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ABSTRACT

We study the time evolution of two coupled quantum harmonic oscillators interacting through nonlinear optomechanical-like Hamiltonians
that include cross-Kerr interactions. We employ techniques developed to decouple the time-evolution operator and obtain the analytical
solution for the time evolution of the system. We apply these results to obtain explicit expressions of a few quantities of interest. Our results
do not require approximations and therefore allow us to study the nature and implications of the full nonlinearity of the system. As a potential
application, we show that it is possible to greatly increase the population of phonons using a suitable combination of cubic and cross-Kerr
interactions.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5121397

. INTRODUCTION

The understanding of the dynamics of quantum systems is paramount to deepen our understanding of the laws of Nature. Given an
arbitrary Hamiltonian, it is, in general, impossible to obtain a full and analytical expression for the time evolution of the system it describes.
Typically, approximations or ad hoc methods are required, leaving open the question of the existence of a general framework or set of tools to
address the problem systematically.

In recent years, specific techniques have been developed to tackle the problem for Gaussian states of bosonic systems interacting through
quadratic Hamiltonians.!~ This has led to the development of a mathematical framework aimed at obtaining the full time evolution of the
system using the power of the covariance matrix formalism.” Interestingly, these techniques do not apply to this class of states and trans-
formations only, but it can be generalized to arbitrary states and arbitrary Hamiltonians. This novel approach has led to very interesting
preliminary results, where complete and analytical solutions of the time evolution of the system were found for optomechanical-like Hamil-
tonians of arbitrary numbers of modes of light interacting with arbitrary numbers of mechanical resonators.”® This has allowed, for example,
for a quantitative analysis of the nonlinear character of an optomechanical system.”

In this work, we take another step forward and study the time evolution of a system of two bosonic mode interactions via an
optomechanical-like Hamiltonian with cross-Kerr terms. Such a Hamiltonian does not model a realistic optomechanical system since it
does not take into account external drive, loss or dissipation. However, this Hamiltonian can be used to model ideal quantum systems inter-
acting through nonlinear terms that can potentially be designed in realistic implementations where loss and decoherence can be (greatly)
reduced. Such systems might include optomechanical systems with appropriately tuned cross-Kerr terms,” pulsed optomechanical systems
where the measurement times are comparable or smaller than decoherence times,’ vibrational modes of atoms trapped in periodic cavity field
potentials,'” as well as superconducting circuits that simulate (quadratic) optomechanical interactions.'!

We are able to find an analytical solution to the time evolution which we use to compute the expectation value of relevant quantities as
a function of time, such as the number of “phonons” in the system, as well as the mixedness induced by the interaction in the state of the
resonator’s subsystem. We specialize our results to a few scenarios of interest, which model light-matter interaction, that can be exploited
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for sensing and gravimetry,'” as well as tests of fundamental physics.'” In addition, our results are connected to work aimed at finding
solutions to the evolution induced by cubic, or higher, order Hamiltonians that are entirely obtained as combinations of polynomial powers
of quadrature—or creation and annihilation—operators.'* Ultimately, our work can aid in deepening our understanding of the mathematical
framework of quantum mechanics, one of our two pillars of modern science.

The paper is structured as follows: In Sec. II, we introduce the general framework necessary for our work. In Sec. 111, we decouple the time
evolution of the system for the general case. In Sec. I'V, we specialize to scenarios of more practical interest. Finally, we briefly give concluding
remarks in Sec. V1.

Il. GENERAL FRAMEWORK

We start by introducing the Hamiltonian and the tools necessary to this work. More details about the computations are left to
Appendixes A-D. Extensive introduction to the frameworks mentioned below is left to the literature.

A. Hamiltonian

In this work, we consider the general Hamiltonian H = Ho(t) + Hi(t), where Ho = h w.()ata + A wm bThis the potentially time-dependent
free Hamiltonian and

() =hgPataB, +hg(ataB. + g () ataB? +hg V() aTaBP + 2hg(r) aTablh, (1)

and we have defined B, = b + b, B_ := i(ifr - l;), Bf) = b2 + 12, and B? := i(lAJTZ - l;z) for notational convenience. The operators B, corre-
spond to the quadrature operators, while the operators B’ are directly related to the square of the quadrature operators (modulo an additional
term proportional to b b). We choose to retain our notation because it is more natural to the techniques used in this work. An advantage of
expression (1) is that it allows us to consider each cross-Kerr term independently from each other.

The Hamiltonian (1) is a formal extension of well-known Hamiltonians that can model light and matter interaction, e.g., optomechanical
Hamiltonians.!” The main difference is that we consider an “ideal” case here, namely, we do not include an external (laser) drive and we
assume that the system is lossless and noiseless. In this sense, the system considered here does not model realistic optomechanical systems.
Nevertheless, it provides a platform for studying cross-Kerr interactions, which can be of practical interest with the advance of technological
control.

B. Dimensionless dynamics

To understand which are the relevant dimensionless parameters that govern the dynamics of the system, we introduce dimensionless
quantities and rescale the Hamiltonian (1). This is achieved rescaling all frequencies and time by the reference frequency wm. Therefore, the
laboratory time t will become 7 = wit, where 7 is the new dimensionless time. The couplings in the Hamiltonian are subsequently relabeled
as follows:

$P@ = g (om O om, T @) = &P (tom)/om,  §H(1T) = g5 (tom)/wm. )

We also rescale the optical frequency to @c(7) := @c(wm t)/wm and the Hamiltonian by 4. This implies that we use the rescaled Hamiltonian
H(t) = Ho(r) + Hi(7), where we have Ho(7) := @c(1) 4'a + b'b and

i =g"(ma'aB + g (ma'ab 25 atabb+ g (ma'aB? + g () ata B (3)

With this dimensionless Hamiltonian, it will be easier to understand the interplay between the different scales of the problem and to perform
approximations.

C. Solving the dynamics

Here, we outline the tools needed to solve the dynamics generated by (3). We refer the reader to Appendixes A and B for detailed
calculations.
The time-evolution operator of a quantum system with time dependent Hamiltonian H(t) reads

U =T exp[—é fo at H(t’)], (4)

where T is the time ordering operator.” This expression simplifies to U(t) = exp[—é H t] when the Hamiltonian H is time independent.
However, we are interested in Hamiltonians with time dependent parameters.
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Any Hamiltonian can be cast in the form HH =3 nhgn(t)Gn, where the G, are time-independent Hermitian operators, the g,(t) are
time-dependent real functions, and the choice of G, is not unique.
In general, one aims to recast (4) in the form

Ut = [T U0, (5)

where we have defined U, := exp[—iF,(t)G,] and the real functions F,(t) are, in general, time dependent. If such an expression exists, we say
that the time-evolution operator has been decoupled. The functions F,(t) can be found using the techniques developed in the literature’ and
are determined solely by the parameters of the Hamiltonian (An alternative approach was also attempted in a related approach.'®). The order
of the operators in (5) is not unique. A different order will change the form of the functions F,(t) but not the expectation value of measurable
quantities. A more detailed outline of these techniques can be found in Appendix A.

D. Initial state

The last ingredient in this work is the choice of the initial state of the system. We assume that the optical mode is initially in a coherent

t:z:}:z L|n)(n|, where the

state |uc), while the mechanical is in a thermal state p, (T). These states are defined by d|uc) = pc|uc) and pm(T) = 3,

h o,
_2k(gr]'

squeezing parameter r is related to the temperature T by the expression tanh r = exp[
Therefore, the initial state p(0) reads

P(0) = |uc)(pc| ® pm(T). (6)
We choose to introduce N,(0) = \y|2 and Ny, (0) = sinh?r as the initial number of excitation of modes & and b, respectively. This state is a good

approximation for the initial state of realistic systems, i.e., of optomechanical systems.'”

I1l. DECOUPLING OF A NONLINEAR TIME-DEPENDENT OPTOMECHANICAL CROSS-KERR HAMILTONIAN

The first aim of this work is to obtain an analytical solution to the decoupled time-evolution operator (5), given our Hamiltonian (3).
Techniques exist already that can be used to tackle the decoupling of time evolution operators in the way that is suitable for us.” These are the
techniques we will employ here.

A. Decoupling algebra of the nonlinear Hamiltonian

Decoupling of the Hamiltonian (3) can be done using a choice of the Hermitian operators Gy (see Appendix A).
The first step is to write

N T N P N S S S o N
U(T) —e i) ddod(r)a a, i, b bU[(T), (7)

where we have introduced &, = 0,(a7 ) :== 7 +2 INCLEACD a'a for notational convenience. Note that 8, is a time-dependent operator-
function of the Hermitian operator &'a. We can think of Uy() as the time evolution operator of the interaction picture.

We now need to consider the operator UI(T) = '? exp[—é fOTH 1(1)] induced by the Hamiltonian H (7) = a sq(T) + HOM(T), where
Hiq() =40 [27 (1) cos(202) - g7 () sin(28)| BY + a'a 8" (1) sin(262) + 20() cos(26)] B,
How(r) = a'a[g"(2) cos(By) - &7 (1) sin(@2)| B, +a'a [ (1) sin(@2) + 217 (7) cos(B2) ] B-. ®)
We then split the evolution as Ui(r) = Usq(r) Uowm(7), where we have defined
\ s i T . ’
Usq =T eXp[—g/O dr qu(T ):I)
Uom :=T exp[—%jo- dr’ U;rq Hom(t") Usq]. 9)

We need to supplement this ansatz with a second one, namely, with the action of the two-mode squeezing-like operator Usq on the operators
band b'. We have

Ol b U = ab+ b, (10)
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where & = &(4'a) and 8 = B(a'a) are the Bogoliubov coefficients. These coefficients are time-dependent functions of the operator a'éa. They
satisfy the Bogoliubov identities & &' — 337 = 1 and & 87 - B&' = 0.
This allows us to obtain

A

UL, Hom(r) Uyq = & &ifi[gl(r) B @t +BT)] B, —iata ﬁ[gl(r) B @t -/3*)] B, (11)

where we have defined £, = £,(aT4) := cos(82) + i sin(6s), the coupling §:(7) := (+)(T) + zg1 )(7) and R(O) := %[ OT] for convenience of
notation.
Given all of the above, we can finally obtain

U(z) = e—i[j;dr’mr')a*a—ﬁ‘”(afa)z+(‘92£Ti;] Usqe—ij[)’dr'a*am[g,(T'JEZ(aMBT)]&eij(;dr’a aj[gl(r')ﬁz(af—ﬁf)]is,, (12)

which is the main expression for the decoupled time-evolution operator in this work.
To complete our main result (12), we require the expression of £?)

readily found as

and of the Bogoliubov coefficients & and . The expression for F? is

) :zfonT’j[gl(T’) B> 8 - )] fo " Rl B @' + )], (13)

This leaves us with the task of computing the Bogoliubov coefficients & and f3 in order to obtain a fully analytical understanding of our
system.

B. The action of the single-mode squeezing operator
We have noted that, in general, the action of Usq on the operators b has the form (10). Ideally, we would like to have an analytical
expression for the functional form of & and 3 in terms of 4" 4, and of the couplings of the system. Although this is not possible in general,'” we

proceed to construct two uncoupled differential equations that relate the derivatives of & and f3 to the couplings g% () and g} (7).
The expression for the single mode squeezing is given in (10). In Appendix B, we show that

& = p11,

B=-ia af dr’ ja(r )emwﬁ@ﬁf)h, (14)

where we have introduced the modulus 2(7) := 4/ (”2(1) + g2 72(1), the angle ¢, through tan(2 ¢,) = g2 /gt g2 , and the operator-function
P =pn ( fOT dr’ )'(2(1')), which satisfies the second-order differential equation

n . d A A ~ a A
XZPII+ZE(¢Z+92)‘DH -2 (aTﬂ)zpu =0. (15)

The derivative here is with respect to y(7) := fo dr’%2(1"). These differential equations have to be supplemented by the initial conditions
pu(0) =1 andpu(O) =
The evolution of the initial state p(0) is obtained by the usual Heisenberg equation p(r) = U(t) p(0) UT(T). The full expression is not

illuminating and we do not print it here. However, we can ask what is the expression for the time evolution of the mode operators a and b.
These expressions allow us, in principle, to compute the expectation value of most quantities of interest.

We define a(t) := UT(T)&U(T) and E(T) =0 (1) b U(1), and, using expression (12), we find

b(r) = El{ab+ pb' ~iaTaal+iaTapl'}. (16)
Here, I = I(a7 &) := fOT dr’ [gl(r') Eaf +81(x") E;r ﬁ] for notational convenience. The expression for a(7) depends on the explicit functional
form of F¥, 3[g1(1") B (af - ﬁf)], and ER[gl(‘r”) Bl + BT)] in terms of 4 4. This can be computed once the scenario of interest has been

determined. o
The number N (7) := <UT(T) bTh U(T)) of “phonons” at any time 7 can be computed using (16), and it reads

e 2n s n 2n
Np(7) = Np(0) + (1 + 2Np(0))e 3™ %W +e > %W + 21Bal*|In* = 2R (B3 )] (17)
n . n=1 .
In the expression of (17), the subscript # means within each operator we need to replace n — 4'a.
J. Math. Phys. 61, 032102 (2020); doi: 10.1063/1.5121397 61, 032102-4
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IV. APPLICATIONS: TIME EVOLUTION WITH CROSS-KERR TERMS

We are now in the position to study the time evolution induced by the Hamiltonian (12) within some specific cross-Kerr scenarios. We
will be able to obtain some analytical expressions for meaningful quantities that encode the full nonlinear character of the system.

A. Cross-Kerr without squeezing

Here, we start with the scenario where g(i)( ) = ¥2(7) = 0. This implies that the only cross-Kerr term that does not vanish is the term

() atabthin (3). Since f2(1) = 0, we can immediately see that p1, = 1 and therefore & = 1 and 3 = 0. Some algebra allows us to find the
expression for (12) in this case, which reads

[A](t) — e*" [fuT dr' o (vl a—F? (ata)?+0, bt b] —i [ dr’ afa [g(f) ') cos(d,)-g(r') sm(Gz)] . ifof dr' ata [ () sin(d,)+g7(1") cos 01)] (18)
where £? reads

=2 f dr' [7() sin(@) + 877 cos(By)] fo dr”[g(”(r’)cos(ez) g0 sin@)]. (19)

Note that, for g;(‘r) = gﬁ‘) = 0, we recover the results found in the literature, as expected.’
Expression (18) allows us to find

b(r) =€ ’92[ —ia af dr' & (T')eiél], (20)

where we have omitted the expression for a(7), which can be computed but is not illuminating.
The change ANy, (1) := Ny (7) — Np(0) in the number of phonons, given our initial state (6), reads

_ n+1
AN(7) = [ e ‘*"z%mw (21)

where I, = [ d7'g1(z") exp[i(r+2n [ dr’ g;(7"))] for this case.
Finally, we can also compute the mlxedness of the reduced state. The calculations can be found in Appendix D. Lengthy algebra, and the
use of a similar approach developed in the literature,” allows us to find

2n+2n expl| — 7|A””' ‘2
| p coshry

22
n!'n’! coshrr (22)

Sx(pm(r)) = 1 -2y

n,n’

where we have defined A,y := [ d7’ g1(<' )(n el On) _ ! eezx"’(f')) and 6,,(7) := 7+ 2in [ d7” §5(r") for convenience of presentation. It
is easy to find the result for zero temperature: it is sufficient to set r7 = 0 in (22). Note that when A,/ =0, ie, gi(7) = 0, we obtain
SN(Pm(7)) = Sn(Pm(0)) as expected.

B. Cross-Kerr with squeezing and without diagonal term

Here, we consider the simpler scenario when g5(t) = 0. This implies that the cross-Kerr term that vanishes is §5(z) atab'hin (12). Since
85(7) = 0, the main differential equation (15) reads

f(z(T)ﬁu —i (1 + %@)ﬁu - (1) (ﬁTﬁ)zﬁll =0. (23)

This case requires numerical integration of the differential equation above, since there is no analytical solution for a general form of the
coupling §2(7). A numerical approach can then enable the use of (12).

C. Cross-Kerr with constant squeezing and constant diagonal term

In this final case, we consider §5(7) = 5 and §,(1) := ;+)(T) +ig g\ )( ) = &2 constant. This implies that also 2 and ¢, are constant. In
turn, this means that (15) reads

fepu—i(L+2g85a%a) i -2 (a70) pu = 0, (24)
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1t

given that 0, = (1+2g;a"a) v in this scenario. This allows us to find the solution

pue) - ek [COS(AT) i sin(f\‘r)], 25)

where we have introduced K := 1 +2 2 4'aand A:=\/K 45 (47 4)? for convenience of presentation. Note that A7 sin(A 1) is a well-
defined operator, since it is the short hand notation for the expression A~ sm(A T) = [1 ~ A3+ (A5 - ] 7. Also note that
0, = K 7 in our present case. Finally, note that if we were to set §2 = 0, we would have A = K and we can immediately see that py,(7) = 1,
as expected from our results above.

Recalling that p11(7) in (25) gives us one of the Bogoliubov coefficients directly, i.e., & = p11(7), we can easily find the other coefficient by
employing (14), which gives

PP [cos([\r) - i% sin(f\r)],

At a i X
/3 =-2i} % it ke sin(Ar). (26)

It is immediate to check that & & — B = 1.

This allows us to obtain an analy‘ucal expresswn for the time evolution operator (12). We first obtain £, which reads (13), together with
an expression for %[gl(‘r) G ) ] and 3[g1 T ph ] whose full expressions can be found in (B16).

We do not need an analytical expression for the decoupled form of the operator Uy for this case, since we have found the Bogoliubov
coefficients (26).

This means that our time evolution operator (12) has the explicit expression (B17), which can be specialized to any desired functional
expression of the g; drive.

D. Resonant selective squeezing

Here, we apply our results to a speciﬁc case of potential interest for future implementations of interactions of light and matter. We
assume that g3 () = g5 is constant and § g2 () = 0 and that gg’ (1) = &2 = 2 is constant. This implies that ¢, = 0. We also assume that g1(7) = j1
constant.

The first observation to make is that the squeezing operation induced by Hyq = 1 4'a Bs + (1 +2g5 4'a) b'h+ f24"aB? can cast in
matrix form. This can be done after tracing over the photonic degrees of freedom, which gives us a collection of operators induced by
I:Isq,n =nj By + (1+2n g;) bh+n bt Bf). This allows us to study the eigenvalues of the Hamiltonian matrix Hyg, that represents I:Isq,n and
is defined by ﬁsq,n = %XT Hgn X, where X = (l;, ET)TP . A simple calculation tells us that the eigenvalues A, . of the Hamiltonian matrix
Hgy, read

e =1+2ng, 2070 (27)

We now note that A, = \/ K2 —4jsn® = \//1,,,+ An—. Therefore, for those values of n for whom A, <0, we have that A, - iA,
=i+/4}3 n?> - K; and the Bogoliubov coefficients (26), for such n, read

i K,
a, =7 [cosh(An T)—i A—" sinh(A, T)],

n

Bu=-2ij Ai ¢ "7 sinh(Ay 7). (28)
n
Note that the condition A, . < 0, therefore, depends on the relative magnitude of the couplings with respect to #, and crucially on their sign.
If there exists a particular n = n, € N such that A,, = /K2, —4}3 n2 =0, (28) immediately gives us
O, = ‘KT[I -2ijans 7,
Bu. = —2ifans 7. (29)

We now note the following: when j, > &} the Bogoliubov coefficients (28) apply for each n > 1/(2 (12 — £3))- In case 2 < g5, there does not
exist any 7 € N such that the Bogoliubov coefficients have the behavior (28).
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If it is possible to have ¥, > g3, this allows us immediately to compute I,,, and therefore, the change in phononic population AN}(t)
through the general expression (17) reads

_iP 2n sh% + (Ky ¥ 252 n)? (chy — 1)
AN (1) = 472 (1 + 2 Np(0)) e “"Z ‘”' +X§emznlﬂ\ shy + (K, 722 )’ (chy ~ 1"

= (m=1)! A2 (30)

where ch, := cosh(A, 7) and sh, := sinh(A, ) for simplicity of presentation. Here, the ¥ sign corresponds to our choice §; = et (777 X1> where
X120.

It is clear from (30) that, when 7 > 1, the contributions in the sums that for which #n give one 1,+ < 0 grow exponentially with time.
Each contribution grows as ~ exp[A,7], and it is dampened by the |u|"/(n — 1)! in front.

V. CONSIDERATIONS

Our results can be applied to any ideal optomechanical system with arbitrary cross-Kerr interaction, which includes as a special case a
system of two-harmonic oscillators with only cross-Kerr interactions and no cubic term [that is when ”(*)( ) =0].

We would like to make here a few considerations on our results in order to give a context of their applicability and overview of their
scope.

(i) First, our results are “general,” in the sense that they apply regardless of the specific implementation to be used or the physical and
experimental limits on the parameter regimes. In this sense, our work can motivate pushing the limits of studies of existing systems
and expanding beyond traditional boundaries on their parameter regimes, since we have provided analytical tools to investigate new
areas in the parameter space.

(ii) Our results are “fully nonlinear,” which means that the full nonlinearity of the system is taken into account and is responsible for
the final results. Linear responses are easy to find and can be obtained by simply setting |g2| << 1 and g5 < 1 and retaining terms to
first order in these parameters. This approach would be equivalent to employing perturbation theory, and the results would provide
nothing new with respect of what has been already studied in the literature in such weak cross-Kerr regimes.

(iii) It might not be possible, at least at the moment, to engineer Hamiltonians of the general form (3). However, our Hamiltonian covers all
possible combinations of quartic cross-Kerr terms, which also provides further insight into the algebraic structure of linear operators
that act on the Hilbert space.

(iv) Our initial Hamiltonian (3) models an ideal system, namely, a system. that has no losses and no decoherence To include such
phenomena, one would need to modify the Heisenberg equation ;:P [H p] to the master equation a[) [H p] + Lpp, where

Lp is an operator that implements these important processes. That decoherence is important in most systems, such as optome-
chanical ones,'”, and there are standard techniques to find and work with master equations such as the one just mentioned.'”
In the current study, our goal here was to give the first steps into understanding how the full nonlinear aspects of the ideal
cross-Kerr scenario affect important quantities, such as the number of phonons or the mixedness of the subsystems. Potential
applications of our results can be to studies that show that cross-Kerr terms can be used to greatly reduce decoherence itself,® as
well as studies that show that simulations of (quadratic) optomechanical systems in superconducting circuits can be performed
in low-decoherence regimes.!" We leave it to further work to include decoherence and dissipation to the approach presented
here.

VI. CONCLUSIONS

We have studied the time evolution induced by a class of Hamiltonians of two interacting quantum harmonic oscillators that include
nonlinear optomechanical-like and cross-Kerr interactions, without losses and without decoherence. We employed tools developed to obtain
an analytical expression for the time-evolution operator, which, in turn, allowed us to explicitly compute quantities of interest. These include
the number expectation value of the mechanical resonator—that is, the number of phonons in the system—and the mixedness of the state of
the resonator. Our results are free from approximations and therefore encode the full nonlinear character of the interaction.

These techniques, and the control gained by employing them, can have many applications. For example, similar decoupling techniques
have been recently applied to the analysis of correlations within the tripartite coupled bosonic system interacting with quadratic Hamil-
tonians,'® which prompted and facilitated a successful experiment investigating the resulting entanglement between the bosonic modes."”
Among other possible applications of our tools, there is quantum control,”’ understanding of the interplay between the linear and nonlin-
ear characters of quantum mechanical systems’ and extending current studies of hidden quantum correlations in existing electromechanical
measurements.”’

Finally, we have also identified parameter regimes that allow for a potentially exponential increase in the number of phonons and there-
fore in the mixedness induced between the two subsystems. This feature can have important applications in the quest of demonstrating
quantum aspects of macroscopic systems.'>**
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APPENDIX A: DECOUPLING OF TECHNIQUES FOR TIME EVOLUTION

In this appendix, we outline the general decoupling techniques that we shall be using throughout this work to find a decoupled time-
evolution operator generated by the Hamiltonian in (3). These techniques have been developed in previous work."’

1. Decoupling for arbitrary Hamiltonians

The time evolution operator U(t) induced by a Hamiltonian H(t) reads
«— i t
Uty =T exp[fé f dt'?—t(t')], (A1)
0

where 7 is the time-ordering operator.

Any Hamiltonian H (t) can be cast in the form H ®H=x nhgn(t)Gn, where the G, are time independent, Hermitian operators and the
gn(t) are time dependent functions. The choice of G, is not unique.

We say that the time evolution operator (A1) has been decoupled if it is possible to obtain the expression

U =1 Ua), (A2)

where we have defined U,, := exp[—iF,,(t)Gn] and the real, time-dependent functions F,(t) can be obtained as explained below. It has been
shown that it is always possible to obtain the decoupling in terms of symplectic matrices when the Hamiltonian is quadratic in the bosonic
operators,” which can be of great help for practical computations.

The functions F,(t) are uniquely determined by the coupled, nonlinear, first order differential equations
O S S N e . VN
EH_FI G1 +F2 U1 Gz U1 +F3 U1 U2G3 U2 U1 +F4 U1 Uz U3G4 U3 U2 Ul +.... (A3)
This is the general method we have been employed in this work and in previous related one.

Here, we find it convenient to consider the formally infinite Lie algebra generated by the following set of Hermitian basis operators,

@ay, @aNbh,
@aV B, @aNB,

@ aVB?, @fayNB?, (A4)

which are the maximal extension of those that generate the Hamiltonian (3). Note that there are an infinite of these operators, i.e., there are
operators for all N € N.

2. Decoupling for quadratic Hamiltonians: Continuous variables and covariance matrix formalism

If the Hamiltonian is quadratic in the mode operators, the techniques described in Appendix A 1 have a more powerful representation.
Here, we proceed to describe these techniques.

In quantum mechanics, the initial state py of a system of N bosonic modes with operators {a,,a;,} evolves to a final state p ¢ through
the standard von Neumann equation p = Upr U, where U implements the transformation of interest, such as time evolution. If the state p
is Gaussian and the Hamiltonian H is quadratic in the operators, it is convenient to introduce the vector X = (ai,...,an, &J{,. .. ,&L)TP, the
vector of first moments d := (X) and the covariance matrix ¢ defined by g := ({X,,, X, }) — 2(X,.)(X},), where {-,-} stands for anticommu-
tator and all expectation values of an operator A are defined by (.A) := Tr(A p). In this language, the canonical commutation relations read
[Xn,XL] =i Qum, where the 2N x 2N matrix Q is known as the symplectic form.* We then note that, while arbitrary states of bosonic modes
are, in general, characterized by an infinite amount of degrees of freedom, a Gaussian state is uniquely determined by its first and sec-
ond moments, d, and 0, respectively.” Furthermore, quadratic, i.e., linear, unitary transformations, such as Bogoliubov transformations,
preserve the Gaussian character of the Gaussian state and can always be represented by a 2N x 2N symplectic matrix § that preserves the
symplectic form, i.e., stas=q.
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The von Neumann equation can be translated in this language to the simple equation 6 = § 018" for the second moments and d = Sd;
for the first moments, which shifts the problem of usually untreatable operator algebra to simple 2N x 2N matrix multiplication. Finally,
Williamson’s theorem guarantees that any 2N x 2N Hermitian matrix, such as the covariance matrix ¢, can be decomposed as ¢ = st veS,
where S is an appropriate symplectic matrix, the diagonal matrix v = diag(vi,..., VN, v1,...,VN) is known as the Williamson form of the
state and v, := coth(zki—“}“) > 1 are the symplectic eigenvalues of the state.”’

Williamson’s form vg contains information about the local and global mixedness of the state of the system.* The state is pure when
v = 1 for all n and is mixed otherwise. As an example, the thermal state o, of a N-mode bosonic system is simply given by its Williamson
form, i.e., 6y, = Vo.

The time evolution operator has a symplectic representation S(t) = 7 exp[€ [ d'H(t')], where the matrix H is defined through

H= % X' HX, and the decoupled ansatz (A2) has the form

N (2N+1)
S= ] Sw (A5)

n=1

where we have introduced the matrices S,. := exp[F,(t)Q G,] defined G,, which are obtained from G, = %XT G, X, and the real time-
dependent functions F,(t) that are the same as they would be obtained with the technique above.

The real, time dependent functions F,(7) can be obtained by solving the following system of coupled nonlinear first order differential
equations:

H=F G +F,8 G, S +F58 81 G388 +F48 818Gy 858,8 +.... (A6)

This is the matrix version of the operator differential equations (A3) for quadratic Hamiltonians, which reduces the problem of operator
algebra to matrix multiplication.

APPENDIX B: DECOUPLING OF THE SQUEEZING HAMILTONIAN

Here, we employ the techniques of Appendix A to decouple the operator Usq = Texp[—é 01 dr’ ﬁsq(r')] induced by the squeezing
Hamiltonian H. sq(T), which we reprint here

Hig(r) = a'a 8" (1) cos(282) - 257(7) sin(26) | B + &' [0 (¢) sin(282) + &5 () cos(26)| B (B1)

1. Preliminaries

We start by defining X := (b,b")™ an noting that we can write

PSRN N
NP Ul b
X = UL X U = [ 5507759 = s (0) X, B2

sq sq (qu bT Usq) sq ) (B2)

where the 2 x 2 symplectic matrix Sy(7) is the symplectic representation of Usq and satisfies Siq(r) Q 844(1) = Q. Here, Q = diag(—i,1) is the

symplectic form for one mode. The matrix Se(7), therefore, has the expression Ssq(7) = 7 exp[Q fOT dr’ Hy(1")], where Hyq(7) is obtained
from H. sq = % xt | sq X, and it has the explicit form

- i0,
fg-2ata 0 80T (B3)
g;— (T) 6_2 i6, 0

(+)
2

Here, we have defined (1) =j}2(1) exp[2i¢2]:=§ (T)+ig(2’)(r), and therefore, }2(7) = gg+)2(r)+g(2’)2(f)20 and also

tan(2¢2) = 2,/
Given the above, it follows that through simple algebra, we can obtain

- r 0 Q21940
Sa(® =T exp| -2id'a [“ar )| T 4 : (B4)
0 —e 2T0U2 0
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2. Solving the matrix time-ordered exponential
Here, we wish to find a formal expression for (B4). We start by noticing that, if we wrote down the time ordered exponential
Seq(1) =T exp[—i ata fOTdT,K (T')] in terms of its definition, we would obtain

62 i(9+05)

Sual7) = frexp[—z iala [ Tdr')"(z(r')( s )] -p-idla [ (/KGR (B5)
0 —e 2T 0

0

where the matrix K(7) is defined as

0 62 f(‘/)z*éz)

K©O=200 | ioa ) (B6)

and the diagonal matrix P(7) is the object that we need to compute now. Note that it is straightforward to check that P(7) is diagonal.

We use the fact that
di? exp[—ia*a f v’ K(T’)] - ialaK@) T exp[—i&T& f dr’ K(T,)] (B7)
T 0 0
to find the equation
-@'w’K [T’ KP-P, (BS)
0

where now the explicit dependence on 7 is dropped for convenience of presentation.
Since K is invertible [for all cases except when ¥2(7) = 0, which implies P = 1], we can manipulate this equation and obtain, after some
algebra,

);(2(T)/)~(2(T)+2i%(¢2 +6,) 0

. J |p-agw@a’p=o. (BY)
0 Xz(T)/Xz(T)—ZiE(¢2+92)

We can now solve the four differential equations contained in (B9), two of which are trivial and read P, = Py; = 0, which read

5 : . . d 5 A 20\ atan2p

Py = p2(D)/k2(7) + 2 E((/)z +62) ) pu1 —4x32(1) (@' a)” Py =0,

i . . . d A i - At a2 3

b= (ha0)ia0) - 21 582+ 89 ) b - 416(0) 010)* Pz =0, (810)
The differential equations (B10) do not admit an explicit solution in general. However, they can be integrated numerically when an explicit
form of ,(1) and g’(r) is given.

These differential equations have to be supplemented by initial conditions. We note that, since the left hand side of (15) is the identity

matrix for 7 = 0, we have that P(0) = 0, which implies P1;(0) = P»,(0) = 1. In addition, taking the time derivative of both sides of (B5) and
setting ¢ = 0, it is easy to check that this implies %Pu le=0 = %Pzz\rzo =0.

Given that the differential equations are valid only when g,(7) # 0, it is convenient to introduce the functions p1i(y) and p.(y)
defined as

P (1) = pu(y) 1:1311(2 /OT dT')'cz(T')),
Pa(r) = puy) =pua(2 [T i), (B11)
where we have introduced y(7) := 2 fOT dt'§,(1"). In terms of these functions, we have that the differential equations (310) read
@ pn—i %(sz +05) p11 — fo(7) (a'0) pra = 0,

;. d AU At ar2 s
X(1) par + i E(% +02) P22 — (1) @8 pn =0, (B12)
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where the derivative stands for derivative with respect to the variable y.
This has allowed us to find an expression for Ssq(7) = P — i ata fOTdTI K P, which reads

: o
" b —2iata fo ' jo(r) &1 o, o)
Ssq(1) = T o B13
2idta fo A7 () 2 O by b
Given that we know that, in general, one has
i
Ssq(1) = (ﬁf ff) (B14)
this immediately allows us to identify the Bogoliubov coefficients as
& = pri,
R T
p=—2iata fo d (') 10 pt (B15)

with the auxiliary consistency condition py, = le This condition also follows from (B10).

3. Useful expressions

Here, we present a list of useful expressions that are too cumbersome to appear in the main text but include key steps for the obtainment

of the final results. X X X .
We start by presenting the expressions for %[gl(‘r) By (@ + [ST)] and Ci[gl GY:ACIE ﬂT)] for the case of constant couplings %> and g3,
which read
Bh] = g _ala i o[k . ata .
[gl(r) B (af +p ] cos(A T) R (A T) -8 n +212 A cos(2 ¢2) sm(A T),
8] = g K &T& A ) A a'a
[gl(T) By (af - B } g 1 (2 ¢2) sin(A T) +8 cos(A T) 2)(2 —— sin(2 ¢2) sm(A ‘r) (B16)
This allows us to find
U(t) o _1 fo o (7 )a a+i F@ (a a )2 _t 92 AN U q —zsz& fo dr’ g(”(‘r) [cos(A‘r )+2 i ”TT“ sin(2 ¢) sin(f\ 1')] 3,

y eisz& [%+25(2 % cos(2 ¢2)] Jodr’ g(l’)(r’) sin(A T’) B, ei&Ta [——2)(2 Tﬂ cos(2 ¢2)] Jodr’ g(”(T )sm(A T ) B_
eiﬁT[z IN dr’ ggf)(r') [cos([\ T')—Z b “TT“ sin(2 ¢,) sin([\ 1')] B_ . (B17)

APPENDIX C: PROPERTIES OF THE FINAL STATE

The final state p(7) can be partially computed analytically, given the expressions for our initial state (6) and the time-evolution operator
(12), and reads

o(r) = b 3 bt T U Cl
PO =1 S i VOl 00 €h

which can be made slightly more explicit as

p(r) = ol tanh*rp u" " o i A & o=y (D < ED i)
v cosh’rp /nl\/m!
e 0, b b f]sq,n —i [ dr'n m[gl(r’) £ (&HBT)L B, K NG J[gl @) E af J;T)L B
ST n e A
i) o) (ml(ple o m 3@ B @ -ph] B oI m R0 () B @Heph] B, Uiq,m GO h (2)
In expression (C2), the subscripts n and m mean that the respective quantities are evaluated for 414 — n, m.
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1. Reduced final state of the mechanical oscillator

We can compute the final reduced state p (7) of the mechanical resonator. We can obtain it as pm (7) := Trc(p(7)), which we can compute
using (C2). We find

2p 2n At P P I 1 I S S At A
f)m(-[) = ef|[4\zz tanhTrT% eﬂ@z,n AN Usq,n e—z Jy dr n%[gl(T)Ez (&"+p )]n B, et Jy dr nj[gl(‘r)Ez @B )]nB,
wp cosh’rp n!

—i [Tdr n3|a () E @ -pH] B i fTadr o () B, (6t p)] B, » i bt b
Ip){ple i fy ' 03[ B T -ph)] G o n R () B @ph)] U:qm giban b b (C3)
Note that here, again, the subscript # means that we need to replace n — ata.

APPENDIX D: MIXEDNESS IN THE FINAL REDUCED STATE OF THE MECHANICAL OSCILLATOR

Here, we compute the mixedness of the reduced state of the mechanical oscillator. Given that any pure state p has the property that
p? = p, it follows that the mixedness of a state can be quantified by the linear entropy Sy defined as Sy(p) := 1 — Tr(p?).

In general, although the expression (C3) gives us some insight into the reduced state of the mechanical mode, it is difficult to obtain
the mixedness for arbitrary parameters of the Hamiltonian. We therefore proceed to specialize to an interesting, yet general enough, scenario

below.

1. Mixedness of the reduced state of the mechanical oscillator: No cross-Kerr squeezing

In the case where g, =0 we have Usn =1, & =1, and B = 0. Therefore, with some algebra, we can show that expression (C3)
simplifies to

N 12 tanthr 2n Ca bt i (T A [5% () o= 0o BT 45 () of Oon st [axery mibay itas oy itn 3] i h. T
pm(r) = € |y|z - T|H" o0 i [ dr n[gl('[)e n btz () e b]|p>(p|ezf0 dr n[gl(r)e g () e b]ezezb b (D1)
wp cosh’rp nl

Therefore, we can easily show that the linear entropy Sy(pm(7)) associated with this state reads

tanh2P+2P’rT |‘Ll|2 n |M|2 n

— 2 A 2
Sn(pm(1)) = 1 -7 M (Pl @), (D2)
P n),%;yr cosh*rr  n! n'l [pADu
where we have introduced
. crt gt Tar ey omibon 3o (7 oibon 3] =i [T dr 0 ['* N b s (¢ o i,]
Dnn’(T) — erfo dr’ n[gl(r)e 2n bl +g (1) € 2 b]e ifydi' 0’| e +21(t') e
i ! i ! b i ! A.“
= o Y B b i By b (D3)

and defined A, := ]01 dr'gl(r')(n TN [ AT )y ire2in’ [T g )). Note that the exact form of ¢' ¥ does not matter since it

cancels out in (D2).
It is also easy to check that Sx(pm(7)) can also be written as

tanh*Prp 2" |uf*"

TS h4p+2k 2n 2n'
SN(Ppm(7)) =1-2e€ 2l Z tan T ﬂ |

|< \D ( )| +k)|2— =2 |y’
iz COSh4T’T nl ' P|Dnw (T)|D e
o’ p=0 k= ! !

(Pl (DIp)*. (D)

wipeo cosh®rp nl o n'l

Now, we can follow the same procedure introduced in Ref. 6 and compute (D4) explicitly. We find

|2 n+2n’ exp[—ﬁ |Annr|2]

Sn(pm(z) =1 -2 1 D5
N (P (7)) %:, n!n'! coshrr (D3)
We note that, as expected, the result (D5) reduces to the existing one in the literature for 5(z) = 0, see Ref. 6.
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