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Abstract
Crossflow ultrafiltration (UF) is a pressure-driven separation and enrichment process for colloidal
dispersions where the feed dispersion is continuously pumped through a membrane pipe. The
transmembrane pressure (TMP) causes solvent to flow out of the membrane, while the colloidal
particles are retained inside the pipe. In this study, we present theoretical results for the UF con-
centration and flow profiles, and the critical flux for dispersions of various size of particles. The
results are obtained using a recently published modified boundary layer approximation (mBLA)
method of crossflow UF [1, 2]. The semi-analytic mBLA method provides an accurate description
of UF profiles, on accounting for the concentration dependence of dispersion transport properties
and osmotic pressure. The considered model dispersions encompass impermeable and permeable
hard spheres and charge-stabilized dispersions.

1 Modeling of Crossflow Ultrafiltration
The present UF model uses the effective Stokes flow and

advection-diffusion equation under solvent permeate flux to
describe the flow and concentration profiles. The permeate flux
is described by Darcy-Starling law at the wall (i.e., surface of the
membrane or cake layer)

vw(z) = Lp(z)
[
P (z)− P perm − Π(φw(z))

]
where z is longitudinal distance from inlet, Lp(z) is hydraulic
permeability of membrane plus cake layer, P (z) − P perm is the
local TMP, and Π is the osmotic pressure as function of particle
wall volume fraction φw. The associated boundary conditions are
provided by the operating conditions: TMP, constant pressure at
permeate side P perm, mean-inlet velocity u0, and feed concentra-
tion φb. The required dispersion properties are osmotic pressure
Π(φ), gradient diffusion coefficient D(φ), and viscosity η(φ).

The mBLA method is based on matched asymptotic expansion
and fixed-point calculation:

1. Outer solution

• φout ≈ φb� 1

• Semi-analytic flow profile

2. Boundary layer (inner) solution

• φb� φin ≤ φf (≈ 0.494 for HS)
• Strong influence of D(φ) and η(φ)

3. Cross-sectional particle flux Φ(z) conservation

• Φ(z) = Φ(0) in steady-state
• Fixed-point iteration (FPI) to calculate φw(z) and Lp(z)

2 Interacting Brownian Particles

Examples of interacting Brownian particles of HS, PHS, and CHS. For CHS,
the reference parameters are provided with a = 220 nm case, then Zbare of
smaller particles are determined either by the same (cd) surface charge density
or (pot) surface potential [3].

2.1 Osmotic pressure
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Maximally admissible osmotic pressure, Π, using Carnahan-Starling (CS) equa-
tion (left), and its comparison with the experimentally measured osmotic pres-
sure of BSA proteins at various pH (right) with isoelectric pH is about 4.72.

2.2 Transport properties
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Summary of gradient diffusion coefficient (left) and suspension viscosity (right)
of HS, PHS, and CHS as indicated.

3 Effect of CP Layer (HS)
With a fully particle-retentive membrane, the permeate flux

induces the particle advection toward the membrane surface,
which is counter-balanced by the particle diffusion away from the
membrane. To this end, the so-called concentration-polarization
(CP) layer is formed near the inner membrane surface, which
increases the particle-contributed osmotic pressure, Π. The actual
contribution of Π on the permeate flux depends on the concentra-
tion and properties of particles with size dependence of Π ∝ 1/a3.

3.1 Membrane geometries

Cylindrical membrane (hollow fiber / tubular membrane)
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<latexit sha1_base64="nSMH5nlQSkU8Aao7icmscwx6mW8=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVZIi6rLoxmUL9gFtKJPpTTt0MgkzE6GGfoC41e9wJ279DD/DP3DaRrCtBy4czrkXzj1+zJnSjvNl5dbWNza38tuFnd29/YPi4VFTRYmk2KARj2TbJwo5E9jQTHNsxxJJ6HNs+aPbqd96QKlYJO71OEYvJAPBAkaJNlL9sVcsOWVnBnuVuBkpQYZar/jd7Uc0CVFoyolSHdeJtZcSqRnlOCl0E4UxoSMywI6hgoSovHQWdGKfGaVvB5E0I7Q9U/9epCRUahz6ZjMkeqiWvan4rzdVpArUr0nlYhAdXHspE3GiUdB5jiDhto7saSl2n0mkmo8NIVQy84pNh0QSqk11BdORu9zIKmlWyu5luVK/KFVvsrbycAKncA4uXEEV7qAGDaCA8Awv8Go9WW/Wu/UxX81Z2c0xLMD6/AH6JJnV</latexit>z

<latexit sha1_base64="4tF8AoxHJstaKKXfl+0NQjjRRb4=">AAACB3icbVDLSsNAFL3xWeur6tJNsAiuSlJEXRbduGzBPqANZTK9aYdOJmFmIoTSDxC3+h3uxK2f4Wf4B07aCLb1wIXDOffCucePOVPacb6stfWNza3twk5xd2//4LB0dNxSUSIpNmnEI9nxiULOBDY10xw7sUQS+hzb/vgu89uPKBWLxINOY/RCMhQsYJRoIzXSfqnsVJwZ7FXi5qQMOer90ndvENEkRKEpJ0p1XSfW3oRIzSjHabGXKIwJHZMhdg0VJETlTWZBp/a5UQZ2EEkzQtsz9e/FhIRKpaFvNkOiR2rZy8R/vUyRKlC/JpWLQXRw402YiBONgs5zBAm3dWRnpdgDJpFqnhpCqGTmFZuOiCRUm+qKpiN3uZFV0qpW3KtKtXFZrt3mbRXgFM7gAly4hhrcQx2aQAHhGV7g1Xqy3qx362O+umblNyewAOvzB/iBmdQ=</latexit>y
<latexit sha1_base64="1pQs9grrYmYCnUVSDBSb/p8qvj4=">AAACB3icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4TMQ9IljA76U2GzD6YmRXCkg8Qr/od3sSrn+Fn+AdOkhVMYkFDUdUN1eXFgitt219Wbm19Y3Mrv13Y2d3bPygeHjVVlEiGDRaJSLY9qlDwEBuaa4HtWCINPIEtb3Q79VuPKBWPwgc9jtEN6CDkPmdUG6l+3yuW7LI9A1klTkZKkKHWK353+xFLAgw1E1SpjmPH2k2p1JwJnBS6icKYshEdYMfQkAao3HQWdELOjNInfiTNhJrM1L8XKQ2UGgee2QyoHqplbyr+600VqXz1azK5GET7127KwzjRGLJ5Dj8RREdkWgrpc4lMi7EhlEluXiFsSCVl2lRXMB05y42skmal7FyWK/WLUvUmaysPJ3AK5+DAFVThDmrQAAYIz/ACr9aT9Wa9Wx/z1ZyV3RzDAqzPH7isma0=</latexit>

R
<latexit sha1_base64="nSMH5nlQSkU8Aao7icmscwx6mW8=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVZIi6rLoxmUL9gFtKJPpTTt0MgkzE6GGfoC41e9wJ279DD/DP3DaRrCtBy4czrkXzj1+zJnSjvNl5dbWNza38tuFnd29/YPi4VFTRYmk2KARj2TbJwo5E9jQTHNsxxJJ6HNs+aPbqd96QKlYJO71OEYvJAPBAkaJNlL9sVcsOWVnBnuVuBkpQYZar/jd7Uc0CVFoyolSHdeJtZcSqRnlOCl0E4UxoSMywI6hgoSovHQWdGKfGaVvB5E0I7Q9U/9epCRUahz6ZjMkeqiWvan4rzdVpArUr0nlYhAdXHspE3GiUdB5jiDhto7saSl2n0mkmo8NIVQy84pNh0QSqk11BdORu9zIKmlWyu5luVK/KFVvsrbycAKncA4uXEEV7qAGDaCA8Awv8Go9WW/Wu/UxX81Z2c0xLMD6/AH6JJnV</latexit>z

<latexit sha1_base64="A8OLKZK51niBRZi53MdGff54cUw=">AAACCnicbVDLSsNAFL3xWeur6tLNYBHcWJIi6kYounFZxT6gDWUynbRDJ5MwMxFC6B+IW/0Od+LWn/Az/AMnbQTbeuDC4Zx74dzjRZwpbdtf1tLyyuraemGjuLm1vbNb2ttvqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsb3WR+65FKxULxoJOIugEeCOYzgnUmJVen971S2a7YE6BF4uSkDDnqvdJ3tx+SOKBCE46V6jh2pN0US80Ip+NiN1Y0wmSEB7RjqMABVW46yTpGx0bpIz+UZoRGE/XvRYoDpZLAM5sB1kM172Xiv16mSOWrX5PI2SDav3RTJqJYU0GmOfyYIx2irBfUZ5ISzRNDMJHMvILIEEtMtGmvaDpy5htZJM1qxTmvVO/OyrXrvK0CHMIRnIADF1CDW6hDAwgM4Rle4NV6st6sd+tjurpk5TcHMAPr8weddJqu</latexit>

y = �R

<latexit sha1_base64="z++vFc1BXdkCS2xpY2fz0N3/LuA=">AAACC3icbVDLSsNAFL3xWeur6tLNYBFclaSIuhGKblxWMG2hDWUynbRDJ5MwMxFC6CeIW/0Od+LWj/Az/AMnbQTbeuDC4Zx74dzjx5wpbdtf1srq2vrGZmmrvL2zu7dfOThsqSiRhLok4pHs+FhRzgR1NdOcdmJJcehz2vbHt7nffqRSsUg86DSmXoiHggWMYG0kN0XXyO5XqnbNngItE6cgVSjQ7Fe+e4OIJCEVmnCsVNexY+1lWGpGOJ2Ue4miMSZjPKRdQwUOqfKyadgJOjXKAAWRNCM0mqp/LzIcKpWGvtkMsR6pRS8X//VyRapA/ZpEzgfRwZWXMREnmgoyyxEkHOkI5cWgAZOUaJ4agolk5hVERlhiok19ZdORs9jIMmnVa85FrX5/Xm3cFG2V4BhO4AwcuIQG3EETXCDA4Ble4NV6st6sd+tjtrpiFTdHMAfr8weqvJqp</latexit>

y = 0
<latexit sha1_base64="0ZE0NHCj9c+nm1J7k3QhL0dAy8Q=">AAACCHicbVDLSsNAFL2pr1pfVZduBovgqiRF1GXRjcta7APaUCbTSTt0MgkzEyGE/oC41e9wJ279Cz/DP3DSRrCtBy4czrkXzj1exJnStv1lFdbWNza3itulnd29/YPy4VFbhbEktEVCHsquhxXlTNCWZprTbiQpDjxOO97kNvM7j1QqFooHnUTUDfBIMJ8RrI3UrDUH5YpdtWdAq8TJSQVyNAbl7/4wJHFAhSYcK9Vz7Ei7KZaaEU6npX6saITJBI9oz1CBA6rcdJZ0is6MMkR+KM0IjWbq34sUB0olgWc2A6zHatnLxH+9TJHKV78mkYtBtH/tpkxEsaaCzHP4MUc6RFkraMgkJZonhmAimXkFkTGWmGjTXcl05Cw3skratapzWa3dX1TqN3lbRTiBUzgHB66gDnfQgBYQ8OEZXuDVerLerHfrY75asPKbY1iA9fkDL8aZ6Q==</latexit>

2R

<latexit sha1_base64="4tF8AoxHJstaKKXfl+0NQjjRRb4=">AAACB3icbVDLSsNAFL3xWeur6tJNsAiuSlJEXRbduGzBPqANZTK9aYdOJmFmIoTSDxC3+h3uxK2f4Wf4B07aCLb1wIXDOffCucePOVPacb6stfWNza3twk5xd2//4LB0dNxSUSIpNmnEI9nxiULOBDY10xw7sUQS+hzb/vgu89uPKBWLxINOY/RCMhQsYJRoIzXSfqnsVJwZ7FXi5qQMOer90ndvENEkRKEpJ0p1XSfW3oRIzSjHabGXKIwJHZMhdg0VJETlTWZBp/a5UQZ2EEkzQtsz9e/FhIRKpaFvNkOiR2rZy8R/vUyRKlC/JpWLQXRw402YiBONgs5zBAm3dWRnpdgDJpFqnhpCqGTmFZuOiCRUm+qKpiN3uZFV0qpW3KtKtXFZrt3mbRXgFM7gAly4hhrcQx2aQAHhGV7g1Xqy3qx362O+umblNyewAOvzB/iBmdQ=</latexit>y
<latexit sha1_base64="z++vFc1BXdkCS2xpY2fz0N3/LuA=">AAACC3icbVDLSsNAFL3xWeur6tLNYBFclaSIuhGKblxWMG2hDWUynbRDJ5MwMxFC6CeIW/0Od+LWj/Az/AMnbQTbeuDC4Zx74dzjx5wpbdtf1srq2vrGZmmrvL2zu7dfOThsqSiRhLok4pHs+FhRzgR1NdOcdmJJcehz2vbHt7nffqRSsUg86DSmXoiHggWMYG0kN0XXyO5XqnbNngItE6cgVSjQ7Fe+e4OIJCEVmnCsVNexY+1lWGpGOJ2Ue4miMSZjPKRdQwUOqfKyadgJOjXKAAWRNCM0mqp/LzIcKpWGvtkMsR6pRS8X//VyRapA/ZpEzgfRwZWXMREnmgoyyxEkHOkI5cWgAZOUaJ4agolk5hVERlhiok19ZdORs9jIMmnVa85FrX5/Xm3cFG2V4BhO4AwcuIQG3EETXCDA4Ble4NV6st6sd+tjtrpiFTdHMAfr8weqvJqp</latexit>

y = 0

[a] Geometries

[b] Cross-sectional structures
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Membrane geometries of CM, FMM, and FMS as indicated. The flat–sheet
membrane geometries (FMM and FMS) are commonly used in mass filtration
processing in industry. The FMS geometry has demanding from laboratory for
monitoring purpose with optically transparent glass substrate.

3.2 Concentration profile and particle flux
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Left: Longitudinal variation of particle wall concentration, φw(z), for HS dis-
persions of CM geometry using mBLA, similarity solution, and FEM calcula-
tions. CT indicates constant-transport properties with D = D0 and η = ηs with
Π(φ) of Carnahan-Starling equation. CT0 in the inset present CT with Π = 0,
where the analytic solution is available (black square). Right: Transversal de-
pendence of the excess and bulk axial particle fluxes, jex and jb, in comparison
with FEM calculations (symbols).

3.3 Effect of feed concentration
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3.4 Effect of mean-inlet velocity
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4 Effect of Cake Layer (HS, PHS, CHS)
With sufficiently high TMP, the particles near the membrane

surface may reach the freezing concentration φf (0.494 for HS),
forming a cake layer. The critical flux is the steady-state mean
permeate flux when the cake layer is observed for the first time
during TMP-sweep test. Beyond this point, the reduction of per-
meate flux (compared to pure solvent prediction) significantly
depends on the hydraulic resistance of the cake layer. With further
increasing TMP, the permeate flux eventually becomes insensitive
to the TMP, exhibiting limiting flux behavior. This section shows
the relation between permeate flux and TMP with variable particle
sizes, and theoretical understanding for the critical flux compared
to particle sizes [4].

4.1 Permeate flux with CP and cake layers
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4.2 Critical flux vs. particle size
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Concluding Remarks
• Recent development of calculating semi-analytic flow and

concentration profiles is summarized. The considered disper-
sion systems are hard spheres (HS), solvent-permeable hard
spheres (PHS), and charge-stabilized dispersions (CHS).

• Effect of CP and cake layers on permeate flux is provided with
remarks on the critical and limiting flux behaviors.

• The mBLA calculation shows exponent to ν ≈ −2/3 for
critical flux and particle size relation similar to the classical
film theory with the mass transfer coefficient.

• Work in progress: the mBLA method is extending with dis-
persions under the effect of shear-induced migration [4].
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