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A B S T R A C T   

This study investigates the influence of an external electric field on the kinetics of a heterogeneous solid state 
reaction between Al2O3 and Y2O3. The reaction couples were prepared by means of pulsed laser deposition (PLD) 
by growing Y2O3 films on single crystalline alumina substrates with an (0001) orientation. The solid state re
action was performed at a temperature of 1400◦ (1673 K). Utilising attached platinum electrodes, an electric field 
of 350 V/mm was applied. The superposed field led to an ionic current through the reacting sample and modifies 
the individual growth kinetics of the three product phases/layers, Y3Al5O12 (YAG), YAlO3 (YAP) and Y4Al2O9 
(YAM) The cross-sections of the reacted samples were characterised by means of SEM and XRD. Depending on the 
direction of the ionic current, the kinetics of the YAP phase formation in particular was strongly influenced. The 
general kinetics of a solid state reaction forming multiple product phases was analysed using linear transport 
theory. The effect of an electric field for controlling the product phase formation to prefer or to kinetically 
suppress the formation of a distinct phase is demonstrated.   

1. Introduction 

Ceramic materials are utilised in many technologically-important 
applications such as electronics, sensor technology, energy conversion 
and storage, e.g. dielectrics, ferroelectrics, magnetic materials, in
sulators, solid electrolytes and mixed conductors. Solid state reactions, 
as degradation processes, play an important role at elevated tempera
tures or if an extended lifetime is required. This includes redox reactions 
and reactions only due to the transport of ions (or atoms), resulting in a 
homogeneous change in a bulk phase or the heterogeneous formation of 
a new product phase [1,2]. Reactive processes at internal and external 
interfaces in multiphase or multilayered electric or electronic devices 
have become a focus of research due to the ongoing drive towards 
miniaturisation. Solid state reactions, negligible on a macroscopic 
length scale, may limit the lifetime because of the short diffusion dis
tances. Under working conditions, many devices are not only subjected 
to elevated temperatures but also to high electric fields due to the short 
distances. An electric field acts as a second driving force on mobile 
charge carriers and components, respectively, in addition to the chem
ical potential gradient. 

Beyond the importance for degradation processes, the influence of an 
external electric field on solid state reactions has also gained more 
importance for the preparation of ceramic materials. In recent years, the 
field-assisted (flash) sintering (FAST) and spark plasma sintering (SPS) 
techniques were developed to a mature state and are now widely used 
for ceramic synthesis. An electric field is directly applied to the (green) 
specimen with a pair of electrodes during the sintering process, resulting 
in a much faster and more intense densification [3–5]. 

Despite the importance for thin film applications of (oxide) ceramics 
and bulk preparation, there have only been a limited number of basic 
experimental and formal studies on the influence of electric fields on the 
product phase formation of heterogeneous solid state reactions and their 
influence on the stability of microstructures [1,6–16]. In these studies, 
only systems were investigated forming a single product phase. This 
work focusses on the heterogeneous solid state reaction between 
alumina and yttria, simultaneously forming three product phases. The 
influence of an electric field on the kinetics of the product phase for
mation is investigated and a formal treatment is given. The electric field- 
assisted kinetics and product phase morphology are compared to the 
only thermally-driven reaction, which was investigated in detail in a 
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previous study [17]. 
As has been shown in an earlier study, the superposition of an ionic 

flux due to an external electric field leads to a decoupling of the ionic 
fluxes. The growth kinetics depends now on a difference of transference 
numbers instead of a term with Nernst-Planck coupled conductivities as 
obtained for an only thermally-activated reaction [16]. In the case of a 
solid state reaction forming multiple product phases, this may enable 
(partial) control of the product phase formation. In the presence of the 
second driving force, the kinetically-preferred product phase may differ 
from that of an only thermally-activated reaction. 

2. Formal considerations 

2.1. Heterogeneous solid state reactions with multiple product phases 

As a model for a heterogeneous solid state reaction with multiple 
product phases we will treat a reaction between two trivalent oxides, 
A2O3 and B2O3, forming a 3:5-product A3B3O12, a 1:1-product ABO3 and 
a 2:1-product A4B2O9. This is a typical sequence which can be observed 
quite frequently for the reaction between Al2O3 and a rare earth ses
quioxide RE2O3 [18–21]. The 3:5-product A3B3O12 usually has a cubic 
garnet structure, the 1:1-product ABO3 a (orthorhombic distorted) 
perovskite structure and the 2:1-product A4B2O9 a monoclinic cuspidine 
structure. 

For the further treatment, we denote A3+ and B3+ as general trivalent 
cations. For the sake of brevity, all quantities that are related to one of 
the product phases A4B2O9, ABO3 or A3B5O12 will be marked with a 
capital letter according to their structure (M: monoclinic phase, P: 
perovskite and G: garnet). If all three products are formed by the starting 
oxides, A2O3 and B2O3, the following partial reactions will take place 
between the neighbouring phases in the product layer sequence, see 
Fig. 1a: 

M : A2O3 + 2ABO3 = A4B2O9 (1)  

P : A4B2O9 + A3B5O12 = 7ABO3 (2)  

G : 3ABO3 + B2O3 = A3B5O12 (3)  

2.2. Only thermally driven reaction 

The detailed treatment of the only thermally-induced reaction using 
linear transport theory was presented in an earlier study [17]. It is 

assumed that the cations A2+ and B3+ have sufficent mobility in the 
product phases. The mobility of the oxide anions O2− , as well as possible 
electronic conductivity, is neglected for the sake of simplicity, see 
Fig. 1a. There is no access to oxygen from the surrounding atmosphere to 
the phase boundaries between the starting materials and product phases 
and between the product phases, respectively. The treatment yields the 
following system of non-linear coupled ordinary differential equations 
(ODE) describing the simultaneous growth of the three product layers as 
a function of time t: 
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The thickness of the product layer i is given by Δxi and its molar volumes 
by V i

m (i = M, P, G). According to Wagner and Schmalzried, ki denotes 
the rate constants of the second kind, see Eq. (A.43) to (A.45) in the 
Appendix A [22,2,1]. The ODE system in Eq. (4) to (6) can be solved by 
means of simple parabolic rate laws: 
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This implies the introduction of rate constants of the first kind k’
i .

1 A 
steady-stete ratio of the product layer thicknesses ΔxM, ΔxP and ΔxG can 
be derived from Eq. (7) to (9) for the only thermally induced growth 
process: 
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2.3. Electric field assisted reaction 

If an external electric field is present, acting as a second driving force 
on the ionic transport in the starting materials and product layers, the 
treatment must be modified. An ionic current is now driven through the 
sequence of starting materials and product layers, see Fig. 1b. Details are 
given in the Appendix A. The extended treatment yields a system of 
coupled ODEs similar to Eq. (4) to (6), but with additional terms 
depending on the superimposed ionic current: 
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The newly introduced rate constants k i
elF describe the influence of the 

additional driving force (i = M, P, G) and include the total cationic 
current density icat induced by the external electric field across the 
reacting sample: 

Fig. 1. Simultaneous formation of three product phases (YAM, YAP and YAG) 
from two starting oxides (A2O3 and B2O3) in the case of (a) an only thermally 
activated reaction and (b) under the influence of an external electric field. The 

cation fluxes j
→

A3+ and j
→

B3+ are indicated with arrows. 1 Also called “practical” parabolic rate constants 
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The only thermally-induced growth is described by the rate constants ki, 
as defined in Eq. (A.43) to (A.45) in the Appendix A. In contrast to the 
rate constants ki, the new rate constants ki

elF depend on the transference 
numbers t i

A3+ and t i
B3+ of the cations instead of the Nernst-Planck coupled 

partial cation conductivities. 
The extended ODE system in Eq. (11) to (13) for the simultaneous 

growth of three product layers in the presence of an electric field cannot 
be solved analytically. In the case of only one product layer, an implicite 
analytical solution is possible using elementary functions. This is out
lined for a typical spinel forming reaction in a former publication [14]. 

However, the following limiting cases can be distinguished for the 
extended ODE system in Eq. (11) to (13): i) Initially, if there are only 
very thin product layers, the additional terms depending on the external 
electric field can be neglected. The terms with the reciprocal layer 
thicknesses will dominate. Thus, the product layer growth can be 
approximated by parabolic rate laws as in Eq. (7) to (9), obtained for the 
only thermally-induced reaction: 
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ii) As the reaction proceeds, the terms with the reciprocal layer thick
nesses will become ever smaller and finally the growth kinetics will only 
be governed by the additional terms depending on the external electric 
field. This yields the following linear rate laws: 

ΔxM ≈ kM
elFΔt (20)  

ΔxP ≈ kP
elFΔt (21)  

ΔxG ≈ kG
elFΔt (22)  

This means that the growth kinetics of the product layer formation is 
changed by the additional electric field from parabolic rate laws to 
linear rate ones. The steady-state ratio of the product layer thicknesses 
ΔxM, ΔxP and ΔxG for the electric field driven growth process can be 
derived from Eq. (20) to (22): 

ΔxM : ΔxP : ΔxG ≈ kM
elF : kP

elF : kG
elF (23)  

Thus, the electric field-assisted growth of the product layers underlies a 
different rate law and the steady-state ratio of the product layer thick
nesses will differ compared to the only thermally-induced growth. 

3. Experimental 

3.1. Preparation of the thin film samples 

The solid-state reaction between Al2O3 and Y2O3 was selected as a 
model system. A sequence of three product phases Y3Al5O12 (YAG), 
YAlO3 (YAP) and Y4Al2O9 (YAM) is formed depending on the reaction 
temperature and time [23,18,19,17]. 

The samples were prepared using thin-film techniques. Al2O3 single- 
crystal substrates with an (0001) orientation were used (CrysTec GmbH/ 

Berlin, 10 × 10 × 0.5 mm, epi-polished). The substrates were coated by 
means of pulsed laser deposition (PLD) with a Y2O3 film. Layers with a 
thickness of 6–10 μm were prepared. The substrate temperature during 
the deposition was adjusted to 700–900 ◦C. A repetition rate of 10 Hz 
and pulse energy of 200–250 mJ (fluence in focus 20–25 J cm− 2) 
resulted in a growth rate of 1–2 μm h− 1. Oxygen was used as a 
background gas in order to avoid non-stoichiometry in the thin film 
oxide (9 Pa). The Y2O3 targets were prepared by means of uniaxial cold 
pressing of Y2O3 powder (99.999%, Chempur/Karlsruhe) with a 
pressure of 60 MPa and subsequent sintering for 48 h at 1500 ◦C in air. 

The Y2O3-coated Al2O3 substrates were post-treated in air at 
800–1000 ◦C for 24 h in order to increase the crystallinity, see Section 
3.3. The substrates were then sawn into samples of about 5 × 3 × 0.5 
mm in size. 

3.2. Solid state reaction 

To perform the experiment with an external electric field simulta
neously for both current directions, two Y2O3-coated Al2O3 substrates 
were attached together on the uncoated sides. Pt foils with a thickness of 
0.3 mm were mechanically roughened and attached to the sides with 
Y2O3 films using platinum paste to act as electrodes. This should allow 
for oxygen exchange with the surrounding atmosphere (reversible 
electrodes). It is necessary to drive an ionic current through the sample, 
e.g. assuming predominant cation conductivity and connecting Y2O3 
layer to the cathode side (− ): 

Al2O3 = 2Al3+ + 2
/

3O2 + 6e− (24)  

2Y3+ + 2
/

3O2 + 6e− = Y2O3 (25)  

The size of the electrodes (4 × 2.5 mm) was slightly smaller than the 
coated Al2O3 substrates. The two sandwiched samples were placed in a 
sample holder, made of Al2O3 oxide ceramic parts, see Fig. 2. The 
electric contact of the Pt electrodes was ensured with a spring loaded 
ceramic rod. The Pt wires were insulated using ceramic capillaries. 

The same fixed temperature of 1400 ◦C and the same heating pro
cedure was selected for the electric field-assisted solid state reaction as 
in the preceding study treating the only thermally-induced reaction 

Fig. 2. Sketch of the experimental setup. The height of the Y2O3 thin films on 
the Al2O3/Y2O3 samples is oversized. Mechanical pressure to ensure the electric 
contact of the Pt electrodes (dotted) was applied by a spring-loaded ceramic 
rod. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.) 
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[17]. At this temperature, the progress of the reaction is on a timescale of 
hours/days and can be easily monitored by SEM, see chapter 3.3. The 
samples were heated up to the reaction temperature in ~60 min. by 
moving the sample holder into a pre-heated tubular oven and cooled 
down to room temperature by moving it out (20 ◦C /min. from room 
temperature to 1000 ◦C and 30 ◦C/min. from 1000 to 1400 ◦C). A 
voltage of 350 V was applied to the electrodes and the current was 
monitored. Reaction times between 1.5 and 72 h were chosen. The total 
time the samples reside in the temperature range between 1250 and 
1400 ◦C is less than 20 min. In this temperature range, the rate constants 
of the thermally induced reaction will drop by two orders of magnitude 
according to the results by Heffelfinger et al. [24] Thus, the resulting 
experimental errors may be negligible. 

3.3. Microstructural characterisation by XRD and SEM 

The crystallinity and texture of the unreacted and reacted samples 
were characterised by means of X-ray diffractometry (Siemens D500, 
Cu-Kα, Graphite diffracted beam monochromator, Bragg-Brentano ge
ometry). The morphological development of the product layer were 
characterised by using scanning electron microscopy (SEM, LEO Gemini 
982). The cross-sections of the reacted samples were prepared by means 
of mechanical polishing. The final polishing step was carried out using 
colloidal silicon oxide (0.01 μm). The SEM images were taken in back
scattered electron mode (BSE) at 10 kV acceleration voltage in order to 
achieve an optimal contrast between the individual phases Al2O3, YAG, 
YAP, YAM and Y2O3. 

4. Results 

4.1. Structural characterisation of the Y2O3 thin film 

Dense and continuous Y2O3 films with a thickness of up to 10 μm can 
be grown by PLD on Al2O3 substrates. No voids can be detected by SEM 
in the unreacted Y2O3 phase. The details regarding the texture and 
crystallinity of the unreacted samples can be found in the preceding 
study on the only thermally initiated reaction [17]. 

According to the results of the XRD characterisation, the as-deposited 
films have poor crystallinity. Thus, a thermal treatment at 800–1000 ◦C 
was performed (FMWH of ~0.8 ◦ before and ~0.5 ◦ after, no detectable 
formation of product phases). When investigating samples with different 
film thicknesses, it became apparent that the crystallites in a Y2O3 thin 
film are initially grown in a (111) orientation on a (0001) Al2O3 sub
strate. With increasing film thickness, the subsequently formed crys
tallites prefer the (110) orientation. 

4.2. Morphology of the product layers 

In order to analyse the moving phase boundaries, the cross-sections 
of the samples reacted under the influence of an electric field were 
characterised by SEM. The results were compared to those of the pre
ceeding study, treating the only thermally induced reaction [17]. 

The grain boundary structure is only partially visible using the BSE 
imaging mode. Due to the differing hardness of the ceramic substrate, 
layers and electrodes, significant scratches on the surface resulting from 
the sample preparation affect the SEM analysis when considering the 
channeling contrast. It can be discerned in Fig. 3 that the grain boundaries, 
respectively the individual grains in the YAG and YAP product phase are 
connected across the phase boundary. In the case of the YAP phase, a 
uniform layer thickness was only present at very short reaction times. 
When the reaction proceeds, significant thickness variations appear for 
the reference, as well as when applying an (external) electric field. 

If the Y2O3 layer is aligned to the anode (+) side, the morphology of 
the product phases and their interfaces is comparable to the results 
found for the reference without a field, see Fig. 4a and b. However, there 
is a significantly increased wavyness of the Al2O3/YAP interface. A 

formation of pores could be observed in the Y2O3/YAM interface. To a 
smaller extent, this is also noticeable in the YAM/YAP interface. 

If the Y2O3 layer is on the cathode (− ) side, the morphology of the 
product phases and their interfaces differs significantly when compared 
to the reference without field and to anodic polarisation, see Fig. 4a and 
c. The observed pore formation is even stronger compared to the anodic 
polarisation. Pores are not only in the Y2O3/YAM, but also in the Al2O3/ 
YAP interface. Generally, the pore formation hampers the determination 
of the product layer thicknesses, resulting in increased experimental 
errors. The strong pore formation in the case of cathodic polarisation 
partially results in heavily damaged cross sections, due the mechanical 
stress during the polishing process, see Fig. 4c at 7 h, 46 h and 72 h. 

4.3. Growth kinetics 

A current of about 3 mA can be measured nearly during the whole 
experimental time, when applying a voltage of 350 V to the sandwiched 
samples. Considering the area of the electrodes of 1.0 ⋅ 10− 1 cm2 and the 
distance of 1 mm, this corresponds to a current density of 30 mA cm− 2 and 
an average electric field of 3.5 kV cm− 1. According to the literature, the 
(total) conductivity of Al2O3 at 1400 ◦C is in the order of 10− 6 

to 10− 7 S cm− 1. Values of about 10− 4 S cm− 1 can be found for Y2O3 
[25–32]. This indicates that the electric field in the Y2O3 thin film is 
probably about 3 orders of magnitude smaller than the estimated average. 
However, the (total) conductivities of the product phases are much closer 
to the value found for Al2O3 and thus also the magnitude of the electric 
field [17,33]. A value of 6.3 ⋅ 10− 7 S cm− 1 can be found for YAG. 

The average product layer thicknesses Δxi (i = M, P and G) were 
evaluated from the SEM microslides using the software ImageJ [34]. The 
errors were estimated according to the observed variations when per
forming the image analysis at different locations, i.e. according to the 
observed thickness variations. The results for the samples, reacted by 
applying an electric potential difference of 350 V and connecting the Y2O3 
layer to the anode (+) or cathode (− ), are depicted in Fig. 5. A double 
logarithmic scaling was used to plot the relation between the thickness Δxi 
of the product layer i and reaction time Δt. For comparison, the results of 
the reference sample reacted without an applied voltage are also provided 
[17]. The data is fitted by using a general power function Δxi =a (Δt)b. The 
results for the fit parameters are listed in Table 1. 

In general, the growth rates of the product phases are increasing in 
the order YAP ≪ YAM < YAG. This is the case with and without applying 
an electric potential difference. The growth rate of the YAP phase is 
nearly one order of magnitude lower compared to the YAG phase. 

Fig. 3. Contrast enhanced and de-noised SEM microslide (cross section, 10 kV 
acceleration voltage, BSE mode) of of a sample after a reaction time of 16 h (T 
= 1400 ◦C). The Y2O3 layer is connected to the anode side (+), applying a 
potential difference of 350 V. The grain boundaries (‘arrows’) are partially 
visible due to channeling contrast. 

C. Korte and B. Franz                                                                                                                                                                                                                         



Solid State Ionics 383 (2022) 115978

5

Fig. 4. SEM microslides (cross sections, 10 kV acceleration voltage, BSE mode) of different samples after a reaction time of 1.5 h, 5 h, 7 h, 16 h, 24 h, 40 h 46 h and 
72 h (T = 1400 ◦C). The microslides of the reference samples (a) without electric field are taken from the preceding study [17]. An electic potential difference of 350 
V is applied to the samples denoted with (b) and (c), whereas in the first case the Y2O3 layer is connected to the anode side (+) and in the latter case to the cathode 
side (− ). 
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5. Discussion 

5.1. Orientation of the deposited Y2O3 layers 

Y2O3 has a cubic bixbyite structure (Ia3) and the Al2O3 substrate a 
trigonal corundum structure (R3c). There is a preference for the nucle
ation and growth of the Y2O3 crystallites in a (111) orientation on a 
(0001) Al2O3 substrate according to the trifold symmetry axis perpen
dicular to the substrate plane/growth direction. With increasing film 

thickness, crystallites with other orientations will also nucleate. This 
was discussed in more detail in the preceding study about the only 
thermally-initiated reaction [17]. 

5.2. Morphology of the product layers 

As the observed wavyness of the Y2O3/YAM and Al2O3/YAG inter
face, i.e. the triangular-like features are usually accompanied to grain 
boundaries in the adjacent phases, they might be caused by enhanced 
mass transport along these boundaries and by a preferential nucleation 
of the product phases at the end of the grain boundaries in the initial 
Y2O3 layer. Unfortunately, the grain boundary structure in the YAG, 
YAP, YAM and Y2O3 phases is difficult to discern in the SEM/BSE 
microslides, see Fig. 3, ‘arrows’. However, a match with the triangular- 
like features in the interface is partially possible. 

These phenomena are frequently present in thermally-initiated het
erogeneous solid state reactions. It was discussed in more details in the 
preceding study on the reaction of Y2O3 and Al2O3 [17,24]. The 
increased wavyness of the Al2O3/YAG interface, observed for the sam
ples reacted under the influence of an electrical potential difference, 
may be caused by the superposed ionic current and an increasing in
fluence of grain boundary transport. This was also observed for the 
electric field enhanced reaction of In2O3 and MgO [11,16]. 

The observed pore formation in the interface between the Y2O3 and 
YAM phase, respectively in the bulk of the Y2O3 phase, is most likely due 
to the presence of electronic conductivity at the high reaction temper
ature. As reported by Schmalzried and Pfeiffer, a running solid state 
reaction will cause the build-up of an oxygen partial pressure gradient in 
the presence of electronic conductivity, resulting in the formation of 
voids at grain and phase boundaries [35]. 

5.3. Growth kinetics 

The voltage applied to the sandwiched samples results in an electric 
field of 3.5 kV cm− 1. Using this value and the measured current density 
of 30 mA cm− 1, a conductivity of about 8.6 ⋅ 10− 7 S cm− 1 can be esti
mated. Due to the thickness ratio between both thin films and both 
Al2O3 substrates in the sandwiched samples (~10 μm: 1 mm), the charge 
transport is primarily governed by the properties of single crystalline 
Al2O3. In the literature, the values found for the total conductivity of 
Al2O3 were spread between 10− 7–10− 6 S cm− 1 [27–32]. If grain 
boundaries are present (polycrystalline samples), the given upper limit 
will be reached. Taking into account the fact that no guard electrodes are 
used to prevent surface conduction, this indicates for a single-crystal 
substrates that the true total current density may be one order of 
magnitude lower, i.e. itot~10− 3 A cm− 1. 

The values of the transference numbers in Al2O3 are not fully clear. 
According to Brook et al. and Yee et al., the electronic transference 
number tel decreases with temperature, estimating a tion = 1 − tel of 
about 1 below 1400 ◦C [28,29]. The opposite was reported by Will et al. 
[30]. Only a value of 0.02 to 0.04 is reported for tion at a temperature of 
1300 ◦C. The dominating charge carrier, responsible for the ionic 

Fig. 5. Double lograrithmic plots of the product layer thickness Δxi vs. reaction 
time Δt. From top to bottom: reference without electric field, Y2O3 film to the 
cathode side (− )and Y2O3 film to the anode side (+). The dashed lines were 
obtained by fitting a general power function Δxi = a (Δt)b. The obtained fit 
parameters are listed in Table 1. The light solid lines in the middle and bottom 
plots are the fit curves obtained for the reference (top plot). 

Table 1 
Result from fiting the experimental data with a general power function Δxi = a 

(Δt)b. If b = 1/2, the prefactor a is equal to 
̅̅̅̅̅̅̅

2k′

i

√

, if b = 1 the prefactor a is equal 

to ki
elF  

Polarity Prefactor a / (10− 2 ⋅ μm h− b) Exponent b / 1  

YAM YAP YAG YAM YAP YAG 

Reference, no 
electric field 

39.6 
± 2.3 

5.23 
± 0.63 

73.5 
± 9.5 

0.40 
± 0.02 

0.71 
± 0.04 

0.40 
± 0.04 

(− ), Y2O3 film to 
cathode side 

52.1 
± 12.4 

18.4 
± 8.7 

84.3 
± 54.2 

0.38 
± 0.07 

0.57 
± 0.14 

0.33 
± 0.22 

(+), Y2O3 film to 
anode side 

43.1 
± 4.9 

7.91 
± 1.71 

69.4 
± 5.5 

0.37 
± 0.04 

0.65 
± 0.07 

0.45 
± 0.03  
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transport tion = tAl3+ + tO2− , was also controversially discussed. The ratio 
of tAl3+ and tO2− may also depend on the oxygen partial pressure pO2 and 
the presence of grain boundaries (polycrystalline samples) [32]. 
Considering the results on the transference numbers from the literature 
and the very likely presence of surface conduction, the cationic current 
density icat < iion = itot − iel is presumabely in the order of 10− 5 A cm− 1. 

The reaction system Y2O3/Al2O3, forming three product phases, can 
be described by a system of three ODEs, see Eq. (4) to (6) (only thermally 
initated reaction) and Eq. (11) to (13) (with a superimposed ionic cur
rent/external electric field). According to the limiting cases discussed in 
the formal considerations, a change from a parabolic growth law to a 
linear one should appear if an external electric field is present, see Eq. 
(17) and (22). Using a double-logarithmic plot for the data, i.e. Δxi vs. Δt, 
the change in the rate law can be proven by a change in the slope from 1/ 
2 in the case of the only thermally-initiated reaction to 1 in the presence 
of an electric field. 

In Fig. 5 the thickness changes Δxi of the products layers in the re
action system Al2O3/Y2O3 are depicted for different field (current) di
rections and for the only thermally-initiated reference (double- 
logarithmic plot). The growth rates can be analysed by fitting general 
power functions Δxi = a (Δt)b, see Table 1. It becomes apparent that the 
effect of the applied electric field is less pronounced compared to pre
ceding studies on the reaction system In2O3/MgO that forms only a 
single product layer of MgIn2O4 [11,16]. 

Using linear transport theory, the growth of a single product layer 
can be described by a single ODE. As well, a change from a parabolic 
growth law to a linear one should appear if an external electric field is 
present. An increased growth of the product phase can be expected if the 
trivalent oxide is connected to the cathode (− ) side and the transference 
number of the divalent cation is higher compared to the trivalent cation 
[16]. Both can be confirmed for the In2O3/MgO system, see the (double- 
logarithmic) plot in the supplemental material of the product phase 
thickness ΔxMgIn2O4 vs. reaction time Δt. By fitting a general power 
function ΔxMgIn2O4 = a (Δt)b, a slope of 0.50±0.06 can be found for the 
only thermally-initiated reaction and of 1.10±0.11 for the electric field 
driven reaction. In the presence of an electric field, there is no detectable 
change in the slope with the reaction time or in the product layer 
thickness, respectively. Presumably, the change from diffusion to elec
tric field control will appear in the very beginning of the reaction, which 
is difficult to access by fast quenching and ex-situ analysis of the samples. 

In the case of the reaction system Y2O3/Al2O3 it was not possible to 
detect a systematic change in the slope when comparing the only 
thermally-reacted reference to the samples reacted under the influence 
of an (external) electric field or a change of the growth kinetic with time 
under the influence of an elecric field. A value always in the order of 0.4 
can be found in the YAM and YAG phase and a value always in the order 
of 0.6 to 0.7 in the YAP phase, see Table 1. 

There is no clear effect of the (external) electric field on the growth 
rate of the YAG phase. The growth rate when connecting the Y2O3 layer 
to the cathode side (− ) or when connecting it to the anode side (+) does 
not significantly differ from the reference without external field (ratio of 
prefactors: a(− )/a(Ref) ≈ 1.15, a(+)/a(Ref) ≈ 0.94), see Fig. 5 and 
Table 1. A very slight increase of the growth rate is present for the YAM 
phase (ratio of prefactors: a(− )/a(Ref) ≈ 1.32, a(+)/a(Ref) ≈ 1.09) and 
a significant effect can be observed for the YAP phase (ratio of pre
factors: a(− )/a(Ref) ≈ 3.52, a(+)/a(Ref) ≈ 1.51), when connecting the 
Y2O3 layer to the cathode side (− ). However, there are significant 
experimental errors in the thickness measurements when applying an 
electric field due to pore formation and irregular wavy reaction fronts, 
especially for this polarity. 

Considering the above observations that the effect of the (external) 
electric field is negligable for the YAG and YAM phases, it is possible to 
estimate the ionic transference numbers t i

Y3+ and t i
Al3+ in the product 

phases (i = M, P and G) at the experimental temperature of 1400 ◦C to be 
consistent with this. The transference numbers in the YAG phase can be 

obtained from the measured value of the Nernst-Planck coupled con
ductivity σG

Y3+ σG
Al3+/(σ

G
Y3+ + σG

Al3+ ) from the preceding study (3.55 ⋅ 10− 8 

S cm− 1) and the total cationic conductivity σG
Y3+ + σG

Al3+ at 1400 ◦ from 
Bates and Garnier (6.3 ⋅ 10− 7 S cm− 1) [33,17]. This yields a value of 
about 0.06 for tG

Y3+ . Using Eq. (14) to (16) (A = Y, B = Al) and assuming 
that kM

elF and kG
elF are at least ten times smaller than kP

elF results in a system 
of inequations and yields that tP

Y3+ should be in the order of 0.08–0.1 and 
tM
Y3+ in the order of 0.39 (see supplemental material). This corresponds to 

cation conductivities in the order of 10− 8 S cm− 1 for the YAM phase and 
of 10− 9–10− 8 S cm− 1 for the YAP phase. 

Taking a total cationic current density icat in the order of 10− 5 A cm2 

into account, this would result in values for kG
elF and kM

elF for the YAG and 
YAM phases much too low to influence the only thermally driven growth 
rates. It does not explain the missing change of the kinetics (exponent) 
for the growth of the YAP phase. However, these are only very rough 
estimations, as a possible O2− conduction is neglected in the model (see 
Appendix A) and the possible built-up of an oxygen partial pressure 
gradient (see pore formation) is not taken into account. The latter might 
also have an influence on the cationic transport processes. 

6. Summary 

As an extension of the preceding study on the only thermally-driven 
solid state reaction between two sequioxides A2O3–B2O3, the formalisms 
of Wagner and Schmalzried can also be applied to the general treatment 
in the case of the additional influence of an external electric field. 
Likewise, it is assumed that the heterogeneous reaction forms three 
product phases, namely a garnet phase (A5B3O12), a perovskite phase 
(ABO3) and a cuspidin phase (A4B2O9). The treatment using linear 
transport theory yields a transition between a diffusion-limited para
bolic growth law to a electric field driven linear growth law for the 
coupled formation of the product phases. The growth rates of the 
products phase will depend on the differences in the cationic trans
ference numbers instead of the Nernst-Planck-coupled conductivities. 
This is comparable to the results from a former study on the spinel 
forming reaction system AO–B2O3. 

When comparing the reaction of the sequioxide system Al2O3–Y2O3 
at 1400 ◦C under the influence of an electric field to the reference re
action without a field, an enhanced formation of the perovskite (YAP) 
phase can be observed if the Y2O3 phase is connected to the cathode (− ) 
side. In the case of the opposite polarity of the electric field and 
regarding the other product phases, YAG and YAM, the effect is negli
gible. This demonstrates that the product phase preferentially formed by 
a solid state reaction can be kinetically influenced by applying an 
electric field. 

Surprisingly, there is no significant change in the growth kinetics, i.e. 
the exponents observed for the rate laws do not change significantly 
when applying an electric field. In the case of the YAG and YAM product 
phases the value is in the order of a diffusion-limited parabolic growth 
law (~0.4). In the case of the YAP phase, the value is distinctly higher 
than 1/2, but is also independent of the presence of an electric field. In 
the case of the YAM and YAG phases, this might be explained by a ratio 
of the cationic transference numbers leading to an negligible influence 
of the electric field-induced ionic transport on the total growth rate. 
However, this does not hold in the case of the YAP phase as enhanced 
growth can be observed. 

For the sake of simplicity, the suggested model does not include a 
possible O2− conduction, which may change the relevant interface re
actions and does not take the possible build-up of an oxygen partial 
pressure gradient into account. Both may also modify the kinetics. A 
more suitable model system to investigate these phenomena should 
react at significantly lower temperatures in order to avoid experimental 
complications like surface and electronic conduction. 
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Appendix A. The reaction system A2O3–B2O3 in the presence of an external electric field 

A.1. Linear transport theory 

The following treatment is restricted to an one-dimensional system, see Fig. 1b. All vector quantities such as the ionic fluxes and electrochemical 
potential gradients are treated as scalars. A positive sign corresponds to a vector in the direction of the +x-axis and a negative to a vector in the 
opposite direction. There will always be a linear dependence between the driving forces and the induced fluxes. The transport coefficients are assumed 
to be concentration independent. 

A.2. Condition of electroneutrality 

The cation fluxes j i
A3+ and j i

B3+ in the three product phases (i = M, P or G) and the starting material (i = A2O3, B2O3) are driven by the external 
electric field. The simultaneous fluxes of the A3+ and B3+ cations in the product phases are coupled by the condition of charge conservation and the 
sum of the flown charge is equal to the total cationic current density icat through the reacting system, see Fig. 1b: 

A2O3 : 3Fj A2O3
A3+ = icat (A.1)  

M : 3Fj M
A3+ + 3Fj M

B3+ = icat (A.2)  

P : 3Fj P
A3+ + 3Fj P

B3+ = icat (A.3)  

G : 3Fj G
A3+ + 3Fj G

B3+ = icat (A.4)  

B2O3 : 3Fj B2O3
A3+ = icat (A.5)  

There is only a flux of A3+ cations in the starting material A2O3 and of B3+ cations in B2O3. There are no O2− and electronic fluxes. If present, these 
would lead to additional terms in Eq. (A.1) to (A.5) and also to modified partial reactions at the interfaces in Eq. (A.6) to (A.9), now including O2− ions 
as reaction partners. 

A.3. Growth rate of the product phases 

According to the partial reactions in Eq. (1) to (3) and the cation fluxes in the product layers driving the mass transport, the following reactions will 
drive the motion of the phase boundaries: 

M/A2O3 : A4B2O9 + 2A3+ = 3A2O3 + 2B3+ (A.6)  

P/M : 3ABO3 + A3+ = A4B2O9 + B3+ (A.7)  

G/P : A3B5O12 + A3+ = 4ABO3 + B3+ (A.8)  

B2O3/G : 4B2O3 + 3A3+ = A3B5O12 + 3B3+ (A.9)  

Considering the coupling of the cation fluxes to the total ionic current density in Eq. (A.1) to (A.5) and the stoichiometries in Eq. (A.6) to (A.9), the 
relative velocities of the phase boundaries of the product layers can be derived. This yields for the monoclinic phase (M): 

v M
P/M = VM

m

(
j M
A3+ − j P

A3+

)
= − VM

m

(
j M
B3+ − j P

B3+

)
(A.10)  

v M
M/A2O3

= −
1
2

VM
m

(
j M
A3+ − j A2O3

A3+

)
=

1
2
VM

m j M
B3+ (A.11)  

and for the perovskite phase (P): 
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vP
G/P = 4VP

m

(
j P
A3+ − j G

A3+

)
= − 4VP

m

(
j P
B3+ − j G

B3+

)
(A.12)  

v P
P/M = 3VP

m

(
j M
A3+ − j P

A3+

)
= − 3VP

m

(
j M
B3+ − j P

B3+

)
(A.13)  

and for the garnet phase (G): 

v G
B2O3/G =

1
3
VG

m j G
A3+ = −

1
3
VG

m

(
j G
B3+ − j B2O3

B3+

)
(A.14)  

v G
G/P = VG

m

(
j P
A3+ − j G

A3+

)
= − VG

m

(
j P
B3+ − j G

B3+

)
(A.15)  

The O2− sublattices of the product phases are assumed to be a rigid reference frames. The growth rate of a certain product phase is calculated from the 
difference in the phase boundary velocities. This yields for the monoclinic phase (M): 

1
VM

m

d(ΔxM)

dt
= −

(
3
2
j M
A3+ − j P

A3+ −
1
2
j A2O3
A3+

)

=
3
2

j M
B3+ − j P

B3+ (A.16)  

and for the perovskite phase (P): 

1
VP

m

d(ΔxP)

dt
= 3j M

A3+ − 7j P
A3+ + 4 j→

G

A3+ = −
(
3j M

B3+ − 7j P
B3+ + 4j G

B3+

)
(A.17)  

and for the garnet phase (G): 

1
VG

m

d(ΔxG)

dt
= j P

A3+ −
4
3
j G
A3+ = −

(

j P
B3+ −

4
3
j G
B3+ +

1
3
j B2O3
B3+

)

(A.18)  

The formal treatment to obtain Eq. (A.16) to (A.18) is the same as for the only thermally-driven reaction [17]. 

A.4. Diffusive charge transport 

The ionic transport is driven by electrochemical potential gradients in the product phases and can be described by linear transport equations (i =M, 
P, G): 

j i
A3+ = −

σ i
A3+

(3F)2
d̃μ i

A3+

dx
(A.19)  

j i
B3+ = −

σ i
B3+

(3F)2
d̃μ i

B3+

dx
(A.20)  

The partial cation conductivities in the product phase i are denoted with σ i
A3+ and σ i

B3+ . For the further treatment, the electrochemical potential 

gradients d̃μ i
A3+/dx and d̃μ i

B3+/dx of the cations must be expressed by directly measurable values, i.e. the chemical potential gradients of components 
A2O3 and B2O3: 

M :
d̃μM

A3+

dx
−

d̃μM
B3+

dx
=

3
2

dμM
A2O3

dx
= −

3
4

dμM
B2O3

dx
(A.21)  

P :
d̃μP

A3+

dx
−

d̃μP
B3+

dx
=

dμP
A2O3

dx
= −

dμP
B2O3

dx
(A.22)  

G :
d̃μG

A3+

dx
−

d̃μG
B3+

dx
=

4
5

dμG
A2O3

dx
= −

4
3

dμG
B2O3

dx
(A.23)  

For details, see the preceding publication [17]. Using Eq. (A.21) to (A.23) and the coupling of the cation fluxes to the total ionic current density in Eq. 
(A.2) to (A.4), the cation fluxes in Eq. (A.19) and (A.20) can be rewritten in a way that the chemical potential gradients of components A2O3 and B2O3 
appear as driving forces. This yields for the monoclinic phase (M)2: 

2 For the sake of brevity the (cationic) transference numbers are introduced as (i = M, P or G): 

t i
A3+ =

σ i
A3+

σ i
A3+ + σ i

B3+

and t i
B3+ =

σ i
B3+

σ i
A3+ + σ i

B3+

(A.24)   
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j M
A3+ = tM

A3+
icat

3F
−

3
2

1
(3F)2tM

A3+ σM
B3+

dμM
A2O3

dx
(A.25)  

j M
B3+ = tM

B3+
icat

3F
−

3
4

1
(3F)2tM

A3+ σM
B3+

dμM
B2O3

dx
(A.26)  

and for the perovskite phase (P): 

j P
A3+ = tP

A3+
icat

3F
−

1
(3F)2tP

A3+ σP
B3+

dμP
A2O3

dx
(A.27)  

j P
B3+ = tP

B3+
icat

3F
−

1
(3F)2tP

A3+σP
B3+

dμP
B2O3

dx
(A.28)  

and for the garnet phase (G): 

j G
A3+ = tG

A3+
icat

3F
−

4
5

1
(3F)2tG

A3+ σG
B3+

dμG
A2O3

dx
(A.29)  

j G
B3+ = tG

B3+
icat

3F
−

4
3

1
(3F)2tG

A3+ σG
B3+

dμG
B2O3

dx
(A.30)  

The total ionic current density icat represents the effect of external electric field as a second driving force. 

A.5. Chemical potential gradients of A2O3 and B2O3 in the product layers 

The chemical potentials of components A2O3 and B2O3 at the boundaries of the product layers can be derived from the chemical equilibria in Eq. 
(1) to (3). For details, see the treatment of the only thermally-driven reaction [17]. The chemical potential gradients of components A2O3 and B2O3 in 
the product layers are calculated using the difference in the component chemical potentials at the adjacent phase boundaries and the product layer 
thicknesses ΔxM, ΔxP and ΔxG. For the monoclinic phase (M), one obtains:3 

dμM
A2O3

dx
≈

ΔμM
A2O3

ΔxM
= −

ΔRG∘
M

ΔxM
(A.34)  

dμM
B2O3

dx
≈

ΔμM
B2O3

ΔxM
= 2

ΔRG∘
M

ΔxM
(A.35)  

for the perovskite phase (P): 

dμP
A2O3

dx
≈

ΔμP
A2O3

ΔxP
= − 7

ΔRG∘
P

ΔxP
(A.36)  

dμP
B2O3

dx
≈

ΔμP
B2O3

ΔxP
= 7

ΔRG∘
P

ΔxP
(A.37)  

and for the garnet phase (G): 

dμG
A2O3

dx
≈

ΔμG
A2O3

ΔxG
= −

5
3

ΔRG∘
G

ΔxG
(A.38)  

dμG
B2O3

dx
≈

ΔμG
B2O3

ΔxG
=

ΔRG∘
G

ΔxG
(A.39)  

Hereby, ΔRG∘
i denote the free standard enthalpies according to the reactions in Eq. (1) to (3) (i = M, P, G). 

3 The free standard reaction enthalpies ΔRG∘
M, ΔRG∘

P and ΔRG∘
G for the partial reaction in Eq. (1), (2) and (3) can be calculated from the standard potentials of the 

neat product phases and starting materials:  

ΔRG∘
M = μ∘

A4B2O9
− (μ∘

A2O3
+ 2μ∘

ABO3
) (A.31)  

ΔRG∘
P = μ∘

ABO3
−

1
7
(μ∘

A4B2 O9
+ μ∘

A3 B5 O12
) (A.32)  

ΔRG∘
G = μ∘

A3B5 O12
− (3μ∘

ABO3
+ μ∘

B2O3
) (A.33)   
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A.6. Simultaneous growth of all product layers in an (external) electric field 

The results stated in the preceding paragraphs regarding component gradients and cation fluxes can be combined to obtain expressions for the 
growth rate of each product layer. The rate equation for the growth of the monoclinic phase (M) in Eq. (A.40) is acquired by using Eq. (A.16) and the 
cation fluxes in Eq. (A.25) to (A.28): 

1
VM

m

d(ΔxM)

dt
= −

icat

3F

(
3
2
tM
A3+ − tP

A3+ −
1
2

)

+
1

(3F)2

(
9
4
tM
A3+ σM

B3+

dμM
A2O3

dx
− tP

A3+ σP
B3+

dμP
A2O3

dx

)

=
icat

3F

(
3
2
tM
B3+ − tP

B3+

)

−
1

(3F)2

(
9
8
tM
A3+ σM

B3+

dμM
B2O3

dx
− tP

A3+ σP
B3+

dμP
B2O3

dx

) (A.40)  

In the case of the perovskite phase (P), Eq. (A.17) is combined with the cation fluxes in Eq. (A.25) to (A.30): 

1
VP

m

d(ΔxP)

dt
=

icat

3F
(
3tM

A3+ − 7tP
A3+ + 4tG

A3+

)
−

1
(3F)2

(
9
2
tM
A3+ σM

B3+

dμM
A2O3

dx
− 7tP

A3+σP
B3+

dμP
A2O3

dx
+

16
5

tG
A3+ σG

B3+

dμG
A2O3

dx

)

= −
icat

3F
(
3tM

B3+ − 7tP
B3+ + 4tG

B3+

)
+

1
(3F)2

(
9
4
tM
A3+ σM

B3+

dμM
B2O3

dx
− 7tP

A3+ σP
B3+

dμP
B2O3

dx
+

16
3

tG
A3+ σG

B3+

dμG
B2O3

dx

) (A.41)  

The growth rate of the garnet phase (G) in Eq. (A.42) is gained from Eq. (A.18) and the cation fluxes in Eq. (A.27) to (A.30): 

1
VG

m

d(ΔxG)

dt
=

icat

3F

(

tP
A3+ −

4
3

tG
A3+

)

−
1

(3F)2

(

tP
A3+ σP

B3+

dμP
A2O3

dx
−

16
15

tG
A3+ σG

B3+

dμG
A2O3

dx

)

= −
icat

3F

(

tP
B3+ −

4
3
tG
B3+ +

1
3

)

+
1

(3F)2

(

tP
A3+ σP

B3+

dμP
B2O3

dx
−

16
9

tG
A3+ σG

B3+

dμG
B2O3

dx

) (A.42)  

If there is no growth of the adjacent phases and no (external) electric field, the chemical potential gradients of A2O3 and B2O3 in the adjacent phases 
and the total ionic current density icat in Eq. (A.40), (A.41) and (A.42) can be set to zero. Taking Eq. (A.34) to (A.39) into account, the complex 
expressions for the growth rate of a product layers are reduced to simple parabolic rate equations d(Δxi)/dt = ki/Δxi (i = M, P, G). The parabolic rate 
constants ki for the independent (and uncoupled) growth can be identified as follows:4 

kM = −
9
4
VM

m
1

(3F)2tM
A3+ σM

B3+ ΔRG∘
M (A.43)  

kP = − 49VP
m

1
(3F)2tP

A3+ σP
B3+ΔRG∘

P (A.44)  

kG = −
16
9

VG
m

1
(3F)2tG

A3+ σG
B3+ ΔRG∘

G (A.45)  

and are also called rate constants of a “second kind” or “true” parabolic rate constants. If the driving force due to the chemical potenial gradients is 
small compared to the (external) electric field all chemical potential gradients of A2O3 and B2O3 in Eq. (A.40), (A.41) and (A.42) can be set to zero. The 
complex expression for the growth rate of a product layer is reduced to a simple linear rate equation d(Δxi)/dt = k i

elF (i = M, P, G). New rate constants 
k i

elF can be identified, describing the influence of the additional driving force: 

kM
elF = −

icat

3F

(
3
2

tM
A3+ − tP

A3+ −
1
2

)

VM
m =

icat

3F

(
3
2
tM
B3+ − tP

B3+

)

VM
m (A.46)  

kP
elF =

icat

3F
(
3tM

A3+ − 7tP
A3+ + 4tG

A3+

)
VP

m = −
icat

3F
(
3tM

B3+ − 7tP
B3+ + 4tG

B3+

)
VP

m (A.47)  

kG
elF =

icat

3F

(

tP
A3+ −

4
3
tG
A3+

)

VG
m = −

icat

3F

(

tP
B3+ −

4
3
tG
B3+ +

1
3

)

VG
m (A.48)  

Thus, Eq. (A.40) to (A.42), describing the simultaneous growth of the product layers under the influence of an (external) electric field can be rewritten 
in a simplified and condensed form when considering the parabolic rate constants in Eq. (A.43) to (A.45) and the new rate constants in Eq. (A.46) to 
(A.48), describing the effect of the superposed total ionic current: 

1
VM

m

d(ΔxM)

dt
=

kM
elF

VM
m
+

kM

VM
m

1
ΔxM

−
1
7

kP

VP
m

1
ΔxP

(A.49)  

4 In fact, the parabolic rate constants are averaged values, as the partial conductivities of the A3+ and B3+ cations may be composition/stoichiometry dependent. 
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1
VP

m

d(ΔxP)

dt
=

kP
elF

VP
m
− 2

kM

VM
m

1
ΔxM

+
kP

VP
m

1
ΔxP

− 3
kG

VG
m

1
ΔxG

(A.50)  

1
VG

m

d(ΔxG)

dt
=

kG
elF

VG
m
−

1
7

kP

VP
m

1
ΔxP

+
kG

VG
m

1
ΔxG

(A.51)  

This is a system of non-linear ODEs with constant coefficients. It cannot by solved analytically. 

Appendix B. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.ssi.2022.115978. 
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