d*(2(1462) (n?+m?)—&%(n+m)?) /+oo dze—#(z—%(n-km)]f:_rz~ )
® n.mezZ -0
=C? 2—71"‘2 Z e_élizaz[2("2+m2)+‘~72<”—’")2]
1 +o n.mez

~2C2

152 5
a5 0 e ), (B11)

where all other contributions can be neglected (and included if necessary). To obtain the above we assumed that there is a

particular value n, such that n,d = z,, that is, that the n,th peak is aligned with the peak z,. This is not crucial but
convenient, and this condition can be relaxed if necessary. Furthermore, this condition allowed us to shift the sum such that
n=0 - n=n,. In turn, this allows us to find the normalization constant C as

1+ 52 1
C= , B12
87 _1&? 7 ( )

83(0, e 31577

which justifies the choice of function (B9).

a. Frequency comb wave packets: Linear phase
As done for the pure Gaussian profile, we here start with the linear phase case w/(z) = ¢(z + z9). We have

A _ ‘/ de (){Z+Z) (Z/)() i(rz+7+20) g=idh(2/x+20)

1+ 62 1
~ V8 9,0, expl-

—00

oo G2 g R ~
/ dze~25 o= o~ rztzt20-nd)? p= (2 x+20=md)? pid(rzt7+20) g=idh(z/ 1+ 20)
nmez

% Z.P))

2 2 aouz—a 'L
X - P al, (B13)
1+Z ’93(0 exp[ 21+ 6 n.mez
where we need to introduce the (n- and m-dependent) coefficients for this case
4
- +1
ay = (1+ 5%
X
~ 1 ~
a, = yz + y5*(z2 — nd) —;{62md
ap =22 + 5*(z — nd)? + 5*m*d*
2 _ 1.
k=% . (B14)
X

Note that we have again used the fact that we assume that there exists an n, such that n,d = z,, and we shift the
summation—therefore effectively setting zo = 0.
Rearranging and manipulating terms, lengthy algebra gives
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A, =T

n,mez

where the proportionality constant is

5 _]+4?72 52 _(;(24—1)2 5222
+1 +1 1+6
M=y 2 0~ (Bl
T4 " 95(0, expl— 112 &)

As already done when working to obtain the normalization
constant, we see that the major contributions occur for
n = m. Therefore, we can now approximate (B15) as

2 (148202102 &

1.5

Yd*n? l 1( 7425~ Hqﬁ)

Ap ~ r Ze ;liﬁz\l 2 ;(4+] e 21462 X 2ETN
nez
(B17)
Note that it is immediate to check that, fory =1,z = z5 =

¢ = 0 we recover Aga as expected.

We now want to optimize the expression (B17) with
respect to z. It is very difficult to do so analytically using
the general expression (B17). Therefore, we resort to use
the approximation y ~ 1 4+ §;, and obtain
zf/)

L2(1-28)2 , 17

&)

152
2145

~ e
A~ (1-6
P ( )193(0 exp[

132 (
X E e 21+a*

nez

2 1+‘2

526%)d*n’ o 553 (Z+4igh)dn (B 18)

We now further apply the property & > 1 to obtain

3 e 8(lJrl/rr2 28,)7 %‘7)2
A, ~(1-67) ol
95(0,exp[—1 (1 + 1/62)61 )
o« o3 (1+1/5 45780 d"n? ,=357 (z-+4igh)dn (B19)

nez

Note that 6% < 1 and, therefore, the last term in (B18) will
always be negligible. In fact, within the modulus operation
this term will give a correction of order §] which we can
completely ignore. Even if ¢ and Z are large, we have that
5%&5 < land 5%2 < 1 for the perturbative regime to be valid.
This implies that the terms exp[—%z%] and exp[—1d*n?]
will be exponentially small, effectively cancelling any
contribution from such last term. Therefore, we have

95(0,exp[-3 (1 +1/8* + 526%)d*))
93(0, exp[—5 (1 4+ 1/5%)d%)

Ay~ (1-8})

2(141/52-25,)2 —ﬁzﬁz
x e~ FIH/F-20))2 72 (B20)

2 4 ~
- [ R A A 27
E : [~ ()& Gt mli*d

2

21(,{
e 1+a X +]

iz, ntm )2 (;rn+m/x)317>]

e (B15)

[
We now wish to optimize the expression (B20) with respect
to z, which trivially gives Z,, = 0. Finally, using the
expansion 9(0,exp[—x]) for x < 1 of the Jacobi theta
function [77] since d < 1, we can write

ASSp & (1 —?52>
5 g
ASo, ~ (1 —55%).«3 2

b. Frequency comb wave packets: Quadratic phase

(B21)

We proceed to consider a quadratic phase for our
frequency comb scenario. In this case we have

w(z) = ¢*(z + z0)?, and therefore

/1+62 1
87 95(0,exp[-172d%)
/+oo et 32 e
4 e
nmez

) -
x e~ T @/ xtzo—md)? o e 2 g 2()(z+—z0)z¢zz

2 ~
% (yz+z+z9—nd)?

1+X 193 (O CXP[ % g dz]) n,mez
(B22)

Here, we introduce the (n- and m-dependent) coefficients
that read

4

ar = (1+ )L e()

~ 1 ~
a; = y7 + y5* (2 — nd) ——&’md
X

ag = 7%+ 32(z — nd)* + &@>m?*d*
2 _
:2(){2 +Z 11())6132
X
N )(4_1 432 .
§(¢) ._1_4)(4+11+5'2l
- ()(4 _ 1)2 &54
IE(@)F =1+ 160{4 o (B23)
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Note that we have again used the fact that we assume that there exists an n, such that n,d = z, and we shift the
summation—therefore effectively setting z, = 0.
Rearranging as done before, lengthy algebra allows us to obtain

Ve~ ~

2 4 S~ 3 -
- 1x~ & 26@ 2 . 12 2 @) 52 =1 2
} : [e—%ﬁz(n2+m2)dz6414+11+52(Xn+m/}(> GP? ppndz AT Wt R Gad? ~2r s +1(’”+ g W*"’/X \Z'M’ |, (B24)

A,=T

n.mezZ

where the proportionality constant is

1ia? P#o_2 202y g e Vel A

IR IES ISR SE _ 4 A

27 e 10T o o O a e o e PP
X 3\Y, exp 21452

It is easy to check that, for y = 1, 7 = zy = ¢ = 0 we recover &Sa as expected.
Once more, as done in the case of obtaining the normalization constant, we see that the major contributions occur for
n = m. Therefore, we can now approximate (B24) as

_ o 2 20,412 34 - 2 20,4102 32 ~ _ 2 2 74 ~
152 ¢ (1 12(1 1) 2. el Ve Vil Vs V) 2'0‘2 =+ G- ¢‘2)’12d2 _D_(X 1)(1 16 12(/ +1)(Z ) ¢‘2) ndz

APNFE [e A AT TR GE R R eE R e A R
nez
O R N Ay R, Y W 420D P g
X e (#6271 @R a2 11 W 0 M2 A kR . (B26)

We now want to optimize the expression (B26) with respect to Z. It is even more difficult to do so analytically in this case.
Therefore, we resort to use the approximation y ~ 1 4+ §;, and obtain

4 2 H PR
—1(146%)(1=26,) (1+16—L5) 2 -85 L0 = _gs2—¢° 0
- S € S48 (1260116 ‘<l+52>\:<¢>\zze T2
AP ~ (1 - 51) ~0
193(0 exp[ 21+0’ d ])
L (14+PR 30— R 30 2 2 P25 325, (1-64—Lys L yndz 30— nd 0i5 B Gnzy 4is, P
X E e e or )2 He@lP =12 e e 2 @ e T Dl e 1 ‘\( \2 ) 1+2 ‘\<>\2 |-
nezZ
(B27)

At this point we observe that we have obtained our results for a quadratic phase y(w) which has its minimum at @ = 0. In
the dimensionless coordinates such minimum has been shifted to z = —z,. Due to this (artificial) initial choice, we have the
appearance of z, in the exponentials in (B27).

In the following, we choose to rescale such choice of minimum to @ = @, (or, equivalently, z = z,) and to study how
deviations from this point affect the result (B27). This means that we can effectively replace z, with 6z, assuming therefore
that 0zy = O represents the—now reference—case of the quadratic phase centered around @ = .

Therefore, we can rewrite (B27) as

—1(14+8%)(1-26,) (1+16—L

) z2 -85 P ’57()) 7 —88% 7 (510)2

- e 22 DR e N HPEDE e H1+a) @)
Apz(l—é%) T
95(0,exp[—32d%)
=2 ot 2 $ o 2 1 AR 2 o ¢t 5 : P 5o
" Z[e R i T P (=64 Lo iz 322t Bond 2 61‘()‘2dn5zoe4tl+ i ydn ] '
nez

(B23)

Then, we also consider only the cases where |6zq| ~ O(1). Clearly, when 8z, < 0 the parabola is centered toward the end of
the wave packet, while when 6z, > 0 the parabola is centered toward the front of the wave packet. With this in mind, we
note that when §; = 0, optimization of (B28) would trivially give Z,, ~ 0. Therefore, we expect that Z,y ~ ud, for an
appropriate coefficient x that depends on all of the other parameters as such that u6; < 1.
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2 7 5 4
_LZ] ~2 1-2 1+1 2. 47 0:0 7 ¢ ("0)
_ ) w01 (145%)(1-26) (HEErm) s e Pl e o hie) P
AP ~ (1 _51) 0 dz
95 ( CXP[ 21+&2 1)
- ~ 34 ~ 32~
115262308, 24{_2~0224§ 22_~22]4| )& 2o _-n 4 U
x § [¢ 7 HI (1455} <1+02>26'\ G Mg o816 5‘\5¢\2) nd e T 5‘\5( \d"&"e iz \5<¢>\2d"] )
nez

(B29)

We see that all of the coefficients in the exponentials that contain the linear nd are small. If we write the expansion of each
exponential explicitly, all terms that are proportional to (nZi)z"Jrl vanish identically due to the sum running over all integers.
Therefore, the expansion of such exponentials will leave only terms that are proportional to (nd)*. Assuming that it is
appropriate to retain only such terms, we can therefore expand to second order all exponentials that are linear nd, and

eliminate coefficients that are of higher order in each term of the perturbative expansions, which leaves us with the
expression

2+ -
1 az2s2_ar1? _ani090v
9:(0, ¢ Y(145282-32-—32i824%)d )

950, exp[- 3 d*))

- 1 h* o\ -~
x [1 +2®d25%zcosh—2 <§ (n— 1/2)(1 + 6257 — 321 1¢ 32i5%¢2)d2>} ‘ (B30)
n=1

% __22—86 5 —85”’5
A%(1—5%) 805 HO ZO (620)*

Here we have introduced the quantity ® defined as
~ ~ ~ 1 -~
O~ u?5*8? + [1024 P05 — 4(520)7 — 164> — 32ud?S? + 2?8z — 4u*id*s, — 64i — 8,62
(o2
+ 128/4i~—2§5451 + 8/4(;52&0} e (B31)
O

and we have used the following properties of the Jacobi theta function:

211 1

193(261|z0— 82 7 5s(0-4)
nl
2

22 93(@ @m0 = ) (B32)

dq

Using again the expansion of 95(0, exp[—x]) for x < 1, we can finally obtain
% 252 —8usL L5zy -85°55(s ¢*
A, (1-8)e ——5 oS8 20% ,= .z<Zo) <l—~252+321 )

+0o0 2 74
-~ 1 5 )\ -
X [1 +20d*8? § cosh™ <2 (n—1/2) (1 +526% — 32;—2 - 321‘5%4;2) dzﬂ ‘

~ (1 _ 5%) ——0252 —8#6” 562 —851 2(610) (1 _ ~252 +32 1¢4>

X {1+22125%9't( Zcosh‘( n—1/2)< + 5267 — 3? i 4—321’5’{5)2)212))} (B33)

It is still difficult to optimize the expression (B33) with respect to p. At this point, we can also use the rough estimate

> cosh™(nx) ~ {/x for x < 1, with ¢ a numerical constant that can be determined numerically if necessary, or
explicitly if known properties of sums of inverse hyperbolic functions can be exploited. This rough estimate can be justified
by saying that as long as nx < 1, then cosh™2(nx) ~ 1. As soon as nx > 1, we have that cosh~?(nx) decreases exponentially.
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This, we say that cosh(nx) ~ 1 for n < x, and ¢ corrects for the error in this assumption and the tail of contributions that
come from the exponential decay. We expect that { will not have values that impact significantly the claims below and, in
any case, that { > 1 since we are overestimating the contributions to the sum for n < x and underestimating them in the

exponentially decaying tail of n > x.
Therefore, since dzéfG) < 1, we have

('4
By~ (1 — 82595 w00 85050 <1 _

e

Optimization of (B34) over u gives us the optimal value g,
with expression

(4d*5> = 1)8z9 — 16¢d*5°57 *
5% — 320 d*5* 5 + 16¢d* ¢ &*

Hopt = (B35)

This can be further simplified by noting that we expect
(d’3* > 1> &, and by noting that &> 1 > d’5*5,
since 2125-45% < 1 in order for the perturbation theory to
apply. Therefore, we have

~n54  0Zp — 45%

Hope = 128{d"¢h 16 (B36)
Note that 128&3’2(}45% < 1, which can be seen during the
derivation of (B35).

We can study the two opposite cases of interest: (i) where
¢~ O(1), and (ii) where ¢ > 1:

(i) In the first case, when ¢ ~ O(1), we always have

that

1

Ao~ 1 -8 — 5 5267, (B37)
Note that the result here is independent on 6z.

(i1) In the second case, we have two possibilities. When

8z ~ v?, with v a constant that is not large then we

74
5257 + 16 1¢ )|[1 + 2¢d*087|

52 4
528 4+ 16—
O

N = NI»—‘

) [1 +20d*R0s7]. (B34)

|
have pop ~ v5? and Zopt & 0. Therefore, we have © ~
1024‘/’ 67 we can use (B34) to find the optimal

overlap
X Co 2 1~2 2 ¢4
Apop ~ 1 =67 —5 o7 + 16 (B38)
We can also have 6zy > 1, and therefore
5z
)uopt ¢2 0 (B39)
where X := 52/ (16(d*¢?*). Finally, we find
C 2 1 5252 A 2
Ap%plN 1-07—56707 + 16—6
- 8~L[6“Ei}2 +8(1+X) + ¢*(1 + )2
d*(14X)?

+¢dP3* (1 + X)? + 2564%52¢°
—16¢d?3%¢*(1 + £)]62357. (B40)

It is clear that, when 6z, ~ 157, then we can effectively set
the terms proportional to 6z, in (B40) to zero and, as
expected, the result (B40) reduces to (B38).
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