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Abstract:

Offset-free nonlinear model predictive control (NMPC) can eliminate the tracking offset associated
with the presence of plant-model mismatch or other persistent disturbances by augmenting the plant
model with disturbances and employing an observer to estimate both the states and disturbances. Despite
their importance, a systematic approach for the generation of suitable disturbance models is not available.

We propose an optimization-based method to generate disturbance models based on sufficient ob-
servability conditions and generalize the theory of offset-free NMPC by allowing for (i) more measured
variables than controlled variables and (ii) unmeasured controlled variables. Based on the sufficient con-
ditions, we formulate a generalized semi-infinite program, which we reformulate and solve as a simpler
semi-infinite program using a discretization algorithm. The solution furnishes the optimal disturbance
model, which maximizes the set of those state, manipulated variable, and disturbance realizations, for
which a sufficient observability condition is satisfied. The disturbance model is generated offline and can
be used online for offset-free NMPC.

We apply the approach using three case studies ranging from small scale chemical reactor cases to
a medium scale polymerization reactor case. The results demonstrate the validity and usefulness of the
generalized theory and show that the model generation approach successfully finds suitable disturbance

models for offset-free NMPC.
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1 Introduction

Model predictive control (MPC) is an established advanced process control concept, e.g., for industrial
processes [1, 2]. One of the most popular MPC tasks is setpoint tracking. However, the inevitable discrep-
ancy between the controller model and the real process, as well as persistent disturbances typically lead
to an offset between the tracked process variables and their desired setpoints [3, 4]. In the following, we
use for simplicity “disturbances” for both phenomena. In the case of economic MPC, this translates into
suboptimal or even infeasible closed-loop process behavior [5]. For example, applying reduced dynamic
controller models inherently introduces a disturbance, which may lead to undesired offset, e.g. [6, 7).
This motivates offset-free MPC [4, 8], i.e., exactly tracking given setpoints by adding constant differential
states to the process model as a disturbance model (DM). The values of the disturbance states are deter-
mined using suitable state estimation. Offset-free closed-loop process behavior can be guaranteed under
reasonable assumptions. We refer to the work of Pannocchia et al. [5] for an overview of offset-free MPC.
While several works focused on offset-free linear MPC (LMPC), e.g., [3, 8, 9, 10, 11, 12], few articles
are available on offset-free NMPC. Huang et al. [13] used an advanced-step NMPC and advanced-step
moving horizon estimator for offset-free NMPC. Morari and Maeder [4] presented sufficient conditions on
the DM, the controller, the observer, and the closed-loop behavior of the controlled system to guarantee
offset-free tracking. Pannocchia [14] combined the ideas of offset-free NMPC for tracking and real-time
optimization with modifier adaptation to achieve offset-free economic NMPC (eNMPC). Schulze et al.
[7] used an output DM to eliminate an offset in the controlled and measured variables introduced by the
application of a reduced dynamic controller model.

Although the choice of the DM is crucial and the appropriate assumptions for it exist, cf. [5], there are
only a few works for the generation of DMs. In particular, the focus has been on linear MPC for constant
setpoint tracking [15, 16]. In contrast, there is no general approach available for the generation of DMs
in NMPC, as also mentioned in [5]. Furthermore, the existing works about offset-free NMPC [4, 5, 14]
assumed the number of controlled variables (CVs) to equal the number of manipulated variables (MVs)
and the CVs to be measured, which is not always given in industrial examples. For instance, in distillation
columns, the temperature is typically used as a measurement whereas the unmeasured product purity is
to be controlled [17, 18, 19, 6].

Herein, we present a general approach for the generation of DMs in offset-free NMPC. The DM results
from the solution of an optimization problem, which embeds a sufficient observability condition for the
DM to guarantee offset-free tracking behavior. More specifically, we propose a generalized semi-infinite

program (GSIP), cf. [20], taking into account the structure of the augmented model. The GSIP is
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reformulated as a semi-infinite program (SIP), cf. [20]. Solving the SIP, we maximize the size of a set
within the state-space of the augmented model, so that a sufficient observability condition for offset-free
NMPC is satisfied within the set. That is, the augmented model is observable for all states that are
elements of the set and the resulting disturbance model is optimal in the sense that it maximizes this set.
The process dynamics are not included in the optimization problem explicitly but rather accounted for
by the sufficient observability condition, which in turn does not require the integration of the augmented
model [4]. Thus, the model generation approach does not require to treat a dynamic model and considers
algebraic equations only. Furthermore, we relax the existing sufficient conditions on offset-free NMPC
by allowing for more measured variables than CVs and unmeasured CVs while the existing literature
about offset-free NMPC assumes the CVs to be measured [4]. Both more measured variables than CVs
and unmeasured CVs are relevant in the application of NMPC to industrial processes. We illustrate the
theoretical extensions and apply the new DM generation approach based on SIP to three numerical case
studies ranging from small scale chemical reactor cases to a larger polymerization reactor case.

The remainder of the work is structured as follows. We present the theory of offset-free NMPC and
extend the sufficient conditions from Morari and Maeder [4] in Section 2. Section 3 outlines our DM
generation approach. We illustrate the results and DM generation approach in numerical case studies in

Section 4 and draw conclusions in Section 5.

2 NMPC

We present the controlled system and the nominal NMPC first, before we motivate and introduce offset-
free NMPC. For an overview of NMPC and offset-free NMPC, we refer to [2, 5].

Both nominal and offset-free NMPC aim at controlling the exact, but usually unknown real system

xa(k+1) = fo(xa(k),us(k),ds(k))
zo(k) = g3 (za(k), da(k)) (1)
Yo (k) = g5 (za(k), ds(k)),
with the differential states (k) € Xp = R"=e, disturbances dg (k) € Dy = R™¥2, measurement z¢ (k) €
Z = R", the CVs y4(k) € Y = R™, the MVs ug(k) € U = R™, and fq4 : Xo X U x Dg — Xg, the

measurement function g3 : Xp x Dg — Z, and the output function g§ : Xo x Dy — Y, and the discrete

time point k € N.
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The tracking error between the outputs y4 and a reference signal r is defined by

e(k) = yo (k) —7(k).

We assume that the disturbances and the reference signals are asymptotically constant, i.e.,

r(k) — ry

do(k) — doo.

In offset-free NMPC, the aim is to control the system such that y4 tracks the given reference signal r,

i.e., to achieve zero tracking error asymptotically:

e(k) - 0,k — 0.

. 2.1 Nominal NMPC

> Nominal NMPC uses a nominal model of the plant given by

w(k+1) = f(x(k), u(k))

s with the differential states (k) € X = R"», measurements z(k) € Z = R"=, the CVs y(k) € Y = R™,
« and f: X xU — X, the measurement function g* : X — Z, and the output function g¥ : X — ).
5 Nominal NMPC uses the nominal plant model (2) as the controller model in state estimation and

¢ control. To estimate the states, nominal NMPC employs an observer of the form

&k +1) = f(2(k), u(k)) + L. (e(k))
2(k) = g7 (&(k)) (3)

(k) = za (k) — 2(k),

7 with the observer residual € and the observer gains I, : £ — X, with ,(0) = 0.

8 At each time k for a given reference (k) and &(k), the nominal NMPC solves the following optimiza-
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tion problem:

LTi41 = f(mt,ut),Vt € {O, ,N — 1},

with ¢, € X,Vt € {1,...,N}, u; € U,Vt € {0,..., N — 1}, & € X, @ € U are the states and inputs defining
the target equilibrium, and X € X the admissible state set and U < U/ the admissible MV set.
We denote the solution of (4) by U* (k) = (&*(k), u*(k), z} (k), ..., (k), ud (k), ..., uk_ (k). ui(k) is

applied as (an implicit) nominal NMPC control law to the process

ug (k) = c(@(k), (k) = ug (k). (5)

Nominal NMPC leads to a tracking offset in the presence of disturbance, which we illustrate in the

case studies in Section 4.

2.2 Offset-Free NMPC

We now present the theory and sufficient conditions for offset-free NMPC. Morari and Maeder [4] assumed
that the measured variables are the CVs. We extend their work by proving that offset-free NMPC can
be guaranteed in the case that the CVs are a subset of the measured variables or in the case that
unmeasured CVs are predicted accurately at steady state. The theory is shown for ordinary differential
equation systems (ODEs), although it can in principle be modified for differential-algebraic equation
systems (DAEs) by applying the implicit function theorem.

To account for disturbances to eliminate the offset associated with nominal NMPC, offset-free NMPC

uses a nominal model augmented with a DM, resulting in the following augmented model:

waug(k +1) = faug(waug(k)7 uaug(k)a daug(k))
daug(k + 1) = dayg (k)
Zaug(k) = gzug(waug(k)7 daug(k))

yaug(k) = ggug(mau%(k)a daug(k)),

©A. Caspari et al. 5 Page 5 of 44
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1 with the differential states xaug(k) € X = R", the disturbances dauz(k) € D = R™, measurement
> Zaug(k) € Z, the CVs y,,,,(k) € YV, the MVs uaug(k) €U, and f,,, : X x U x D — X, the measurement
s function g3, : X x D — Z, and the output function g, : X x D — ).

One possible choice would be a linear disturbance model added to the nominal model:

faug(maug(k)7 Uaug (k) dang (k) = f(Tang(k), Uang (k) + Ba - dang(k),

+ with By e RN=*Na that would have to be defined during DM generation. We denote a disturbance model
s as an exact disturbance model if the augmented system (6) and the real system (1) coincide. Later, we
s show that an exact disturbance model is not required to achieve offset-free tracking even in the case of
7 unmeasured CVs.

8 To estimate the states and disturbances, offset-free NMPC employs an observer of the form

Baung(k+1) = faug(‘i’aUg(k)v Uaug (k), daug (k) + Ui (€ang(k))

dang(k + 1) = daug (k) + Lg (€ang (k)

Zaug(k) = g;ug(i’a‘Jg(k)v davg (k)
Gaug(k) = Z«b(k) - ﬁaug(k)a

o with the observer residual €,,, and the observer gain l; : Z — D, with [4(0) = 0.

At each time k for a given reference 7(k), daug(k), Eang(k), the offset-free NMPC solves the following
optimization problem

N—-1
_ mi_n F(maug,N - a_raug) + Z l(xaug,t - a_:auga uaug,t - ﬁaug) (83)
Laug;WUaug,

o RO e =0
st X0 = Baug(k), dang.0 = daug (k) (8b)
Zaug = fang(Tang: dang,0, Taug, N) (8c)
(k) = g¥ue(Tang, dang,0) (8d)
Tang,t+1 = faug(Taug,t, dang,0, Uang,t), VYt € {0,..., N — 1}, (8e)

w  With @ayg s € Xaug, V2 € {1,..., N}, Uaugt € Uaug, Vt € {0,..., N — 1}, Zaug € Xaug, Baug € Uayg are the
u  states and inputs defining the target equilibrium, and X,,, S & the admissible state set and Uaue = U
12 the admissible MV set.

13 We denote the solution of (8) by U*aug(k) = (*aug(k), Baug™(k), *aug 1 (k), ..., ®* ang, N (),
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U aug,0(k), ..s ¥ aug, N—1(k)). Uaug,0® (k) is applied as (an implicit) offset-free NMPC control law to the

process

Ue (k) = Caug (Baug (), d(k), 7(k)) = w*ang.0(k). 9)

2.2.1 Assumptions and Sufficient Conditions for Offset-Free NMPC

We state several assumptions which are used later to prove offset-free tracking. The first two assumptions
generalize the assumption of Morari and Maeder [4], where it is assumed that the measured variables are

the CVs, implying n, = n,.

Assumption 1 (measurements) There are n, measurements and n, CVs, with n, = n,. The measure-

ments contain the CVs:
Zaug,i (k) = Yaug,i(k),Vie {1,...,ny}

za,i(k) = yoi(k),Vie {1,...,n,}.

If Assumption 1 is not satisfied, we assume that the augmented system is exact for those CVs that

are not measured:

Assumption 2 (exact steady state prediction) The augmented system accurately predicts those CVs at

the steady state which are not measured.

Yaug,00,i = Y&,00,is Vi : Yoo,i 7 Zoo,i-

Assumption 2 is satisfied, e.g., when the disturbances are modeled exactly, so that the augmented
system is exact. This may occur in practical applications when it is known that a persistent disturbance
only affects single equations, inputs, or outputs. The case studies demonstrate that exact predictions
can also be achieved by adding disturbances to those equations corresponding to the unmeasured CVs.
Thus, the assumption is not as restrictive as it might sound and can easily be enforced, which we take
into account in the DM generation procedure presented in Section 3. Below, we prove that offset-free

tracking can be achieved when either Assumption 1 or 2 is satisfied.

Assumption 3 (observer) The observer is designed to be nominally error-free at steady state, satisfying

lile) =0=€=0
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forallee Z.

Assumption 3 generally implies ng = n, unless the measurements z are degenerate, e.g., in case they
are correlated or trivially defined.
We use the following assumptions on the controller, the closed-loop system, and on the observability

and controllability of the augmented model (6).

Assumption 4 (controller) Let the control law be defined by (9). The controller is designed to be

nominally error-free at steady state, i.e., for all d € D, r € Y which yield strictly feasible targets,

T — faug(mv d, Caug(il?, dvr)) =0= ggug(wa d) =r

holds for all x € X.

Assumption 4 implies in general n, > n, barring degeneracy of the CVs y. Thus, we exclude those

cases where, e.g., the CVs are not independent of each other.

Assumption 5 (convergence of closed-loop system) If the closed-loop system (1), (7), (8), and (9)
is subject to an asymptotically constant reference and disturbance with r(k) — r«, do(k) — do.o as
k — oo, then all states converge to a steady state Yg(k) — Yg o0, ua(k) — uyp as k — 0, with yg ,, € Y,

Uy EU, and T € Y strictly in the interior of the feasible set.

Assumption 6 (observability) Consider the augmented model (6). For all z € Z, uw € U, there exist

x* e X, d* € D such that

¥ = foe(x*,d" u)
(10)
z =gl (x*, d¥)

holds. Furthermore, (x*,d*) is the unique solution to (10) for any given (u, z).

As in [4], we assume non-degeneracy of the measurements z. Then, (10) will have no solution unless
ng = n, and a unique solution requires ngy = n,. Using Assumptions 3 and 6 justifies the focus on the
case ng = n, for the DM generation approach presented in Section 3. There, we present a DM generation
approach based on an optimization problem that furnishes the optimal disturbance model. Although
it would be possible to use ng as a degree of freedom in the optimization problem, the theory requires

ng = N, as implied by Assumption 6. Therefore, we focus on ng = n,.

Assumption 7 (controllability) Consider the augmented model (6). For allr € Y, d € D, there exist

©A. Caspari et al. 8 Page 8 of 44
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v x* e X, u* €U such that

x* = f.(x*,d,u¥)
T =y = gl(z" d)
> holds. Furthermore, (x*,u*) is the unique solution to (11) for any given (d,r).
3 With the assumptions and definitions, we can state the following theorem which is adapted from a

+ theorem given in [4] by allowing more measurements than CVs and unmeasured CVs, i.e., the assumptions

s are relaxed compared to the assumptions in [4].

s Theorem 1 (offset-free NMPC) Consider the augmented model (6), the observer (7) and the controller

7 (9). Let either Assumption 1 or 2 and Assumptions 3-7 be satisfied. Then yg(k) — r(k) as k — oo.

8 The proof is in Appendix A.

0 We do not assume any specific form of the output or measurement function except non-degeneracy,
10 i.e., both can be any function of states and disturbances.

u We use the following assumption and sufficient condition from [4] for Assumption 6 (observability) to

1 generate a DM in the next section.
15 Assumption 8 The functions f,., and g3, are continuously differentiable, i.e., belong to ct.

We abbreviate the gradients of the augmented system by

0gZ
G d) = =2&
.’,C(w? ) awaug (m’d)
0gz
Gylz,d) = =€
a(z,d) 2 |
0
F,(x,d,u):= i‘wg
aug l(z,d,u)
of
F d = aue .
d(m7 ,'LL) adaug (@)

1w Theorem 2 (sufficient condition for observability) Consider the augmented model (6) with ng = n,, the
15 fized point (10), and Assumption 8. Let
F.(x,d,u)—1 Fy(z,d,u)

rank =Ng + Ny (12)
G, (33, d) Gd(ma d)

J(x,d,u)
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hold. Then, there exists a neighborhood Uy x Z4 € U x Z of (u, z) where (10) has a unique solution,

i.e., Assumption 6 is satisfied.

The proof can be found in [4]. Note that the sufficient observability condition (12) depends on the
states x, disturbances d, and MVs u. To guarantee offset-free tracking, the condition has to be satisfied
at the obtained steady state, cf. Theorem 1. Hence, the sufficient observability condition (12) can be used
to generate suitable disturbance models satisfying (12) in the largest possible subset of the state space,
thereby guaranteeing offset-free tracking within this subset. This is the basis for the DM generation
approach presented in the next section. In the best case, offset-free tracking is guaranteed within the

complete state space.

3 Disturbance Model Generation based on Semi-Infinite Pro-

gramming
4
u
uU _____________ =
max size
| / \
u

det(J(x,u,d,p%))? = €

| >
X x4 X

Fig. 1: Observable set and an inner orthotope. For a given parameterization of the DM by the parameters

p?, the observable set is defined by O = {x,u,d : (det(J (, u, d,pd)))2 > e}. The inner orthotope we
generate in the DM generation approach is the largest orthotope in @, depending on the specific measure
to characterize the size of the orthotope, e.g., volume, surface, or perimeter.

In this section, we describe the new DM generation approach. In the general case of a nonlinear
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augmented model (10), the sufficient observability condition (12) depends on x,u, and d. We denote
the set for which (12) is satisfied as observable set, similar to the feasible set in optimal experimental
design in the context of guaranteed parameter estimation, e.g., [21, 22]. Hence, the observable set can be
defined by O = {z,u,d : (det(J(m, u, d,pd)))2 > ¢}. Fig. 1 illustrates an observable set for a constant
value of d. The augmented system can be used for offset-free NMPC in the entire observable set; if the
controlled system achieves a steady state that lies within the projection of the observable set to the state
space, offset-free tracking can be guaranteed. Whether the controlled system achieves a steady state
lying in the observable set can be checked a-posteriori or enforced using state constraints. Thus, a large
observable set is desirable. The augmented system (6) results from a given nominal model extended by
a DM. Thus, the augmented system depends on the choice of the DM and so does the observable set.
Different DMs yield different observable sets. This is the key idea behind the DM generation approach we
propose. Here, we approximate the observable set by its inner orthotope, although other approximations
could also be used, e.g., ellipsoids. We assume the DMs can be parameterized by parameters p? € P,
These parameters may be real numbers as well as integers that define the structure and detailed form of
the DMs. Here, we use integers, i.e., P? is a discrete set. Although the DM generation approach is not
restricted to discrete sets, we do not see an advantage in using continuous parameters to define the DM
structure. The DM generation approach targets the DM resulting in the largest possible observable set.

Therefore, we formulate a GSIP to maximize the inner orthotope of the observable set, i.e.,

Ny nd Ny
u l u 1 u l

max Wy () —x;) + ) wai(di —d;) + > wyi(uy —uy 13a

pa, 3wt =)+ 3 waa(df = )+ 3w~ (132)
z¥ xlex
d“,d'eD
ut ulel
s.t. det (J(z,u,d, pd))2 > e,V (x,u,d) e [z, "] x [u',u?] x [d,d"] (13b)

F x,u,d,pd —I F w,u,d,pd

J(z,u,d,p?) = ol ) 3 ! (13¢)
Gz(z,u,d,p?)  Gg(z,u,d, p?)

h(z" @' u" ' d",d'p’) = 0 (13d)

gz, ', u" u' d" d' p?) <0, (13e)

where (13b) guarantees that (12) is satisfied. Note that J in (13b) now depends on p? since the
disturbance model is parameterized by p? and that n, = ng, cf. Section 2.2.1. Since (13) has n, + 2n, +
2n, + 2n,, variables, the problem size scales linearly with the number of variables of the augmented model

and the number of parameters to parameterize the DM. Note that we use n, = ng. Overall, the problem
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scales linearly with the number of parameters used to parameterize the DM, the number of differential
states, the number of measurements, and the number of CVs. We can use the constraints (13d) and (13e)
with the functions h : X x X xU xU xDxDx P4 - R"™ and g: X x X xU xU x D x D x P — R,
e.g., if we aim at generating a model used to track one specific point, the constraint ggug(:c, d) = ryp
can directly be added to the problem. Furthermore, the constraints can be used to add disturbances
to specific equations, e.g., to those equations which correspond to unmeasured CVs, thereby enabling
exact steady state predictions for those variables as required by Assumption 2 for offset-free NMPC, cf.
Theorem 1. On the other hand, without these constraints, a DM is generated by the solution of (13)
which can be used for offset-free tracking within a set of the state space that is defined by the boundaries
zv, 2!, d*, d', and u*,ul.

For linear offset-free MPC, i.e., linear models and linear disturbance models, cf. [8], the sufficient
observability condition (12) does not depend on x,d, and u. Given an observable nominal model, the
sufficient observability condition (12) solely depends on the choice of disturbance model, and so does
(13b). Hence, the GSIP (13) reduces to a finite optimization problem.

The determinant in (13b) may be difficult to evaluate for large matrices J. If we assume that
either Fy(x,u,d,p?) — I or G4(z,u,d,p?) is invertible, we can instead make use of the Schur comple-
ment of J and equivalently replace (13b) by either det(S4(x,u,d,p?))? = ¢/det(Fy(x,u,d, p?) — I)?
or det(Sp(x,u,d,p?))? = e/det(Gq(x,u,d,p?))?, where S4 and Sp are the Schur complements of
J defined by Sa = Gy(x,u,d,p?) — Go(x,u,d,p?)(Fy(x,u,d,p?) — I) "' Fy(x,u,d,p?) and Sp =
Fu(z,u,d,p?) — I — F4(z,u,d,p?)(Ga(z,u,d,p?)) ' Gyz(x,u,d,p?), cf. [23]. Note, that the deter-
minants of the Schur complements and the determinants of F(z,u,d,p?) — I and G4(x, u,d, p?) may
be easier to compute, as the sizes of these matrices are smaller. (13b) could also be replaced using only
the respective Schur complements with either Sa(x,u,d,p?) > ¢ or Sp(x,u,d,p?) > ¢ , thereby only
requiring evaluation of the determinant of these matrices. Although not yielding an equivalent GSIP,
this would guarantee the satisfaction of the observability condition.

The constraint (13b) is problematic in those cases where J in (13) is structurally singular for given
parameter values of p. In this case, (13b) violates the linear independence constraint qualification (LICQ)
and the Mangasarian-Fromovitz constraint qualification (MFCQ), cf. [24]. Therefore, we exclude a-priori
those realizations of p? leading to structural singularity of J. This can be performed for instance using
the approach that we provide in Appendix B. Herein, we solve optimization problems that become more
and more restrictive. Thus, we first determine those realizations of p? resulting in a J that is structurally

singular and we exclude those parameter realizations before solving (13).
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Alternatively, we could reformulate (13) using complementarity constraints, which can then be relaxed
or reformulated to avoid violation of the constraint qualifications, cf. [24, 25, 26].

The GSIP (13) can be reformulated to account for other approximations of the observable set. In
the specific case of an orthotope approximating the observable set, we can reformulate the GSIP (13)
toa SIP using ¢ = 2! + £° O (" —x!), d = d' + €40 (d" — d"), u = u' + £ O (u* — '), adding

£ e[0,1]=, &% € [0, 1]"“,£d € [0, 1]™ as additional degrees of freedom, and substitute (13b) by

2
det(J(:L‘l+£x®(mu7:13[),’11}JrEu@(’u,u7ul),dl+€d®(dufdl),pd)) > e,

v(¢m.€%€") 10,17 < 011" x [0, 11",

where ©® is the component wise multiplication. The same reformulation was used by Lemonidis [27] to
reformulate a GSIP resulting from the flexibility problem in kinetic model reduction. We expect the SIP
to be easier to solve than the original GSIP with the algorithm that we use for the case studies. Thus,

the following SIP arrises:

Ny Td Moy
max 3w, (wy — al) + 3 wai(dd —db) + Y wi(ul — ul) (14a)
P EZ’eXzzl i=1 i=1
b s
d*.,d'eD
u” uleld

2
st det (J(wl +E°0 @ —2),u + ¢ O (" —ul),d + ¢ o (d" - dl),pd)) > e, (14b)
v(en.€h ") e [0,1] x [0,1] x [0, 1]
Fi(x,u,d,p?)—1I Fgx, u,d p’
I dpty = | TGP e 4.2 (14c)
Gm(mvuv d’ pd) Gd(:B’u, d’ pd)
h(z", ', u* u!,d" d p’) =0 (14d)

g(z",a' u",u!,d",d',p") <0. (14e)

We embed (14) in the overall model generation approach which is depicted in Fig. 2. The approach
starts with defining a parameterization of the DM and performing the preprocessing, i.e., excluding all
those parameter realizations leading to a structural singularity of J. In the case of unmeasured CVs,
exact steady state predictions for these CVs are necessary to guarantee offset-free NMPC. This can be
obtained by either considering an exact DM (if known) or by adding disturbances to those equations

that correspond to the unmeasured CVs. After parameterizing the remaining part of the DM we decide
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whether specific constraints should be added to the SIP (14), e.g., if the resulting DM should be valid at
a certain point (e.g. the setpoint). After parameterization and defining additional constraints, the SIP
(14) is solved. A suitable DM results if sufficient optimal values are found for the DM parameterization
of the bounds of the observable set, resulting from the solution of (14). These bounds are sufficient, for
example, if the resulting orthotope includes the entire state space of the augmented model or a region
that captures relevant parts of the state space. A new parameterization has to be defined if the SIP (14) is
infeasible or the bounds of the observable set orthotope are not sufficient. If a different parameterization
is not available, no suitable DM exists for the desired task. In the case studies presented in Section 4,
we use linear disturbance models leading to a sufficiently large observable set, i.e., there is no need for
refining the DM parameterization. Note, the proposed approach in Fig. 2 is applied offline. The approach
finds the structure as well as the parameter values of the disturbance model. The resulting augmented
model can then be used online for offset-free NMPC. The overall offset-free NMPC scheme including the

model generation approach is illustrated in Fig. 3.
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Fig. 2: DM generation approach.
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Fig. 3: Illustration of overall offset-free NMPC scheme including disturbance model generation. The
optimal disturbancs models are generated offline and used online as controller models in state estimation
and NMPC. Thus, offset-free tracking is guaranteed within the observable set of the augmented system
(nominal model and optimal disturbance model).

3.1 Solving SIPs

The DM generation approach requires the solution of the SIPs (14), which have the following general

form:

min f(x)
xex! X (15)

s.t. g(x, ) <0,V e .

We give a brief overview of the approach to solve (15) in this section. We use the algorithm of Djelassi
and Mitsos [28]. While this algorithm is based on discretization, there are other approaches and we refer
to [29, 30, 20] for thorough overviews of SIPs and solution techniques.

SIPs are mathematical programs of the form (15) with a finite number of variables and an infinite
number of constraints, expressed by parameterized constraints g(x, 1) < 0,V € ¥, which have to be
satisfied for all possible realizations of their parameters v» € ¥. The difficulty of SIPs arises from the

infinite nature of the constraints g(x, ¥) < 0,V € . A point x is feasible, if x € X and if the supremum
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gF of the lower-level program (LLP) is positive:

(2

gf = sup g;(x,%) <0, ¥ie{l,..,Ng}, (16)
PpeW

where Ny is the number of constraints. If the set ¥ is convex and the constraints g;(x, -) are concave on
W, then the LLP (16) is a convex problem (given a constraint qualification) and can be replaced in the SIP
(15) by the Karush-Kuhn-Tucker (KKT) conditions of the lower-level program (16). As a consequence, the
SIP (15) reduces to a finite optimization problem. In the general case of non-concave constraints g(x;, -),
this approach is not applicable. In this case, discretization approaches, such as the algorithm proposed
by Blankenship and Falk [31], can be used to solve the SIP (15), where the set W is replaced by a finite
discretization of W, leading to a finite optimization problem that approximates the SIP and can be solved
using NLP solvers. The algorithm of Djelassi and Mitsos [28] is based on this paradigm. As an adaptive
discretization algorithm in the vein of Blankenship and Falk [31], the hybrid discretization algorithm of
Djelassi and Mitsos [28] relies on solving multiple finite NLP subproblems to global optimality. Indeed,
the algorithm solves multiple problems that are derived from a given SIP by considering only a finite
subset of the infinitely many constraints g(x,:) < 0,V € ¥, through replacement of the set ¥ by a
finite discretization of ¥. Furthermore, to assess the feasibility of a given iterate, the maximum violation
of the semi-infinite constraint is computed via the global solution of the lower-level program (16) of the
SIP. Based on this, convergence and finite termination of the algorithm are guaranteed by refining the
finite discretization of the set W (thereby the set of constraints) if necessary and manipulating further

algorithmic parameters appropriately [28].

4 Case Studies

We apply the proposed DM generation approach and use the generated models in closed-loop simulation
case studies. We consider linear DM, where the disturbances are added to the differential equations, i.e.,

we use the following form of the augmented model (6):

Faug(@(k), u(k), d(k)) = f(z(k), u(k)) + Ba(p?) - d(k), (17)
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where p? € P? = {0, 1}"=*1+n=="= are the parameters of the DM gathered in the matrix

Pii,l 0 0
0
Bu(p?) = P, Phoa ' (18)
. )
0 0 ngz,H-nx—nz

with which we can distribute n, disturbances over n, equations. Note that it is not relevant for the
observability condition which specific disturbance is added to which equations. Hence, the disturbance
model parameterization with the matrix (18) allows for all possible linear DM realizations. In the case of
a linear DM, it is irrelevant which disturbance is added to an equation. There is no advantage of adding
more than one disturbance to an equation or adding one disturbance to more than one equation. Adding
one disturbance to multiple equations would only be useful if the exact DM, e.g., an input disturbance
model, would be known. This could be considered in the DM generation approach by choosing an
appropriate DM parameterization.  Although this is a simple choice of a DM parameterization, we
obtain augmented models that satisfy the sufficient condition for observability within the entire state
space or within relevant regions of the state space. If this would not be the case, other parameterizations
could be used. For example, universal approximators, such as polynomials or artificial neural networks
[32] could be used allowing for any functional correlation to be used as a disturbance model. However,
this could complicate the DM generation procedure, as it has to estimate the parameters of the functional
correlation to determine the optimal DM. Thus, we use the simple linear DM form. Nevertheless, we
demonstrate that we obtain suitable DMs that can be used for offset-free tracking. Furthermore, we
target a suitable DM to track offset-free the given setpoints 7o,. Thus, we add g¥,,(z,d) = 7« to (14).
This reduces the degrees of freedom in the DM generation problem. It would be possible to generate
a DM that is suitable for offset-free tracking of setpoints within a range instead of discrete setpoints.
Then, the constraints ggug(ac, d) = ro, are not required for the respective setpoints that are to be tracked
within a range. In addition, we want to add exactly n, disturbances to the nominal model, as sufficient
for offset-free tracking, and therefore use the integer constraint Z;:;’l_"‘z p‘ij = 1,Vi e {1,....,n,} and
v ;:?1_"2 pi; = n. to (14).

We solve the resulting integer problems using enumeration by solving a SIP for every DM instance

satisfying the integer constraints and finally select those DM for which the highest objective function

results.
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Using enumeration to solve the integer problems, we have to solve one SIP for every integer realization.
We solve each individual SIP using the hybrid discretization algorithm proposed by Djelassi and Mitsos
[28]. In particular, we employ a C++ implementation of the algorithm that makes use of the C++ library
libALE [33]. To solve subproblems of the SIP algorithm to global optimality, the implementation employs
the deterministic global optimization solver MAINGO [34]. The parameters of the hybrid discretization
algorithm are chosen to be 10~ for the initial restriction parameter and 2 for the reduction parameter.
The SIPs are solved to an absolute and relative optimality tolerance of 10~# for the case studies I and II
and 1072 for case study III. All NLP subproblems are solved to optimality tolerances which are in line
with the requirements outlined in [28] and all feasibility tolerances are set to 1077.

Since the underlying library MC++ [35] in MAINGO does not provide the determinant as an intrinsic
function, the only missing ingredient for the solution of (14) is an appropriate representation of the
determinant in (14b). Accordingly, we employ a Laplace expansion [36] to represent the determinant
symbolically. It is well known that Laplace expansion has unfavorable scaling of O(n!) [37, 36]. In
contrast, other algorithms such as LU decomposition admit scaling of order O(n?) [37, 36]. For the small-
scale case studies discussed in the following, the Laplace expansion approach is feasible since the number
of terms in the expansion remains manageable. For larger cases, the determinant could be calculated
numerically. To still be able to calculate the relaxations, the selected numerical method must then satisfy
the requirements for the generation of McCormick-based relaxations of algorithms as proposed in [38].
The most important requirement is that the algorithm must terminate in a known maximum number of
iterations, which is given for the Laplace expansion as well as multiple alternative algorithms with a more
favorable scaling behavior. The second crucial requirement is that the algorithms cannot have general
if-then-else statements. In particular, such statements that control the progress of the algorithm, e.g.,
those found in pivoting in the solution of linear systems.

We consider the generated models in closed-loop NMPC case studies. We use multiple-shooting [39]
(case study Chemical Reactor I) and single-shooting [40] (case studies Chemical Reactor IT and Polymer-
ization Reactor) implemented in DyOS [41] for the solution of the dynamic optimization problems of the
NMPC. We apply multiple-shooting since it can be used for the dynamic optimization of unstable sys-
tems [39], such as the chemical reactor case study that we consider. The resulting nonlinear programming
problems (NLPs) within the direct shooting approaches are solved to local convergence using SNOPT
[42] with optimality tolerance of 107%. We apply the integrator NIXE [43] with integration tolerances
of 1078, The process is emulated in-silico, using NIXE [43] with integration tolerances of 1078, We use

an Extended Kalman Filter (EKF) [44] for state estimation. We assume that there is no measurement
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noise. However, measurement noises satisfying the assumption of asymptotically constant disturbances
can be interpreted as disturbances and are, thus, covered by Theorem 1.

We present three case studies to illustrate the DM generation approach and the relevance and use-
fulness of the relaxed sufficient conditions in Theorem 1. The first case study uses n, = n,, whereas
the second case study uses n, > n,. In the first and second case study, we first consider that all CVs
are measured. Then we also deal with unmeasured CVs. The third case study assumes all CVs to be
measured and demonstrates the application of the approach to a medium scale example. The first and
second case studies use models with three and four differential states, respectively, and the model in the

third case study comprises nine differential states.

4.1 Case Study I: Simple Chemical Reactor

Fo, Ty, o

S

F

Fig. 4: Flowsheet of chemical reactor for case study I.

We use the chemical reactor model from [8, 2, 5], which is provided in Appendix C. Fig. 4 shows a
flowsheet of the chemical reactor. The feed stream to the reactor has the temperature Ty, flowrate Fp,
and concentration c¢y. A reaction takes place inside the reactor, which is surrounded by a cooling jacket,
where cooling water is fed in with a temperature of T,.

The CVs are y(t) = (c(t), h(t)) and the MVs u(t) = (F(t), T.(t)), where F is the outlet flow rate and
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T. is the cooling temperature, with the bounds F(¢) € [0,0.25] m®/min and T.(¢) € [295,305] K. We
emulate a plant-model mismatch due to a disturbance of the feed flowrate Fp, i.e., the plant is simulated
with Fy(t) = 0.1 m®/min,0 < ¢t < 5 min and Fy(¢t) = 0.11 m3/min,¢ > 5 min, whereas the NMPC
controller model uses Fy(t) = 0.1 m3/min, Vt.
As in [8], the control task is to track a constant setpoint for ¢ and h using the following objective in
(8a)
I = (¢; — 0.5 kmol/m®)? + (h; — 0.6599 m)?.

The NMPC has a sampling time of 0.2 min and both control and prediction horizon set to 10 min. We
discretize the continuous process model with the same sampling time of 0.2 min to obtain a discrete-time
system to which we can apply the DM generation approach.

In the model generation approach, we use for (14) the constraints T?, 7" € [250,450] K, T!,T* e
[295,305] K, and ¢ = 0.5 kmol/m3, h = 0.6599 m, as we target offset-free tracking at these specific

setpoint. We constrain the squared determinant in (14) to be larger than e = 107%.

—--- setpoint 0.20 305.0
. 0.65
= < 302.5
2 £ £0.15 v
= = 0.60 m ~300.0
~ < £ S
=~ <
v 0.55 “0.10 2975

295.0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time / min Time / min Time / min Time / min
(a) (b) (c) (d)

Fig. 5: Results of closed-loop simulation using NMPC without DM. Offset-free tracking is not achieved,
see (a) and (b). (a) Reactor concentration (CV). (b) Reactor height (CV). (c) Feed flowrate (MV). (d)
Cooling fluid temperature (MV).

Fig. 5 shows the closed-loop simulation results with nominal NMPC and full state-feedback, i.e., all
states are measured. We see that the nominal NMPC leads to a steady state but with a clear offset. This

demonstrates the need for offset-free NMPC.
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1 4.1.1 All CVs measured

DM 1 DM 2

250 K 342 K 414 K 450 K

Fig. 6: Observable sets for reactor case study for augmented model with DM 1 and DM 2. Projection to
T axis. DM 1 results in a larger observable set. The observable set has a size of zero for DM 3.

305.0
'“g 302.5
E - k
~ 0.4 —— dist. model 1 < E?’OO'O
: —-- dist. model 2
0.2y 13 ... dist. model 3 297.5
—=—- setpoint
0.0 295.0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time / min Time / min Time / min Time / min
(a) (b) (c) (d)
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mE . £
E Eo.04
©0.05 I3
€ e
g 50.02
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0.00; 0.00]
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(e) ()

Fig. 7: Results of closed-loop simulation using NMPC with DM. DM 1 is the solution of the DM generation
approach in Fig. 2. (a) Reactor concentration (CV). (b) Reactor height (CV). (c) Feed flowrate (MV).
(d) Cooling fluid temperature (MV). (e) Disturbance 1 with DM 1. (f) Disturbance 2 with DM 1.

2 We assume the CVs to be measured, i.e., z(t) = (¢(t), h(t)) and use the weights wr = 1 and wg = 500
3 in (14). All other weights are zero as the determinants in (14) do not depend on the corresponding
4 variables. The observable set does in turn include the whole state space for these variables.

5 We analyze the three possible DMs, where up to one disturbance is added to each differential equation.
s DM 1, with p{, =1, p§, =1, DM 2, with p{, = 1, p§, = 1, and DM 3, with p{ ; = 1, p3; = 1.

7 For DM 2, we performed a polynomial regression to fit a polynomial of order 5 to the squared
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determinant. This is done since the original expression for the determinant contains a division by zero.
However, the expression does not diverge due to this division by zero and a polynomial fit can be obtained.
In the SIP we used the polynomial instead of the original squared determinant expression in (14b). We
validate the optimization results a posteriori by calculating the actual value of the determinant.

For DM 1, the solution of (14) yields T; = 341.983 K, and T;, = 450 K and the complete defined state
space for the other variables. The SIP algorithm converges within 30 iterations and with a total of 55
subproblems solved. For DM 2, the solution of (14) yields T; = 413.878 K, T;, = 450 K, and the complete
defined state space as observable set for the other variables. The SIP algorithm converges within 11
iterations and with a total of 20 subproblems solved. For DM 3, the determinant in (14) is zero and
therefore, problem (14) is infeasible. That is, DM 3 is not a suitable DM as the sufficient observability
condition (12) is violated in the entire state space.

The projection of the observable sets to the T" axis for DM 1 and DM 2 are illustrated in Fig. 6. We
see that DM 1 results in a larger observable set. Consequently, DM 1 results from the proposed approach
in Fig. 2. Fig. 7 shows that using DM 1, the setpoints can be tracked with zero offset. In contrast, there
is an offset when the other DMs are used. The DM approach in Fig. 2 successfully finds a DM that can
be used for offset-free NMPC. Figs. Te and 7f shows the profiles of the disturbances with DM 1, which
are estimated by the EKF. We see that they are at zero as long as no disturnbance exists and increase

from 5 min on, when the disturbance exists, until they reach their steady state values.

4.1.2 Not all CVs measured

_ dist. model 1 0.20 305.0
. 0.8 —- d!st. model 2 0.65
s Yy dist. rpode\ 3 < 302.5
= .
307 setpoint € 060 mg 0.15 v
E e c EBO0.0
© 055 “0.10 297.5

295.0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time / min Time / min Time / min Time / min
(a) (b) () (d)

Fig. 8: Results of closed-loop simulation using NMPC with DM. DM 1 is the solution. (a) Reactor
concentration (unmeasured CV). (b) Reactor height (CV). (¢) Feed flowrate (MV). (d) Cooling fluid
temperature (MV)

Now, we consider the case that not all CVs are measured and assume the states 7" and h to be measured:
z(t) = (T(t), h(t)), i-e., ¢ is an unmeasured CV, and use the weights wr = 1 and wr = 500 in (14). All
other weights are zero as the determinants in (14) do not depend on the corresponding variables. The

observable set does in turn include the whole state space for these variables.
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We analyze the three possible DMs, i.e., DMs where up to one disturbance is added to each differential
equation. DM 1, with pil =1, p§l72 =1, DM 2, with pilz =1, p%{2 =1, and DM 3, with pfyl =1, p%l = 1.

For DM 1 the solution of the SIP (14) yields T; = 290.504 K, T, = 450 K, and the complete defined
state space as observable set for the other variables. The SIP algorithm terminates within 10 iterations
and with a total of 15 subproblems solved. For DM 2, the solution of (14) yields 7; = 353.995 K, T,, = 450
K, and the complete defined state space as observable set for the other variables. The SIP algorithm
terminates within 15 iterations and with a total of 24 subproblems solved. For DM 3, (14) is known to
be infeasible a priori since the sufficient observability condition (12) is not satisfied for this DM.

Theorem 1 assumes exact steady state predictions for the unmeasured CVs. As discussed previously,
this can be achieved by adding disturbances to those equations corresponding to the unmeasured CVs.
Note that with DM 2, no disturbance is added to the equation corresponding to the unmeasured CV
c. To guarantee offset-free tracking, we add one disturbance to the first differential equation to achieve
accurate steady state prediction for ¢, cf. Theorem 1. Therefore, we do not consider DM 2 in the model
generation approach. This is realized by adding p¢ = 1 to (14). By this, we account for the unmeasured
CV by adding one disturbance to the corresponding differential equation.

Consequently, DM 1 results from the DM generation approach in Fig. 2. Fig. 8 shows that using DM
1, the setpoints can be tracked with zero offset. In contrast, there is an offset when the other DMs are
used.

The case study demonstrates that offset-free tracking can be achieved although not all CVs are mea-
sured. However, the unmeasured CVs are predicted exactly at the steady state, since DM 1 adds distur-
bances to the equation corresponding to the unmeasured CV. Although DM 3 adds a disturbance to this
equation, too, the resulting augmented model does not satisfy the sufficient observability condition (12).
In fact, it is not observable and the closed-loop results show an offset. DM 2 is observable due to (12),
however, it does not add a disturbance to the equation corresponding to the unmeasured CV ¢ and hence

does not satisfy Assumption 2.

4.2 Case Study II: Chemical Reactor

We use the chemical reactor model from Santos et al. [45]. This case study is an illustrative example for
n. > ny. The model is provided in Appendix D.

The CVs are the reactor height and temperature y(t) = (h(t), Tr(t)) and the MVs are the reactor
outlet flowrate and the cooling water flowrate w(t) = (F3(t), F;(t)) with the bounds Fs(t) € [0,12 -
1073/60] mol/s and F;(¢) € [0,76 - 10~2/60] mol/s.
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As in [45], the control task is to track a constant setpoint for h and Tg using the following objective
in (8a)
I=(h—03m)?+ (1072 (T — 37.5°C))?

We use an NMPC sampling time of 30 s and both control and prediction horizon set to 10 min. We
emulate a plant model mismatch by simulating the plant using the nominal model with Fy(t) = 4 -
1073 mol/min,0 h < ¢t < 0.5 h and F3(t) = 3.2 - 1073 mol/min,0.5 h < t. In contrast, the NMPC
controller model used Fy(t) = 4 - 1072 mol/min, Vt. We discretize the augmented model with the same
sampling time of 30 s to obtain a discrete-time system to which we can apply the DM generation approach.

In the model generation approach, we constrain the squared determinant in (14) to be larger than
€ = 107%. The feasible state space is R for all bounds of the orthotope approximating the observable set.

We perform a closed-loop NMPC simulation with nominal NMPC and with full state-feedback. Fig.
9 shows the closed-loop results. We see that the plant model mismatch from 0.5 h on leads to an offset

in both CVs (Figs. 9c and 9d). This demonstrates the need for offset-free NMPC.

0.00020F s 0.30 -=-=- setpoint
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 0-00015 @ go28f O\ oo e
g 2 S
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> ~.0.0005 <026
[ty i T U
0.00005 0.24
0.00000+-rermsrerrrmmnrreeernarreen e 0.0000
0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150
Time / min Time / min Time / min Time / min
(a) (b) (c) (d)

Fig. 9: Results of closed-loop simulation using nominal NMPC. Offset-free tracking is not achieved, see
(c) and (d). (a) Product flowrate (MV). (b) Cooling water flowrate (MV). (c) Height of reactor holdup
(CV). (d) Reactor temperature (CV).

4.2.1 All CVs measured

0.00020f e gy
0.0010
&0.00015 w
° °
£0.00010f e bounds £
= == 0.0005
O F— [ty
0.00005
—-—- setpoint
0.00000 - reerrerrmenni 0.0000 v
0 30 60 90 120 150 0 30 60 90 120 150 0 30 60 90 120 150 0 30 ElSO 99 120 150
Time / min Time / min Time / min Time / min
(a) (b) (c) (d)

Fig. 10: Results of closed-loop simulation using offset-free NMPC with DM 3. DM 3 is the solution. (a)
Product flowrate (MV). (b) Cooling water flowrate (MV). (c) Height of reactor holdup (CV). (d) Reactor
temperature (CV).
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The measurements are z(t) = (V(¢),Tr(t), T;(t)) and we use the weights wo, = 1 and wr, = 107% in
(14). All other weights are zero as the determinants in (14) do not depend on the corresponding variables.
The observable set does in turn include the whole state space for these variables. The variables V' and
Tr are defined by their setpoints as we target to generate a DM that can be used for offset-free NMPC
of a specific setpoint.

We analyze the four possible DMs, given that we add three disturbances to four equations: DM 1,
with pil =1, p%jl =1, ng =1, DM 2, with pil =1, p%jl =1, pg72 =1, DM 3, with pil =1, pig =1,
pi2 =1, and and DM 4, with pil72 =1, p‘i2 =1, pig =1.

For this case study, the determinant in (14b) is independent of the state, input, and disturbance
realization. The determinant only depends on the choice of the disturbance model, i.e., on the realization
of the disturbance model parameters p?. This is a special case where the SIP (14) would actually be
finite optimization problem, as the left hand side of the constraint (14b) is independent of x,u,d and
only depends on p?. Ie., in this case, it would not be required to solve an SIP but the finite optimization
problem that (14) reduces to. Nevertheless, the SIP (14) can be solved, which is rather simple in this
special case. Furthermore, the determinants in (14b) are zero for DM 1, DM 2, and DM 4, and (14b) is,
hence, not satisfied for these disturbance models (realizations of p?). As a consequence, solving the SIP
(14) is rather simple and directly furnishes DM 3 and DM 3 is the result of the generation approach in
Fig. 2. Appendix D provides a further analysis of the nominal model explaining why DM 3 is the only
suitable DM. Thus, DM 3 can be used for offset-free tracking for all values of C,,T; and the observable
set is the entire defined state space.

Fig. 10 shows the results of the closed-loop simulation. We see that the NMPC with DM 3 leads to

offset-free closed-loop behavior.

4.2.2 Not all CVs measured

Now, we consider the case that CVs are unmeasured. The measurements are z(t) = (V(¢), Co(t), Ts(t)),
i.e., we have Tr as an unmeasured CV, and we use the weights we, = 1 and wy, = 1 in (14). The
variables V' and T are defined by their setpoints as we target to generate a DM that can be used for
offset-free NMPC of a specific setpoint.

We analyze the four possible DMs, given that we only add up to disturbances to the differential
equations: DM 1, with pil,l =1, p%l =1, pgl =1, DM 2, with pil =1, pgl =1, pg72 =1, DM 3, with
p{lﬁl =1, p§l72 =1, pg,g =1, and DM 4, with p‘li72 =1, p‘2i72 =1, pgg =1.

According to Theorem 1, we can guarantee offset-free NMPC in the case of unmeasured CVs if the
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steady state predictions of the augmented model are exact for the unmeasured CVs. This can be achieved
by adding disturbances to those equation that correspond to the unmeasured CVs. Here, we realize this
by adding p§ = 1 as a constraint to (14), thereby adding one disturbance to the equation correpsonding
to the unmeasured CV Tx. This constraint excludes DM 2 as a solution of the SIP (14), i.e., DM 2 does
not add a disturbance to the equation corresponding to the unmeasured CV Tgr. Applying the model
generation approach in Fig. 2, DM 1 results. Again, solving (14) was not required for this case study,
as the determinant with DM 1 is constant and nonzero, whereas the determinants with the other DMs
are constant and zero. Thus, DM 1 can be used for offset-free tracking for all values of C, and Ty as the
observable set is the complete state space.

Using DM 1 results in closed-loop profiles which are almost identical with those shown in Fig. 10.
Offset-free tracking can be achieved although the CVs are not measured. Looking at the DM 1, the plant
model, and the applied plant-model mismatch, we see that DM 1 is not the correct DM, i.e., it does
not model the actual plant-model mismatch. However, using DM 1, the CVs can be predicted exactly in
the steady state; the disturbances are added to those equations corresponding to the unmeasured CVs
(in this case Tgr). Thus, we can conclude that in the case of unmeasured CVs, a DM is suitable that
satisfies (12) and adds disturbances to those equations that correspond to the unmeasured CVs. With
these disturbances, the unmeasured CVs can be predicted exactly in the steady state, and Assumption 2
is satisfied.

Note that Assumption 2 could also be satisfied by using an exact DM. However, this is usually not
available in real applications. Furthermore, we wanted to demonstrate that exact predictions can also be

achieved without using an exact DM.

4.3 Case Study III: Polymerization Reactor

In the last case study, we use the polymerization reactor model presented in [46] and we refer to [46, 47]
for more details of the model. The model is provided in Appendix E.

The CVs are y(t) = (T'(t),Tj(t)) and the MVs are the reactor feed flowrate and the cooling water
flowrate w(t) = (F(t), Fj(t)) with the bounds F(t) € [0,10] L/s and Fj(t) € [0,10] L/s. The seven
measurements are z(t) = (Ci(t), Cm(t), Cp(t), Cr(t), Cre(t), T(t), Tj(t)). In turn, we have to add seven
disturbances to the nominal process model, due to ng = n,. We emulate a plant model mismatch

through modifying the heat transfer area of the plant by UAg = 2UA = 2-1560 J/(s K) from ¢t = 1 h on.
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The NMPC minimizes the following objective function in (8a)
I = (T —450 K)* + (T; — 330 K)* (19)

with a sampling time of 240 s and both control and prediction horizon set to 1 h. The process model is
discretized using the same sampling time of 1 s to obtain a discrete time system to which we can apply
the model generation approach.

Since the variables range over several orders of magnitudes, we scale the model so that the variables
are in the range of O(1) and use the scaled model instead of the unscaled version.

We discretize the polymerization reactor model with the NMPC sampling time of 240 s. This leads
to a discrete-time system to which we can apply the sufficient condition from Theorem 2, which in
turn is used for the DM generation. In the model generation approach (Fig. 2), we use the bounds
Cl,Cte0,10]-107%, CL,, C¥ € [0.1,0.2] mol/L, C!,C¥ € [0.4,1.2] mol/L, C} , C{ € [0,2]-10~7 mol/L,
CL C* e 0,2]- 1077 mol /L, u%, u%* € [0,2]-1075 mol/L, py", ™ € [0,2] - 10~ mol/L, F!, F* € [0,10]
L/s and F}l, Fte [0,10] L/s, and T' = 450 K, T; = 330 K, as these are the setpoints to be tracked. For
(14), we use the weights we,, = 0.1, we, = 0.8, we,, = 21077, we, = 21077, wyo =2 - 10~°, and
wye = 21075, All other weights are zero as the determinants in (14) do not depend on the corresponding
variables. The observable set in turn includes the whole state space for these variables. The remaining
states are defined by their setpoints as we target offset-free tracking at the specific setpoint. We constrain

the squared determinant in (14) to be larger than e = 1074

452 345
6
451 340
w
> v v
- —~450 - =335
v —— dist. model =~ =
2 —-= no dist. model 449 330
== setpoint ———— ]
8 448
.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Time/h Time/h Time / h Time /h
(a) (b) (c) (d)

Fig. 11: Results of closed-loop simulation using offset-free NMPC for polymerization reactor case study
with and without DM. (a) Initiator flowrate (MV). (b) Reactor feed flowrate (MV). (¢) Reactor temper-
ature (CV). (d) Cooling water temperature (CV).

Fig. 11 shows the results of the closed-loop simulations with and without DM. We see that the NMPC
without DM leads to an offset in both tracked variables 7" and 7} due to the plant model mismatch exist.
This demonstrates the need for offset-free NMPC.

We now focus on the generation of a suitable DM. Adding seven disturbances to the nine differential
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equations allows for 36 possible DMs ((?) = 36). Analyzing the 36 DMs, we see that 21 DMs result in a
structural singularity for J, which we exclude at the beginning of the model generation approach. Using
enumeration, we solve (14) for the remaining DMs. While enumeration is feasible for medium-sized cases
(as here), larger numbers of possible DMs would motivate the use of other techniques to treat the integers
n (14), cf. [48].

Using the DM generation approach, we find five DMs that are suitable for offset-free NMPC in the
entire defined state space, and three DMs which are suitable for offset-free NMPC only in a subset of the
defined state space. Problem (14) is infeasible for six DMs, and these DMs are not suitable for offset-free
NMPC. We do not find a solution of (14) for one DM, since the solver does not converge within 24 h.
However, looking at the last iteration of these problems, we can guarantee that three of the four DMs
admit an observable set which does not cover the entire defined state space. For the other DMs the
solution of (14) for a specific disturbance model takes CPU times from few seconds up to few minutes.
As we find five DMs, each of them can be chosen as a solution of (14). To demonstrate the suitability
of the resulting DMs, from the five best suitable solutions we select the DM with pﬁl = 1Vi e {1,...,5},
pg’3 =1 and p?}s = 1. All other parameter values of p? are zero. Le., one disturbance is added to every
equation, except to the sixth and seventh equation. The corresponding observable set is the entire defined
state space. The solution of (14) results directly after the first iteration within a few seconds.

Fig. 11 shows that NMPC with the DM achieves offset-free tracking and this case study, hence,

demonstrates that our DM generation approach can be applied to medium scale case studies.

5 Conclusions

We extend the theory of offset-free NMPC and propose an approach for the generation of disturbance
models for offset-free NMPC. Using relaxed assumptions, we show that offset-free tracking can be proven
in the case of more measurements than CVs and the case of unmeasured but correctly predicted CVs
at the steady state. In the proposed model generation approach, the disturbance model results from
the solution of a SIP. The disturbance model generation problem can be reformulated to a SIP, which
is computationally easier to solve compared to a GSIP. The problem size of the SIP scales linearly with
the number of variables of the augmented model. Solving the SIP requires to calculate a determinant
depending on the augmented model for which we use symbolic expressions. However, calculating symbolic
determinant expressions might be tedious for large-scale applications. Solving the SIPs using sequential
deterministic global optimization allows us to embed numerical algorithms for determinant calculations

in the optimization problems instead of just symbolic expressions. This favors the application of our
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approach to large-scale case studies.

We illustrate both the theoretical results and the disturbance model generation approach in numerical
closed-loop case studies from small to medium scale. Thereby we demonstrate that by solving the
disturbance model generation problem, a disturbance model is obtained which satisfies the sufficient
observability criteria and can thus be used for offset-free tracking. The CPU times for the solution of
the SIPs lies in the range of seconds to minutes, i.e., the CPU times can be regarded to be negligible,
since the disturbance model generation problem is solved offline. This suggests that our approach can
be applied to larger case studies. Further, the results illustrate the validity and practical relevance of
the extension of the offset-free NMPC theory. Offset-free NMPC can be achieved if unmeasured CVs are
predicted exactly at the steady state. This can be done by adding disturbances to those equations that
correspond to the unmeasured CVs and adding further disturbances so that the observability criterion for
the augmented model is satisfied. Hence, an exact disturbance model, i.e., a model that exactly models
the disturbances, is not required for offset-free NMPC.

The application of the disturbance model generation approach to large scale case studies is left for
future work. The size of the SIP of the disturbance model generation approach scales linearly with the
number of variables of the augmented model and the number of parameters to parameterize the DM. It is
difficult to state the limits of the disturbance model generation approach in terms of problem size of the
SIPs in general. Although the tools used are generally not restricted to a specific problem size, solving
SIPs is computationally expensive and might prohibit large-scale applications currently. Nevertheless, we
present three case studies with up to nine differential equations and we could solve the disturbance model
generation problems therein in just a few CPU minutes. Future works with larger case studies might
exploit the specific structure of the optimization problems to facilitate the solution of the SIPs. Future
work can apply the proposed approach to generate suitable disturbance models for reduced dynamic
models, which introduce inherently a plant model mismatch, e.g. [6, 49]. On the theoretical side, the
extension of offset-free NMPC to economic NMPC is an interesting future direction. Furthermore, future
works can use this work to use NMPC models that can be applied for offset-free tracking in a certain
range, e.g., to accelerate a flexible process operation with hierarchical control strategies [50]. Further,
improving deterministic global optimization techniques is an ongoing path for future research for this

problem class.
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Appendix

A  Proof of Theorem 1

Proof By Assumption 5, a steady-state is reached. By Assumption 3 and Assumption 6, the observer is

nominally error-free and satisfies at the steady-state

where the inputs uy, result from the controller given by

Up = Caug(£o®a Joo; TOO)'

The control law exists by Assumption 7. The output variables at the steady-state are given by

By Assumption 4 we have

yaug,oo = ggug(jzw’d@) = Tew-

By Assumption 1 it holds that

Y®,00,i = 2®,00,i = Zaug,00,i = Yaug,00,i = Too,i> Vi € {1, ...

By Assumption 2 it holds that

Y®,00,i = Zd,00,i = Laug,00,i — Yaug,00,i = T‘OC,Z',V’L Yoo,i = Zoo,i
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and

Y&, 0,i = ZP,00,i — <aug,0,i — Yaug,00,i — TOC,i7VZ FYoo,i #* Zo0,i

. B Preprocessing to Exclude Disturbance Models leading to Struc-
) tural Singularities

We propose a preprocessing strategy to excluding those realizations of the DM parameters p? for which
J in (13) is structurally singular. Recall that we assumed that p? defines the structure of the DMs and
hence P is a discrete set. While continuous sets would be possible, we do not see an advantage in defining
the DM structure through continuous parameters. Furthermore, the algorithm provided here would need

to be refined in case of a continuous set P%. The preprocessing uses the following optimization problem

max det (J(z,u,d, pd))2 (20a)
pdepdl

xreX

deD

uel

Fo(x,u,d,p?) — I Fg(x,u,d,p’
s.t. J(x,u,d,p?) = = ) al ) (20b)

Gm(sc,'u,,d, pd) Gd(w7u7d’ pd)
h(.’]}, u, dvpd) =0 (20(3)

g(z,u,d,p?) <0. (20d)

+  The preprocessing strategy is presented in Fig. 12. The approach solves (20), where in each iteration
s an clement is removed from the set P? until the set P? contains only those parameter realizations
¢ for which J in (13) is structurally singular. Meanwhile, the set P4 accumulates all other parameter
7 realizations, i.e., parameter values for which J in (13) is structurally non-singular. Finally, we update
s P4 with Pd”, so that P? contains only those parameter values for which J in (13) is structurally not
o singular. If the resulting P is an empty set, then no suitable disturbance model exists with the given
1w disturbance model parameterization. After the preprocessing, the resulting set P? is used in (13), so that
1 all parameter values for p? are excluded for which J in (13) is structurally singular. If the resulting set
2 P?is empty, then there is no suitable disturbance model with the given parameterization, that satisfies

13 the sufficient observability condition.
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We can use the constraints (20c) and (20d) with the functions h : X x X xU xU x D x D x P4 — R
and g: X x X xU xU x D x D x P! — R", e.g., if we aim at generating a model used to track one
specific point, the constraint ggug(m, d) = r4 can directly be added to the problem. In this case, we only
exclude those parameter realizations leading to structural singularities under the given constraint, e.g.,
at one specific point in the state space.

Furthermore, the constraints can be used to add disturbances to specific equations, e.g., to those
equations which correspond to unmeasured CVs, thereby enabling exact steady state predictions for

those variables as required by Assumption 2 for offset-free NMPC, cf. Theorem 1.
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[Start, P — g, pd = Pd}

solve (20) to global
optimality, set
x* uw*. d* pd*

equal to the solution

|

no
no
feasible 7
yes
de’ - Pd/\pd*
U yes "
P = g7 4’£’Pd — P terminate}
t

det(J (x*, u*, d*, p?*))

— 07 P — Py {pT}

no

no suitable disturbance
model exists with the
given parameterization

Fig. 12: Preprocessing for model generation approach to exclude disturbance model parameter values for
which J in (13) is structurally singular.
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C Process Model for Case Study I

We use the chemical reactor example from [8, 2, 5]. The process model is given by the following differential

equations:

de
dt
dT

dt |,

dh
dt

_ Bltyeo —FO) <_Et)> (1)

wr2h(t) RT(

Fo()To — F)T(t) AH E QU(t)
B0 e e"p( RT(t)) )+ =0,
Fo(t) — F(t)

wr? '

(21a)

(Te(t) = T(®)) (21b)

(21c¢)

¢(t) € R is the concentration in the reactor, T'(t) € R the reactor temperature, h(t) € R the reactor

fluid height, Fy(¢) € R the reactor feed flow rate, F'(¢) € R the reactor outlet flowrate, ¢y € R the feed

concentration, Ty € R the feed temperature, T, € R the cooling fluid temperature, r € R the reactor

radius, p € R the reactor fluid density, C}, € R the reactor fluid heat capacity, AH € R the reaction

enthalpy, and kg € R the reaction rate constant. Table 1 gives the values for the parameters in (21) from

8, 2].

©A. Caspari et al.

Table 1: Parameter values for chemical reactor case study.

parameter value

E, 0.1 m3/min

To 350 K

co 1 kmol/m3

ko 7.2 -10'% min—!

r 0.219 m

E/R 8750 K

U 54.94 kJ /min m? K

p 1000 kg/m3

Cp 0.239 kJ/kg K

AH -5 -10~* kJ /kmol
35
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D Process Model for Case Study II

We use the chemical reactor model from Santos et al. [45]:

dVv
Et:Fl-‘rFQ—Fg(t) (22&)
| = (- @0+ Qa) (220
% . = B%(t) (p]C ’JFJ(t) (TJ’() — TJ(t)) + UA(t) (TR(t) — Tj(t))) (22d)
0 = Br(t) — pCV(t) — ar (22¢)
O:BJ(t)_pJC7J‘G—OéJ (22f)
0 = Qg(t) + pCoF1 (Ty — Tr(t)) + pCpFa(To — Tr(t)) — UA(t)(Tr(t) — Ty(t)) (22g)
0= Qg(t) + AHRV(t)k‘O exp (—R]f;(t)) (22h)
0=A—mr(r+2h(t)) (221)
0=V(t)— Vo —mr2h(t), (22j)

where V(t) € R is the reactor volume, C,(t) € R the molar fraction of the component a, Tr(t) € R the

reactor temperature, T;(t) € R the cooling jacket temperature, F; € R and F; € R the feed flowrates,
F5(t) € R the leaving stream flowrate, F;(t) € R the cooling water flowrate, C41 € R and Cy4 2 € R the
mole fractions of component a in the feed streams 1 and 2, respectively, kg € R the reaction constant,
E € R the reaction activation energy, R € R the ideal gas constant, Qr(t) € R the heat stream due to
heat exchange with the cooling jacket and due to convection, Q¢ (t) € R the heat stream released from
the reaction, AHg € R the reaction enthalpy, A € R the heat transfer surface, h(t) € R the reactor height.
The parameter values are given in Tab. 2.

As described in Section 4.2.2, only DM 3 satisfies the sufficient observability condition (14b). This
can also be seen by analyzing the matrix J of resulting discrete time system of the model (22). For this,
we substitute the algebraic equations (22e)-(22j) into the differential equations (22a)-(22d), derive the
discrete time form of the resulting system and analyze the structure of the matrix J for this system. We
see that equation (22b) is the only equation depending an C,. Thus, no disturbance needs to be added

to this equation to make the matrix J in (14c) non-singular. On the other hand, adding one disturbance
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to equation (22b) would make the matrix J in (14c) singular, as this disturbance could not be added to
the other two equations (given the disturbance model structure in (17) and (18)), which would, however,
be required to guarantee that J is non-singular. Thus, the only possible disturbance model left is DM 3.

A physical reasons behind the peculiarity that only DM 3 is a suitable disturbance model is that the
disturbances are added to all MVs. Thus, the disturbances can propagate through the model so that the
the unmeasured CV C, can be tracked without offset. In other words, by augmenting the model for the
MVs, we can obtain offset-free tracking of the unmeasured CV, i.e., we trace the plant-model mismatch

back to the MVs. This restricts the selection of a possible disturbance model to just DM 3.

Table 2: Parameter values for chemical reactor case study II.

parameter value

Fy 0 mol/s

Can 2.0 - 10 mol/m3
Cap 10 - 103 mol/m3
Cp 4184 J/kg K
Cps 4184 J/kg K
E./R 10080 K

ko 6.20 - 101* mol/m3 s
aR 0 J/K

ay 7-10° J/K

P 1000 kg/m3

pj 1000 kg/m?

T 294.15 K

15 294.15 K

U 900 W/m? K

r 0.232 m

Vo 4.2-1073 m3
AHp -33488 J/mol

v 0.014 m?

Tro 299.15 K

©A. Caspari et al. 37 Page 37 of 44



Disturbance Model for Offset-Free NMPC 9.4.2021

. E Process Model for Case Study III

The polymerization reactor model is presented in [46] and we refer to [46, 47] for more details of the

model. The model equation are as follows:

. ! 0 _ d .
ddi'l t _ E(t)C] (FV+ Fl(t))Cl(t) B kd(t)Ci(t) (233)
dg;m _ FCY — (F ":/Fi(t))cm(t) — B (B)Can(8) (12(1) + 12(8)) (23b)
4G _ EOL (B BN _ oy 5) (hafa)Crte) + o (02(6) + k0 (D) (23¢)
% = 2f*kq(t)Ci(t) — Ce(t) (ki1 () Cin (t) + ka2 (t)Co (1)) (23d)
el 6y (1) (hea)C0) + k)20 + 5(0)) ) — Coe (1) (his)Con(1) (23¢)
R(t) (HO(0) + (1) + O (1)) )
dﬁf = 2kio(t)Cun (1)® + kit () Cr (1) Cn (1) + Con (85 (£) (1) (2) + i (£)) — (23f)
(kp ()i (1) + ke (D) (H2() + H0(E) + Cor (1)) + o (1) Cin(£) + g ()Ch(0)) 12(8)
(1) Con ()12 (1)
0
| = kel Cut) = (R (OC() (23¢)
R (210) + 13(0) + CunlD)) + pa()Cm(t) + Egn(DCH(0) ) H(8) + iy (1) Con (510
dT| _ (F+ F(1)(T°~T(t)  AHE,Cu(t)(12(t) + 19(1)) (23h)
dt t V pscpﬁ
UAT(t) — Ti(1))
B psCp.sV
dn| _ FOIP -Ti(t)  UATE) -T) -
2 R To N T 250

Cji(t) € R is the initiator concentration, Cy,(t) € R the monomer concentration, Cy,(¢) € R the butadiene
concentration, C;(t) € R the radical concentration, Cy,.(¢) € R the branched radical concentration, u%(t) €
R the zeroth moment of dead radicals, uf(t) € R the zeroth moment of dead butadiene, T'(t) € R the
reactor temperature, T;(t) € R the cooling water temperature, F; € R the initiator feed flowrate, F(t) € R
the feed flowrate, Fi(t) € R the cooling water flowrate, C{ € R the initiator feed concentration, C% € R
the monomer feed concentration, Cf € R the butadiene feed concentration, f* € R the initiator efficiency,
AH € R the reactor enthalpy, V € R the reactor volume, ps € R the reactor density, Cps € R the

reactor heat capacity, U € R the heat transfer coefficient, A € R the heat transfer area, T° € R the feed
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temperature, TjO € R the cooling water feed temperature, V' € R the cooling jacket volume, p; € R the
cooling water density, C), ; € R the cooling water heat capacity. The reaction rates as presented in [47]

are given by

c1(t) = 2.57 — 0.00505T'(t) (23j)
ca(t) = 9.56 — 0.0176T'(t) (23k)
c3(t) = —3.03 + 0.00785T'(t) (231)
ka(t) = 9.1-10" exp ( — 29508 (cal/mol)/[R,T'(t)]) (23m)
kio(t) = 1.1-10° exp ( — 27340 (cal/mol)/[R,T(t)]) (23n)
ki (t) = 1.0 - 107 exp ( — 7067 (cal/mol)/[R,T(t)]) (230)
kio(t) = 2-10% exp ( — 7067 (cal/mol)/[R,T(t)]) (23p)
kis(t) = 1107 exp (— 7067 (cal/mol)/[R,T'(t)]) (23q)
ky(t) = 1107 exp ( — 7067 (cal/mol)/[R,T(t)]) (23r)
kys(t) = 6.6 107 exp (— 14400 ( cal/mol)/[RgT(t)]) (23s)
kpy(t) = 2.3 10 exp ( — 18000 (cal/mol)/[R,T(t)]) (23t)
ke(t) = 1.7-10% exp ( 843 (cal/mol)/[T(t) — 2(c1(t)as(t) + ca(t)za(t)* + 03(t)xs(t)3)]) (23u)

w5(t) = (Cp, = Cun(1)/C, (23v)

1 where R, € R is the ideal gas constant and z5(¢) € R the monomer conversion rate. Table 3 give the

> parameter values for (23).
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Table 3: Parameter values for polymerization reactor case study.

parameter value

F; 1L/s

cY 0.981 mol/L

cY 8.63 mol/L

C, 1647.72 J/ (kg K)
Chs 4054.7 1/ (kg K)
¥ 0.57

Pi 1 kg/L

Ps 0.915 kg/L

UA 1560 J/(s K)

|4 9450 L

v 2000 L

R, 1.987 cal/(mol K)
AH -69919.56 J/mol
cY 1.05 mol/L

Ty 294 K

T° 333 K
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