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Abstract The isospin breaking and radiative decay widths
of the positive-parity charm-strange mesons, D}, and Dy,
and their predicted bottom-strange counterparts, By, and By,
as hadronic molecules are revisited. This is necessary, since
the B}, and B;; masses used in Eur. Phys. J. A 50 (2014)
149 [1] were too small, in conflict with the heavy quark
flavour symmetry. Furthermore, not all isospin breaking con-
tributions were considered. We here present a method to re-
store heavy quark flavour symmetry, correcting the masses
of B}, and By, and include the complete isospin breaking
contributions up to next-to-leading order. With this we pro-
vide updated hadronic decay widths for all of Dj,, D1, By,
and By;. Results for the partial widths of the radiative deays
of D},(2317) and D;(2460) are also renewed in light of
the much more precisely measured D** width. We find that
B,n® and Byy are the preferred channels for searching for
B}, and By, respectively.

The lightest positive-parity charm-strange mesons D7, [2]
and Dy [3] are among the first observed heavy-flavour mesons
with properties beyond quark model expectations. They are
prominent candidates of hadronic molecules [4], with the
dominant components residing in the isoscalar DK and D*K
channels, respectively. In particular, within the hadronic mo-
lecular picture, the approximate equality of the mass differ-
ences Mp+ —Mp and Mp_, — MD}‘o is a natural consequence
of heavy quark spin symmetry. Yet, this might also be ex-
plained in the chiral doublet model of Refs. [5, 6]. However,
the partial decay widths of these states play a unique role
in discriminating various models. In particular, the isospin
breaking hadronic decays D%, — D,n° and Ds; — D} x° are
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expected to be much larger in the molecular approach than in
other models, since in addition to the more conventional 7°-
1 mixing mechanism, also the mass differences of charged
and neutral constituents contribute via loops. Moreover, these
contributions are large only for molecular states and enhanced
by the nearby threshold cusps, a mechanism well known
from the ay- fy mixing [7, 8].

Heavy quark flavour symmetry (HQFS) allows one to
estimate the masses of the bottom partners of the D}, and
Dy1, independent of the model assumptions for their internal
structure. One finds

me

My, =M+ Ao+ (MD:O —MC) o =571GeV,

My, =M.+ Ay_o+ (Mp,, — M) % ~576GeV, (1)

b
where M, = (Mp: +3Mp,,)/4=2.42 GeV is the spin-averaged
mass of the charmed mesons, A,_,. is the difference between
the bottom and charm quark mass scales, which may be esti-
mated by Mg, — Mp, ~ 3.33 GeV, with Mp, = 5.40 GeV and
Mp, = 2.08 GeV the spin-averaged masses of the ground
state pseudoscalar and vector O§ mesons. More precise re-
sults with controlled uncertainties in the hadronic molecular
model can be found in Refs. [9, 10] and are consistent with
these simple predictions; see also Refs. [11, 12]. The pre-
dictions of Ref. [13] for these masses are 5761 MeV and
5807 MeV, respectively, about 50 MeV higher. On the other
hand, the lattice results in Ref. [14] are M };‘% =(5711£13+

19) MeV and Mj" = (5750 + 17+ 19) MeV, also in nice
agreement with the HQFS predictions (1).

So far, neither of these two bottom-strange mesons has
been observed, but they are currently searched for at the
LHCDb experiment. It is therefore important and timely to
have reliable predictions of both radiative and isospin break-
ing hadronic decay widths of these mesons. The predictions
in the hadronic molecular model have been made in Ref. [1]



(see also Refs. [15-22] for predictions of some of the states
and Refs. [23-25] for calculations in chiral perturbation the-
ory up to one-loop order). However, the B}, and B masses
used there, (5625 +£45) MeV and (5671 +45) MeV, respec-
tively, are too low to be consistent with the HQFS expecta-
tions derived from Eq. (1). Consequently, the partial decay
widths computed therein need to be corrected.

The low masses for the bottom strange scalar states in
Ref. [1] can be traced to a heavy-quark mass independent
subtraction constant used to regularize the two-point scalar
loop integral. However, a proper matching procedure un-
avoidably requires a heavy-quark mass dependence of this
quantity. To see this observe that the two-point loop inte-
gral, which includes the right-hand cut, is ultraviolet diver-
gent and can be regularized in different ways. One option
is to use dimensional regularization with a subtraction con-
stant a(it), where the regularization scale g may be taken
to be 1 GeV; variations of this value can be absorbed into
the related variation of a(u). Alternatively, the ultraviolet
divergence can be regularized by a hard cutoff, gmax, on the
magnitude of the loop three-momentum. We denote the re-
sulting two-point scalar loop functions by Gy (s,a(t)) and
Gco(s,gmax > respectively, with s the c.m. energy squared.

In the previous analysis [26], where the low-energy con-
stants were determined, the method with a subtraction con-
stant was used. However, the dependence of the subtraction
constant on the heavy quark mass, my, is not clear a pri-
ori. In order to take this into account, it was proposed in
Ref. [11] to match Gy, and Geo at the relevant charmed
meson threshold to determine g, from a given a(u), and
then use the same gnmax in the bottom sector at a relevant bot-
tom threshold to determine the value of a(t) there. Since the
value of gmax ~ 0.8 GeV is much smaller than the charmed
meson mass, HQFS should be well preserved in this way.
The procedure was also described in the previous study [1];
however, it was unfortunately not implemented in the code,
and thus the masses of the B}, and By obtained and used
therein were too small.

To be specific, the expressions for the loop functions
Gub(M3,,a(1t)) and Geo (M3, gmax) at the HK threshold,
M = My + Mg, are given by

GSUb (Mtzhra a(nu))

1 M2
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The matching requires

GSub(Mtzhraa(u)) = GCO(MchraCImax) , 3)

which leads to the heavy-meson-mass (M) dependence of
a(u) as

u?

5
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For the mass dependence of a(u), see also Ref. [27].
In the charm sector we obtain for My, = Mp + Mk and
ap(1 GeV) = —1.871’8:82 [26] the three-momentum cutoff

a(u)

= M;lo
Mthrizgjl( 1108

“4)

Gmax = 74573 MeV . )

With the same cutoff value, imposing the matching condi-
tion of Eq. (3) with My,, = Mp + Mk one finds

ap(1 GeV) = —3.41+0.02, (6)

close to the value that was argued to be natural in Ref. [27]:

2
“2log [ 1+ 1+% — 370 forp=1GeV. (7)

In fact, neglecting the term suppressed by Mg /My and tak-
ing gmax = U, Eq. (4) reduces to the above expression with
M, H = mpg.

With this matching procedure, and considering the heavy-
quark mass scaling of the low-energy constants (LECs) [9,
28]:

1B 1Dy B
{hi } ~ {hl }mD’ (8)

for 1} € {ha4,hss,h), Hs} (for their definitions, we refer to
Ref. [26]), the B}, and By; masses can be obtained in line
with HQFS [9, 10] as listed in Table 1. They are consis-
tent with the lattice results in Ref. [14]. Similar values were
also reported in Ref. [29] by fitting to the lattice energy lev-
els [14].

With the masses and the effective couplings, which are
computed from the residues of the coupled-channel 7T-matrix,
we can update the results in Ref. [1] of the partial decay
widths of the D}, and D1 mesons by recalculating the Feyn-
man diagrams therein in the hadronic molecular picture us-
ing the updated values of the involved meson masses and
branching fractions and correct the results for the B}, and
By1. In particular, the D*T width is much more precisely
known [30]. In Ref. [1], the values of the parameters in the
magnetic D* — DY transitions (a parameter corresponding
to the light-quark contribution 1/ and the charm quark
mass m,; see Ref. [1] for the definitions) were taken from
Ref. [31]. Here we use the updated parameters considering
the up-to-date masses and widths [30]: for the axial cou-
pling gz = 0.566 £ 0.006; for those related to the magnetic
coupling, 1/ =335 MeV and m, = 1304 MeV fixed from



Table 1: Masses of the lowest positive-parity heavy-strange
mesons [9, 10] and their effective couplings, g; and g»,
respectively, to the isoscalar DWK and Dg*)n (B(*>K and
Eg*)n) channels predicted using the parameters in Ref. [26]
after the proper scaling of the subtraction constant. The mass
of the D(2317) is fixed in obtaining the parameters. The
masses and couplings are given in units of MeV and GeV,
respectively.

Meson Mass g1 22

D}, 2318 (fixed) 9.44+03  7.4+0.1
Dyi 2458713 101708 7.9+£03
B, 572214 22973 18.870¢
By 5774+13  225T13 18.7£0.5

updated data of I (D** — D°y) and I"(D** — D), and for
my, we take the central value of my(1S) = (4650430) MeV
given in the review on quark masses in Ref. [30] (the uncer-
tainty induced by that of the bottom quark mass is negligi-
ble).

With strict heavy quark spin symmetry (HQSS), all the
masses in the same spin multiplet are degenerate. Here, how-
ever, for realistic calculations, we use the physical masses,
i.e., HQSS breaking effects in the masses are taken into ac-
count. Since the widths are sensitive the masses of the in-
volved particles, in order to get the proper hadronic decay
width of the Dj;(2460), the matching procedure described
above should also be done at the D*K threshold to determine
the value of a(t) in this case. And the scaling in Eq. (8) with
mp replaced by mp-+ is also necessary. Otherwise, the width
of the Dy (2460) would be much smaller. This is a HQSS
breaking effect. In this way, we take into account the D* and
D mass difference in a consistent way. Nevertheless, to be
precise, for the Dy; if we just use the same a(u) as that for
the D,, we can get a width of I"(Dy; — D} mp) = 80 keV for
the central value, which is smaller by 28% than the result
listed in Table 2.

The results for the isospin breaking hadronic partial de-
cay widths are shown in Table 2, and those for the radia-
tive partial decay widths are given in Table 3. Uncertain-
ties of the results are propagated from those of the param-
eters determined in Ref. [26]; that of the bottom meson ra-
diative decays due to the uncertainty of the bottom quark
mass is two orders of magnitude smaller than those listed
in Table 3. Mainly because of the change of phase spaces,
the results for the bottom mesons presented here, except
for the By; — Bj,Y transition, are much larger than those
in Ref. [1] that used too small B}, and B,; masses, and su-
persede the results therein. In Fig. 1, we show the depen-
dence of the hadronic decay widths of the B}, and By; on the

Table 2: Hadronic partial decay widths of Dy, D1, By, and
By as hadronic molecules (in units of keV) computed with
the diagrams shown in Fig. 2. The second and third columns
correspond to the contributions from loops (Fig. 2 (a) and
(b)), and the 7%-n mixing (Fig. 2 (c)), respectively. Here the
central values are obtained using the central values of the
parameters /;’s and a(u) given in Table VIII in Ref. [26],
and the uncertainties are propagated from those of the pa-
rameters.

Decay channel ~ Loops  7°-n mixing  Full result
D}y — Dyn® 50+3 2042 13247
Dy — Din® 3747 2043 111£15
By — By 15+2 2243 75+6
By — B'n° 16+2 23+3 76 +7

Table 3: Radiative partial decay widths of D}, D1, B}, and
B;1 as hadronic molecules (in units of keV). Here EC, MM
and CT represent the contributions from only the electric
coupling, the magnetic moment, and the contact term, re-
spectively; “—” means that there is no such contribution; “?”’
means that the corresponding contact term is unknown and
the full result cannot be obtained without additional input.
See Ref. [1] for details. Remark that we have recalculated
the value of coupling of the contact term (k in Ref. [1]) and
now its value is too small compared with the uncertainty.
Therefore we did not list the uncertainty from the contact
term contribution.

Decay channel EC MM CT  Full result
Dy, — Dyy 35+£03 0.06£0.02 004 3.7£03
D51 — Dyy 13£1 6.5+0.6 0.1 42+4
Dy — Dy 1242 0.8+0.1 0.1 13£2
Dy — Dy - 3.0+0.6 ? ?

By, — Byy 58+8 2.1+£0.3 0.02 59+£8
Bs1 — Byy 70£10 41+6 0.02  220+31
Bsi — Bjy 11015 0.19+£0.02 0.03 10015
Bsi — By — 0.03+0.01 ? ?

mass differences Ag, = MBfo — Mp, and Ag: = Mp, — Mpr,
respectively. One clearly sees the quick increase of the re-
sults as the mass differences get larger. From comparing the
hadronic and radiative decay widths, one sees that the pre-
ferred decay modes for the B}, and By are B,7°, the By,
respectively.

For the calculation of the hadronic decay widths, the for-
mulation is almost exactly the same as that in Ref. [1] and
is not repeated here (see Ref. [1] for details). There is, how-
ever, one crucial difference.
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Fig. 1: Dependence of the hadronic decay widths of the B},
and B, on the mass differences Ap, = MB?O —Mp, and Ag: =
Mg, — Mp:, for the subtraction constant ag(1 GeV) in the
region from —3.31 to —3.51, covering the range in Eq. (6)
(shaded in the plot).
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Fig. 2: The diagrams for the hadronic decay mode D}, —
D} n°. (a), with isospin conserving DO KO+ — DF 70
four-point vertices, and (c) were considered in Ref. [1]. Here
we consider all these three diagrams and four-point vertices
with isospin breaking effects.

In Ref. [1], the hadronic decay widths are split into two
kinds of contributions, namely that from the 7°—17 mixing,
and that from DK loops due to the mass differences between
the charged and neutral D and K mesons. They are shown
in Fig. 2 (c) and (a), respectively. The hadronic width ob-
tained in that way for the D%,(2317) is (95 £5) keV [1].!
The width may also be related to twice the imaginary part
of the pole in the complex energy plane. For comparison,
in Table 4 we also give the poles obtained by considering
isospin breaking in the 7-matrix in the particle basis (the
channels are DYK°, D°K*, D n and D} 7°) using the same
LECs. One sees that the result for the D},(2317) in Ref. [1]
is smaller than that in Table 4; the same also happens for the
D;1(2460).

IThe error quoted here is smaller than that in Ref. [1] as there was a
typo in the code for the 7°—n mixing used therein.

Table 4: Masses and hadronic partial decay widths of DY,
Dy1, B}, and By computed from searching for poles in the
complex energy plane of the 7-matrices in the particle basis.
The mass and width correspond to the real part and twice the
absolute values of the imaginary part of the pole location,
respectively.

Meson  Mass [MeV]  Hadronic width (pole) [keV]
D%, 2318 (fixed) 12018
Dy 2458715 102127
* 24
B, 5722+ 14 75%%
By 5774413 7472

We find that the main reason for the difference is that in
the transition vertex DY K°(D°K ™) — D,x® denoted by the
solid circle in (a), there is also a subleading isospin break-
ing contribution, which was, however, neglected in Ref. [1].
Here, we keep these isospin breaking terms in the four-point
transition vertices (D*K°(D°K™*) — Dyx® and analogous
transitions for other heavy-strange sectors) as derived from
the next-to-leading order chiral Lagrangian [20], and con-
sider further Fig. 2 (b) for self-consistency.” It is found that
the contributions from loops increase sizeably compared with
those given in Ref. [1], and consequently the hadronic widths
obtained in this way, see Table 2, almost recover those from
pole searching (Table 4).

The results are consistent with all the available experi-
mental information. In Table 5, we show a comparison for
the following ratios of partial widths to the available data
and an update of the corresponding results in Ref. [1]:

['(Df — D5y) _ I'(Dy1 — Dyy)

Ri= (D%, — Dyni0)’ " I'(Dy — D0’
Ry — L(Da = DY) _ I'(Da = DY)
I'(Dg — D:70)’ I'(Dg — D:m0)’
Re— I'(Dy — D¥n°)
5= ['(Dy1 — D:x%) + I (Dy; — Diyy)’ ©
Re = I'(Ds1 — Dyy)
I'(Dgi — D¢n0) +I'(Dg; — Dyy)’
R7 — F(Dsl _>D;F7)
I'(Dg1 — D¢n®) +I'(Dg — D%yy)’
Ry = I'(Ds1 — DY)

I'(Dgy — D) +I'(Dg1 — Diyy)’

Our results are also consistent with the the branching frac-
tion of the D}, — D,7°, (1 .OOJjg:gg), measured recently by
the BESIII Collaboration [32].

2It turns out that the contribution from Fig. 2 (b) is negligible since the
amplitude is proportional to the low-energy constant /g, which is much
smaller than the other A;’s [26].



Table 5: Comparison of the updated results for the ratios of
partial widths defined in Eq. (9) with the experimental data
all determined in the charm sector. The central value of R; is
fixed to reproduce the central measured value to determine
the parameter for contact term in radiative decays (for de-
tails, see Ref. [1]). The last column lists the corresponding
ratios for the bottom mesons.

Ratio Our results Measured values Our results
Charm sector Charm sector Bottom sector
Ry 0.028 £0.009 < 0.059 0.79+0.13
R 0.38(fixed) +0.08 0.38+£0.05 2.9+0.5
R3 0.12+0.02 <0.16 1.4+£0.2
Ry 0.028 £0.006 <0.22 (4+1)x 107
Rs 0.97+£0.01 0.93+0.09 1.0+0.1
Rg 0.37+£0.08 0.35+0.04 2.9+0.5
Ry 0.12+0.02 <0.24 1.4+£0.2
Rg 0.027 £0.004 <0.25 (4+1)x 10~

To summarize, we update the results reported in Ref. [1]
for the widths of the lightest scalar heavy light mesons in the
molecular approach, since some input parameters are now
known with a higher accuracy, part of the isospin breaking
sources was missing in Ref. [1] and, most importantly, the
bottom-strange meson masses used therein were too small
by about 100 MeV compared to expectations deduced from
HQFS. We traced this discrepancy to some HQFS viola-
tion in the regularization procedure for the two meson loops
coded in Ref. [1]. The results presented here should be use-
ful for the search of the lowest positive-parity bottom-strange
mesons, with the B,n” and Byy being the preferred search-
ing channels for BY, and B,, respectively, and revealing the
internal structure of the charmed ones.
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Appendix

For reference, in this appendix we provide the numerical re-
sults of the values of the S-wave scattering lengths ag and ef-
fective ranges ry for the charm-light and bottom-light meson
scattering. We use the following convention for the effective
range expansion of the S-wave amplitude:

8m\/s

Tr—o(s) = — ,
i=0(s) 4 Srok? —ik+ O (k%)

(10)

where +/s and k are the total energy and the size of three-
momentum in the center-of-mass frame, respectively. In par-
ticular, the effective range, for which we only show the val-
ues for those with the lowest threshold in each coupled-
channel system, predictions have been not been presented
before. The results are shown in Table 6. The B;mw and Dy7
effective ranges, — 1284f‘]‘§§6 fm and 201398 fm, respectively,
are not listed in the table since they are unreliable. The rea-
son is that the leading order chiral amplitudes for these elas-
tic scattering vanish and they receive contributions only from
higher orders; consequently the amplitude has a zero close
to threshold from higher orders, to which the effective range
is sensitive.

Not all of the values for the charm-light scattering lengths
completely agree with those given in Ref. [26]. The reason is
that in Ref. [26], the charmed mesons and kaons are heavier
than their physical masses when extrapolated to the phys-
ical pion mass, Mt ~ 1947 MeV and M} ~ 560 MeV.
Here, we use the physical masses for all mesons instead.
The large values of the scattering lengths for the isoscalar
DK and BK are due to the near-threshold virtual states pre-
dicted in Ref. [9], which are about 20 MeV below the DK
threshold and almost at the BK threshold, respectively. Thus,
the systems are fine tuned, and it is this difference that also
makes the effective ranges of these two channels have op-
posite signs. The existence of an isoscalar DK virtual state
received support from lattice QCD calculations in Ref. [33].

Using Weinberg’s expressions to relate the scattering length
and effective range to the probability of finding the two-
hadron component in the physical wave function of a state,
the so-called compositeness 1 — Z [34],

1-Z\ 1 zZ 1
aoz—z — | - n~-———-—, (11)
2—-Z)v 1-Zy
where Y = /2L€ is the binding momentum, with € the bind-
ing energy and u the reduced mass, we find that the compos-
iteness for the pole in the isoscalar B K system,

(1=2) 50 =074+02+0.1, (12)



is in the same ballpark as that of the D}, found in Refs. [26,
33, 35-37]. Here, the first uncertainty is propagated from
those of the parameters and the second one is an additional
intrinsic uncertainty in the above relations. It is usually es-
timated as &(y/B), where B is a hard scale set by the ne-
glected heavier degrees of freedom, since Ref. [34] used a
constant form factor approximation for the coupling of the
composite system to its constituents. However, as shown in
Ref. [38], in case of a negative effective range, as is the case
here, the above relations hold even when the constant form
factor approximation is lifted. Consequently, the intrinsic
uncertainty should be &(y*/B?); see also Ref. [39]. With
B ~ mp, and Y~ 0.2 GeV, one has y*/f% ~ 0.07.

Table 6: The S-wave scattering lengths ag and effective
ranges ro for the scattering of a psuedo-Goldstone boson off
a ground state heavy meson. For the latter, we only show
the values for those channels with the lowest threshold in
each coupled-channel system. The uncertainties are propa-
gated from those of the low-energy constants in the fit of
Ref. [26].

Channel ap (fm) ro (fm)
Dr(I=1/2) 0.37+0.01 ~8.9+0.1
Dr(I=3/2) ~0.10+0.01 17.8703
DK(I=0) —0.86£0.03 —0.45£0.07
DK(I=1) 0.06+0.034i(0.1740.01)
DK(I=0) 150102 0.167019

_ 0.10
DK(I=1) —0.21+0.01 0.327000
DK —0.2040.01 0.247048
DK —0.08 +0.02+i(0.44 £ 0.06)
Dym 0.004 £ 0.002
Br(I1=1/2) 0.32+£0.02 ~8.940.1
Br(1=3/2) ~0.11£0.01 17.4£0.2
BK(I =0) —0.7279% —0.4640.05
BK(I=1) —0.0140.02+i(0.347903)
237 2.28
BK(1=0) 21275388 —0.38+0.05
BR(I=1) —0.22£0.01 0.40£0.05
BK —0.22£0.01 0.40-£0.04
B,K —0.63"00¢ +i(0.67£0.15)
B —0.005 £0.003
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