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Abstract. Quantum walks have been shown to have a wide range of
applications, from artificial intelligence, to photosynthesis, and quantum
transport. Quantum stochastic walks (QSWs) generalize this concept to
additional non-unitary evolution. In this paper, we propose a trajectory-based
quantum simulation protocol to effectively implement a family of discrete-time
QSWs in a quantum device. After deriving the protocol for a 2-vertex graph with
a single edge, we show how our protocol generalizes to a graph with arbitrary
topology and connectivity. The straight-forward generalization leads to simple
scaling of the protocol to complex graphs. Finally, we show how to simulate a
restricted class of continuous-time QSWs by a discrete-time QSW, and how this
is amenable to our simulation protocol for discrete-time QSWs.
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1. Introduction

The quantum mechanical analogue to the ubiquitous classical random walk on a graph
is the so-called quantum walk [1]. Quantum walks can be either continuous-time [2], or
discrete-time [3, 4], and as both versions have been shown to be universal for quantum
computation [5, 6] they offer a powerful paradigm for both studying, and harnessing
quantum mechanics for computational applications. Examples of this include machine
learning [7, 8], search algorithms [9] and photosynthetic excitation transfer [10, 11].

Quantum walks are completely coherent and hence, the walk is naturally
reversible and undirected, as it follows Hamiltonian dynamics. In directed walks,
time-reversal symmetry is broken as vertices can be connected by one-way edges. This
condition implies that these walks are described by non-Hermitian dynamics and thus
cannot be directly implemented in a quantum computer. Quantum stochastic walks
(QSWs) are a simple way to represent such evolutions as they combine both quantum
unitary walks and non-unitary, stochastic evolution [12]. In the continuous-time case
it was recently shown that the reservoir engineering required to implement such walks
is a problem as hard as the problem the QSW is designed to solve [13], though in some
cases a quantum simulation approach can be taken [14]. For discrete-time QSWs the
scenario is different as one can take advantage of measurement-based feed-forward
schemes to implement the directionality [7].

In this work we propose an algorithm to simulate discrete-time QSWs. The central
concept behind our protocol is that if one performs randomly chosen unitary dynamics
from a carefully designed set, this can implement a specific non-unitary evolution in
the ensemble average [15]. Our protocol is based on ancilla systems and a feed-forward
scheme to implement the required evolution. The simplicity of the implementation of
a single edge lends to straight-forward scaling to more complex graphs, and is a key
feature of the protocol.

This paper is organized as follows. In Section 2 we present the ensemble average
formalism using the Kraus decomposition. Section 3 describes the algorithm, starting
from a 2-vertex directed graph and generalizing it to complex graphs. In section 4, we
show how to simulate a restricted class of continuous-time QSWs via a discrete-time
QSW. Finally, Section 5 presents our concluding remarks.

2. Quantum Simulation of a Kraus Map

The algorithm proposed here will be formulated on the Kraus decomposition of the
desired QSW. Any completely-positive and trace preserving quantum operation [16],
can be written in Kraus operator form as

Blp] = Zf(jpf(}, (1)

where {K ;} are the Kraus operators, which must satisfy > y K;K = [ to preserve
the trace of the quantum state. This condition implies that

T | Y ATKp| =1 = DT [RIR0 =Y B =1, 2)
j j ;

where we have defined the probabilities Pj = Tr[f(}[% ;p], which are guaranteed to

be non-negative as K;-LK ; is Hermitian. We can then rewrite our original quantum
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operation as

Blp) =Y Py oK), 3)

where K ;= Kj / \/1?’] This definition will easily allow us to define our protocol
through the ensemble average of quantum trajectories.

We now suppose that we have a protocol (which in our case uses ancilla systems
and quantum measurement), labeled B, that implements one of the K ; sampled from
the set {f( ;} with the correct probability Pj. Then, if we implement this protocol
many times on identical copies of the same initial state p, we have that

E(B[o]) =Y BK;pK] = Blp), (4)

where E(.) is the ensemble average. We will use the above description as a single
time-step of the discrete-time QSW.

Let us now consider repeated action of B, and in analogy to the “quantum
trajectories on a quantum computer” scheme developed in Ref. [14] we shall refer
to each instance of such repeated action as a trajectory. By linearity of the quantum
operations, we see that

E(B[Bl]) =E(B[E(Bl)]) = BB, (5)

which can be trivially extended to any number of actions of B. Thus, by averaging
over the final outcome of many trajectories we can simulate the action of an arbitrary
number of repetitions of the Kraus map B. In the rest of this manuscript, we detail
how to implement a map of the form of B for the case of a discrete-time QSW.

3. Quantum Simulation of a Discrete-Time Quantum Stochastic Walk

Let G = (V(G), E(G)) be an arbitrarily connected (and possibly directed) graph with
vertices V(G) and edges E(G), and {|n),1 < n < |V(G|} a set of pairwise orthonormal
quantum states which enumerate the location of a “walker” on the graph vertices.
We will restrict our system to the single excitation subspace, so that |n) denotes a
quantum state with a single excitation in vertex n and all other vertices empty.

For any connected graph G, we consider a quantum stochastic map B representing
a single time-step of a QSW, which can be written in Kraus form as

Blo) = alg(A)pMULA) + S kumlm(nlolndiml.  (6)

(m,n)€E(9)

Here, Ug(At) := e~ "HoAt i5 the propagator of the graph coherent evolution for a time-
step of length At, generated by the Hamiltonian Hg of the graph G. The coefficients
@, Knm € [0, 1] represent the weights for coherent or incoherent processes to happen
and satisfy ) Knm =1 —a for all n € V (G) due to trace-preservation.

We define a discrete-time quantum stochastic walk by the repeated application
of the single time-step quantum stochastic map B to the initial state pg

pn = B" [po] := B[B[... B po] .. ]I. (7)
n times

In the following, we show how to construct the quantum stochastic map B that, as
described previously, can be used to simulate B via the ensemble average. To do
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Figure 1. The most general 2-vertex-graph as the key building-block for arbitrary
graphs. The vertices are coherently coupled (blue dashed arrow) as well as
incoherently coupled (black arrows). The probabilities satisfy k11 + k12 =
K21 + k22 = 1 — a due to trace-preservation of the density matrix.

this for any connected graph G, we use its key building-block: the 2-vertex graph G
with a single (possibly directed) edge. Notice that equation (6) is of the form of the
single time-step quantum operation, see equation (3). We thus need to define how to
implement each of its Kraus operators.

3.1. A general 2-vertex graph

Let us consider the most general 2-vertex graph Go with coherent edge coupling and all
possible directedi edges, see figure 1. As we will argue, the procedure outlined below
easily generalizes to larger graphs. For such 2-vertex graphs, equation (6) becomes
2
Blp) := alig, (A)p(®)0L, (D) + S Knalm) (nlpln) (), (8)
m,n=1

where trace-preservation implies that k11 + K12 = K21 + k22 = 1 — a. The full system
will be comprised of the original graph vertices, represented by the basis states |n),
and one ancillary quantum state coupled to graph vertex. We shall refer to the graph
vertices simply as the system, and the ancillary states as the ancillae. The ancillae
will be used to implement the stochastic processes. A single time-step of the QSW,
given by equation (8), will be divided into three parts (see figure 2):

(1) Initialization: At the start of each time-step, the system and ancillae are
uncoupled with no excitations in the ancillae. The density matrix can then be written
as

P11 P12 Plar Plas pii pi2 0 O
P21 P22 P2ay P2as p21 p22 0 0
= — , 9
po Pail  Pai2  Paiar Paias 0 0 0 O ( )
pllzl pa22 pa2a1 pa2a2 O 0 0 0

where the subscript 1 (2) denotes vertex 1 (2), and subscripts a;, as denote the
corresponding ancillae. All vertices are then coupled to their corresponding ancillae
via the interaction Hamiltonian

Hinie == g ([1){a1] + |a1) (1] + [2){az| + [a2)(2]) , (10)
for time Atini. All couplings are equal and At is chosen such that
gQAting = arccos (\/a) . (11)

I We call an edge directed if any of the xknm > 0, since that is the defining difference between a
QSW and a coherent QW.



Quantum Simulation of a Discrete-Time Quantum Stochastic Walk 5

a) Initialization: Coherent Evolution:

e aﬂw 0t
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Figure 2. Protocol to simulate a discrete-time quantum stochastic walk on the
most general 2-vertex graph Gz. a) The vertex-states are coherently coupled
to their corresponding ancillae via ﬁinit for time Atiniy such that gAtingy =
arccos (\/&) b) The vertex-states are coupled according to the coherent part
of the graph Ga. ¢) The population of the ancillae is measured. If one of them is
found to be occupied, the excitation is transitioned to one of the vertices according
to the corresponding rates. If the ancillae are both found to be empty, no further
feed-forward step is needed. This completes a single time-step of the discrete-time
quantum stochastic walk.

This choice is crucial, as will become clear in the second step discussed below. It
results in a density matrix pi,; right after the initialization step that is given by

R apil QP12
Pinit = UinitPOUlmt apa1 P22 ; (12)
T T

where Uinit = e~ it Atini gnd the T symbols represent generic 2 x 2 matrices whose
precise form is not relevant at this stage.

(2) Coherent Evolution: We now decouple the ancillae from the system and
implement the desired coherent evolution between the graph vertices within the system

Hg, := geon (|1)(2] + 2)(1) (13)

for the desired length of the time-step At. Note that Hg, is the Hamiltonian of the
graph Go, which has one free element g.,n, > 0. The density matrix pc.n after the
coherent evolution is

Pcoh = ng (At)PinitUg'z (At)a (14)
where ng = ¢~ifle; At g the propagator of the graph Hamiltonian. Explicitly, at the

end of the coherent evolution step we obtain

Oeran (7 02 ) ob an T
ali,(80) (22 212 ) G (an
T T

Pcoh =



Quantum Simulation of a Discrete-Time Quantum Stochastic Walk 6

which is an implementation of the first term (coherent evolution) on the right-hand
side of equation (8) in the subspace of the vertices.

(3) Measurement and Feed-Forward: The final part of the protocol uses quantum
measurement to randomly determine which term from equation (8) is implemented for
each time-step in a given trajectory. The coherence between vertices and ancillae is
also removed, guaranteeing that once each time-step is concluded the system state is of
the form of equation (9). To do this, we decouple the system vertices and measure all
ancillae simultaneously. As the system is restricted to the single-excitation subspace,
there are three possible results:

(i) the excitation is measured in ancilla aq,
(ii) the excitation is measured in ancilla as,

(iii) all ancillae are found empty.

For an n-vertex graph there are n + 1 possible measurement outcomes. The last
outcome guarantees that the walker is in one of the system vertices, and the second
step implements the coherent evolution part of equation (8) in this case. No further
action is required, and we can proceed to the next time-step in the trajectory.

The other measurement results are interpreted as one of the incoherent processes
having taken place. To determine which, we use the incoherent rates r;; of the
intended QSW as follows. If the excitation is found in ancilla a; this fixes the index
i in k;j, i.e. the starting vertex of the incoherent process. To determine the index
j and implement the incoherent evolution, we randomly choose j from a probability
distribution given by the conditional probabilities P(j]¢), and then move the excitation
to system vertex j. These conditional probabilities are given by

P(jli) = =2

ij
e . (16)
In this feed-forward operation, the outcome of the quantum measurement combined
with the outcome of the classical random choice determines which of the incoherent
terms in equation (8) is implemented in this time-step of the trajectory.

The complete set of operators which describe the measurement and feed-forward
step for a two-vertex graph is given by {J\}[O,Mfl,Mgl,Mf?,M;"‘}, with matrix
representations given in Appendix A. My describes the measurement outcome where
both ancillae are found to be empty, and we write

Mf/lz = Ff/IQMm and M1a/22 = Ffszazv (17)

where M,, /q, describes the measurement where the excitation is found in ancilla a1 /as,

and ﬁ'f/lQ/ “2 describes the conditional feed-forward according to the measurement result
and classical random choice.

The three step procedure outlined above implements a single step of a single
trajectory of the discrete-time QSW. Averaging over many trajectories we obtain the
density matrix
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PAL ‘= ]\/[0p<:0h]\4(])L + Z Z ]\4;3/)60h]\4;,mL (18)
ye{l,2} z€{ay,a2}
B K P11 P12 )] 0 0
_ P21 P22 0 0 (19)
0 0 0 0 ’
0 0 0 0

A k-step trajectory is performed by k successive implementations of the above protocol,
with its ensemble average having the desired statistics to simulate the QSW.

3.2. Arbitrary Graphs

The protocol proposed in section 3.1 generalizes trivially to any larger graph G, with
each system vertex requiring an ancilla. As before, a single time-step is split into three
parts:

(1) Initialization: System states are coupled to their corresponding ancillae via

Hie:= ) g(m){am| + lam)(ml), (20)

meV(G)

for a time At;,i. Here, the summation covers all the graph vertices m € V (G) and
the state |a,,) denotes the ancilla state which corresponds to vertex m. Again, Aty
is chosen such that

gAtin = arccos (Va) . (21)

(2) Coherent Evolution: The ancillae are now decoupled from the system and the
system evolves coherently with

Hg:= Y gum (jm){n|+n)(ml), (22)

(n,m)eE(9)

for a time At. Note that equation (22) is the full Hamiltonian of the graph as the
summation covers all the edges of the graph.

(3) Measurement and Feed-Forward: Finally, the ancillae are measured. As before,
if the ancilla are all found to be empty the time-step is complete. If the excitation
is found in an ancilla, then the excitation will be incoherently moved to a randomly
chosen system vertex that is connected to the system vertex corresponding to the
excited ancilla. This process is identical to that described previously for a two-vertex
graph, but with the choice of final vertex expanded to include all vertices connected
incoherently (k;; > 0) to the initial vertex.

Parts (1)-(3) implement a single time-step of equation (8). Again, the complete
walk will be given by iterating this procedure. This simple generalization is possible
for two main reasons: (i) each graph vertex is only coupled to a single ancilla, and (ii)
the ancillae are never directly coupled to each other.

4. Simulating a Continuous-Time QSW by a Discrete-Time QSW

In the previous sections we showed how to simulate discrete-time quantum stochastic
walks as defined by equations (6) and (7), using a trajectory approach. However,
currently the majority of applications of QSWs use the continuous-time version, as is



Quantum Simulation of a Discrete-Time Quantum Stochastic Walk 8

widely documented in literature [7, 17, 10, 18, 19, 20, 21, 22]. Therefore, we now show
how to implement a restricted set of continuous-time QSW by a discrete-time QSW,
such that our method for simulating discrete-time QSWs is also applicable.

The continuous-time quantum stochastic walk of Ref. [12] is given by a Lindblad
master equation of the form

= = Vilop] +0 3 (Bl - 5{ElEes}). 9

where p is the density operator of the system, Ly are the Lindblad operators with
their associated incoherent transition rates, ﬁg is the Hamiltonian of the underlying
graph G and w € [0,1]. For w = 0, we obtain the completely coherent quantum walk
and for w = 1, the classical random walk. Hence, for w € (0,1), equation (23) leads
to dynamics we could not obtain in a purely coherent or incoherent framework.

We write the Liouvillian £, of equation (23) as

Lop=(1—-w)Hp+whp, (24)
where Hp = —1¢ [ﬂg,p} and

A A 1,444
Ap =3 (Lk,oLL - 2{L,LLW}). (25)
k

The Liouvillian (24) is the generator of a quantum dynamical semigroup [23].
Therefore, we can write

p(t + At) = exp (L, At) p (Z l'd At) (t). (26)
Inserting equation (24) into equation (26) yields, up to first order in At,
p(t + At) = (1 + AL((1 = w)Hg +wA) + O (AL?) ),o(t)
- ((1 —w) (1+ AtHg) +w (1 + AtA) + O (A#2) )p(t). (27)

The first term on the right-hand side of equation (27) can be interpreted as pure
coherent evolution that occurs with probability (1 —w). Analogously, we interpret the
second term as describing incoherent evolution occurring with probability w.

We now consider continuous-time QSWs where the incoherent evolution describes
incoherent excitation transfer between system vertices [17], such that Ly = |m)(n|. In
this case, the incoherent evolution of equation (27) becomes

G+a)p=wpt Y (Il il = ol g} ) (29
(m,n)€eE(G)

Here, the k-th Lindblad operator Ly = |m)(n| generates an incoherent jump from
vertex n to vertex m, and 7., describes the transition rate for this process, with
E (G) the set of connected edges of the graph.

To first order in At, we see that p,;, = Atvy,., can be treated as the conditional
probability to transition to vertex m if the excitation is in vertex n during time-step
At, if the Lindblad rates satisfy

Y bam= Y, Atyam =1, (29)

mev(G) mev(g)
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to ensure conservation of probability. This condition must be satisfied simultaneously
for all n, which is possible if and only if

Z Ynm = vn eV (G), (30)
meV(G)

such that At = y~! can be chosen uniquely to simultaneously guarantee equation
(29) for all n. We note that this is the same restriction on the Lindblad rates as was
necessary for protocols to simulate continuous time QSWs using quantum trajectories
on a quantum computer [14].

Under this restriction, we can write the incoherent evolution as

wp+ 5 pun(Imlulplnd el - 5{In}nl. o} )

(m,n)EE(G)

—wptw Y pammmlpln)ml =5 D" {Imdnlp} Y pum

(m.n)EB(G) nev(g) mev(9)

=2 =1

= Y Rumm)(nlpln)(m], (31)

(m,n)€E(G)

where in the last line we have defined k,,,,, = Wppnym. Thus, we see that the short-time
incoherent evolution for this restricted class of continuous-time QSWs has the same
form of the incoherent part of the discrete-time QSW we have used throughout this
manuscript.

Similarly, we replace (1 + AtHg) with the unitary propagator Ug(At) = e
for the coherent evolution. Combining these results, and defining a = 1 — w, we see
that we can write the continuous-time evolution for short At as

p(t+ At) = alUg(A)p)ULA) + > Kum|m)(nlpln)(m| + O (At?). (32)
(m,n)€EE(G)

—iIfIgAt

This has the form of a Kraus map for a discrete-time QSW, and as such, we have
shown how to implement the short time evolution of a restricted class of continuous-
time QSWs with a discrete-time QSW, broadening the applicability of our simulation
method for discrete-time QSWs.

5. Conclusion

In this work, we developed a trajectory-based protocol to simulate discrete-time QSWs
on a coherent quantum computer. This ancilla-based protocol breaks down each time-
step of the QSW into three parts that require only coherent couplings, measurements,
and feed-forward operations, and thus are suitable to implementation on quantum
hardware. Subsequent applications of this process create a single quantum trajectory,
and we show that, as with the standard quantum trajectories approach, ensemble
averages over many trajectories mimics the desired QSW dynamics.

The full time-step was carefully detailed for the most general graph of two vertices
and we have shown that this serves as a building block to simulate arbitrary graphs.
The simple procedure to generalize to complex graphs is one of the key features of
our proposal, as no complicated design of system-ancillae interaction is needed. The
protocol can also be employed for simulations of continuous-time QSWs satisfying
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certain conditions, which are also present in previously proposed simulation methods
using quantum computers.

We note that as our protocol is designed on the single-excitation subspace,
hardware implementations using qubits to represent vertices and ancillae are not
resource efficient. Such qubit implementations use a 2"V-dimensional Hilbert space
to simulate a graph G with |V (G)| = N, which only requires 2N degrees of freedom
including ancillae. An alternative approach could use qutrits to represent each vertex,
with the third energy level representing the ancillae.

As is usual for quantum trajectory based protocols, our proposal will be more
suited for simulations for which convergence scales faster than d?, where d is the
Hilbert space dimension of the system to be simulated. As this heavily depends on
the underlying graph G, no general statement is possible. However, we note that
as the system evolution is reset to a specific state after any ancilla is measured to be
occupied, the protocol requires coherence times much shorter than the total simulation
time and could therefore be useful for near-term quantum hardware implementations.
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Appendix A. Matrix representations of the measurement operators for a
single edge

The matrix representations of the measurement operators in Section 3.1 for a 2-vertex
graph are:

1 0 0 0 0 0 0 0
~ 01 00 ~ 0 0 0 0
Mo=1"9 00 0 Marjas = | o g 1/0 0 (A1)
0 0 0O 0 0 0 0/1
0 010 1 0 0 O
- 01 00 - 0 010
ay __ a; __
F't = P(1]1) 100 0 Fyt = P(2]1) 010 0 (A.2)
0 0 0 1 0 0 01
0 0 0 1 1 0 0 O
~ 01 00 - 0 0 01
ay __ az __
" = P(1]2) 00 1 0 Fy? = P(2]2) 00 1 0 (A.3)
1 0 0 O 01 0 0
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