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The performance of quantum gate operations is experimentally determined by how correctly operational
parameters can be determined and set, and how stable these parameters can be maintained. In addition,
gates acting on different sets of qubits require unique sets of control parameters. Thus, an efficient multidi-
mensional parameter estimation procedure is crucial to calibrate even medium-sized quantum processors.
Here, we develop and characterize an efficient calibration protocol to automatically estimate and adjust
experimental parameters of the widely used two-qubit Mglmer-Serensen entangling gate operation in a
trapped-ion quantum information processor. The protocol exploits Bayesian parameter estimation meth-
ods that include a stopping criterion based on a desired gate infidelity. We experimentally demonstrate a
tune-up procedure that leads to a residual median gate infidelity due to miscalibration of 1.3(1) x 1073,
requiring 1200 % 500 experimental cycles, while completing the entire gate calibration procedure in less
than one minute, which provides a significant speedup over commonly used manual tune-up routines. This
approach is applicable to other quantum information processor architectures with known or sufficiently

characterized theoretical models.
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I. INTRODUCTION

The development of quantum information processors
has made rapid progress in recent years. The leading
paradigm for quantum computation is the circuit model
where local operations and two- or multiqubit entangling
operations provide a gate set that allows for universal
application of quantum circuits. New technological and
theoretical developments in various quantum computing
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platforms [1-6] have pushed the fidelities of the avail-
able entangling gate operations closer to the parameter
regime needed for fault-tolerant quantum error correction
[7-16]. Furthermore, even without quantum error correc-
tion there is the expectation that with moderately sized
systems with upwards of about 50 physical qubits with suf-
ficiently high fidelities quantum advantage can be observed
[17—19]. However, achieving the necessary fidelities
requires a precise calibration of the various classical exper-
imental control parameters that determine the realized
Hamiltonians that generate single-qubit and in particular
two- or multiqubit entangling gate operations. Typically,
such calibrations need to be performed by a highly trained
operator who is familiar with the system. Furthermore,
the control parameters are liable to drifts and will require
some form of feedback to maintain the desired fidelity
during the course of operation. It is thus highly desir-
able for a quantum computing platform to implement an
automation procedure that can determine the optimal con-
trol parameters accurately, such that it can be operated by
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an end user with the option for periodic recalibration [20—
23]. As quantum computing platforms mature and move
to remotely accessed services, such automated calibration
routines will become indispensable to keep the machines
at peak performance without the need for in-person main-
tenance, allowing the end user to focus on the algorithmic
applications rather than calibration of the hardware. Ulti-
mately, as the complexity of the control system will grow
with the size of the qubit register, manual calibration of
all couplings will no longer be feasible, and automation
routines will underpin reliable long-term operation of the
system.

At first sight, the problem of calibrating multiple con-
trol parameters would not appear difficult if their action on
the quantum system could be independently measured and
the parameter corrected accordingly. For example, Ram-
sey spectroscopy in both frequentist [24—26] and Bayesian
[24,26-29] forms can be used to determine the mismatch
between a qubit transition frequency and the driving field.
Indeed, combined with a Rabi frequency measurement
[30,31] to determine the applied field strength, single-qubit
operations can be efficiently calibrated and traced in time
using the minimum number of experimental measurements
to correct for drifts [32,33]. However, two-qubit entangling
gates often require a more complex combination of driving
fields that can have combined effects, which cannot sim-
ply be measured individually without assessing the gate
performance itself.

As a specific example, we consider the Mglmer-
Serensen (MS) gate [34,35], which is one of the leading
implementations of entangling operations in trapped-ion
systems. In the following we focus on the case of apply-
ing the MS gate on two qubits only, as circuits constructed
from two-qubit gates rather than multiqubit gate operations
are the most widely pursued approach to fulfill fault-
tolerant circuit design properties. The MS gate requires
a bichromatic driving field whose two frequency com-
ponents are symmetrically detuned from the qubit tran-
sition of the two ions, naively yielding four independent
control parameters (two frequencies and two intensities).
However, because the fields are applied simultaneously,
the total dynamical ac Stark shift arising from a mul-
tilevel atom needs to be compensated using either the
frequency or intensity of both fields [36], and the rela-
tive phase of the fields starts to play a role [37]. This
leads to these parameters being nonlinearly correlated
and thus suggests that their calibration be carried out
directly by measuring the gate action on a known input
state rather than independently estimating each parame-
ter. Such measurements are routinely used in “manual”
parameter optimization, whereby the experimentalist has
prior knowledge of the expected outcome of an imper-
fectly calibrated gate, and uses a scheme to iteratively
measure and improve these outcomes while changing the
experimental control parameters. In the context of the

MS gate, this requires knowledge of the multidimensional
parameter landscape describing the probability of induc-
ing spin flips, i.e., changes in the electronic population, on
the two ionic qubits as a function of the various control
parameters. To evaluate the system response to the control
parameters, we require an efficient characterization of the
gate action. While the gold standard for such a procedure is
process tomography [38], it is not without flaws in that it is
inherently sensitive to state preparation and measurement
(SPAM) errors, is prohibitively slow since the number of
required measurements scales exponentially with the num-
ber of qubits [39], and can also be problematic when faced
with systematic errors [40]. Therefore, recently, a num-
ber of alternative techniques have been developed that
allow for either faster or more rigorous characterization
of the gate performance, using randomized benchmark-
ing [41,42], cycle benchmarking [43], gate set tomography
[42,44], and adaptive methods based on Bayesian estima-
tion [45,46]. However, in practice a full characterization
of the gate relative to all experimental control parame-
ters is not required to calibrate the gate. An often used
practical method to enhance sensitivity to miscalibrated
gate parameters is to instead apply a sequence of concate-
nated identical gates to a single input state and compare the
measured electronic populations (spin excitations) to the
expected values of the output states, e.g., of Bell states in
the calibration of two-qubit gates. The trade-off is that this
excitation landscape becomes increasingly complicated in
the number N, of gates, with many local minima, and thus
requires a judicious choice of N, according to the uncer-
tainty on the control parameters. With a large amount of
initial uncertainty, calibration begins with N, = 1, but as
this uncertainty diminishes, larger N, values can be used
to increase the calibration precision.

In this manuscript we demonstrate an approach to auto-
mate this calibration process using a Bayesian estima-
tion technique to simultaneously determine and optimize
key control parameters of the two-qubit MS gate Hamil-
tonian. The motivation behind selecting this approach
over gradient descent least squares [47] or machine
learning methods [48] is that it aims to reduce the
required number of measurements to obtain an accu-
rate parameter estimate while retaining the learnt infor-
mation when switching between measurements using a
different number of gates N,. Importantly, the Bayesian
approach presented here also provides an intrinsic mea-
sure of the uncertainty of the estimate, informing us
about the progress of the estimation and thereby a
quantitative criterion for when to stop the optimiza-
tion routine once the optimization target has been
reached. A requirement for such a Bayesian proto-
col to work is a precise knowledge of the under-
lying theoretical model and dominant imperfections.
In our case, the Hamiltonian governing the MS gate
operation depends on four control parameters, which
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we introduce and discuss in detail below: sideband
detuning, center line detuning, Rabi frequency, and phase
difference. The action of this Hamiltonian and the
associated noise processes are well understood and
map accurately to experimental data, as we show in
Sec. IID.

The manuscript is structured as follows. In Sec. II we
review the underlying model of the Mglmer-Serensen gate
and introduce the experimentally relevant control param-
eters that need to be calibrated. In Sec. III we show
how we can iteratively estimate the control parameters
using a Bayesian protocol. In Sec. IV we describe the
strategies for the choice of measurement setting, intro-
duce the termination criterion of the optimization rou-
tine, and experimentally evaluate the performance of the
algorithm. Section V provides conclusions and an out-
look.

II. EXPERIMENTAL SETUP AND
MOLMER-SORENSEN GATE

In this section we describe the trapped-ion setup that we
use to generate entangling operations. We briefly review
the physics of the MS gate and introduce the main control
parameters that need to be calibrated.

A. Experimental setup

The experiments in this manuscript are performed on
40Ca* ions confined in a microstructured radio-frequency
ion surface trap [49]. Qubits are encoded in the compu-
tational subspace formed by the |42S),,m; = —1/2) =
|g) electronic ground state and the metastable excited
|32D5/2,mj = —1/2) = |e) state. The ions form a crystal
whose dynamics can be approximated by one-dimensional
coupled harmonic oscillators [50,51]. These dynamics can
then be decomposed into normal modes. Without loss of
generality, we consider only the lowest frequency mode
corresponding to the axial center-of-mass (c.m.) motion
in our theoretical treatment, and use this mode to mediate
the MS interaction. For any practical operating conditions,
the frequency difference between the c.m. mode and any
of the other modes of an N ion crystal is much larger
than the Rabi frequency of the driving field [51], such
that we can neglect the coupling to all other modes. For
all experiments, the ions are initially Doppler cooled on
the 4°S; ), — 4?Py , transition, followed by sideband cool-
ing of the axial modes. State readout is performed by
fluorescence detection with a photomultiplier tube [52].

B. Hamiltonian of the MS gate

The MS gate is a commonly used method to generate
entanglement in trapped-ion systems by exploiting a com-
mon vibrational mode of the ions. The gate is based on the
application of a force that is dependent on the internal state

of the ions. This force induces a periodic movement of the
motional state of the ions in phase space. At the end of the
gate the motion is returned to its original state, but with an
accumulated relative phase in the internal states. This inter-
action can then be used to create entanglement between
the qubits. The gate is experimentally implemented by the
application of a bichromatic laser field that introduces four
transition paths for a resonant two-photon process between
the internal states, each of them going through a virtually
excited intermediate state close to a motional sideband, as
schematically depicted in Fig. 1(a). This process can be
used to perform correlated spin flips mediated by the com-
mon vibrational modes of the ions in the trap. The MS
gate has desirable properties for a trapped-ion entangling
gate, such as the ability to create entanglement between
two or more ions with a single operation, and being inde-
pendent of the initial motional state to first order. This last
property guarantees robust functioning of the gate even
with imperfect ground-state cooling [34—36]. In combina-
tion with single-qubit rotations, the MS gate allows for
universal quantum computation [53].

In the following, we review how this gate is imple-
mented and the experimental control parameters that need
to be calibrated in order to obtain a high-fidelity realization
of the gate operation.

The desired action of the MS gate is, in the general case,
an entangling operation acting on N ions of the form

U{;5(0) = exp(—i6S2), (1)
where
Sy = S, cos(p) + S sin(ep) 2)

is the total spin operator in the direction defined by the
angle ¢ and

N
1
Sazzi;an, o =Xx,),z, 3)
j:

with o, ;, 0y, and o.; being the Pauli operators acting on
the qubit encoded by the internal state of the jth ion. By
choosing 6 = /2 one can use this gate to map compu-
tational basis states of N qubits to maximally entangled
states.

In order to derive the unitary evolution introduced by the
MS gate, let us consider a system of NV ions in a linear trap
driven by a bichromatic laser of the two frequencies, w;
and w,. The Rabi frequency, €2(¢), is assumed to be equal
for all ions and for both tones, and can be time dependent
for a general pulse shape of the laser.
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FIG. 1. (a) Left: energy level diagram for two ions with quantized center-of-mass vibrational mode of frequency w,, interacting
with a bichromatic laser of frequencies w; = w,g + ws and w; = w,y — wq. The laser allows a resonant two-photon transition between
|g,g,n) and |e, e, n). There are four different paths, each of them going through an intermediate virtual state separated by § = w,, — wy
from the first motional sidebands (|g,e,n = 1), |e,g,n £ 1)). A similar diagram can be drawn for the two-photon transition between
the states |e, g,n) and |g, e, n). Right: trajectory in phase space induced by the gate with constant Rabi frequency with the ions in the
+1 eigenstate of S, (in orange) and the — 1 eigenstate (in blue), with the black circle indicating the initial motional state. If we apply the
gate for the correct amount of time, the trajectory returns to the initial point in phase space. The rotation introduced by the gate is given
by the area enclosed by the trajectory. (b) Left: a source of error in the MS gate is when the frequencies of the laser are not centered
around the carrier, but instead have a center line detuning w, = weg — (w1 + w2)/2, which we consider to be time independent. The
larger the frequency wy is, the less resonant the two-photon process is, which decreases the fidelity of the gate. Right: similar phase
space plot as in the previous case but with w; # 0. The trajectories for this case are dependent on the initial motional state, where for
this figure, we have considered it to be |[n = 0).

This system may be described by the Hamiltonian to be equal; 7(1 and 7{2 are the wavenumbers of each laser
tone.

H = Hy + Hyy, We can describe the two laser frequencies w; and w; in
v " Fermi‘ of thﬁir synnpetric, @q, a;d asymmetric,(a)a, S'etulll;

eg ings from the atomic transition frequency wg, o (see Fig.
Ho = Z 2 7% +on(@'at1/2), asga)l = Weg0 + wa + w, and w, i a)eg,}; —i)d + a)a.gThe
/= asymmetric detuning as well as the ac Stark shift of the
N Q) electronic levels create a detuning w¢ () = w,c(f) — w, of
Hine = Z T(Uj+ +o,7) the mean value of the bichromatic frequencies from the
j=1 carrier [Fig. 1(b)], known as center line detuning. Having

wi(f) # 0 breaks both the condition @) + @y = 2weg (7) of
the two-photon resonance and the symmetry between the
four paths involved in the gate [see Fig. 1(b)]. Therefore,

> [el'(ffl)q?i*wlt‘Hﬂ) + ei(fcz)?f*wzww) +Hecl, 4)

where we consider 7?= 15 weg (1) is the transition fre-  calibrating w (7) correctly is essential, and will be a cen-
quency betwqen the internal states |e) and |g), equal.to tral part of this work. With these definitions of w; and w;,
a bare transition frequency wego plus an ac Stark shift,  the interaction Hamiltonian Hiy in Eq. (4) becomes

wqe(t) x ()%, due to the interaction of the laser with off-
resonant atomic levels [36,54]; w,, is the frequency of the
c.m. mode, which defines the distance of the first motional N oo 0
sideband [Fig. 1(a)] from the carrier; a' and a are the lad- Hiny = Z —
der operators related to the c.m. mode; aj+ and o, are the j=1 2
Pauli operators acting on the internal states of the jth ion;
¢ is the phase of the two laser tones, which we consider

[ei(/q }j —(eg.0 +wi+wa)t+@)

+ei(%zfcj—(weg’o—wd+wu)t+<p)_‘_H_c.](djf_i_o_j*). (5)
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We can write %ﬁc =n;(a" +a) with i = 1,2, where n;
is the Lamb-Dicke parameter of the ith tone, and since
wg K weqg, We can assume that ny,n, ~ n. We can sim-
plify this Hamiltonian by assuming that we are in the
Lamb-Dicke regime, n < 1, transforming to the interac-
tion picture, introducing the sideband detuning, § = w,, —
g, and defining

A@) = / we (£)dt (6)
0

that describes an unwanted accumulated phase due to
the existence of a center line detuning during the gate
operation. As a result, we obtain the Hamiltonian

H=—-nQ0) (" e + ae™™
x [Sy cos(¢ + A(f) + Sy sin(p + A@)],  (7)

where we have used the rotating wave approximation to
keep only the terms rotating with 6 and ignore the other
fast-rotating terms that go with w,, + wg Or w,g.

In the experiment, we can realize the desired entangling
gate from the Hamiltonian in Eq. (7) by adjusting the gate
time 7,, sideband detuning §, center line detuning w(7),
and phase ¢. Let us consider first the case w¢(f) = 0. Here
the Hamiltonian can be integrated analytically to obtain the
corresponding evolution operator

U(t) = Dly (1S, 1explif (1)S]], (8)

where

y(® =in / Q)e"dr, )
0

t 7
0(1) = n* Im / dt / dt'Q)QEe =, (10)
0 0

and D(z) = exp(za’ — z*a) is the displacement operator.
Equation (8) allows us to choose the parameters of the gate
in such a way that the result is the maximally entangling
MS gate US4 (77 /2).

First, in order to obtain the required entanglement
between the qubits, we need to ensure that the rotation
angle 6(z,) at the end of the application of the gate sat-
isfies 6(¢;) = 7 /2. In the case of a square pulse shape this
condition implies that

Q) 1,/8 = 7/2. (11)
Then, in order to avoid any residual entanglement between
the internal states of the ions and their motional state at
the end of the pulse, the sideband detuning needs to be

chosen such that the quantity y (¢) satisfies y (;) = 0. This
corresponds to closing a loop in phase space [as shown in
the example in Fig. 1(a)], ensuring that the motional state
returns to the initial state at the end of the gate. In the case
of a square pulse shape the condition y () = 0 implies
that

18] =2mK /t, (12)
for any integer K representing the number of loops in phase
space the gate introduces [see Fig. 1(a)]. In the following
we consider a single-loop gate, i.e., K = 1.

In the previous discussion, we considered the laser fre-
quencies to be centered around the carrier, that is, w.(f) =
0 at all times. In the following we consider a time-
independent center line detuning, w.(f) = w., which we
aim to set to zero. In the experiment, smooth ramps are
used for the pulse shape instead of square pulses. This
will lead to a changing ac Stark shift during the ramp-
ing and the error appearing from the approximation of a
time-independent center line detuning will be given by a
nonzero value of A(#,). This has the effect of accumulating
a phase, Agp = A(t,) for each application of each consec-
utive gate, as can be seen from Eq. (7). This cumulative
phase shift can be detected by applying the MS gate more
than once, and corrected by introducing a phase between
consecutive gates.

C. Experimental control parameters
In order to calibrate the MS gate we need to set the gate
parameters
0® = (Q, wq, 8, Ap), (13)
where €2 is the Rabi frequency, ., the center line detuning,

3 the sideband detuning, and A¢ the phase difference of the
gate as close as possible to their optimal values

b4 2

®opt = (Qopt = ——, Wclopt = 0, Sopt = > A‘»‘)opt = O)
Nlg lg

(14)

as stated in the previous section, where the condition for
Qopt 1s obtained from Eqs. (11) and (12). Since we do not
have direct access to these parameters, we rely on chang-
ing the control parameters of the gate E. = (4, fa, fsb, @),
i.e., the gate time f,, the common frequency fu = (£ +
/f»)/2 is the mean frequency between the red (f;) and blue
(f») tones of the laser, the difference frequency 2f, = f5 —
f, of the bichromatic laser field, and the difference in the
common phases between consecutive gates, ¢, of the two
laser tones.

These control parameters E. can be used to calibrate the
gate in the following way. By performing measurements of
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the populations of the ions after the application of a gate
sequence we can obtain estimates that we denote as

6 = (ﬁy aCla g, A_w)y (15)
of the current parameters @. The control parameters =,
can then be adjusted to set the parameters © closer to ©

given the estimates of the parameters: The time of the gate
will be corrected as

Q
T gt, (16)

where we choose to change the time of the gate instead
of the laser power since it is easier to control in the
experiment, while producing an equivalent correction.
The other corrections are implemented by subtracting
the difference between the estimated and the ideal param-
eter values from the control parameter. In the case of the
sideband detuning this is given by
Jso = Jfso _5+5opta (17)
where fg, is the corresponding control parameter. As for the
correction of the center line detuning, this is described by

(18)

fCI - ﬂl - 67)v::I + @Wel,opt-

Finally, the phase between consecutive gates is changed by

¢ - ¢—A_§0+ A(;oopt‘ (19)
With this set of rules, we update the parameters of the MS
gate to iteratively bring the parameters @ closer to © .

D. Validating the MS model

Next, we aim to verify that the theoretical description of
the gate action agrees with the experiment. Since we are
focusing on the effects of systematic parameter miscalibra-
tion, we are neglecting other error sources such as finite
motional and spin coherence times, laser amplitude noise,
resonant carrier excitation, or unequal coupling strengths
to the ions. As we target two qubit gates, all the following
results presented are measured or calculated using a two
ion crystal.

In order to validate the Hamiltonian in Eq. (7) as a
model, we measure the outcome probabilities of a gate
sequence while individually varying each control param-
eter. The remaining parameters are kept constant at their
optimal values determined by manual calibration of the
gate (Fig. 2).

The laser pulse is switched on adiabatically using a
Blackman-like shape [55], with a 4 us shape time at the
beginning of the pulse to slowly increase the laser power
to its maximum. The same shape is used in reverse during

switch-off. The shaping ensures adiabaticity during switch-
on of the laser, preventing unwanted excitation of the
carrier transition. The gate time #, is defined as the duration
of the laser pulse of the full width at half maximum.

We compare the measurements to the expectation val-
ues obtained from numerically integrating the Hamiltonian
using the QuTiP software package [56]. Comparing the
measurement results to numerical simulations with the
same parameters, we calculate reduced x? values of < 2.5
by varying the center line detuning, sideband detuning,
and phase, while the Rabi frequency scans for N, = 5 and
N, = 7 gates have higher x? values of up to 4. We attribute
this to the ac Stark shift not being recompensated for these
measurements as the actual laser power is varied instead
of adjusting detuning and gate time to control the Rabi fre-
quency 2. While the x? are larger than one, these results
do indicate that Hamiltonian (7) captures the effects of the
parameter miscalibrations and is not dominated by unmod-
eled error sources. This suggests that the Hamiltonian is
a viable model to describe our experimental system, and
the results from numerically integrating the dynamics can
be used as a probability landscape to perform Bayesian
inference on.

II1. BAYESIAN INFERENCE

In order to estimate the values of the experimental con-
trol parameters that yield a high-fidelity MS gate imple-
mentation, we need to determine their relation to the gate
parameters ®. For this purpose, we apply a sequence of
gates and perform a state readout to receive a measurement
result. We are employing Bayesian inference for interpret-
ing these measurements, since this framework allows us to
straightforwardly incorporate information about our sys-
tem obtained from measurement results using different gate
sequences and control parameters E., experimental set-
tings, or previous calibration measurements. Additionally,
this approach allows one to quantify the uncertainty on the
estimated parameters, allowing us to monitor the progress
of the calibration procedure and terminate the algorithm
once the estimates reach sufficient accuracy.

Bayes’ theorem [57] prescribes how to estimate the
probability distribution of a set of parameters ®, given a
prior distribution before the measurement P(®), a mea-
surement with outcome m, and the likelihood of obtaining
this measurement outcome, P(m|®), given a model of
the process. The result is an updated posterior probability
distribution

P(O|m) o« P(m|®)P(O) (20)

up to a normalization factor [58]. If we perform a new
measurement, we can apply Bayes’ theorem again using
the obtained posterior as a prior for the next measurement.
This defines an iterative process (see Fig. 3) in which the
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FIG. 2. Populations of |g,g) (green), of |e,e) (blue), and of |e,g) and |g, e) (orange) after the application of two, three, five, and
seven gates with varying control parameters. For each scan, the other parameters have been held constant at the optimal value for the
MS gate. The error bars are estimated from shot noise. Dashed lines indicate the numerical simulations. The vertical lines mark the

target value for each parameter.

probability distribution after 7’ measurements is given by

T
p(®lmy,...,mr) = p(Omy.r) x P(O) ]—[P(mIIG),

=1
1)

where we assume that all the measurement outcomes, m,
fort=1,...,T, are independent from each other. For an
increasing number of measurements, we expect the degree
of uncertainty of the parameters ® to decrease, and the
process can be terminated if a desired limit of uncertainty
for the estimates of @ is reached.

In order to calculate the posterior probability distribu-
tion of the parameters of the Malmer-Serensen gate using
Eq. (20), we need to know the probability of obtaining any
measurement outcome m for any given set of parameters
©. These probabilities P(m|®) can be obtained by inte-
grating the Hamiltonian in Eq. (7). However, for w¢ # 0,
no analytical solution is known that results in a closed-
form expression for these probabilities, thus requiring to
numerically study the effects of this type of miscalibra-
tion [36]. As a consequence, we investigate a numerical
treatment of the probability distributions. In the following

subsection we describe how the continuous probability dis-
tributions can be represented by discretized distributions
instead. Afterwards, we explain how these discretized dis-
tributions can be used to implement a Bayesian inference.
A visual representation of our protocol is given in Fig. 3.

A. Representation of probability distributions

We approximate the probability distributions using a
so-called particle filter [59—62], where we replace the con-
tinuous probability function by a sum of N, weighted
particles:

Np
p(©)d0 ~ ) w5(® — ©,)d0

i=1

(22)

with §(® — (:),l being the Dirac delta function at the set
of parameters @;. Each parameter set ®; is represented
by a single particle with an associated weight w®, and
the set {@)i, w(i)}ﬁ\i’l forms the particle filter. The weights
w® satisfy Zﬁvjl w® =1, ensuring that the probability
distribution is normalized.

The Bayesian inference requires an initial prior, and we
must choose an initial set of particles to represent this prior.
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FIG. 3. (1) Representation of a cycle of the calibration process. The initial probability distribution at iteration ¢ with  — 1 measure-
ments, p (O,|m;,_1), is updated by performing a new set of measurements, 1, to obtain p (®,|m,.;). The estimates obtained from this
probability distribution can then be used to calibrate the parameters, obtaining the initial probability distribution for iteration ¢+ 1.
(2) Steps followed to perform an iteration of the particle filtering algorithm for a simplified case with only one parameter, ©. In (a)
we have particles {@i,t, wt(’)} (red dots) from the prior probability distribution p (®,|m;.,_;) (green). A new set of measurements is
performed to obtain the posterior probability distribution p (®,|m;.;) (orange) in (b) by using the likelihood of the outcome obtained
for the measurement, p (m;|®,) (red). The weights are updated following Eq. (23), where a larger weight is visually represented by a
larger size of the particle. These weighted particles can be used to obtain the estimate of the parameter at this iteration, ®,, by using
Eq. (24). In (c), a resampling process is performed to obtain particles with equal weights that approximate particles from the posterior
probability distribution. The previously obtained value ©; is also shown here. Finally, in (d), ©;, has been used to calibrate the param-
eter ®, where for this example, we are assuming that the ideal value of © is zero; therefore, the correction applied is to change the

value of the parameter by —®,. The probability distribution p (®, + 1|m.;) (blue) consequently has an estimate of 0.

We choose a known continuous probability density func-
tion as prior. We can then initialize the particle filter from
that probability function by randomly sampling N, times
from the distribution and setting all the weights to 1/N,,.

The density of this four-dimensional probability func-
tion describes the probability for a particular combination
of Rabi frequency, 2, center line detuning, w,, sideband
detuning, §, and phase difference, Ag, to describe the
parameters of the entangling MS gate.

B. Bayesian update

The Bayesian update for the prior distribution, approxi-
mated by the particle filter {@;, w? }?319 after performing
a measurement [step 1 in Fig. 3(b)] is implemented by

updating the weights as given by
w® o P(m|©@)w?. (23)

. : . N, .
The weights w) are normalized such that Y ,”, wi) =
1, ensuring that the filter represents a valid probability
distribution.

The probabilities P(m|€),-) required to perform the
update are obtained by numerical integration of the Hamil-
tonian in Eq. (7) at each discrete sample point. Perform-
ing these numerical calculations in real time during an
optimization run would, however, be prohibitively time
consuming. The integration for a single point requires
approximately 1s on a CPU [63], which would result in a
computation time of several hours to update the 10000
particles that we use in our particle filter (see Sec. IV D).

Instead, we precompute the outcome probabilities of
a single experimental shot on an equally spaced four-
dimensional grid. The outcomes between those grid points
can then be calculated using an interpolation function.
We use a cubic spline interpolator [64], which allows
us to better approximate the outcome probabilities with-
out increasing the number of grid points required com-
pared to using linear interpolation. For multiple gates, the
underlying grid uses 21 points for 2, w.,8 and 25 for
Ag. The ranges of points are Q = (1 +0.5) Qqpi, w1 =
043.5 x2nkHz,§ =10+ 5 x 2nkHz, A9p = 0 £ for
a gate duration of 100 us. For the single gate grid, we
use a wider spacing with wg = 0+ 7 x 2rkHz, 6 = 10 +
10 x 2rkHz, and © = (1 £0.5) Qg is chosen identical
to the previous grid, while the modeled outcomes are held
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constant for all A since the phase difference has no
influence in a single gate experiment.

The interpolation function can then be queried to receive
the outcome probabilities at any set of parameters inside
the region, with 10000 particles taking approximately
100500 ms to compute [65]. This computation is now
faster than the time required to acquire the experimental
data from an iteration (see Sec. IV C). We additionally
introduce a small amount (1%) of depolarizing noise into
our model to account for experimental errors, in particular
SPAM errors. This is necessary as noise is always present,
preventing the expectation values P(le,g)) and P(|g,e))
from going to 0, while the perfect model predicts arbi-
trarily small expectation values. The added depolarizing
noise limits how much the likelihood can be adjusted by a
measurement of |g, e) or |e, g).

C. Parameter estimation

The particle filter allows us to straightforwardly extract
statistical information from the distribution, most notably
the mean and the variance of the probability distribution,

Np
0=> wle, (24)
i=1
Np
Var(@) = Y " wi(©; — ©). (25)

i=1

These estimates can be used during the algorithm to
monitor progress and inform decisions about the next
experimental setting (see Sec. IV B).

D. Resampling

We are expecting the variance of the probability distri-
butions to decrease as information from more measure-
ments is added, improving the estimates of the parame-
ters. This poses a known problem for the particle filter
as we repeatedly update the weights, since it leads to
many particle weights going to zero while simultaneously
having only a few particles with high weights. This situ-
ation causes both unnecessary computations to update the
weights on particles that represent a small probability and
thus contribute little to the estimates, and undersampling
of the distribution around the particles with high prob-
ability, limiting the final precision of the estimate. We
counteract this problem by a so-called resampling proce-
dure [66,67], where we generate a new set of particles with
equal weights to represent the same probability distribution
(step 2 in Fig. 3):

(0, w5 (6,00 = 1UN,17. (26)

m i

We use the Liu-West algorithm [68] for this task, which
first generates a new set of particles by randomly sam-
pling with replacement from the old weighted particles.
This already generates a set of equally weighted particles,
but particles cannot explore new locations since they are
up to this point duplicates of particles of the old set. To
lift this degeneracy, every particle of the filter is moved
towards the mean of the filter by a constant. A random per-
turbation is then applied to each particle, with the values of
the perturbation sampled from a normal distribution. The
covariance of this normal distribution is chosen such that
the mean and covariance of the particle filter is preserved.

E. Feedback

The last step (step 3 in Fig. 3) remaining in our param-
eter estimation is to transform the posterior probability
distribution into the prior distribution for the next itera-
tion. We use the estimates from the particle filter [Eq. (25)]
to calculate the required adjustments of our experimental
control parameters for a perfect gate using Egs. (16)+19),
given the current knowledge of our parameter estimates
[Eq. (15)].

We also apply these corrections to the positions of our
particles such that the expectation values of the new prior
fulfill the relations for a perfect gate. These new values
can now be used in the next iteration of the algorithm,
thus improving the estimates of the parameters iteratively.
An example of this behavior estimating the four MS gate
parameters is shown in Fig. 4, where the probability distri-
butions are mapped to the experimental control parameters
tg,fsb»Je1, and ¢. At each update, 100 experimental shots
are performed using the estimates for the control parame-
ters by the previous iteration and the particle filter is then
updated according to the measurement results. Over sev-
eral iterations the probability distribution narrows, reduc-
ing the uncertainty on the estimates (shown in orange),
and the changes to the control parameters become smaller
between iterations.

IV. CALIBRATION ALGORITHM

We now proceed to use the Bayesian estimation frame-
work introduced previously to calibrate all four key param-
eters that determine the performance of the Melmer-
Serensen gate in our experiment. We introduce a stopping
criterion that relates the parameters to gate infidelities. We
describe the selection process of the measurement settings
to improve convergence of the Bayesian parameter estima-
tion protocol and investigate the effect on the experimental
run time of the algorithm. The choice of measurement
setting determines the amount of information that will
be gained, and can have significant effects on the num-
ber of measurements required [27,46,69—71]. We finally
experimentally verify the performance of the algorithm
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FIG. 4. Projections of the particle filter for the control parameters Z. at each iteration of a single calibration run. The mean and
standard deviation of the probability distribution of the control parameters calculated using the relations in Egs. (16), (18), (17), and
(19) is shown in orange. The probability density of each plot is normalized to its maximum. Each iteration uses the measurement
outcomes of 100 repetitions of the experiment to update the probability density. As an initial prior, a Gaussian with widths of o =
0.2 Q¢ Rabi frequency uncertainty, o,,, = 2 x 2rkHz center line uncertainty, 05 = 2 x 2rkHz sideband uncertainty, and o, =
0.167 phase uncertainty is chosen, which corresponds to typical experimental uncertainties after preliminary calibration. The marks
at the top indicate the length of the gate sequence used for the measurements, chosen according to the variance minimization strategy

described in Sec. IV B.

by checking the consistency of the final gate parameters
returned by the algorithm.

A. Stopping criterion for the algorithm

We want to determine the parameters of the gate with
sufficient accuracy to perform operations with a target
fidelity. The calibration procedure thus requires a stop-
ping criterion to decide when the routine has reached the
necessary accuracy. Entangling gates are usually not quan-
tified by the uncertainty in their control parameters, but by
their fidelity [72] compared to the ideal expected output
state. By averaging fidelities obtainable for various input
states and unitary gate sequences, a more relevant quan-
tity for performing an algorithm, the average gate error,
can be extracted [73—75]. The fidelity of any real gate is
limited by noise processes. It is thus sufficient to deter-
mine the parameters to an accuracy such that the present
stochastic noise is the limiting factor of the gate fidelity. In
order to relate miscalibrated parameters to gate fidelity, we

simulate randomized cycle benchmarking [43] with mis-
set parameters. We consider the effect of the parameters
individually, with the resulting infidelities shown in Fig.
5. For each parameter, we can then define a threshold 7j
that defines an acceptable region in which a miscalibra-
tion is no longer expected to significantly influence the
gate performance. In our case we choose a threshold of
2 x 1073 for the infidelity caused by a miscalibration of
that single parameter, leading to a choice of thresholds
on the individual parameters of Tq = 0.02 Qqpy, Ty =
150 x 27w Hz, Ts = 200 x 2w Hz, Tp, = 0.0287. We pro-
ceed to run the calibration algorithm until the particle filter
converges in all four dimensions to an uncertainty below
the thresholds. Assuming that the parameters are normally
distributed with the standard deviation of the distribu-
tions equal to the thresholds, we expect from simulation
a median infidelity of approximately 5 x 1073, but we
expect that correlations between the errors in the param-
eters can significantly affect the expected infidelity (see
Sec. IVE).
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FIG. 5. Expected randomized benchmarking infidelity as a function of individual parameter miscalibrations for a 100 us gate. These

curves inform the choice of target thresholds (blue dashed lines); an infidelity of 2 x 1073 (red dashed line) for each parameter has
been chosen as a threshold. The fixed parameters are kept at = Qqpr, @ = 0, 6 = 10 x 27kHz, A¢g = 0.

B. Selection of measurement settings

We have a choice of the sequence of gates for
which we want to perform a measurement. Different
gate sequences affect the control parameters differently.
As an extreme example, a single gate has no depen-
dency on the phase difference Ag; thus, a measurement
of a single gate does not provide any information about
that parameter. We thus require a strategy for selecting
suitable measurement settings that ideally maximize the
amount of information gained from performing a certain
measurement.

We restrict our considerations to sequences of MS gates
without any local operations. Besides the number of gates
N, we can also intentionally introduce a phase difference
A@iarger between the gates. We restrict the phase differ-
ence settings to either A@urger = 0 OF A@rarger = £7/4,
corresponding to either consecutive Ub(7/2) gates or
a sequence of UY4(/2) Uﬁg“(n/Z) o+ MSi(Np—1yn/4
(w/2) gates. We choose these two types of sequences
as they change which parameters the sequence is most
sensitive to (Fig. 6).

Applying more gates increases the sensitivity of the
sequence as the peaks of the likelihood function P(m|®)
become narrower, resulting in an increased first-order sen-
sitivity to miscalibrations. At the same time, the peaks
of the likelihood function become more closely spaced,
which for a wide prior can lead to a multimodal posterior
distribution that causes slow convergence. Additionally,
the effect of unmodeled error sources such as decoher-
ence increases with additional gates, limiting the total
length of the sequence used in the optimization. We thus
need to choose the number of gates N, we apply, as
well as the targeted phase difference between consecutive
gates.

These gate sequences form a set of possible measure-
ment settings. We work with two approaches for choosing
from this set, which we present in the following subsec-
tions.

1. Variance minimization strategy

To maximize the information gained on our parameters
from a measurement, we aim at performing a measure-
ment that decreases the variance of our posterior distribu-
tion as much as possible. For each measurement setting
s, we can predict the posterior estimate 6,,1/. s and vari-
ance Var(®,, ) for each measurement outcome m; by
first calculating the weights for each possible outcome of
the measurement with Eq. (23) using the corresponding
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Rabi frequency /Qopt Phase Ay (7)
FIG. 6. Expected outcome probabilities of P(|g,g))

(green), P(le,e)) (blue), and P(le,g)) + P(lg,e)) (orange)
for a 3 U)s(m/2) gate sequence (dotted) and for a
Uy (0 /2)U;\T,l/s4 (r/2) sequence (dashed). The first gate
sequence is first-order insensitive to phase miscalibrations as
the local minimum of the outcome probabilities around zero
leads to only small variations in the likelihood of possible
outcomes, and its symmetry around zero does not allow one to
discriminate the sign of the miscalibration. Similar arguments
can be used to see that this sequence is first-order sensitive to
Rabi frequency miscalibrations. For the second gate sequence,
the relation is inverted, being sensitive to phase miscalibrations
at the cost of first-order insensitivity to the Rabi frequency. The
qualitative behavior of the sensitivity of the center line matches
the sensitivity of the phase difference, while the behavior of the
sideband detuning matches the Rabi frequency.
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probabilities Py(m; |©;):

Np
O, =Y OP(m;|O)w?, 27)
i=1
Np
Var(®,, ) = Y (0; — ©,, )’ Pu(m;[@)w?.  (28)

i=1

We can estimate the total probability Py(m;) of the out-
come m; for setting s by averaging over the particle
filter

Np

Py(my) =) Py(m;|©)w. (29)

i=1

By weighing the variance with the expected probability
for that outcome we can calculate the most likely variance
Var(®;) for a given measurement setting given the current
knowledge before actually measuring by averaging over
all possible measurement outcomes m;,

Var(©,) = ) Var(®,, )Py(m;). (30)
J

We aim to minimize our variance to improve the estimate
of all our parameters, which is not straightforward for four
separate variances for the parameters, as different measure-
ment settings do not affect all parameters equally. We thus
employ a heuristic to calculate a score for each measure-
ment setting for which we normalize each variance with its
target threshold 7, defined in Sec. IV A and sum up all the
normalized variances to get a score X; for the measurement
setting,

=Y Var(®) 1)

2
6c® T9

We then apply the measurement setting with the lowest
score to the experiment. The process is illustrated for one
dimension in Fig. 7.

We need to calculate the outcome probabilities at each
particle location for each measurement setting, which is
computationally expensive. We interpolate probabilities
from precomputed simulations to speedup this calcula-
tion, but the interpolation remains the most time-intensive
operation in our classical computations. While calculat-
ing the probabilities is an unavoidable step for performing
the Bayesian update of the particle filter as discussed
in Sec. III B, predicting the variances requires running
this calculation for each measurement setting under con-
sideration. This significantly increases the total classical
computational overhead.

2. Thresholded strategy

In order to reduce the computational cost of find-
ing the next measurement setting we present a simple
heuristic as an alternative to the variance minimization
strategy described above. For this, we want to look at
which settings are considered optimal by the variance
minimization strategy. In practice, this means selecting
the setting that uses the most gates while avoiding a
multimodal posterior distribution. These multimodal pos-
teriors are caused by the likelihood function having two
maxima over the range of the prior. To avoid them, ide-
ally the chosen measurement settings would yield out-
come probabilities that have only one likely parameter
value. While it is impossible to simultaneously fulfill
this for all parameters, we can still attempt to limit the
amount of possible maxima of the likelihood function with
the right choice of measurement setting. To accomplish
this, we want to impose a maximal requirement on the
width of the prior before using a specific measurement
settings.

We examine the expected outcomes of the model
restricted to one dimension for each parameter and for each
experimental setting, while the other parameters are set to
their optimal values. We then choose the local extremum
closest but not equal to the optimal value in the outcome
probabilities, and define a threshold as the distance of
the extremum to the center for each measurement setting.
While this ignores possible correlations of the probabil-
ity distribution between the parameters, we have found in
practice that these thresholds are already sufficient to avoid
multimodal posteriors.

We split the settings into first-order Rabi frequency £2-
sensitive settings and into first-order phase difference Ag-
sensitive settings depending on whether the |e, ) and |g, )
populations have a local extremum exactly at the optimal
parameter value or a linear slope in either phase or Rabi
frequency, respectively (see Fig. 6).

These thresholds are now used to define the mea-
surement strategy that will be used by the calibration
algorithm: on each iteration we alternate between selecting
from either Rabi frequency or phase first-order-sensitive
settings, comparing the defined thresholds to the current
variances to ensure that the variance of both Rabi fre-
quency 2 and phase difference Ag are being improved. We
now compare the variance of our prior with the thresholds,
and discard any setting for which the variance exceeds a
threshold in any parameter. Among the remaining settings
we pick the setting with the highest number of MS gates
(for an example, see Fig. 7). This gives us a way to select
measurement settings while avoiding the computational
overhead incurred by the variance minimization strategy,
with the time needed to evaluate the strategy (< 1 ms)
being negligible compared to the time required to update
the particle filter (Sec. 111 B).
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FIG. 7. [Tllustration of the decision-making process on which gate sequence to use in the next measurements. Plot (a) illustrates the

variance minimization strategy for the prior given in orange and the expected posterior probability distributions calculated using the
expected outcomes. We compare the standard deviations (dashed lines) of the expected posteriors for each setting under consideration
(Ng =1 blue, N, = 3 red, Ny = 5 green with Ag@gger = 0) to select the smallest for the next measurement setting. In this example
the deviation for three gates is the narrowest and is thus chosen. Plot (b) shows the expected outcome probability P(|g,g)) for the
|g,g) state according to the model for each setting (N, = 1 blue, N, = 3 red, N; = 5 green with A@iareer = 0) depending on the Rabi
frequency 2. In this case the outcome probability for P(le,e)) = 1 — P(|g,g)) with population in the remaining states being zero.
The dotted lines show the thresholds used for the thresholded strategy. In (c) these thresholds are used to evaluate the same prior. We
only consider the standard deviation of the prior (dashed lines), with the width of the prior being larger than the five-gate threshold
(green) but below the three-gate threshold (red), leading to the three-gate setting being chosen. The single gate setting does not have

any thresholds, being the fallback option if no other setting passes the thresholds.

C. Run time of the algorithm

A single experimental shot only takes approximately
10 ms, while computing the particle filter update requires
approximately 100500 ms. To balance the classical com-
putational effort for updating the particle filter and the
latency in updating the control system with the duration
of the experiment, we run 100 experimental cycles with
the same measurement setting before updating the parti-
cle filter and choosing the next experimental setting. The
variance minimization strategy additionally needs time
(approximately 0.6-3 s) for selection of the next mea-
surement setting, while the time required to evaluate the
thresholded strategy is negligible.

In Fig. 8(a) we show the number of individual exper-
iments required to reach the target thresholds, giving a
comparable number of experimental shots for the variance
minimization strategy (1200 &£ 500 shots) and the thresh-
olded strategy (1100 % 500 shots). Figures 8(b) and 8(c)
display the measurement settings used during these cali-
bration runs. The variance minimization strategy focuses
on either the phase or the Rabi frequency sensitive set-
ting, trying to reduce the largest variance component
before switching. The thresholded strategy instead alter-
nates between the settings of different sensitivities. Both
settings increase the number of gates on later iterations as
the variances decrease. While the order of which measure-
ment setting is chosen is different between the strategies,
the number of experimental shots required is comparable.

From this we can conclude that the thresholded strat-
egy is a good heuristic to select measurement settings
compared to the variance minimization strategy.

Taking the computational overhead into account, the
thresholded strategy has the advantage, completing with
average run time of 41+ 17 s compared to an aver-
age of 60 =26 s for the variance optimization. Averaged
over both strategies we find that we require 1200 % 500
experimental shots to reach our target thresholds. A strict
quantitative comparison to all other possible optimiza-
tion strategies is difficult to define. Using our Bayesian
algorithm, we achieve a significant speedup compared
to manual iteration over one-dimensional (1D) parameter
scans as defined in Ref. [25]. Simulations of 1D parameter
scans achieve worse residual infidelities, while requiring
significantly more measurements. This comparison is fully
discussed in the Appendix.

D. Capture range

Any Bayesian procedure requires a choice of an initial
prior, where in our case we consider normal distributions.
It is reasonable that if the true values are unlikely given
our initial prior, that is, if the true values are too far away
from the center of our initial prior, then the routine will
fail to find them. In this section we study the dependence
of the failure rate of our algorithm on this initial distance in
parameter space. We also study the dependence of the suc-
cess rate of the algorithm on the number of particles in the
particle filter, since a larger number of particles allows for
a more accurate sampling and, therefore, a better approx-
imation of the probability distributions under study. This
increase in the number of particles comes with the cost of
a linear growth in the classical computing time required by
the algorithm.
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FIG. 8. The number of experimental cycles required to reach the target thresholds is shown as a fraction of all runs in (a). The

thresholded strategy takes 1100 == 500 cycles on average compared to 1200 & 500 for the variance minimization strategy. Panels (b)
and (c) show the measurement settings used during the calibration runs for the respective strategies, with the y axis corresponding
to independent runs and the x axis to iterations of the algorithm during a calibration run; at each iteration 100 measurements are
performed with the chosen setting. The colors indicate the measurement setting used at a given iteration of a run, characterized by the
number of gates N, (first number in the legend) and the selected phase difference A@iyrgee (Second number) used for the gate sequence.

We study these effects by first obtaining a normalized
distance, Dy, of the initial values of the parameters from
their target values using the widths of the prior

2
D2 Z (Qstart - Qopt)
start — 0_2 ’
0c® o

(32)

where 092 is the initial variance of the prior projected onto
parameter 6, O,y is the starting value, and 6,y is the
optimal value for that parameter.

We generate random combinations of initial gate time,
center line frequency, and sideband frequency with the
chosen starting distance and then run simulated calibra-
tion runs. The phase is not varied as the space is periodic,
and thus limits how far the phase values can be from the
optimal value. The fraction of calibration runs that con-
verged is shown in Fig. 9, where we consider any run that
ends up closer than twice the termination thresholds of the
stopping criterion (Sec. IV A) in all parameters a success.
Since, for each parameter, the estimated error is below
the threshold, for a Gaussian distribution, at least 95% of
results should be between these thresholds. Because of the
statistical nature we do not expect a perfect success rate
even if the particle filter were to perfectly approximate the
continuous probability function.

We find that, for 2000 particles and less in the par-
ticle filter, the capture range is reduced as compared to
the higher particle numbers, and performance is decreased
even at a starting distance of 1 compared to the higher par-
ticle numbers. This is expected as a particle filter with a

too low number of particles will lead to an undersampling
of the probability distribution, which in turn results in a
poor approximation of this probability distribution. As a
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FIG. 9. Capture range of the algorithm. The width of the ini-
tial Gaussian prior has been held constant at og = 0.2 Qp
Rabi frequency uncertainty, o5 = 1 x 2wkHz sideband uncer-
tainty, o,, = 1 x 2rkHz center line uncertainty, and o, =
0.337 phase uncertainty. The starting distance has been calcu-
lated using Eq. (32). The fraction captured represents the number
of runs that terminate within 2 times the target thresholds of
the optimal parameter values. For each distance, 2000 tuneups
are run. The shaded area corresponds to one standard devia-
tion. For 10000 particles, we additionally measure the capture
range experimentally, where the results are represented with red
squares. The error bars correspond to the statistical deviation of
the data points.
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FIG. 10. Final parameter estimates and uncertainties for 103 iterations of tuning up the Mglmer-Serensen gate versus time elapsed.
The orange points are runs rejected by the confirmation criterion described in Sec. IV E, corresponding to 5(2)% of all runs. Removing
the rejected points reduces the standard deviation of the distributions of final parameter estimates between 13%—20%. Green curves
show a Gaussian distribution fitted to a histogram the distribution of final parameter values.

consequence, discretization artifacts will appear, such as
the particle filtering not being able to track well enough
the peaks of the distribution.

We choose 10 000 particles as our default value to work
with since in simulation the gains for using more than 5000
particles decrease significantly.

Experimentally, we find a reduction of 10%25% of
the success rate compared to the simulations using the
same sample size for starting distances < 2 due to effects
not included in the model affecting the algorithm. For
larger distances, the success rate is comparable between
experiment and simulation.

While we are unable to pin down the exact cause of
failures, we hypothesize that these events may be due to
transients in the control fields.

These effects may lead to a difference between our esti-
mated likelihoods and the true ones, which then suppress
the posterior probability distribution around the true val-
ues. This can then shift the parameter estimates away from
the true values, but also lead to underestimating the vari-
ances compared to the true error. The algorithm might then
use unsuitable measurement settings, or prematurely termi-
nate if the variances are small enough to fulfill the stopping

criterion. These effects can then lead to final parameter
estimates of the algorithm far from the ideal values.

E. Confirmation measurements

To use the calibration algorithm even with less than
perfect success rate, we insert confirmation measurements
after completing the procedure to detect and then reject
outliers in the final gate parameters predicted by the
algorithm. For rejected calibration runs, the algorithm can
then be repeated.

To detect outliers, we employ check sequences. We
choose a sequence of eight consecutive UY4(/2) gates
and a sequence of six gates with A@ueer = £7/4 that
both ideally return all populations to the ground state. The
sequences are chosen because they are sensitive to Rabi
frequency and phase difference miscalibrations, respec-
tively. We choose an acceptance threshold of at least
85 out of 100 measurements being in the target state.
This threshold is chosen as a compromise between accep-
tance rate and the infidelity of the accepted runs, as
more stringent thresholds start decreasing acceptance rate
without significant improvements of either maximum or
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FIG. 11. Histogram of gate infidelities due to imperfect cal-

ibration. Randomized benchmarking is used to compute a per-
gate infidelity from the difference of the final parameter estimates
of independent calibration runs compared to their mean value
(Fig. 10). We calculate a median infidelity of 1.3(1) x 1073
caused by imperfect calibration and a 95 percentile of 7.4 x
1073

median infidelity of accepted runs. We run repeated cal-
ibration runs including confirmation measurements and
record the final parameter estimates produced by the cal-
ibration runs. Of the runs, 95(2)% pass the confirma-
tion test (Fig. 10). The distribution of accepted runs has
standard deviations of o, = 1.9(1) us,or, = 0.12(1) x
27kHz, 07, = 0.21(2) x 27rkHz, 04 = 0.025(3) 7. Trans-
lating these deviations to the gate parameters ©, we find
that they are in agreement or below the thresholds set in
Sec. IV A.

We evaluate the estimated infidelity due to imperfect
calibration of the accepted runs of the algorithm by simu-
lating randomized cycle benchmarking using the difference
between the final parameter estimates and the mean of
all accepted calibration runs as miscalibration, and calcu-
late the expected infidelity due to calibration error. We
achieve a median calibration infidelity of 1.3(1) x 1073
(Fig. 11). This value is lower than what was calculated
for independent errors in Sec. IV A, which we attribute to
the correlations between the parameters partially compen-
sating each other. We can compare this to the fidelity of
Bell states [72] generated by repeated application of the
MS gate on the same system, and find that the infidelity
per gate is observed to be 4(1) x 1073, While this state
fidelity is not suited to characterize the effects of coher-
ent errors, it does pose a limit on the achievable fidelity
due to incoherent errors present in the system. We expect
laser phase noise and dephasing of the motional mode as
the leading sources of decoherence. From this infidelity we
conclude that our calibration routine can produce parame-
ter estimates such that our entangling gates are not limited
by calibration errors, but limited by the performance of the
machine.

V. CONCLUSION AND OUTLOOK

In this work we proposed and implemented a proce-
dure to use Bayesian parameter estimation to optimize the
control parameters of an entangling two-qubit Malmer-
Serensen gate. We described how the gate can be simulated
as a function of a basic set of parameters, and how a par-
ticle filtering algorithm can be used to estimate them from
measurements. Two strategies for selecting the measure-
ment settings were compared, and we showed that a simple
heuristic strategy can match the performance of a more
complex variance minimization method.

We demonstrated that the algorithm can be used to cal-
ibrate a gate to a median residual infidelity due to param-
eter miscalibration of 1.3(1) x 10~% (Fig. 11) in 1200 £
500 experimental shots, achieving a significant speedup
over manually iterating over 1D parameter scans (see the
Appendix). These results demonstrate the suitability of the
described approach to reliably and consistently calibrate
a set of control parameters to achieve a gate fidelity that
is commensurate with the maximum fidelity set by inco-
herent processes in the quantum system. Our approach
considerably eases the operational burden and can pro-
duce valuable time savings for the operating experimen-
talist. Furthermore, periodic recalibration can be included
within long experimental data-taking sequences, protect-
ing against slow parameter drifts, and thus guaranteeing
high-quality output over considerably longer time.

The two-qubit gate optimization routine we present here
would benefit the quantum CCD ion-trapped quantum
computing architecture [76], where electric fields can be
used to trap ions in multiple independent, spatially sepa-
rate regions. By a combination of shuttling, splitting, and
rotations, entangling operations can be performed between
any two ions in the N-qubit register by isolating them in
the appropriate “interaction” region [77,78]. Once the gate
is calibrated in the interaction region, owing to all ions hav-
ing identical atomic properties, the gate remains calibrated
for the whole qubit register. The current implementation
is also suited for experiments that generate 2-out-of-N ion
entanglement by selectively addressing ions in a 1D chain
through their radial modes of motion [79]. In the presence
of additional sources of miscalibration such as crosstalk
and position-dependent Stark shift, these schemes can eas-
ily be extended such that gates between each ion pair will
have their own simulated interpolator.

While the discussion here has focused on trapped-ion
implementations, we emphasize that this multidimensional
Bayesian approach to gate calibration is not limited to just
trapped ions and can be applied to any quantum system
where a classical simulation of the entangling gate yields
an accurate representation of the physical implementation.

A limitation is that the classical information stored in
the interpolator of the gate action will grow exponentially
with the number of control parameters. We can thus ask
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what is the outlook for extending the scheme. The MS
gate naturally scales to N-qubit entangling gates using
the exact same set of control parameters. In this case
the current scheme would work as long as the classical
simulation remains tractable and can effectively describe
other experimental imperfections such as magnetic field
gradients or unequal Rabi frequencies on the individual
ions. While this step might be time intensive for multiple
qubits, it only needs to be performed once. When consider-
ing 2-out-of-N entanglement generation on radial modes,
modifications would be required in situations where many
motional modes begin to participate in the MS interaction
and complex amplitude or frequency modulation wave-
forms are required to disentangle the spins from these other
modes [80,81]. Extensions to include such optimal control
techniques into the calibration protocol provide an avenue
for further research.

Another extension of the current scheme is the inte-
gration of more sophisticated control parameter tracking.
Instead of periodically running the full calibration routine
starting from an unbiased prior and N, = 1, one would
retain the Bayesian prior from the previous calibration
and seek to update it in as few measurements as possi-
ble to achieve further speedup. For the same amount of
experimental shots, we could shorten the time between
successive recalibrations and would thus make the sys-
tem even more robust against parameter drift, as has been
previously shown for single-qubit systems [32,33,82].

While the calibration is robust because runs that fail our
convergence criterion are rejected, we continue to investi-
gate the source of these occasional failures. We hypothe-
size that such events can be caused by large nonstatistical
deviations of the gate Hamiltonian due to transients in con-
trol fields. One method to characterize this would be to
try an alternative automated calibration method, such as
a machine learning approach, and compare the average
achieved infidelity. This would allow us to characterize
how sensitive competing methods are to such instabilities.
Furthermore, we would obtain another point of compar-
ison to benchmark the convergence speed against. In a
similar vein, we could potentially enhance the success
rate by further improving our classical simulation of the
gate model by substituting the unitary predictions with a
master equation description that includes measured noise
sources such as heating and dephasing in our experimen-
tal setup. An interesting application of this open system
extension would be to assess the suitability of our approach
to calibrating experimental control systems that exhibit
significant deviations from the ideal, unitary gate action.
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APPENDIX: COMPARISON TO DIFFERENT
CALIBRATION METHODS

One of the desiderata of an optimization routine is
having a fast convergence rate to the desired parameter
accuracy. In other words, we would like to minimize the
number of times the experiment has to be queried since
each measurement incurs by far the largest operational
time overhead. Since in this publication we do not claim
to have the optimal strategy, can we still claim that our
Bayesian optimization is fast relative to what might be
considered a traditional or manual optimization? In prac-
tice, each experimentalist might have their own slightly
idiosyncratic way of optimizing the gate parameters and
will also have different amounts of prior knowledge about
the parameter values. There is no set prescription that is
followed by a majority consensus in the ion trap litera-
ture. However, Ref. [25] provides an algorithmic approach
that iteratively performs one-dimensional parameter scans
to optimize the gate performance. We find this method
closely mirrors what we would perform in our lab in the
absence of the Bayesian optimization routine and hence
we use it as a benchmark. In summary, the algorithm can
be reduced to the following.

1. Roughly find the sideband detuning for desired gate
time.

2. Scan the center line detuning at 2 times the gate time
and maximize the population in p,..
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TABLE I. Number of points used in the scans for the different
cases for a 1D parameter scan tuneup considered.

Case 1 Case2 Case3 Case4
Points 4 4 8 16 16
Points § 4 8 8 10
Points w 4 6 8 12
Points Ag 4 6 8 10
Total measurements 2000 3500 4800 5900

3. Scan the sideband detuning at the presumed gate
time and balance the populations p.. and p,,, so that
Pee = Dgg-

4. Scan the gate time and minimize the populations of

Peg + Pge-

. Repeat steps 3 and 4.

. Final repeat of step 3.

. Repeat step 2.

. Scan the phase after two gates.

. Repeat steps 7 and 8.

O 00 3 O\ W

To estimate the parameters from the 1D scans, we employ
standard least square fitting. For the center line scan, a
Gaussian fit function is used on the p.. population, and
for the sideband detuning scan, the difference p.. — pgg
is fitted with a linear slope to balance the populations.
For the gate time scan, the dip in the unwanted popula-
tions peg + pee is fitted with an offset Gaussian. Lastly,
in the phase scan the difference p.. — p, is fitted with a
fixed-frequency cosine function.

For each scan, both the number of points and the range
of the scan are free parameters that can be altered. To
find reasonable combinations of scan width and points,
we numerically simulate scans with only a single mis-
set parameter for combinations of ranges and points, and
fit the simulated data. We then choose the range with the
smallest distance between the 13th and 87th percentiles.

We simulate 100 executions of the algorithm described
previously for different numbers of points per scan (see
Table I), for a gate with ideal values of #, = 100 us,
wq = 0 kHz, Agp = 0. Each data point consists of 50 mea-
surements. Results with extreme parameter values are dis-
carded (#; < 0 us,t, > 200 us, |2rwq| > 10 kHz, 278 >
20 kHz, 276 < 0 kHz), which occurs 21(2)% of the time
in all cases considered here. For the remainder, we deter-
mine the fidelity of the gate given the parameter estimates
in the same manner the Bayesian parameter estimates were
evaluated (see Fig. 11), except that the true value set in the
simulation can be substituted for the mean. The results for
the different settings can be seen in Fig. 12.

It should be noted that the robustness of this algorithm
could be increased by introducing sanity checks to discard
poor fits and adaptively choosing if a parameter should be

10—1 .
g
T 1072 3
el
(=)
ks
1073 .
I 1D scan
Il Bayesian
104 :
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FIG. 12. Simulation of manual tuneups using 1D scans for

four different measurement budgets compared to the data
obtained using the Bayesian method. The distribution of infi-
delities is shown as a violine plot, with median, quartiles, and
5-95 percentiles indicated. For all four settings under consider-
ation, the method has a 21(2)% rate of failure. For all settings,
the median simulated parameter infidelities are larger than the
infidelities obtained from the Bayesian method.

remeasured. However, doing so will increase the number
of measurements further.

We find that, for all settings considered here, the exper-
imental results obtained using the Bayesian algorithm out-
perform the simulations of iterative parameter scans both
in terms of median infidelity achieved and measurements
required even in the ideal case of a noise-free system. Pos-
sible reasons for this include that the fit functions are only
approximations to the true shape. Only part of the mea-
surement data is used for the fit. Furthermore, corrections
are always applied to a single variable per scan, leading to
correlated effects needing to be corrected by a successive
approximation.

In conclusion, the Bayesian algorithm outperforms a 1D
manual parameter scan even granting for the most opti-
mistic outcome, and in typical operation it is several times
more efficient in the number of required experimental
shots.
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