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A model for impedance of a PEM fuel cell cathode taking into account oxygen transport in the cathode catalyst layer (CCL),
gas—diffusion layer (GDL) and in channel is solved analytically. A formula for the cathode impedance is valid for the cell current
densities below 100 mA cm™2 and air flow stoichiometries exceeding 10. Least—squares fitting of experimental spectrum using the
analytical result takes about 5 s on a standard PC. Fitting returns Tafel slope of the oxygen reduction reaction, double layer
capacitance, CCL proton conductivity and oxygen diffusivities of the CCL and GDL. Analytical impedance can be coded as a
user—defined function for a standard spectra fitting software supplied with EIS—meters.
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List of symbols
~ Marks dimensionless variables n ORR overpotential, positive by convention, V
b ORR Tafel slope, V € Dimensionless parameter, Eq. 8
Ca Double layer volumetric capacitance, F cm™ A Air flow stoichiometry, Eq. 28
c Oxygen molar concentration in the CCL, mol cm > H Dimensionless parameter, Eq. 8
cp Oxygen molar concentration in the GDL, mol cm > Tp CCL proton conductivity, S cm™'
[ Oxygen molar concentration in the channel, mol cm™> ¢ Dimensionless parameter, Eq. 28 )
o Reference (inlet) oxygen concentration, mol cm™> w Angular frequency of the AC signal, s~
D, Oxygen diffusion coefficient in the GDL, cm?s !
Do Oxygen diffusion Coefﬁc,le]m in the CCL, em’s™! Polymer electrolyte membrane fuel cells (PEMFCs) are
F Faraday constant, € mol pollution—free electrochemical power sources realizing direct con-
f Characteristic frequency, Hz version of chemical energy of reactants into electric current. At
}.l Cathode Cham.el depth, em . 5 present, PEMFC-based cars are available on the market. However,
- ORR."OlumeFHC exchange current density, A cm much work needs to be done to improve reliability and reduce cost
! Imaginary unit o > of PEMFCs. One of the key problems in the PEMFC technology is
; LMOeCEZ; ;lrl;izﬁtC(frﬁzgty(;:nts?fyiilt’h/: ggL Aem=2 development of fast and reliable methods for cell/stack characteriza-
. — ’ tion.
Jo Local C?H current density, A cm Electrochemical impedance spectroscopy (EIS) is a non—invasive
by GDL th,l ckness, et tool for in situ measurements of transport and kinetic properties of
L CcCL th,l Ckne,s S em PEM fuel cell functional layers.'? Impedance spectra can be
P 13 C.Oefﬁcwms in equations, Eq. 13 measured by applying a small-amplitude voltage or current pertur-
! Tl,me’ s . = bation to the operating fuel cell, without interruption of current
Y Air flow Yel_om,ty in the channel, cm s production mode. Unlike static methods, EIS allows us to separate
f Chara?terlstlc time, s, Eq. 5 contributions of different processes into the total voltage loss in the
Y Coordl.nate through the Ceuz’ om cell, which makes impedance spectroscopy an extremely powerful
?"" I;ztcjll :zﬁsg:n:;{eoi:gezr;me Ohm em? and attractive tool for cells design and testing. However, deciphering
ot . ’ of impedance spectra requires modeling.
z . Coordinate along the cathode channel, cm Apsimplestpmethodq of spectra fnalysis is construction of
Subscripts: . equivalent circuit (EC) having the impedance spectrum close to
0 Membrane/CCL interface the experimental spectrum of interest (see e.g.>”). Fitting of EC
! CCL/GDL interface spectrum to the measured one makes it possible to associate EC
b C_'DL elements (resistors, capacitors etc.) with the physical processes
h . Air channel inside the cell. However, since any selected EC is not unique, this
Superscripts: method is unreliable and it may lead to erroneous results (see critics
0 Steadyismef value . of EC method in Ref. 5). Nonetheless, software for least-squares
! Small-amplitude perturbation spectra fitting with a user—defined EC is supplied with modern
((l}r;ek: Dimensionless parameters, Eq, 22 EIS—meters providing wide usage of this method in labs.

After pioneering numerical impedance model of Springer et al.®
and analytical work of Eikerling and Kornyshev’ there has been a
growing interest in physics—based impedance modeling (see
reviews™”). The models of this type are based on transient charge
*Electrochemical Society Member. and mass conservation equations for oxygen reduction reaction
“E-mail: A Kulikovsky @fz-juelich.de (ORR) participants. Of particular interest are analytical models, as
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Figure 1. Schematic of a PEM fuel cell cathode with the straight channel
and segmented electrodes. CCL and GDL stand for cathode catalyst layer
and gas diffusion layer, respectively.

they improve our understanding of the nature of impedance
components inside the cell.

Below, analytical model for the PEMFC cathode side impedance
is developed. The model includes oxygen transport in the channel,
gas diffusion layer (GDL), and in the cathode catalyst layer (CCL),
as well as proton transport in the CCL and ORR. Over the past
decade, partial models for impedance of one or two components
from the list above have been developed, e.g., a model for CCL
impedance'® constructed under assumption of fast oxygen transport
in the GDL and channel, a model for CCL+GDL impedance”
assuming fast oxygen transport in the channel, and a model for GDL
+channel impedance,'® which ignores oxygen and proton transport
losses in the CCL. A lot of efforts have been done to develop a
numerical model suitable for fitting impedance spectra measured for
cell currents up to 1 A cm™2, which are of large practical interest.
The numerical model is described in Refs. 13, 14 and summarized in
Ref. 15. The numerical model takes into account oxygen transport in
the channel, GDL and CCL, and it is suitable for fitting high—current
spectra. However, the cost of numerical nature of this model is rather
high: fitting either required a parallel computer with the number of
cores on the order of hundred, or it takes quite a lot of time, typically
about one hour. There is a need in “reference” analytical model for
fast spectra fitting.

Recently, it has been shown that the oxygen transport processes
in the cell are interdependent, and hence it is important to
incorporate all of them into a single model.'® Below, all the
aforementioned processes are taken into account and analytical
formula for the cathode side impedance is derived. Fitting of real
spectra using this formula returns transport parameters of the cell
functional layers. The obtained impedance can be coded as a
user—defined function for the standard spectra fitting software
supplied with EIS—-meters.

Transport Equations in Catalyst Layer

The cathode side of a PEM fuel cell considered in this work is
shown schematically in Fig. 1. Oxygen transported with the air flow
along the straight cathode channel diffuses through the gas diffusion
layer (GDL) to the cathode catalyst layer (CCL), where the ORR
occurs.

The impedance model below is derived from the transient charge
and mass conservation equations in the channel, GDL and CCL. The
core of the model is a transient model for the CCL performance.
Porous CCL is considered as unstructured macro—homogeneous
media with effective transport parameters for oxygen, protons and
electrons. As the CCL electron conductivity is usually much larger
than the proton conductivity, the CCL performance is described by
three equations'’

on 0j | c (11)
Ciy— + — = —ig| — |exp| — 1
as o *(C;,"] Ply [1]

. on
=—-0,— 2
J Op o [2]
2 .

g _ D,,xﬂ =L exp(ﬂ). [3]

ot ox? AF\ ¢ b

Here ¢ is time, x is the coordinate through the cell counted from the
membrane surface (Fig. 1), C, is the volumetric double layer
capacitance (Fecm™), 7 is the positive by convention ORR over-
potential, j is the local proton current density in the CCL, i« is the
ORR exchange current density, c¢ is the local oxygen concentration
in the CCL, ¢j" is the reference (inlet) oxygen concentration, b is
the ORR Tafel slope, o, is the CCL proton conductivity, D,, is the
effective oxygen diffusion coefficient in the CCL, and F is the
Faraday constant. Equation 1 is the proton charge conservation
equation, which includes displacement current (the first term on the
left side) and the Tafel rate of proton current consumption in
the ORR (the right side). Equation 2 is the Ohm’s law, and Eq. 3 is
the oxygen diffusion equation with the sink term on the right side
due to oxygen consumption in the ORR.
It is convenient to introduce dimensionless variables

~ t - X - c _ n ¥ J
t=—, X¥=—, ¢=—, f=—, J=-,
1y L o' b Jse
. 4FDcl" ,  Zo
p=""20 0 =, 7= 200, [4]
opb I
where
Cib ) o,b
=12, o=, [5]
Ly l[

w is the angular frequency of applied signal and Z is the impedance.
Substituting Eq. 2 into Eq. 1 and using the dimensionless variables 4
we come to the system of two equations for 77 and ¢

oif ,0%j o o O
< _ ¢ = —¢expf, 0) =7q", — =0, 6
pe P pi, 70 =17 o |-, (6]
2% _ o, P8 aepr. L] —0 am=a m
o  ox? T =0 , )

where the dimensionless parameters 1 and € are given by

in b
Yo o= |77 8]
Cab ixl;

A standard procedure of linearization and Fourier transform
includes substitution of small-amplitude harmonic perturbations of
the form

A
i< i 9]

E@F, F)=28"®) + &' &, @)exp(iaf),
(&, ) =) + 7' (&, ®)exp(idn),
to Egs. 6, 7, subtraction of static equations, Taylor series expansion
of exponent, and neglect of the term with perturbations product.'

Here, the superscripts 0 and 1 mark the static and perturbed
variables. This procedure leads to a system of linear equations for

the perturbation amplitudes 7' and &!
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2971 T = e+ @ + iw)i,
X
a~1
Pm=q, Z-| =o [10]
ox -
2~1
e2ng% =™ + iau?)é' + 0!
ox
a~1
L1 =0 du=4¢. [11]
ox |._
x=0

where 7} is the applied potential perturbation and &' is the oxygen

concentration perturbation at the CCL/GDL interface (at % = 1).
Solution of Egs. 10, 11 allows us to calculate system impedance Z
ﬁl

Z=—-———
oij\/ox

[12]

x=0

Note that the contribution of GDL and channel impedance is
|

described by the term ¢ in the right boundary condition for
Eq. 11. In other words, the term & plays a role of “interface® to
the GDL and channel impedance in the system.

Dividing Eq. 10 by €2 and Eq. 11 by ¢2D,, we get a boundary-
—value problem of the form

o' 1 1 1 1 aif'
= pc¢' + gii S (1) =7 s —_— = O, 13
w2 P g, 7 ()=7 ot |, [13]
02~1 a~l
= rsp, S| =0, d=4d, [14]
ox oxX |._
=0
where p, g, r, s are given by
el %™ + i
P=g 4=
€ €
=0 . ~0
T 4 iou? ~0 .7
L S [15]
e°D,, e°D,,
Impedance

CCL impedance.—In general, the coefficients p, ¢, r, s in
Eqgs. 13, 14 are functions of coordinate, which makes analytical
solution of this system hardly possible. However, if the cell current
density is sufficiently small (see below), the static shapes of the
oxygen concentration ¢° and overpotential 770 are nearly independent
of ¥ and the system 14, 13 can be solved. Solution of the system with
constant coefficients could be derived using either a classic method
of constructing characteristic polynomial, or a math software (e.g.,
Maple” or Mathematica® ). In either case the resulting functions &' (%)
and 7' (%) are extremely cumbersome and are not displayed here.

Fortunately, calculation of the system impedance from Eq. 12
leads to a reasonably compact result

~1 ~1
5 Ali’]ll + AzCll [16]
Blﬁl + B¢

where the coefficients Ay, A,, By, B, are given by Eqs. A-1-A-4
(Appendix).

As noted above, oxygen concentration perturbation &' in Eq. 16
provides interface to the GDL and channel impedance. In the

simplest case, one may set & = 0, meaning that the oxygen transport
in the GDL and channel is assumed to be fast and the respective
impedances are ignored. Solution of Egs. 10, 11 then gives a “pure”
CCL impedance

_ A

Zeet = —. 17
I B, [17]

For further references we note that solution of the system 13, 14
gives the following result for the flux D,,0¢"/0%|¢=;

¢! Ayiit + A&
p, 2| =M TAA [18]
()x =1 BN

where A,, A, and By are given by Egs. A-6-A-8 (Appendix).

CCL + GDL impedance.—To take into account impedance of
oxygen transport in the GDL, we write diffusion equation for the
oxygen concentration ¢, in the GDL

a(,‘h ()ZC})

el 2 =0 19
o " ox? 1ol
where D,, is the GDL oxygen diffusivity. Equation 19 is linear and

hence equation for the oxygen concentration perturbation & is

a1+ 1) = ¢, [20]

where the left boundary condition means continuity of oxygen flux at
the CCL/GDL interface, and the right boundary condition expresses

continuity of oxygen concentration at the GDL/channel interface.

Solution to Eq. 20 leads to the following relation for & = &

(Ref. 13):

. < 0¢! -
& = —aDy— + pel [21]
ox e

where

tanh (ul), \/i@/(e2Dy) )
a= )
b= 1
cosh (ul, \/i@/(e2Dy))
and [, is the GDL thickness.

Substituting Eq. 18 into Eq. 21 and solving the resulting equation
for &, we get

(22]

—aA, 7 + pByG)
= iy + PBN Gy [23]
aAC + BN

With this &, Eq. 16 transforms to

(a(AiA; — AA,) + ABY)i! + PAByE)

7= .
(a(AcBi — A,B>) + BiBy)ii! + pB2By G,

[24]

Equation 24 contains “interface” to the channel impedance through
the term with &l. Setting in Eq. 24 & = 0, we get the CCL 4+ GDL
impedance of the cell under infinite stoichiometry of the oxygen (air)
flow corresponding to zero channel impedance:
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5 a(AAc — AA,) + A By

Z = . — 0 25
ccl+gdl a(ACBl _ A,7B2) + BlBN [ ]

It is easy to verify that in the limit of D, - oo (zero GDL
impedance), we have a — 0 and Eq. 25 reduces to Eq. 17.

CCL + GDL + channel impedance.—The simplest approxima-
tion for oxygen transport in the channel provides plug flow equation

_Dy dey
h ox x=l,+lb’

ot 0z

%y 9n [26]

where ¢, is the oxygen concentration in channel, z is the coordinate
along the channel, v is the constant air flow velocity, and the right side
represents the diffusive oxygen flux in the GDL at the channel/GDL
interface. Equation 26 describes in a 1d+1d manner oxygen “leakage”
to the GDL while the flow moves along the cathode channel.
Equation 26 leads to equation for the dimensionless perturbation

of oxygen concentration & (Ref. 12):

) [27]

i=1+1)

where ¢ is the dimensionless parameter, and ) is the stoichiometry of

air flow:
4Fhci",i, 4Fhvci"
f= |2 a=—" [28]
Cdldpb L]

Calculation of the flux D}@E;}/dilszih from solution of Eq. 20
results in

~ 0C) 2D, ¢!
p oL = [#20 )ioat + po, 2 [29]
ox . £ ox |._
F=1+1 x=1
Taking into account Eqs. 29 and 18, Eq. 27 transforms to
- 0C) 2D, B2A.
7% o il @) P
0z € aA, + By
A 7l
_ P [30]
QAC + BN

It is convenient to denote coefficients on the right side of Eq. 30 as Q
and P, which leads us to the problem

o
hN)
o

@

o
=
ol

- Im(Z) / Ohm cm?
o o
o =
o o

.00 ;
0.00 0.05 0.0 0.15 020 0.25 0.30 0.35 0.40

Re(Z) / Ohm cm?

oc}

zia—; =-0¢ - Pij!, 0)=0 [31]
where
2D'~ 2 LA
0=iap|e+ B0 PAc_ po_ P (32]
g2 aA, + By aA. + By

In general, the static shape of oxygen concentration ¢° depends on
coordinate along the channel Z, meaning that P and Q depend on Z.
However, when the oxygen (air) stoichiometry is sufficiently large,
this dependence is weak and it can be neglected. In this case solution
to Eq. 31 is

1 _ P oz -
&§@) = E(exp(—T;) - 1);711, A1 [33]

Using Eq. 33 in 24, we find the general formula for local impedance
of the PEMFC cathode side at a distance 7 from the channel inlet:

Zloc(ZN)
_ a(AjA. — AA,) + AiBy + BABy P (exp(—Qz/(A)) = 1)/0Q
a(A:B) — AyB>) + BBy + BBy P(exp(—Qz/(A))) — 1)/Q
[34]

Equation 34 can be used for processing of local impedance spectra
measured in the cell with segmented electrodes. Note that Eq. 33
works if variation of all transport parameters along the channel is
weak.

As local impedances are connected in parallel (Fig. 1), total

cathode impedance Z,, is given by

- Ugz Y
T = f “@l 35
» ( ZM) 135]

Denoting
Xl = (l(AlAC - AQAW) + AIBN’ Yl = /}AzBNP/Q,
Xo=a(A:Bi — AyBy) + BiBy, Y= pB,ByP/Q,
R=Q/()), [36]

Equation 34 takes the form

7 X, + Yi(exp(—RZ) - 1)

loc = . [37]
X, + Yr(exp(—RZ) — 1)

0.20
(b)

-Im(Z) / Ohm cm?
o o
= =
o (63

o
o
a

.

102 107t 10° 10t 102 103 104
frequency / Hz

Figure 2. (a) Example of the Nyquist spectrum of Eq. 38. Parameters for calculations are listed in Table I. (b) Frequency dependence of imaginary part of the

spectrum in (a).
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Table 1. The cell parameters used in calculations.

CCL thickness /,, cm 10-107*
GDL thickness I, cm 230- 104
CCL oxygen diffusivity D,,, cm?s ™! 1-107*
GDL oxygen diffusivity D, cm”s ™' 0.02
CCL proton conductivity o, S em™! 0.01
ORR Tafel slope b, mV / exp 30
Double layer capacitance Cy, F cm ™2 20
Air channel depth &, cm 0.1
Air flow stoichiometry A 9.5
Cell current density jo, A cm 2 0.1
Pressure Standard
Cell temperature 7, K 273 + 80
Calculating integral 35, we finally find
7 o= i — XDR
ot — Y- I .
(XIT? - Xz) In (1 + 2 exp(-R) - 1)) + (% - X)R
[38]

Equation 38 is the general analytical result for the total cathode side
impedance of a PEM fuel cell. This equation takes into account
oxygen transport in the channel, GDL, CCL, proton transport in the
CCL and faradaic reaction. Equation 38 is fast for numerical
calculations of impedance and hence it is most suitable for nonlinear
least—squares fitting of experimental spectra, as discussed below.

Limits of validity.—The calculations above have been done
assuming that the static oxygen concentration in the CCL &° and
overpotential 7% are nearly independent of %. This assumption is
fulfilled if the mean cell current density J is sufficiently small:

opb 4FD,.cl"
J< min{j,, =T = lc’“} [39]
t t

where j, and j,, are the characteristic current densities of the proton
and oxygen transport in the CCL."® For typical PEMFC parameters,
Eq. 39 holds for the cell current densities below 100 mA cm ™.
Further, assumption of small variation of the static oxygen concen-
tration along the channel, which was used to integrate Eq. 31 holds if
this variation is less than 10%. This means that Eq. 38 is valid
provided that the air flow stoichiometry A 2> 10.

Numerical Results and Discussion

Figure 2a shows the Nyquist spectrum of Eq. 38 for the cell
parameters listed in Table 1. Figure 2b depicts the frequency

0.5
p: (@
E04 R
£ 9 N
£o03 o ° EE
9 QQ ) QG
S 02 Q O"EB
Eo01 §
- } 50 mA cm?
0.0 * -
0.0 0.2 0.4 0.6 0.8 1.0
Re(Z) / Ohm cm?
0.3
= (b)
o
e 0.2 o © 0 o Q
6 Q & e Q
g 0 o,
N 0.1 o° 0
= o %
e

3 Q
ﬁ 100 mA cm? %
0.0 *

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Re(Z) / Ohm cm?

0.20
~ «  experiment
g 0.15 (C) o model
E

[5)

0 0.10 08 e
~ Q R
N eoo QQ%
€ 0.05
= f 200 mA cm? Q%

0.00

0.0 0.1 0.2 0.3 0.4

Re(Z) / Ohm cm?

Figure 3. Experimental (solid points) and fitted Eq. 38 (open circles)
Nyquist spectra of a standard PEM fuel cell for the current density of
(2) 50 mA cm ™2, (b) 100 mA cm >, and (c) 200 mA cm™>.

dependence of imaginary part of impedance Eq. 38. The spectrum
consists of two arcs, of which the small low—frequency (LF) one is
due to oxygen transport in the channel. The large medium—frequency
(MF) arc includes oxygen transport in the GDL and CCL, and
faradaic impedance. The high—frequency (HF) straight line in Fig. 2a

Table II. The fitting parameters (upper part) and cell operating conditions (lower part). The ORR Tafel slope is given in mV/exp; to obtain the

values in mV/decade the numbers in Table should be multiplied by 2.3.

Current density, mA cm~? 100 200
ORR Tafel slope b, mV / exp 32.6+0.3 33.6 0.4 38.0+0.4
CCL proton conductivity ¢, / mS cm™! 6.3+0.5 74+0.5 9.1+0.6
Double layer capacitance Cy / Fem ™ 243+04 22.6+0.5 179 +0.5
CCL oxygen diffusivity D,/10™* / cm® s~ 0.25 +0.06 04+0.1 0.9+0.1
GDL oxygen diffusivity D, / cm* s~ — — 0.013 +0.004
HF resistance Ryzz / mOhm cm? 28 +3 39+2 42 +1
Cable inductance L.,;/ 107, Henry 307 22+3 17+2
Air flow stoichiometry A 9.5
Pressure, bar 1.5
Air flow relative humidity RH, % 50

273 4+ 80

Cell temperature 7, K
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Figure 4. Experimental (solid points) and fitted Eq. 38 (open circles)
frequency dependencies of imaginary part of impedance in Fig. 3.

exhibits proton transport impedance.” Calculation of the spectra in
Fig. 2 with 72 points (12 points per decade) using Python code takes
less than 0.01 sec on a standard 2.4 GHz PC.

Of particular interest is application of Eq. 38 for fitting experi-
mental impedance spectra. As an example, three spectra of a
standard PEM fuel cell operated at the current densities of 50, 100
and 200 mA cm™2 have been fitted. The main experimental condi-
tions are listed in the bottom part of Table II; detailed description of
experimental conditions and procedure of EIS measurements can be
found in Ref. 14. Fitting has been performed using a least—squares
procedure least_squares with the “frf” method from the Python
library SciPy. Fitting of a single spectrum using a custom parallel
code takes about 5 s on a PC equipped with a quad—core processor.
To better describe the HF part of the spectra, inductive cable
impedance Z.,, = iwL.4»S..;; has been added in series with Z,,,
Eq. 38. Here, L., is the cable inductance and S..; = 76 cm? is the
active cell surface area. Figure 3 shows measured and fitted spectra;
the fitting parameters and the estimates of their accuracy are
collected in the upper part of Table II.

At low currents of 50 and 100 mA cm ™ the contribution of GDL
impedance to the total impedance is small and parameter D;, has not
been measured accurately (Table II). However, at 200 mA cm 2
fitting returns quite a reasonable value of Dj~0.013 cm*s™

(Table II). Though the current density exceeds the limit given by
Eq. 39, Figs. 3c, 4c and Table II show that the model still can be
used, at least to estimate the transport parameters. The other
parameters agree well with the literature data and with our previous
publications (see details and references in Ref. 15). Note the linear
growth of D, with the cell current density (Table II). The origin of
this growth yet is unknown. Note also that impedance spectrum
measured at a constant cell current provides an instant “shoot” of the
cell state. Liquid water saturation s effects are taken into account
implicitly, through the values of transport parameters in the model
equations. In other words, the values of o, D,, and D, depend
implicitly on s.

Recently, it has been shown that impedance of two oxygen transport
layers cannot be represented as a sum of separate layer impedances.
Every layer “feels” impedance of the neighboring layer, so that the
two—layer system works as a unified oxygen transport media. This result
means that impedances of all oxygen transport medias in a PEMFC
(channel, GDL, CCL, and, perhaps, ionomer film covering Pt/C
agglomerates in the CCL) are interdependent. In other words, impedance
models ignoring impedance of any transport element in the list above
are, strictly speaking, not accurate. The model above is a first one
incorporating virtually all oxygen transport medias in a standard
PEMFC, where the effect of ionomer film is negligible.

Conclusions

A model for PEM fuel cell impedance including oxygen transport
in the channel, gas—diffusion and catalyst layers is developed.
Analytical solution for the cathode side impedance which takes
into account aforementioned oxygen transport processes and proton
transport in the CCL is derived. The solution is valid for cell current
densities below 100 mA cm ™2 and air flow stoichiometry above 10.
Fitting of experimental impedance spectra using the analytical
formula takes about 5 s on a standard quad—core PC. Fitting returns
oxygen transport parameters in the functional layers, proton con-
ductivity of the CCL, ORR Tafel slope and double layer capacitance.
The derived formula for impedance can be coded as a user—defined
function for the standard software for spectra fitting supplied with
EIS-meters.

Appendix: Coefficients in Equations
The coefficients in Eq. 16 are given by

Ay=4dp(g —ne¢,p, cosh(%)cosh(%)

+ 4p(4(2ps —-r(g — r))sinh(%)

X sinh(%) —(q - r)¢1¢2) [A-2]
D). (¢
B = ¢, cosh(i) smh(f)

X ((2ps +(q = 1)(q = r = w)$; +4ps(q + 1 — )
) osn [ 2

+¢231nh( 2 ]cosh( > )

X ((2ps + (g — (g —r+y)Np +4psty + q + 1))

[A-3]
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By=¢, cosh(%)sinh(%)(p(q —r—ye;

+4p@2ps —r(g—r+ ) + ¢, sinh(%)cosh(—)

X (plg —r+ )l +4p@ps — r(qg — r — y)))

[A-4]
¢=J20q+ 1)+ 2p
$y=J2(q+r1)— 2y
w = \4ps + (g — r)* [A'5]
The coefficients in Eq. 18 are
Ay = 5Dy () (pl(w — g+ 1) + 8sp + 4q(q — r + y) ¥y
+ ¢ (=p (g —r+w) +8sp—dqy — q + r)Pp)
[A-6]

Ac= Doy (2ps = (q = VW — g + NP’ + 4psy + q + 1)) Py
+ Doxh (2ps + (g — 1)(q — r + W)
—dps(y — q — )P
[A7]

By =4y\(q+ 1) —w (g —r+y)Pui+ (—q+y)¥a)

[A-8]
with
o AT .
12 = | cosh > + sinh > (cosh¢, + sinh¢gp, — 1) [A-9]
v _ $\ . . (b .
51 = | cosh 5 + sinh 5 (cosh¢; + sinh¢p; — 1) [A-10]

N|§~
N|'Q~

(1)121 = (COSh(

) + sinh( ’1))(cosh¢2 +sinhg, + 1) [A-11]
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12.
13.
14.
15.

16.

18.

Y = (cosh(%] + sinh(%)](coshqﬁ1 + sinh¢, + 1) [A-12]
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