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1. Introduction

Accurate estimation of soil hydraulic parameters is crucial for the reliable prediction of
water flow and solute transport in the vadose zone, which is the foundation for studying
many environmentally relevant processes such as ground water recharge (e.g., Gémez-
Herndndez and Gorelick, 1989; Peleg and Gvirtzman, 2010; Pollacco et al., 2008) and
actual evaporation (e.g., Diouf et al., 2020; Doble et al., 2016). Ground penetrating radar
(GPR) is one of the most widely used geophysical techniques to address water-related
issues (e.g., Bano, 2006; Bradford, 2008; Doolittle et al., 2006). GPR uses the propagation
of high frequency electromagnetic waves in the subsurface to investigate the soil bulk
dielectric permittivity and the soil electrical conductivity (Daniels, 2005). Although, the
soil hydraulic parameters cannot be directly measured by GPR, time-lapse GPR
measurements can be used to determine soil water content (SWC) dynamics (e.g.,
Huisman et al., 2003; Klotzsche et al., 2018) that are directly influenced by soil hydraulic
properties because of the strong link between SWC and bulk dielectric permittivity (Topp
et al., 1980). In the last decades, significant progress has been made with the use of
different GPR configurations (surface, off-ground, and borehole GPR) to estimate soil
hydraulic parameters (e.g., Busch et al., 2013, Jadoon et al., 2008; Jadoon et al., 2012;
Lambot et al., 2006, Kowalsky et al., 2004, Rossi et al., 2015, Rucker and Ferré, 2004,
Yuetal., 2021). Borehole GPR has a larger investigation depth and a better control of the
vertical resolution than off-ground and surface GPR (Huisman et al., 2003), and thus
shows advantages for estimating soil hydraulic parameters, especially at specialized test
sites with appropriate boreholes (e.g., Binley et al., 2001; Looms et al., 2008; Kowalsky

et al., 2005).
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Borehole GPR data are conventionally processed by using ray-based inversion
approaches (e.g., Irving et al., 2007), which only provide velocity and attenuation
information obtained from the first arrival times and first cycle amplitudes of the GPR
data, respectively. Such ray-based approaches generally have a limited resolution for
subsurface characterization because only a small amount of the data is considered.
Therefore, ray-based inversions have difficulty to provide information resolving small-
scale high-contrast layers, such as high-porosity zones that could be related to preferential
flow zones in aquifer systems or impermeable clay lenses (Klotzsche et al., 2019a). In
contrast, full-waveform inversion (FWI) of GPR data considers the entire measured signal,
including reflections and refractions, and is therefore able to provide more accurate and
spatially higher resolved permittivity and electrical conductivity information than ray-
based methods. The FWI method was first proposed by Tarantola (1984) for seismic data.
FWI of seismic data has been further developed since then and is currently widely used
(e.g., Berkhout, 2012; Brossier et al., 2009; Vigh and Starr, 2008). A comprehensive
overview of FWI developments and applications is provided by Virieux and Operto
(2009). Because of the similarity between seismic and GPR data, FWI has also been used
for analyzing off-ground (e.g., Lambot and Andre, 2014), surface (e.g., Busch et al., 2014),
and borehole GPR data (e.g., Ernst et al. 2007a; Ernst et al., 2007b; Meles et al., 2010;
Klotzsche et al., 2013; Klotzsche et al., 2019a) to obtain high-resolution information on
the spatial distribution of both dielectric permittivity and electric conductivity. The
application of FWI for off-ground and surface GPR has mainly focused on estimating the
properties of simplified models with a limited number of unknowns, such as layered
media (Busch et al., 2012; Thamouten et al., 2019) or cylindrical objects (Liu et al., 2018)

in the subsurface. In contrast, FWI of vertical borehole GPR multi-offset gathers (MOG)
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measurements can obtain high-resolution 2D subsurface images by using a gradient-based
inversion algorithm (e.g., Gueting et al., 2017; Klotzsche et al., 2010; Klotzsche et al.,
2014; Looms et al., 2017). GPR is also commonly conducted with horizontal boreholes
using zero-offset profiling (ZOP) measurements to estimate the distribution of dielectric
permittivity at specific depths (e.g., Galagedara et al., 2002). However, it is currently not
possible to employ the 2D gradient-based inversion algorithm for the FWI for horizontal
borehole ZOP data, because ZOP measurements do not provide the necessary dense ray-
coverage with a high amount of different ray-path angles. Additionally with the current
2D approach, we cannot account for the air-soil interfaces that cause significant
reflections and refractions of the waves. Until now, only a preliminary study was
performed by Klotzsche et al. (2016) to invert dielectric permittivity and electric
conductivity for a 2-layer soil profile from ZOP data using a shuffle complex evolution
approach (SCE-UA) (Duan et al., 1993). This approach worked well with synthetic GPR
data to retrieve the soil permittivity and conductivity, but is still challenging to apply to
measured GPR data, because it is difficult to estimate an effective source wavelet from a

single ZOP trace.

To estimate soil hydraulic properties from time-lapse geophysical data, many recent
studies have relied on a coupled inversion approach (e.g., Hinnell et al., 2010; Huisman
et al., 2010; Lambot et al., 2006; Mboh et al., 2012). Compared to a traditional sequential
inversion approach, where the hydrological model is inverted with SWC information
estimated from geophysical data, coupled inversion is recognized as a more reliable and
advanced approach that directly assimilates the geophysical data, and therefore, avoids

interpretation errors from data processing. Coupled inversion was applied successfully to
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GPR travel times to estimate the soil hydraulic parameters at the field scale (Looms et al.,
2008; Scholer et al., 2013; Yu et al., 2021). Since GPR waveforms are expected to contain
more information about the subsurface than GPR travel times, it is anticipated that the
combined use of coupled inversion and FWI (i.e., coupled full waveform inversion, CFWI)
is potentially able to provide soil hydraulic parameter estimates with less uncertainty. Up
to now, there are only a few studies that have reported the use of CFWI to estimate
hydraulic parameters from time-lapse off-ground GPR measurements (Lambot et al.,
2009) or synthetic seismic data (Li et al., 2020). However, no studies have been reported

that applied CFWI to borehole GPR data for parameterizing hydrological models.

This study aims to investigate potential benefits and shortcomings of a coupled full-
waveform inversion (CFWI) for estimating soil hydraulic parameters and layer thickness
for a 2-layer profile using synthetic horizontal borehole GPR data. First, a workflow of
the CFWI will be proposed. Next, a synthetic infiltration experiment will be designed to
simulate SWC and GPR data and parameter correlations between hydraulic parameters
and layer thickness will be analyzed for CFWI. Finally, CFWI will be applied to the
synthetic data and the inversion results will be compared with the results from the more

established coupled inversion of GPR travel times.

2 Materials and Methods

2.1 Horizontal borehole GPR measurements

Z0OP measurements can be used to monitor SWC dynamics at the depths where boreholes
were installed (e.g., Klotzsche et al., 2019b). To perform a ZOP survey, the transmitter

and receiver antennas are moved simultaneously with the same spacing in two different
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boreholes. Using a straight-wave approximation, the first arrival times from the ZOP
survey can be used to determine a 1D dielectric profile using:

cx(t°Ps—1p)

—] (1)

eobs — [

where £°75 (-) is the observed dielectric permittivity, d (m) is the distance between two
boreholes, t°PS (ns) is the first arrival time, c is the velocity of electromagnetic wave in
vacuum (0.3 m ns!), and T, (ns) is the time-zero offset. This offset is commonly
determined by conducting wide angle reflection and refraction (WARR) measurements
with the borehole antennas in air. With respect to the details for obtaining T, from
measured ZOP data, we refer to Klotzsche et al. (2019b). In the case of synthetic GPR
data, Ty, commonly can be set manually. After obtaining the soil dielectric permittivity,
SWC (6°P5) can be calculated using the complex refractive index model (CRIM) (Roth

et al., 1990):

gobs — Veobs—(1-9) [es—@

Ew—1

; 2)

where &; 1s the dielectric permittivity of the soil matrix (4.7 in this study), @ is the soil

porosity, and &,, is the permittivity of water (84 at 10°C).

2.2 Hydrological and GPR forward modelling

The 1D vertical water flow in porous media can be described by the Richards equation:

0 _ 2,0 (2 1) g

where O(h) is the water retention function describing the relationship between the
volumetric SWC (8) (cm® cm™) and pressure head (h) (cm), K,-(h) is the hydraulic
conductivity (cm min') as a function of the pressure head (h), t is time (min), z is the

elevation coordinate (cm). 6(h) and K,.(h) can be parameterized by the classical Mualem
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- van Genuchten (MvG) model (Mualem, 1976; van Genuchten, 1980) as:

95_97”
och) = 1 O T Grianmm <0 @)
0, h=0
K, (h) = K,SL[1 — (1= SY™m)?, )
with
_ 6-6,
Se - 05,—6, ’ (6)

where 6, and 6, are the residual and saturated SWC (cm® ¢cm™), respectively, @ (cm™)

and n (-) are empirical parameters that account for the inverse of the air-entry pressure
and the pore-size distribution, respectively, m (-) is classically related ton by m = 1 — -

K, (cm min!) is the saturated hydraulic conductivity, [ (-) is an empirical parameter that
represents pore tortuosity and commonly set to 0.5 (van Genuchten, 1980), but can be
different for individual soils (Shinomiya et al., 2001), and S, (-) is the effective saturation.
Using these constitutive relations, the soil hydraulic properties can be described with six

parameters (0,, 0, a, n, K, 1).

For hydrological and GPR forward modelling, we used the approach already reported by
Yu et al. (2021). We only provide a short summary here. Hydrus-1D (Simtinek et al.,
2008) was used to simulate the vertical soil water content dynamics. The total simulation
domain was 1.5 m deep and discretized with 151 nodes with an equal spacing of 1 cm. It
is assumed that the infiltration events were conducted on the bare soil and therefore the
root water uptake was neglected. Also, evaporation was not considered in the
hydrological modelling, because the evaporation rate was much lower than the infiltration
rate. An atmospheric boundary condition with surface run-off was used as the upper

boundary condition and a seepage face (h = 0) was used as the lower boundary condition.
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gprMax3D (Giannopoulos, 2005; Warren et al., 2016) was used to simulate GPR wave
propagation using a finite-difference time-domain (FDTD) numerical method. In this
study, the size of the simulation domain for gprMax3D was set to 2 x 1.5 x 1.5 m,
including a soil profile of 0.8 m thickness. The absorbing boundary of the simulation
domain uses the perfectly matched layer (PML) approach. The node spacing of the
discretized FDTD grid was 0.02 m. We used a current source to excite the electromagnetic
waves. The center frequency of the current source was 200 MHz and the excitation

function was the first derivative of a Gaussian wavelet.

2.3 Set-up of the coupled full waveform inversion
We consider two inversion strategies in this study: coupled inversion of GPR travel
times (Fig. 1a) and coupled full waveform inversion (Fig. 1b). In both approaches,
vertical SWC profiles (8™°%) were firstly obtained by Hydrus-1D simulation with
hydraulic parameters. And then, the dielectric permittivity profiles (¢™°%) used as input
for the gprMax3D simulations to obtain synthetic GPR data can be calculated from the
™04 by rearranging Eq. 2:

emd = [(fe, —1) » 0™ + (1 — @) * Je, + @]? . (7)
Finally, the measured GPR data will be optimized with synthetic GPR data to estimate
the hydraulic parameters. The main difference between CFWI and coupled inversion of
travel times is that CFWI directly minimizes the misfit between measured E°?S (V m™)
and simulated waveforms E™°? (V m™) in the time domain instead of the misfit between
first arrival times. For the coupled inversion of travel times, it was assumed that the effects

of the soil electrical conductivity could be neglected, which is reasonable given that the
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first arrival time is not sensitive to the soil electrical conductivity. In contrast, the soil
electrical conductivity should be considered for GPR modelling in CFWI, since the soil
electrical conductivity influences the attenuation, and thus, the amplitude of the GPR
waveform. The distribution of the electrical conductivity can be reasonably obtained from
the distribution of SWC and a petrophysical relationship, e.g., by Archie’s law (Archie,

1942):

1
o.mod — O'W(Pma (
ka

)n“ (8)
where 6™°4 (S m™!) is the bulk soil electrical conductivity used for GPR modelling, o,
is the electrical conductivity of the water (assumed to be 0.0519 S m™! here), k, (-) is a
tortuosity constant, n, (-) is the saturation exponent and m, (-) is the cementation

exponent. In this study, k,, n, and m, are assumed to 1, 2 and 2, respectively, as

suggested by Ewing and Hunt (2005).

The cost function Cpy¢ (t) (ns) for the coupled inversion of GPR travel times is the

RMSE of modelled (t™°%) and observed (¢t°?S) GPR first arrival times:

nt d b
1(tmo tO 5)2

Cuye(t) = \/ , 9)

where n; (-) is the number of GPR measurements. Similarly, the cost function Cyy; (E)

(V m™) for CFWI uses the RMSE between the modelled and measured electrical fields:

ne( mod Eobs)z

Cuva(E) = 2 : (10)

where n, (-) is the number of the electric field points in the modelled GPR data. It
should be noted that the temporal sampling of simulated GPR waveforms is commonly
higher than of measured GPR waveforms. To ensure that the measured and modelled

data are of the same size, the measured GPR data need be interpolated to be the same

9



213 size of the synthetic GPR data.

214

215  In this study, the cost function for CFWI and coupled inversion of GPR travel times
216  were minimized using SCE-UA (Duan et al., 1993), which is a general-purpose global
217  optimization algorithm. The inversion was assumed to be converged if the cost-
218  function value decreased to a specified value or the improvement of the best model was
219  below 0.01 % in the last 10 evolution loops.

220

221 .4 Set-up for synthetic infiltration experiment

222 A synthetic case study is used to investigate the feasibility of obtaining plausible
223 hydraulic parameter estimates for a 2-layer profile by using CFWI. The results of CFWI
224 will be compared to results obtained with coupled inversion of GPR travel times as a
225  reference. In this study, we employed a 2-layer soil profile to generate synthetic SWC
226  profiles (Table 1) based on the hydraulic parameterization described by Cai et al. (2018)
227  torepresent the Selhausen test site (Germany). In this model, we changed the saturated
228  hydraulic conductivity of the subsoil from 0.0004 cm min™! reported by Cai et al. (2018)
229  t00.04 cm min™!, because it should be greater than the infiltration rate to avoid ponding
230  of water at the layer interface.

231

232 Inthe synthetic study, we considered a single 6-hour infiltration event (360 min) followed
233 by a 90-min period with soil water redistribution without infiltration (Fig. 2a). The
234 infiltration rate was 0.03 cm min™!. Horizontal borehole GPR data were simulated at 0.2,
235 0.4, and 0.6 m depths every 30 min. The distance between transmitter and receiver

236  antennas was 0.75 m.

10
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The vertical SWC profiles at times when GPR measurements were conducted are shown
in Fig. 2b. It can be seen, that the infiltration front reached the layer boundary at a depth
of 0.3 m after 180 min. At the end of the infiltration event (360 min), the upper 0.6 m of
soil was saturated and the infiltration front moved to 0.8 m depth. After the infiltration
stopped, the infiltration front still moved down to a depth of 0.9 m and the SWC above
0.6 m depth slightly decreased due to redistribution. The synthetic time-lapse SWC data
at 0.2, 0.4, and 0.6 m depths are shown in Fig. 3a. The soil at 0.2 and 0.4 m depth reached

saturation after 200 and 300 min, respectively.

After obtaining the synthetic SWC profiles, the dielectric permittivity profiles used for
GPR modelling were obtained using Eq. 7 and the electrical conductivity profiles were
obtained using Eq. 8. These dielectric permittivity and electrical conductivity profiles
were employed to generate synthetic GPR data with gprMax3D, which were then used to
determine the GPR first arrival time data (Fig. 3b) by means of the automatic picking
approach reported by Yu et al. (2021). A comparison of Fig. 3a and Fig. 3b shows that
the synthetic time-lapse SWC data and GPR travel time data have synchronous dynamics

during the entire experiment.

The GPR waveforms simulated before (0 min), at the beginning (30 min), middle (210
min), and end (420 min) of the infiltration event are shown in Fig. 3¢ for different
borehole depths. In general, the waveforms simulated at different times show large
differences, which was not always the case for the SWC measurements and the first

arrival times. For example, the arrival time of the direct wave simulated at a 0.6 m depth

11
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did not show a clear difference between 0 and 30 min (Fig. 3b), but the simulated GPR
waveforms are obviously different at these two measurement times (Fig. 3c). Moreover,
it is clear that the arrival times and waveforms of the reflected waves generated on the
air-soil boundary are different at these measurement times (see the waveforms between
12 ns and 15 ns in Fig. 3c). To explain this in detail, the wavefield snapshots for the GPR
measurements at 0.6 m depth were obtained at the infiltration times of 0 and 30 min (Fig.
4). At the early stage of the wave propagation (8 ns), only the direct waves can be
observed (Fig. 4a and 4b). As the infiltration front did reach the 0.6 m depth, the
waveforms of the direct wave that were measured by the receiver between 8 and 14 ns
(Fig. 3c) did not show differences at these two measurement times. The reflected waves
were generated on the soil surface at around 12 ns (Fig. 4b and 4c). Since the infiltration
event increased the SWC of the top 0.1 m of the soil at 30 min (see Fig. 2b), the
permittivity of the top soil and the reflection coefficient of the soil surface were changed.
As aresult, the travel time and amplitude of the reflected waves measured by the receiver
between 15 and 20 ns (Fig. 3c) showed substantial differences (see Fig. 4e — 4h) at these
measurement times. The reflected wave simulated at 30 min showed later arrival times,

but have larger amplitude than that simulated at O min.

For a more realistic synthetic modelling study, Gaussian noise with zero mean and a
standard deviation of 0.1 ns (At) was added to the noise-free GPR travel time. The noise
level of 0.1 ns is based on the sampling interval of 0.2 ns typically used in horizontal
borehole GPR applications, which limits the accuracy of travel time determination. The
noise added to the GPR waveform data was based on noise evaluation using previously

measured GPR waveforms reported by Yu et al. (2020) at recorded times before the first

12
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arrival, which showed that noise varied from 0.1 to 0.5% of the maximum amplitude.
Therefore, Gaussian noise with zero mean and a standard deviation of 0.5% of the
maximum amplitude (AE) was added to the simulated GPR waveforms in this synthetic

study.

Before conducting the inversions, the response surface method (Vrugt and Dane, 2006)
was employed to show the parameter uncertainty and correlation for CFWI and the
coupled inversion of travel times by using a 2D grid search of the cost function
distribution. As a reference, the response surface was also generated based on noisy SWC
data that could be obtained by point measurements, such as time domain reflectometry
(TDR). The noise level for SWC was assumed to be 0.01 cm? cm™ (Topp and Ferré, 2005).
The response surfaces for point measurements were generated based on the following

cost function:

ng

2?_9 (gimod_eiobs)z
CMVG(9)=\/ = , (11)

where 6]"°% and 6% are modelled and measured SWC, respectively, and ng(-) is the

number of the point measurements.

Since no GPR measurements were generated in the dry condition during the infiltration
experiment, the inversion will not be sensitive to the residual SWC (8,.). Therefore, we
intend to invert hydraulic parameters 6, @, n, K and the soil layer thickness (h;) for a 2-
layer soil profile. K; will be inverted in its log-transform (log(Kj)). After obtaining the
final inversion results from CFWI and coupled inversion of GPR travel times, the

uncertainty and the correlation coefficients between the estimated parameters were
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evaluated using a first-order uncertainty approximation (Kool and Parker, 1988). Here, it
was assumed that correlation coefficients that exceed 0.6 indicate an undesirably strong

correlation.

3. Results

3.1 Response surfaces

In a first step, parameter correlations were analyzed using response surface analysis.
Given the available computing power, it was not possible to calculate the response surface
for all parameter pairs for a 2-layer profile in the case of GPR travel time and waveform
data. Since no studies have reported the correlation between the layer thickness and
hydraulic parameters until now, response surfaces considered in this study were
specifically analyzed to reveal the correlations between layer thickness and different
hydraulic parameters for a 2-layer soil profile from GPR waveforms, GPR travel times

and true SWC data (Fig. 5).

In general, response surfaces obtained from different types of data showed similar
parameter correlations. In the response surfaces for h, — n, and h; — n,, a steep gradient
of the cost function was observed near the global minimum, which indicates that h;, nq,
and n, are well constrained by the inversion. However, in the response surfaces for h; —
log(Ksq), hy — log(Ks,), hy — a4, and hy — a, the misfit distribution was perpendicular
to the h, axis, suggesting that log(Kj4), log(Ks,), a;, and a, are less well constrained in
the inversion. The global minima in the response surfaces for h; — 85, and h; — 6, were
positioned in an elongated valley, which implies that 65; and 6, are negatively

correlated with h;.
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The misfit distributions in the response surfaces from SWC showed a strong change at h;
=0.2 m and h; = 0.4 m (Fig. 5), which were the depths where SWC data were simulated.
To explain this, synthetic SWC data (Fig. 6a) were simulated by using h; = 0.18 m and
h; = 0.22 m while keeping the other parameters at the optimal values (see blue crosses in
Fig. 5a). Large SWC differences were observed at 0.2 m depth after the soil got fully
saturated, because the saturated SWC at this depth was different for the models with h; =
0.18 m and h; = 0.22 m (85;= 0.229 and 6, = 0.326 cm® cm™). Similarly, models with
the layer boundary below 0.4 m depth will also have different saturated SWCs. The
response surfaces for GPR travel times and waveforms did not show a sudden change at
hy = 0.2 m and h; = 0.4 m. Although, the simulations with h, = 0.18 m and h = 0.22 m
showed differences in GPR travel time (Fig. 6b) and GPR waveforms (Fig. 6¢), the cost
function values for GPR travel times (0.36 and 0.23 ns) and GPR waveforms (0.98 and
0.84 V m™") showed much less pronounced differences as the values for SWC (0.05 and
0.014 cm® cm). This can be explained by the fact that 200 MHz GPR measurements have
a larger sampling volume than point measurements (Klotzsche et al., 2019b). Because of
the spatial averaging, GPR travel times and waveforms will be less sensitive to abrupt

changes in the vertical SWC profile.

Besides potential parameter correlations, it is also interesting to analyze normalized cost
function values for different types of data to obtain qualitative insights in parameter
uncertainty. The response surfaces show that many model parameters can be inverted
with low uncertainty for the GPR waveform data (at least in theory) as indicated by the

small area with a normalized error smaller than 1. To further illustrate this, two sets of
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model parameters (black crosses in Fig. 5a) were selected in the response surfaces for
h; — 04,, while the other parameters were set to the optimal parameters. The temporal
dynamics in SWC, travel times, and waveforms were simulated for both sets of model
parameters (Fig. 7). Time series of SWC and travel time (Fig. 7a and 7b) only showed
very minor differences for these two sets of simulations. For the simulated GPR
waveforms (Fig. 7c), the two sets of model parameters also provide almost identical GPR
waveforms at the beginning of the experiment (30 min) because the infiltration front was
still located at a shallow depth in the first layer (Fig. 2b). When the infiltration front
approached the layer boundary (210 min), obvious differences appeared between the
waveforms from the true model and the two selected parameter sets, especially at the 0.2
m depth. To explain this in detail, wavefield snapshots were simulated with the true model
and the selected parameter sets (Fig. 8). Due the considerable SWC (permittivity)
differences between the first and second layer, a strong reflected wave was generated on
the layer boundary. Theoretically, a potential refracted wave was also generated on the
air-soil boundary, nevertheless, the energy of the refracted wave was very weak and
therefore its influence on first arrival time and waveform could be neglected. The
reflected wave was superimposed with the direct wave, but this did not affect the first
arrival time (Fig. 8a, 8b and 8c). Hence, the GPR travel times for the selected parameter
sets only showed minor differences. However, the path length and reflection coefficient
of the reflected wave are related to h;, and thus, the travel time and amplitude of this
reflected wave were different. This resulted in substantial differences for the simulated
GPR waveforms (Fig. 8d and 8e) and explained the difference in GPR waveforms for
these models at the end of the infiltration (420 min). This analysis highlights that the

inversion of SWC and GPR travel times only contains information about the SWC at or
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near the borehole depth. On the other hand, CFWI contains additional information on the
SWC at other depths as well as the layer depth due to the reflected wave generated from
the layer boundary. Therefore, CFWI is expected to outperform the inversion of SWCs

and travel times for estimating hydraulic parameters and h;.

3.2 Coupled inversion results

Hydraulic parameters were estimated by using coupled inversion of noisy travel times
and waveforms (Table 2). To avoid overfitting, inversions were stopped when the noise
levels for travel time (0.1 ns) and waveform data (0.03 V m'!) were reached. In general,
the noisy travel times (Fig. 9a) and waveforms (Fig. 9b) were fitted well by the estimated
parameters. It was found that the waveforms simulated with the results of the coupled
inversion of travel times resulted in a slight mismatch for several measurements, e.g., the
measurement conducted at 0.2 m depth at 210 min. This is attributed to the fact that the
coupled inversion of travel times did not use all the information contained in the
waveforms. In the case of the coupled inversion of travel times, the inversely estimated
parameters showed larger uncertainty than for CFWI especially for 84, a4, 655, @5, and
h;. The estimated values of n,, log(Ky1), n,, and log(Kj,) for CFWI still showed a slight
deviation from the known reference values. This is likely caused by the correlations
between n; — log(Ksq) and n, — log(K,,). Other parameter combinations did not show

strong correlations.

Fig. 10 presents 50 realizations of the water retention and relative hydraulic conductivity
functions based on the estimated parameters from CFWI and coupled inversion of travel
times and the associated uncertainty in Table. 2. Since the CFWI accurately obtained the

hydraulic parameters with considerably smaller uncertainty, a very good match was found
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between the estimated and true water retention and relative hydraulic conductivity
functions. However, for the coupled inversion of travel times, the estimated water
retention functions (Fig. 10a and 10c) showed relatively larger uncertainty and did not

accurately predict the true function at low pressure heads, because the n; and n, of the

true model were not within the uncertainty bounds of the estimated n, and n,. In addition,
since the uncertainty interval of estimated K, did contain the true K, value, a slight
mismatch (Fig. 10d) of the estimated and true relative hydraulic conductivity functions

can be found when the second layer is close to the saturation.

4. Discussion

Although, CFWI showed advantages over the coupled inversion of GPR travel time in
the presented synthetic study, it is currently still challenging to use CFWI for processing
experimental GPR data. Similar to the FWI approach proposed by Klotzsche et al. (2016),
the use of CFWI requires an accurate estimation of the source wavelet from the measured
GPR data as the GPR waveform does not only depend on the medium properties
(dielectric permittivity and electrical conductivity), but also on the source wavelet emitted
by the system and the coupling of the antenna and the medium (Busch et al., 2012,
Klotzsche et al., 2018). Ineffective source wavelet estimation from measured GPR data
will likely result in erroneous simulation of GPR waveform data, and in consequence,
will lead to erroneous estimates of the hydraulic parameters using CFWI. In previous
studies, the effective source wavelet was estimated using a deconvolution approach,
which relies on the measured data and forward modelling based on starting model values.
If there are insufficient measurements with varying offsets or angles, it is very difficult to

define such starting models, and hence, to obtain effective source wavelets. Therefore,
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the effective source wavelet is very difficult to estimate from ZOP data. For the GPR data
in this study, the phase of the effective source wavelet can be estimated using a starting
model where the permittivity is obtained from a ray-based inversion with sufficient
accuracy. However, the amplitude of the wavelet is directly coupled to the medium
properties and is very sensitive to small changes in the electrical conductivity. To estimate
an effective waveform for CFWI, a feasible approach would be to perform MOG
measurements. In measurements before measuring the ZOP data or to apply the workflow

proposed by Busch et al. (2012) to estimate the source wavelet from the ZOP/ MOG data.

A second challenge for CFWI is the need for accurate estimation of the electrical
conductivity distribution within the soil profile. In this study, the electrical conductivity
profiles for GPR modelling were obtained from the corresponding SWC profiles by using
Archie’s law. However, the uncertainty in Archie’s law for estimating soil conductivity
from SWC is much greater than that in the petrophysical models relating permittivity and
SWC (e.g., CRIM), because the soil electrical conductivity is also sensitive to other
factors, e.g., clay content and pore water salinity (Binley et al., 2015). Furthermore,
Archie’s law does not consider surface electrical conductivity associated with the
electrical double layer surrounding soil particles. Advanced petrophysical models should
be employed in future studies to consider the influence of the surface conductivity (e.g.,
Revil et al., 2007; Mboh et al., 2012). In addition, the electrical conductivity distribution
may not only be related to the SWC distribution, because of independent variations in the
pore water electrical conductivity associated with fertilizer application or biogeochemical
reactions in the subsurface. This potential mismatch between the distribution of electrical

conductivity and SWC cannot be neglected in the interpretation of actual infiltration
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experiments. To accurately describe the electrical conductivity distribution, it may thus
be necessary to consider solute transport and geochemical reactions in addition to water
flow to predict the distribution of the bulk electrical conductivity in unsaturated soil (e.g.,
Loague and Green, 1991). Unfortunately, this will introduce additional unknowns and
will undoubtedly increase the difficulty of CFWI. Finally, soils of high salinity or clay
content may lead to a strong attenuation of the waveform amplitude. As a result, the noise
level of the actual field data measured in these types of soil could be relatively high.
Compared to the coupled inversion of the travel times, CFWI may thus be less robust to

estimate the hydraulic parameters for these types of soils.

Finally, it is important to emphasize that CFW1 already requires substantial computational
resources for the set-up used in this study. CFWI took almost 10 days of computations
with a computer cluster (48 processers of AMD Opteron 6300) or a week with the
JURECA supercomputer (24 processors) (Jiilich Supercomputing Centre, 2018),
although the FDTD algorithm in gprMax3D was able to calculate in parallel. Note that
further studies should check how this performance can be improved using further
parallelization and HPC clusters, for example, the simultaneous parallelization of the
SCE-UA and FDTD algorithm. Furthermore, in this study, the grid size was set to 0.02
m, which may not be sufficient for accurate GPR simulations in actual 2D or 3D
applications of CFWI due to the systematic errors of FDTD algorism caused by the finite-
difference discretization and numerical dispersion. If modelling errors need to be further
reduced, the discretization of the simulation needs to be refined, which will further
increase computational costs. Therefore, it is important to improve the efficiency and

accuracy of current GPR modelling methods.
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5. Conclusions

In this study, we conducted a synthetic study to explore the feasibility of using CFWI to
estimate hydraulic parameters and layer thickness for a 2-layer soil profile. First, a
workflow for CFWI was introduced. Compared with the coupled inversion of travel times,
CFWI directly uses the entire GPR waveform and can therefore avoid propagation of
uncertainties from the picking of first arrivals into the inversion. In a next step, we
proposed an infiltration experiment to obtain synthetic vertical SWC profiles based on a
real infiltration experiment. This experiment included a 6-hour infiltration event with
GPR measurements at three depths (0.2, 0.4, and 0.6 m depth). Based on this experimental
design, response surfaces for the layer thickness and different hydraulic parameters were
calculated for point SWC measurements, GPR travel times, and GPR waveforms to
investigate potential parameter correlations. It was found that layer depth h, was
negatively correlated with 8, and 6,,. In addition, the response surfaces indicated that
CFWI provided more accurate estimates of layer depth compared with coupled inversion
of GPR travel times and inversion of point SWC measurements. This is attributed to the
fact that CFWI contains additional information introduced by the reflected wave from the
layer boundary. Finally, CFWI and coupled inversion of GPR travel times were applied
to the synthetic infiltration experiment. The simulated waveforms and travel times
matched well with the noisy data, but the estimates of the hydraulic parameters from the
coupled inversion of travel times showed a slight deviation from the true values and a
relatively larger uncertainty in the hydraulic conductivity and retention functions. On the
other hand, hydraulic parameters estimated from CFWI had considerably smaller

uncertainty and thus better matched the known water retention and hydraulic conductivity
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curves. However, a range of challenges remain for the application of CFWI to real field
experiments. First, a robust approach for effective source wavelet estimation for
measured ZOP data has to be developed. Moreover, the use of a more sophisticated
hydrological model that couples the simulations of water flow and solute transport has to
be considered for CFWI to cope with changes in electrical conductivity associated with
fertilization and geochemical processes. In addition, the efficiency of the current GPR
modelling has to be improved. In conclusion, CFWI has several advantages over the
coupled inversion of GPR travel times and it is expected to be a promising inversion
approach for estimating hydraulic parameters at field scale after several remaining

challenges have been addressed.
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Figure captions

1 Fig. 1 Flowchart of (a) coupled inversion of GPR travel times (adapted from Yu et al.
2 (2021)) and (b) coupled full waveform inversion (CFWI).

3

4  Fig. 2 (a) Schedule of the infiltration experiment and synthetic GPR measurements. (b)
5 Synthetic vertical SWC profiles obtained with HYDRUS-1D at the time of the GPR
6 measurements obtained with the hydraulic parameters provided in Table. 1. The
7 vertical SWC profiles (0 min, 30 min, 210 min and 420 min) used to generate GPR
8 waveforms were shown with a larger linewidth.

9

10 Fig. 3 (a) Synthetic time-lapse SWC data at 0.2, 0.4, and 0.6 m depths. The timing of the

11 infiltration event is indicated by the light green background. (b) GPR travel times
12 obtained from synthetic GPR data based on vertical water content distributions used
13 as inputs in gprMax3D. (c) Synthetic GPR waveform data obtained at four different
14 measurement times.

15

16  Fig. 4 Snapshots of the GPR wavefields for a transmitter and receiver position at 0.6 m

17 depth. Wavefields are shown for (a, b) 8 ns, (c, d) 12 ns, (e, f) 14 ns and (g, h) 15 ns

18 for two different measurement times (0 and 30 min) of the infiltration experiment. Note,
19 the fields simulated at the same propagation time (e.g., a, b) were normalized by the
20 maximum field value for the 0 min of that propagation time (e.g., a) to allow a better
21 comparison of the amplitude changes for different measurement times. The position of
22 the receiver antenna is indicated by the black cross. Note that the transmitter is located

23 at a position of -0.75 m at a depth of 0.6 m.

24
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Fig. 5 Response surfaces for layer thickness (h;) and different hydraulic parameters of
the (a) first layer and (b) second layer for GPR waveforms, GPR travel times, and
SWC. The cost function values were normalized by their noise level and were shown
in logarithmic scale. Using this normalization, the areas enclosed by green can
qualitatively be interpreted as the parameter uncertainty. The true model is shown by
the red cross. In the response surfaces for h, — 85, the black crosses refer to the
models of 0.28 m (0.332 cm’cm™) and 0.32 m (0.320 cm?cm™) and the blue crosses

refer to the models of 0.18 m (0.326 cm?cm™) and 0.22 m (0.326 cm’cm™).

Fig. 6 (a) SWC data, (b) synthetic travel times, and (c) synthetic GPR waveforms at three
different times calculated according to the models indicated by the blue crosses in Fig.

5. The length of the infiltration event is indicated by the light green background.

Fig. 7 (a) SWC data, (b) synthetic travel times and (c) synthetic GPR waveforms at three
different times calculated according to the models indicated by black crosses in Fig.
5 and the true model. The length of the infiltration event is indicated by the light green

background.

Fig. 8 Snapshots of the normalized GPR wavefields at a depth of 0.2 m simulated at 12
ns for the GPR measurement conducted at 210 min, based on the (a) true model and
(b, ¢) two selected models indicated by black crosses in Fig. 5. (d, e) Residual
wavefields showing the difference with the true model. The layer boundary is shown
by the black dashed line. The positions of the transmitter and receiver antenna are

indicated by the black circle and black cross, respectively.
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Fig. 9 Coupled inversion results from (a) noisy travel times and (b) noisy GPR waveforms.

The length of the infiltration event is indicated by the light blue background.

Fig. 10 Water retention 8(h) and relative hydraulic conductivity K,.(h) functions for the
first (a, b) and (c, d) second soil layer obtained from the true model (black line) and
50 possible inverted hydraulic parameters sets from coupled inversion of travel times

(yellow dashed lines) and CFWI (purple dashed lines), respectively.
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1 Table 1

2 Soil hydraulic parameters and layer thicknesses (h;) used in the synthetic modelling

3  study
h; 0, 6, a n K, l
(m) (em’cm?) (em™) ) (cm min™) )
First layer 0.3 0.043 0.326 0.036 1.386 0.057 1.47
Second layer 1.2 0.053 0.229 0.050 1.534 0.04 -2.78
4
5 Table2

6 Inverted model parameters for noisy travel time and waveform data

True Inverted results
Bounds

value Travel times Waveforms

—— 2-layer soil profile
051 (cm*cm™) 0.326 0.30-0.40

0.330£0.007 0.326%2.58%1075F
a; (cm™) 0.036 0.030 - 0.125 0.042+ 0.017 0.037+0.0002
ny () 1.386 1.1-2.8 1.240+0.125 1.369+0.002
lOg(Ksl) (cm min") -1.244 -1.456 —-0.276 -0.976+ 0.180 -1.214+0.004
052 (cm3cm'3) 0229 0.15-0.30 0.232+ 0.007 0229i403>< 10-5
a, (em™) 0.050 0.030 - 0.125 0.063+0.014 0.049+0.0002
n, () 1.534 1.1-238 1.379+0.076 1.527+0.0012
log(Ks,) (cm min’") -1.398 -1.456 —-0.276 -1.123+0.194 -1.396+0.0026
h; (m) 0.3 02-04 0.29+0.020 0.30+2.34%10°°
Cost-function - - 0.01 (ns) 0.03 (Vm)
7 +The values indicated the 99% confidence interval based on first-order approximation.
8
9
10
11
12
13
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Table 3

Correlation matrix of the inverted hydraulic parameters from CFWI

a n log(Ks1) az n, log(Ks2) 01 052
(em™) “) (cm min™) (cm™) “) (cmmin)  (cm’em?®)  (cmPem?)
n1 20.499 1
log(K,;) 0488  -0.9361 1
a, -0.228 0.441 -0.424 1
n, 0.128 0.474 -0.415 -0.054 1
log(K,,) 0248  -0.100  0.042 0519  -0.7831 1
01 0.272 -0.417 0.594 -0.054 -0.212 0.049 1
O, -0.162 -0.010 -0.066 0.259 -0.354 0.474 -0.257 1
h; 0.127 -0.105 0.154 -0.043 -0.086 0.067 -0.188 -0.122

1The values indicated the pairs of parameters showing strong correlation.
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