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Electromotive force in driven topological quantum circuits
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Time-dependent control of superconducting quantum circuits is a prerequisite for building scalable quantum
hardware. The quantum description of these circuits is complicated due to the electromotive force (emf) induced
by time-varying magnetic fields. Here, we examine how the emf modifies the fractional Josephson effect. We
show that a time-varying flux introduces a new term that depends on the geometry of both the circuit and the
applied magnetic field. This term can be probed via current and charge measurements in closed-loop and open-
circuit geometries. Our results refine the current understanding of how to properly describe time-dependent
control of topological quantum circuits.
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I. INTRODUCTION

Superconducting circuits are one of the prime candidates
for realizing large-scale quantum computers [1,2]. The be-
havior of these circuits can be captured by quantum circuit
theory, a concise set of rules to construct a Hamiltonian by
reducing circuits to lumped elements whose phase and charge
are canonically conjugate variables [3–5]. Circuit quantiza-
tion has been successfully applied to various devices such as
quantum bits [6–9] and extended to include light-matter inter-
actions, leading to circuit quantum electrodynamics (cQED)
[10–13].

Recently, it was shown that applying time-varying mag-
netic fields introduces several subtleties [14], which asks for
an extension of the standard lumped-element approach. The
origin of these subtleties can be expressed as follows. For two
circuit nodes a and b with a phase difference φ ∼ ∫b

a A(r) · dr,
the spatial distribution of the vector potential A(r) is no longer
an irrelevant gauge degree of freedom due to the induced elec-
tromotive force (emf) ∼Ȧ. The correct gauge was identified in
Ref. [15] for general device and field geometries, and it was
also applied to circuits with conventional Josephson junctions,
where the Josephson energies are scalar quantities. An unan-
swered question, however, is how the emf changes Josephson
effects whose energies exhibit an underlying matrix structure
due to the presence of bound states.

One relevant example of the latter is the fractional
Josephson effect, related to the presence of Majorana bound
states. Majorana-based quantum circuits are a candidate for
fault-tolerant quantum computation [16]. Topological super-
conductors hosting Majoranas may be realized, for example,
using topological insulators [17,18], chains of magnetic
adatoms [19,20], proximitized semiconducting nanowires
[21,22], and hybrid semiconductor-superconductor planar het-
erostructures [23,24]. Other potential platforms for realizing
topological superconductors are discussed in [25–27]. Irre-
spective of the physical implementation, a simple yet useful

model for topological p-wave superconductors is the Kitaev
chain, which consists of spinless electrons hopping between
the sites of a finite one-dimensional lattice [28,29]. Given
the prospect of fault-tolerant quantum computing, a better
understanding of time-dependent control of Majorana circuits
is required for implementing protected quantum gates [30,31].

In this paper, we study time-dependent driving of two
weakly coupled Kitaev chains, placed on an interrupted super-
conducting loop that encloses a time-dependent magnetic flux.
We derive a low-energy description of the resulting fractional
Josephson effect, which arises because of the overlap between
the two adjacent Majoranas of the coupled chains. We show
that, in the presence of a time-dependent magnetic field, the
fractional Josephson effect is modified by a new term that is a
function of the time derivative of the phase difference between
the two chains and that depends on both the geometry of the
circuit and the profile of the external magnetic field.

We further examine how this correction term scales with
the parameters of the Kitaev chains and the spatial symmetry
of the system, concluding that this term can be comparable to
the Josephson energy for an asymmetric system. We explore
the relevance of this new term in two contexts. In a loop
geometry, it is equivalent to the linear response due to a
low-frequency drive of the magnetic field. In an open-circuit
geometry (i.e., cutting the loop to form two islands), it is
equivalent to an additional charge induced on the chains, re-
sulting in nonzero fluctuations of the number of Cooper pairs
stored on a capacitor even in the regime of large charging
energies. In this regime, while the Cooper-pair transport is
energetically inhibited, charges in units of e (with e being
the elementary charge) may still hop between the Majorana
bound states, thereby yielding nonzero fluctuations. Over-
all, the measurable effects of this new term in both the
loop and open-circuit geometries corroborate the relevance
of the general gauge-fixing procedure, proposed in Ref. [15],
to obtain the correct behavior of driven Majorana quantum
circuits.
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FIG. 1. Two tunnel-coupled topological superconducting wires,
modeled as two Kitaev chains of J sites each. (a) Side view of the
two chains on top of two coplanar superconducting plates, separated
by a distance d . The blue contours, perpendicular to the surface of
the superconductor, represent the irrotational vector potential (33).
An electron acquires a phase φ j,α as it hops to site j from the
superconductor underneath with α = L, R. (b) Top view of the su-
perconducting plates whose two far ends interconnect to form a loop
threaded by an external magnetic field, resulting in a total phase
difference φ between the two superconductors. This phase difference
φ = φJ,L + φδt − φ1,R, with φδt being the phase drop across the weak
link. Here, the two chains are represented by the four Majoranas
{γ1, γ2, γ3, γ4}. The profile of the phase drop in the chains is captured
by the operators GL and GR.

This paper is organized as follows. Section II introduces
the model of two weakly coupled Kitaev chains and discusses
the connection between time-dependent basis changes and the
gauge degrees of freedom in the presence of a time-dependent
magnetic field. In Sec. III, we describe the low-energy physics
of the fractional Josephson effect and show how the new
correction term due to the electromotive force (emf) emerges.
Section IV relates this term to the imaginary part of the linear
response function of the current measured across the weak
link. The dependence of this term on the parameters of the
Kitaev chain is detailed in Sec. V for several configurations
of the external magnetic field. Next, Sec. VI incorporates the
effective Hamiltonian of the fractional Josephson effect into a
minimal circuit and examines how the new term changes the
behavior of the circuit.

II. SETUP

We begin by reviewing the model for a flux-biased
Majorana junction and discuss the relevant aspects of the
gauge degrees of freedom. We consider two tunnel-coupled
topological superconductors with a phase bias, as depicted in
Fig. 1. A model for one-dimensional topological supercon-
ductors is provided by the Kitaev chain [28]. The two coupled

chains are described by the Hamiltonian H (φ) = H0 + HT(φ)
with

H0 =
∑

α

HK,α, (1)

where the subscript α denotes either the left (α = L) or
the right (α = R) chain. For a chain of J sites, the Kitaev
Hamiltonian with nearest-neighbor hopping and pairing be-
tween adjacent sites is written as [28,29]

HK,α = − μ

J∑
j

c†
j,αc j,α − t

J−1∑
j

(
c†

j+1,αc j,α + H.c.
)

+ �

J−1∑
j

(
c j+1,αc j,α + H.c.

)
, (2)

where μ is the chemical potential, t is the hopping amplitude,
and � is the pairing potential. Throughout this work, we
consider the Kitaev chains in the topological regime |μ| � 2t .
The fermionic operator c j,α annihilates an electron at site j
of chain α. Here, the parameter � is real, and the phase
difference between the two Kitaev chains is included in the
tunneling Hamiltonian

HT(φ) = −δt
(
eiφ c†

1,RcJ,L + e−iφ c†
J,Lc1,R

)
, (3)

which couples the last site of the left chain to the first
site of the right chain with δt � t (Fig. 1). The phase φ

is acquired by an electron as it hops over the weak link
from the left to the right chain due to the flux enclosed by
the superconducting loop (i.e., φ = φR − φL). Alternatively,
we can write Eq. (3) in terms of the phase acquired by a
Cooper pair, henceforth denoted by ϕ (with φ = ϕ/2), as dis-
cussed in Sec. VI. Contrary to the ordinary Josephson effect,
the tunneling Hamiltonian allows for hopping of individual
electrons—not Cooper pairs—across the junction, leading to
the fractional Josephson effect [17].

In this work, we study time-dependent control of the mag-
netic flux. Therefore, we have to worry about the spatial
distribution of the phase—that is, the allocation of the phase
difference φ to the weak link and the two Kitaev chains—
similar to Refs. [14,15], which can be explained as follows.
For a time-independent flux (φ̇ = 0), the choice of where
the phase difference φ enters the Hamiltonian is immaterial.
Instead of having the phase difference attached locally to the
weak link, as in Hamiltonian (3), one may choose any other
phase distribution (local or nonlocal), as long as an electron
acquires a total phase φ when going from the left to the right
superconductor. This entire family of Hamiltonians can be
related to H via the unitary transformation

H = UHU † = eiφG H e−iφG, (4)

with

G ≡
∑
j,α

φ j,α

φ
c†

j,αc j,α, (5)

where φ j,α denotes the phase acquired at each site of the
Kitaev chain in the basis of the Hamiltonian H . Here, we nor-
malize the site phases by the total phase difference φ such that
the operator G is independent of φ. The unitary transformation
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U redistributes the phase across the sites of the left and right
chains (i.e., across the fermionic operators c j,α). The different
bases defined by U correspond to gauge choices because they
do not change the eigenspectrum of the Hamiltonian. But,
for a time-dependent flux (φ̇ �= 0), the unitary transformation
itself depends on time and yields the additional term −ih̄U †U̇
in the Schrödinger equation. For this reason, a time-dependent
change of basis via a unitary transformation is not equivalent
to a gauge transformation. Therefore, when constructing a
Hamiltonian for a driven quantum circuit, one must ensure
that the phase distribution entering the Hamiltonian corre-
sponds to an actual gauge choice.

Reference [15] proposed a recipe to obtain the correct time-
dependent Hamiltonian by calculating the vector potential in
the so-called irrotational gauge, which combines the Coulomb
gauge ∇ · Airr = 0 with the boundary condition

n⊥ × Airr

∣∣
S = 0, (6)

with the unit vector n⊥ normal to the surface S of the super-
conductor, for geometries where the London penetration depth
is an irrelevant length scale. This gauge ensures that there are
no terms in the Hamiltonian proportional to U̇ (or, for the
Kitaev model discussed here, to φ̇) by including the entirety of
the emf induced by the time-dependent magnetic field—that
is, ∇ × EḂ = Ḃ—in the irrotational vector potential

EḂ = −Ȧirr. (7)

After deriving the correct time-dependent Hamiltonian H ,
one can apply a unitary transformation to revert to the basis
of the Hamiltonian H (hereafter called the link basis as it
allocates the entire phase difference to the weak link). In the
link basis, the dynamics of the two coupled chains is governed
by the Hamiltonian

H − ih̄U †U̇ = H + h̄φ̇G, (8)

seeing that we can write the operator G in Eq. (5) as

G = −iU †∂φU . (9)

As previously mentioned, the operator G accounts for the
distribution of the phase difference across the sites of the
Kitaev chains and uniquely defines the Hamiltonian H . Later
in Sec. V, we evaluate the site phases φ j,α and the correspond-
ing G for an explicit circuit model with simple yet realistic
assumptions on circuit geometry and the magnetic field. As
argued in Ref. [15], the spatial distribution of the vector po-
tential and, in turn, the site phases hinge on the profile of the
magnetic field.

To conclude this section, we assess the difference between
the two Hamiltonians H and H in terms of current measure-
ments. In the link basis, the current across the weak link is
defined as

I0 = − e

h̄
∂φH (φ) = − e

h̄
∂φHT(φ), (10)

where e > 0 is the elementary charge. Because the Kitaev
Hamiltonian (2) does not depend on φ, the current I0 only
depends on the tunneling Hamiltonian. In the basis of the
Hamiltonian H (hereafter the irrotational basis), there exists
a current that can be defined as

I = − e

h̄
∂φH (φ) = I0 + eĠ, (11)

where Ġ = (i/h̄)[H , G] and I0 is the current across the weak
link in the irrotational basis (see Appendix C for the deriva-
tion). The operator (11) can be interpreted as the current
in response to a weak, time-dependent magnetic field. This
interpretation is motivated by replacing the phase φ(t ) by
φ + δφ(t ) and approximating the Hamiltonian, up to first
order in the fluctuation δφ(t ), by H (φ) + δφ(t ) ∂φH (φ). The
time-dependent part of the current (11) depends on the phase
distribution across the sites of the chain, captured here by
the operator G. Thus, we can interpret eĠ as a displacement
current and eG as the corresponding charge, which is zero
for a magnetic field that couples exclusively to the weak link.
The relation (11) will be relevant when computing the linear
response function of the current I0 in Sec. IV.

III. EFFECTIVE LOW-ENERGY MODEL

Before considering specific circuit geometries, it is help-
ful to reduce the complexity of the problem by deriving a
low-energy approximation of the Hamiltonian. To that end,
we start from the generally valid Hamiltonian H (φ) + h̄φ̇G
and apply a Schrieffer-Wolff transformation, projecting to the
low-energy subspace comprising the four degenerate ground
states of the two Kitaev chains [32].

The Hamiltonian H can be cast into the form

H = 1

2
ψ†Hψ = 1

2

(
ψ

†
L ψ

†
R

)(HK,L W
W† HK,R

)(
ψL
ψR

)
, (12)

with the column vectors ψα = (ψ1,α, . . . , ψ j,α, . . . , ψJ,α )T

where each element denotes a spinor ψ j,α = (c j,α, c†
j,α )T. The

Hamiltonian of an isolated chain can be decomposed in terms
of its eigenstates as

HK,α =
∑
vα�0

εvα
|vα〉 〈vα| − εvα

|ṽα〉 〈ṽα| , (13)

where |vα〉 = τx |ṽα〉 and the Pauli matrix τx acts on the par-
ticle and hole blocks. Each chain has two zero-energy ground
states of opposite parity, an even state |0〉 and an odd state |0̃〉 .

The tunneling matrix W can be written as

W j, j′ = δ j,J δ j′,1

(−δt e−iφ 0
0 δt eiφ

)
, (14)

so that it couples the rightmost site of the left chain to the
leftmost site of the right chain. Finally, the operator G takes
the form

G = 1

2
ψ†Gψ = 1

2

(
ψ

†
L ψ

†
R

)(GL 0
0 GR

)(
ψL
ψR

)
. (15)

The matrices GL and GR depend on the profile of the external
magnetic field, as detailed in Sec. V.

By projecting onto the low-energy subspace described by
the operator

P =
∑
v=0,0̃

[(|vL〉 〈vL| 0
0 0

)
+

(
0 0
0 |vR〉 〈vR|

)]
, (16)

one can obtain the effective Hamiltonian

Heff = PHTP − h̄φ̇ P
(
HT

Q
H0

G + G Q
H0

HT

)
P, (17)
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which decouples the low-energy subspace from the high-
energy subspace described by the projector Q = 1 − P . The
above result corresponds to a perturbative expansion up to first
order in δt and φ̇ (Appendix A).

Reverting to second quantization, the resulting low-energy
Hamiltonian is

Heff = HM(φ) + h̄φ̇ Hλ(φ). (18)

The first term corresponds to the well-known Hamiltonian that
describes the fractional Josephson effect

HM(φ) = iEM cos φ γ3γ2, (19)

where the two Hermitian operators γ2 and γ3 denote the
adjacent Majoranas of the left and right chains, respectively
(Fig. 1). Importantly, the time-dependent flux leads to a new
term, which is our first central result,

Hλ(φ) = iλ cos φ γ3γ2, (20)

with the dimensionless coupling coefficient

λ = Re

{ 〈0L|GL 
L W |0R〉 + 〈0L|W 
R GR |0R〉
cos φ

}
, (21)

and


α ≡
∑
vα>0

|vα〉 〈vα| − |ṽα〉 〈ṽα|
εvα

. (22)

The coefficient λ does not depend on the phase φ because the
numerator is also proportional to cos φ. It, however, depends
on the interaction of the time-dependent magnetic field with
the left and right chains, as expressed by GL and GR. In Sec. V,
we compare several profiles of the magnetic field and explore
how λ depends on the parameters of the chain—namely, the
chemical potential μ, the hopping amplitude t , and the pairing
potential �.

Importantly, because the tunneling Hamiltonian couples
the last site of the left chain to the first site of the right chain,
only Majoranas γ2 and γ3 interact, despite the nonlocal phase
distribution in the irrotational gauge. Specifically, interaction
terms that include Majoranas γ1 and γ4 are exponentially
suppressed because, throughout this work, we consider
Kitaev chains (i.e., nanowires) that are long enough so that the
Majoranas at the two ends of each chain do not overlap. For
shorter nanowires with overlapping Majoranas, there would
be additional terms that couple the four Majoranas γ{1−4}
(e.g., the pairs γ4γ1, γ4γ2, and γ3γ1 interact with a coeffi-
cient proportional to δt φ̇, and the pairs γ2γ1 and γ4γ3 with
a coefficient proportional to φ̇, as detailed in Appendix A).
Previous works have shown that such terms lead to new phe-
nomena such as the Landau-Zener effect and dc Shapiro steps
[33–35]. Strikingly, our work shows that, even in the ideal
case where finite-size effects can be neglected and the system
is topologically protected, a time-dependent drive can lead
to new physics, evidenced by the correction to the fractional
Josephson effect [Eq. (18)].

IV. CURRENT MEASUREMENTS

We have shown that, in the presence of a time-dependent
magnetic field, the fractional Josephson effect is modified by
a new term that depends on the time-derivative of the phase

difference between two weakly coupled Kitaev chains and on
the coefficient λ. This section examines how the coefficient λ

can be measured. Suppose there is a detector measuring the
current I0 at the weak link [Eq. (10)]. Let us now consider
the linear response of this current to a time-dependent drive
of the magnetic flux in the form φ + δφ(t ). In the frequency
domain, the Kubo formula reads [36]

〈I0(ω)〉 = 〈I0(ω)〉0 + δφ(ω) χ (ω), (23)

where the susceptibility is defined as

χ (ω) = i

e

∫ ∞

−∞
dt eiωt �(t )

〈
[I0(0), I (−t )]

〉
0, (24)

which naturally depends on the current associated with the
magnetic-field drive, as introduced in Eq. (11). This formula
holds for a generic initial state, expressed by the expected
value 〈•〉0. Here, we consider a low-energy regime, where
the relevant physics occur within a subspace that consists of
the four degenerate ground states of the left and right chains.
This low-energy subspace is projected onto by the operator P,
which takes the form (16) in the two-by-two space of the left
and right chains. Now, to account for arbitrary initial states,
we choose to define a susceptibility operator

χ̂ (ω) = i

e

∫ ∞

−∞
dt eiωt �(t ) P[I0(0), I (−t )]P, (25)

which acts on said subspace. As detailed in Appendix B,
substituting with the form (11) of the current I and keeping
only terms that are first order in the tunneling amplitude δt
gives the operator

χ̂ (ω) = −P

(
I0Q

iH0

h̄ω − H0
G + G

iH0

h̄ω − H0
QI0

)
P. (26)

The operator χ̂ is non-Hermitian and hence its eigenvalues
have real and imaginary parts. We can then decompose it into
two operators, which lead to the real and imaginary parts of
the susceptibility when taking the expected value,

χ̂ r (ω) = 1

2

[
χ̂ + (

χ̂
)†]

(27)

and

χ̂ i(ω) = 1

2i

[
χ̂ − (

χ̂
)†]

. (28)

In the low-frequency limit and in the link basis, the first part
can be written as

χ̂r (ω) = iP
[
I0(φ)QG − GQI0(φ)

]
P. (29)

Following Appendix B, Eq. (29) simplifies to its final form

χ̂r (ω) = e

h̄

(
1 − φδt

φ

)
iEM cos φ γ3γ2, (30)

where φ is the total phase difference between the two super-
conductors, and φδt is the phase drop across the weak link
in the basis of the Hamiltonian H , obtained by integrating
the irrotational vector potential along the junction. In the
irrotational basis, the phase drop φδt is a well-defined quantity,
much like the vector potential in the London equations [37].
Rotating to a different gauge changes φδt and also results in
an additional term in the Hamiltonian, so that the left-hand
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side of Eq. (30) is unchanged (i.e., gauge invariant). The low-
frequency part of the real susceptibility shows that the phase
drop across the chains leads to a new current contribution,
different from the current flowing through the junction. If the
entire phase drop takes place across the weak link (φδt = φ),
then χ̂r = 0 and this additional current vanishes.

As for the imaginary part of the susceptibility, Eq. (28) in
the link basis reduces to

χ̂i(ω) = h̄ωP

(
I0(φ)

Q

H0
G + G

Q

H0
I0(φ)

)
P. (31)

Since only the measured current I0 is a function of φ, Eq. (31)
can be cast into the differential form

Iλ(φ) = χ̂i(ω) = eω
∂Hλ

∂φ
, (32)

which, in a broad sense, can be regarded as a variant of
the fluctuation-dissipation theorem stating that the time-
dependent correction term in the effective Hamiltonian (18)
results in a new current contribution that is proportional to the
low-frequency part of the imaginary susceptibility. In Sec. VI,
we propose an alternative way to probe the coefficient λ by
applying Hamiltonian (18) to an open-circuit geometry.

V. IRROTATIONAL GAUGE FOR TWO WEAKLY
COUPLED KITAEV CHAINS

We now embark on computing the irrotational vector po-
tential for the model of two coupled Kitaev chains placed on
an interrupted superconducting loop to find explicit expres-
sions for the operator G and the resulting coefficient λ. To
simplify the problem, we assume the following. First, since
the circumference of the loop is much larger than the length
of the chains, the problem can be modeled as two coplanar
superconducting plates separated by a distance d and whose
width along the z direction is much larger than d (Fig. 1).
These two plates are connected at the far end to form a loop
that is threaded by the external magnetic field. Second, we
assume that the field is nonzero only within the loop—that is,
it touches neither the chains nor the superconducting plates.
Third, we assume that only the superconducting contacts—
not the Kitaev chains—screen the induced electric field EḂ
in Eq. (7) and, accordingly, we interpret eG as an induced
charge on the chains. This assumption allows us to neglect the
presence of the chains when computing the irrotational vector
potential. Later, in Sec. VI, we revisit this assumption to dis-
cuss the relevance of the λ term in an open-circuit geometry.

In the irrotational gauge, the vector potential A must satisfy
three conditions [15]. First, its curl must be zero (owing to
the above assumption that the magnetic field is nonzero only
within the loop). Second, at the surface of the superconduc-
tor, its parallel component must be zero, as depicted by the
blue contours in Fig. 1(a). Third, its normal component must
integrate to zero over the surface of the superconductor, im-
plying zero net surface charge. In fact, in conjunction with the
magnetic field being zero in the bulk of the superconductors,
the problem of finding the irrotational vector potential for a
fixed phase bias can be mapped to the standard electrostatic
problem of a coplanar capacitor with a voltage bias, which has
been solved, for example, in Ref. [38] using conformal map-

ping. Analogous to the electrostatic problem, the irrotational
vector potential is

Airr(x, y) = h̄φ

eπ
∇ Im

{
arcosh

(
2y + 2ix

d
+ 1

)}
, (33)

where φ is the overall phase difference between the left and
right superconductors (φR − φL = φ). The vector potential
can be integrated to compute the phase difference between the
discrete sites of the Kitaev chain. In particular, an electron
acquires the Peierls phase

φ j,α = − e

h̄

∫ (hx,y j,α )

(0,y j,α )
Airr(x, y) · dl

= −φ

π

[
f (hx, y j,α ) − f (0, y j,α )

]
(34)

as it hops to site j of chain α from the superconductor
underneath, with hx as the height of the chain above the
superconductor. The positions of the chain sites are

y j,L ≡ −d − hy(J − j) (35)

and

y j,R ≡ hy( j − 1), (36)

with hy as the intersite separation. The function f (x, y) in
Eq. (34) is defined as

f ≡ arg
(
2ix + 2y + d + 2

√
y + ix

√
y + d + ix

)
. (37)

When evaluating the phases in Eq. (34), the y coordinate of
the lower limit of the integral is irrelevant because the entire
superconductor beneath each chain is at the same phase, as
evidenced by the vanishing parallel component of the irrota-
tional vector potential at the surface of the superconductor.
The phase drop along the left and right chains decays as 1/y
starting from the gap between the two superconductors, as
depicted in Fig. 2(a). The phase drop across the weak link
itself is

φδt = −φ

π

[
f (hx, 0) − f (hx,−d )

]
. (38)

Using the phases in Eq. (34), the Hamiltonian in the irrota-
tional basis can be written as

H (φ) =
∑

α

HK,α (φ) + HT(φ), (39)

with the Kitaev Hamiltonian

HK,α = − μ

J∑
j

c†
j,αc j,α

+
J−1∑

j

[ − t
(
ei(φ j+1,α−φ j,α ) c†

j+1,αc j,α + H.c.
)

+ �
(
e−i(φ j+1,α+φ j,α ) c j+1,αc j,α + H.c.

)]
(40)

and the tunneling Hamiltonian

HT = −δt
(
eiφδt c†

1,RcJ,L + e−iφδt c†
J,Lc1,R

)
. (41)

In contrast to the tunneling Hamiltonian (3), the phase differ-
ence between the two superconductors is not entirely allocated
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FIG. 2. Phases acquired by electrons at the sites of the two Kitaev
chains, based on Eq. (34). The two chains are on top of two coplanar
superconducting plates (blue and red shaded areas), separated by a
distance d (Fig. 1). The site phases φ j,α are normalized by the phase
difference φ between the two superconductors. (a) A symmetric
configuration where the last site of the left chain and the first site of
the right chain are aligned with the edges of the superconductors. The
phase profile decays as 1/y. (b) An asymmetric configuration where
the edges of the chains and the superconductors do not coincide.
Here, five sites of the right chain and 50 sites of the left chain fall
within the gap between the two superconductors. The phase drop
φδt across the weak link is larger in the symmetric configuration
(φ = φJ,L + φδt − φ1,R). Parameters used: J = 500, d = 1, hx = 0.1,
and hy = 0.01.

to the weak link but distributed along the chains. The actual
phase drop across the weak link is less than the total phase
difference φ, and it depends on the geometry of both the
chains and the superconductors. Specifically, it increases as
the height hx of the chains above the superconductors de-
creases, taking the value φ at hx = 0. And it increases as
the separation d between the two superconductors increases,
asymptotically approaching φ as d tends to infinity.

In line with Sec. III, we can now evaluate the Hermitian
operator G, which has left and right contributions

G = GL + GR =
∑
j,α

φ j,α

φ
c†

j,αc j,α, (42)

with the site phases φ j,α incorporating the geometry of the
chains and the profile of the magnetic field. In the single-
particle picture, the operator Gα takes the form

G j, j′
α = δ j, j′

φ j,α

φ
τz, (43)

where τz is the Pauli matrix acting on the particle and hole
subspaces.

FIG. 3. Two coupled Kitaev chains, placed on top of two su-
perconducting plates. Unlike the symmetric setup in Fig. 1, the
placement of the weak link ensures an asymmetric phase distribution
over the left and right chains (cf. Fig. 2). This asymmetry yields a
nonzero λ in the effective Hamiltonian (18).

In the symmetric setup in Fig. 1(a), the phases φ j,α are an
odd function around y = −d/2, and the phase profiles of the
left and right chains are related by

G j, j
L = −GJ− j+1,J− j+1

R . (44)

Substituting with the above relation into Eq. (21) gives λ

equals zero. That is to say, the time-dependent correction
h̄φ̇Hλ(φ) to the fractional Josephson effect is zero for a sym-
metric setup. This behavior follows from the general form of
the correction term, namely φ̇ cos φ. Because this term is an
odd function of the total phase difference φ, it must be zero if
the left and right chains are identical and thus interchangeable.
Conversely, the Josephson term HM(φ) is an even function of
φ and thus nonzero for a symmetric setup.

For a nonzero λ, one must break the symmetry between
the left and right chains, either by choosing different param-
eters (μ, t , or �) for each chain, or by applying an external
magnetic field that leads to an asymmetric distribution of the
phase drop.

Let us here, however, discuss another relevant source of
spatial asymmetry: an asymmetric placement of the weak link.
To that end, instead of having all sites of the chains in direct
electric contact with the superconducting plates (Fig. 1), we
use an experimentally more realistic setup with the two su-
perconductors connected by a bridge consisting of many sites
(Fig. 3). One can then choose to place the weak link between
two intermediate sites to be closer to one of the two plates,
thereby creating an asymmetric phase profile. An example of
an asymmetric phase profile is shown in Fig. 2(b), where, be-
cause the weak link is now closer to the right superconductor,
the majority of the phase difference φ is assigned to the left
chain (φJ,L > φ1,R). And the phase drop across the weak link
is smaller than the symmetric configuration.

While it is possible to modify the Hamiltonian (40) to
include the extra sites between the two superconducting plates
and the asymmetric placement of the junction, we simplify
the problem and incorporate the asymmetry in the existing
the Hamiltonian by modifying only the phase profile. For
an increasingly asymmetric junction, all the phase drop will
be allocated to the left chain. Moreover, because here we
focus on the low-energy physics, only the overlap with the
Majoranas at the junction is relevant. This extreme case allows
us to simplify the problem and introduce a maximal junction
asymmetry by choosing

φ j,L = φ (45)
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and

φ j,R = 0, (46)

so that the phase an electron accumulates to go from the left
to the right superconductor is φJ,L − φ1,R = φ. In this limit,
the Hamiltonian of the right chain HK,R is identical to the
Hamiltonian HK,R in Eq. (2) since it is independent of the
phase difference φ. In contrast, the Hamiltonian of the left
chain takes the form

HK,L(φ) = − μ

J∑
j

c†
j,Lc j,L − t

J−1∑
j

(
c†

j+1,Lc j,L + H.c.
)

+ �

J−1∑
j

(
e−2iφ c j+1,Lc j,L + H.c.

)
. (47)

The tunneling Hamiltonian

HT = −δt
(
c†

1,RcJ,L + c†
J,Lc1,R

)
(48)

is now independent of φ since there is no phase drop across the
weak link (φδt = 0). The unitary transformation that rotates
the above Hamiltonian to the link basis is specified by the two
operators

G j, j′
L = δ j, j′ τz (49)

and

G j, j′
R = 0. (50)

Using the two operators (49) and (50), we can derive an
analytical expression for the coefficient λ in Eq. (21),

λ = μρ2EM, (51)

with the density of states

ρ = 1√
4t2 − μ2

, (52)

and with EM as the energy of the fractional Josephson effect,
defined in Eq. (A13). For simplicity, let us first consider the
limit of half filling (μ = 0), a rather artificial limit for realistic
semiconducting systems. Here, the coefficient λ is equal to
zero, which can be understood as follows. At μ = 0, the
Hamiltonian of an isolated Kitaev chain satisfies the particle-
hole symmetry

H j, j′
K = (−1) jτx H j, j′

K (−1) j′τx, (53)

which requires the spinors of each two degenerate states |v〉
and |u〉 to be related by

|v〉n = (−1) j τx |u〉n . (54)

Because of the symmetry (54), the contribution of above-the-
gap states in Eq. (21) sums to zero, even if the two chains are
not identical, as long as each chain is long enough so that the
zero modes decaying from its two ends do not overlap. This
conclusion, in fact, holds regardless of the form of G (i.e., for
all profiles of the magnetic field).

More realistically, for n-doped semiconducting nanowires,
the chemical potential μ is typically in the vicinity of −2t
(i.e., μ ≈ −2t + δμ). In this limit, the density of states is

approximated by 1/
√

4tδμ, and the coefficient λ can be cast
into the form

λ ≈ EM

2δμ
. (55)

To compare the amplitude of the new term h̄φ̇Hλ(φ) with the
Josephson term HM(φ), we define the parameter

β ≡ h̄φ̇λ

EM
≈ �

δμ
, (56)

because the time-dependent drive h̄φ̇ is bounded by the su-
perconducting gap 2�; otherwise the low-energy description
would break down. Since typically δμ > �, we expect that
β � 1—that is, the new term is comparable to but does not
exceed the Josephson term HM(φ).

We note that the artificial case, defined by Eqs. (45) and
(46), represents an upper bound on the parameter λ only for
the field profiles treated in this section—that is, when the
external magnetic field is localized within the superconduct-
ing loop. The coefficient λ is bounded because, for localized
magnetic fields, the phase acquired at each site of the chain
is guaranteed to be less than the total phase difference (i.e.,
|φ j,α| � φ). When an electron takes a direct path—that is,
a path that does not traverse a given site twice—from the
left to the right superconductor, the acquired phase increases
monotonically from zero at the left superconductor to φ at
the right one. This behavior does not necessarily hold for a
magnetic field that is nonzero at the junction and inside the
superconductors, which induces an additional current to expel
the field from the bulk of the superconductor (the Meissner
effect) [37]. For such a nonlocalized field, we expect that
more complicated phase profiles arise, which may be non-
monotonic. That is, for a specified path between the two
superconductors, the accumulated phase may overshoot above
the total phase difference φ and then decline to φ at the end
of the path, implying that the site phases |φ j,α| are no longer
bounded by φ. In Ref. [15], a related effect was predicted
for regular Josephson-junction circuits: for a total phase drop
φ across an array of Josephson junctions, the phases at the
individual junctions do not in general add monotonically (i.e.,
with the same sign) to the total value φ. In quantum circuit
theory, such a nonmonotonic behavior can be represented by
an effective negative capacitance [15].

To summarize, we have investigated the scaling of the
coefficient λ for a realistic device geometry and discussed
its dependence on the parameters and the symmetry of the
system. The novel correction term vanishes only for a system
that is symmetric in all parameters, or for a band at perfect
half filling (i.e., zero chemical potential). Far away from
half filling and for an asymmetric system, the term is maxi-
mal. We have also provided an upper bound on λ, assuming
that the magnetic field is zero close to the superconductors.
This bound can be exceeded for arbitrary profiles of the
magnetic field.

VI. CIRCUIT HAMILTONIAN FOR THE FRACTIONAL
JOSEPHSON EFFECT

In Sec. IV, we showed how the coefficient λ can be mea-
sured in a closed-loop geometry. Here, we examine the extent
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FIG. 4. Circuit diagram consisting of a superconducting island
connected to a grounded superconductor through a topological
Josephson junction of capacitance CJ and energy EM. The island at
node � is connected to a gate voltage Vg via a capacitance Cg. The
two panels denote the two different bases—the irrotational and the
link basis—for the loop geometry in Fig. 1. (a) The chain (blue) and
the superconductor (gray) are separate entities. In the loop geometry,
the phase drop is distributed along the Kitaev chains as well as the
weak link (i.e., the irrotational basis). In the open-circuit geometry,
this choice corresponds to Hamiltonian (58) in which the charge on
the island is shifted by the charge induced on the chains. (b) The
chains are considered a part of the metallic superconductor. In the
loop geometry, the phase difference between the two superconduc-
tors is incorporated solely in the weak link (i.e., the link basis). In
the open-circuit geometry, this choice corresponds to Hamiltonian
(62)—that is, λ = 0. The two Hamiltonians are related by the unitary
transformation (63).

to which the nontrivial physics of surface charges extend to
open circuits (i.e., cutting the superconducting loop to form
a charge island controlled by a gate voltage, as depicted in
Fig. 4). For the open circuit, the relevant dynamics stems from
charging and discharging of a capacitor rather than a varying
magnetic field.

Here, we revisit an assumption that we made in Sec. V
when calculating the irrotational vector potential. Namely, we
assumed that the Kitaev chain itself is a weak conductor—that
is, it fails to screen the electric field EḂ in Eq. (7), which
implies that the induced charge eG and, in turn, the coefficient
λ are nonzero. This assumption is realistic for Kitaev chains
made of either semiconducting nanowires or topological in-
sulators with low charge-carrier density. In the other extreme,
the chains fully screen the electric field such that both eG and
λ are zero.

In this section, we compare these two extremes in the open-
circuit geometry. First and in line with Sec. V, we consider
the chains irrelevant to the overall capacitance between the
two superconductors [Fig. 4(a)], equivalent to no screening

inside the chains (λ �= 0). Second, we consider the chains
a part of the bulk superconductors [Fig. 4(b)], equivalent to
perfect screening inside the chains (λ = 0). Starting with the
first extreme, the Lagrangian of the circuit in Fig. 4(a) can be
written as [39]

Lλ
c = CJ

2
�̇2 + Cg

2
(�̇ − Vg)2 − i(EM + λe�̇) cos

(
ϕ

2

)
γ3γ2,

(57)

where the reduced flux ϕ ≡ 2π�/�0 is the phase acquired
by a Cooper pair such that ϕ = 2φ with φ denoting the phase
acquired by an electron as defined in Eq. (3). The supercon-
ducting flux quantum �0 equals h/(2e) and � is the node
flux of the island (Fig. 4). The gate voltage is coupled to the
superconductor via a capacitance Cg. Here, the coefficient λ

is the same as that derived in the previous section because of
the exact equivalence of the irrotational vector potential (33)
and the electric field between two coplanar capacitor plates.
This equivalence holds only because we assumed that the
magnetic field is localized within the loop and does not touch
the superconductors. For a generic magnetic field distribution,
the coefficient λ is not the same for the loop and open-circuit
geometries.

Following the standard quantization procedure [3], the re-
sulting Hamiltonian is

Hλ
c = 4EC

[
n̂ − ng − iλ

2
cos

(
ϕ̂

2

)
γ3γ2

]2

+ iEM cos

(
ϕ̂

2

)
γ3γ2. (58)

The canonically conjugate variables obey the commutator

[ϕ̂, n̂] = −i, (59)

where the number operator is defined as n̂ ≡ Q̂/(−2e) with
Q as the charge on the node in Fig. 4, conjugate to the flux
coordinate �—that is,

Q ≡ ∂Lλ
c

∂�̇
. (60)

The charging energy EC ≡ e2/(2C) with

C ≡ CJ + Cg. (61)

The gate voltage induces an offset charge ng = CgVg/(2e).
If, on the other hand, we assume that the chains can

screen the electric field [Fig. 4(b)], we obtain the standard
Hamiltonian without the λ term

Hc = 4EC
(
n̂ − ng

)2 + iEM cos

(
ϕ̂

2

)
γ3γ2. (62)

The two Hamiltonians (58) and (62) are related by the unitary
transformation

U = eλ sin(ϕ̂/2)γ3γ2 , (63)

which transforms the number operator n̂ as

Un̂U † = n̂ − iλ

2
cos

(
ϕ̂

2

)
γ3γ2. (64)
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FIG. 5. Fluctuations of the Cooper-pair number stored on the
island as a function of the ratio EM/EC for the lowest two eigenvalues
of Hamiltonian (58), labeled here by m. The fluctuations are averaged
over the charge offset ng. For small charging energies (EM � EC),
they scale with (EM/EC)1/4, and, in the basis of the Hamiltonian Hλ

c ,
they are equal to λ/(2

√
2) at zero Josephson energy (EM = 0). Solid

lines denote λ = 1 and dotted lines λ = 0.

The two Hamiltonians then have the same eigenvalues but dif-
ferent eigenfunctions, seeing that Hamiltonian (58) includes
an additional charge proportional to λ induced on the Kitaev
chains.

The difference between the two Hamiltonians Hc and Hλ
c

is most pronounced in the regime EC � EM, where the stan-
dard fractional Josephson effect is suppressed, but the λ term
survives. This limit corresponds to setting EM to zero in
Hamiltonians (58) and (62). The two resulting Hamiltonians
predict a radically different behavior for the fluctuations of
the charge Q denoted in Fig. 4. While the Hamiltonian Hc

commutes with the number operator n̂ in the limit EC � EM,
the Hamiltonian Hλ

c does not. For this reason, charge fluc-
tuations are not suppressed for the latter. Explicitly, using
the eigenfunctions of the Hamiltonian Hc, the variance of the
operator n̂ is

σ 2 = 〈n̂2〉 − 〈n̂〉2 = 0. (65)

In contrast, using the eigenfunctions of Hλ
c , it reads

σ 2
λ = 〈

n̂2
〉
λ
− 〈n̂〉2

λ = λ2

8
, (66)

where the subscript λ implies that the expected value is in
the eigenbasis of Hamiltonian (58). The eigenfunctions of
the Hamiltonian Hλ

c are superpositions of adjacent charge
states and, for an increasing λ, they spread over an increasing
number of charge states. For nonzero EM, we evaluate the
variance numerically as a function of EM/EC, as depicted in
Fig. 5, by averaging it over the charge offset ng to account
for offset-charge drift [40,41]. The variance grows slowly as
a function of the ratio EM/EC and scales with

√
EM/EC in the

limit of small charging energies (i.e., EM � EC). Even if EM

is vanishingly small, the number of Cooper pairs fluctuates by
an amount commensurate with charge induced on the Kitaev
chains.

The nature of these fluctuations can be understood based on
the incompatibility of the transported charges and those stored
in the capacitor. If the topological superconductor, namely

the Kitaev chains, does not contribute to charge screening
(λ �= 0), then the capacitor plates consist of the conventional
superconductor contacts which accept only integer number
of Cooper pairs with charge 2e. In contrast, the fractional
Josephson effect coherently transports charges in units of e
because of the overlap between the Majorana bound states.
Accordingly, in the limit of large charging energies, only
integer Cooper-pair transport is energetically inhibited and
charges in units of e may still tunnel across the weak link—
that is, the fractional charges are figuratively stuck in limbo
between the two superconducting contacts, thereby yielding
nonzero fluctuations.

VII. CONCLUSIONS

To conclude, we have explored time-dependent driving of
Majorana-based quantum circuits and derived a low-energy
Hamiltonian for the fractional Josephson effect in the regime
of weak tunnel coupling. This Hamiltonian incorporates the
electromotive force (emf) induced via a time-dependent mag-
netic field in the form of a correction term to the standard
description of the fractional Josephson effect. This term de-
pends on the geometry of the quantum circuit, the profile
of the time-dependent magnetic field, and the (electrostatic)
screening behavior of the topological superconductor. We
have also provided simple measurement schemes for this new
term, either via a current measurement in a loop geometry or
via a charge-noise measurement in an open-circuit geometry.

Our results highlight the relevance of the unit of charge
in quantum circuit theory. Here, the charge of the underlying
condensate is 2e and the charge transported across the weak
link is e. The behavior of the circuit relies on which of the
two charges couple to the capacitor or to the time-varying
magnetic field. This work opens the door for a more com-
prehensive study of the interplay between the emf and bound
states (e.g., Andreev bound states in conventional s-wave
junctions). The topologically trivial regime could unearth
effects of even higher complexity because there are fewer
symmetry-protected constraints and because the spectrum of
the bound states cannot be detached from the quasiparticle
continuum.
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APPENDIX A: SCHRIEFFER-WOLFF TRANSFORMATION

In this Appendix, we derive the effective Hamiltonian
(18) of the fractional Josephson effect via a Schrieffer-Wolff
transformation of the Hamiltonian H = H0 + HT + h̄φ̇G, as
defined in Sec. III. Up to first order in the tunneling ampli-
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tude δt and the time-derivative of the phase φ̇, the effective
Hamiltonian in the single-particle picture reads

Heff = PH0P + PHTP + h̄φ̇ PGP

− h̄φ̇ P
(
HT

Q
H0

G + G Q
H0

HT

)
P,

(A1)

where the operator P projects to the low-energy subspace,
composed of the four degenerate ground states of the left
and right chains, and it can be expressed in the two-by-two
subspace of the left and right chains as

P =
(
PL 0
0 PR

)
, (A2)

with

Pα =
∑
v=0,0̃

|vα〉 〈vα| , (A3)

where the subscript α denotes either the left or the right chain.
The projector Q = 1 − P . First, because the ground states are
at zero energy, the diagonal term

PH0P = 0. (A4)

Second, the tunneling term can be written as

PHTP =
(

0 PLWPR

PRW† PL 0

)
, (A5)

with

PLWPR = −EM cos φ
( |0L〉 〈0R| + |0̃L〉 〈0R|

− |0L〉 〈0̃R| − |0̃L〉 〈0̃R| ). (A6)

In second quantization, the tunneling term takes the form

PHTP = 1

2
ψ† PHTP ψ

= −EM cos φ (d†
M,LdM,R + dM,LdM,R + H.c.), (A7)

where the fermionic operators d†
M,α and dM,α of the zero

modes can be defined as

d†
M,α = ψ†

α |0α〉 = 〈0̃α| ψα (A8)

and

dM,α = ψ†
α |0̃α〉 = 〈0α| ψα. (A9)

In terms of the Majorana operators γ{1−4} (Fig. 1), the
fractional Josephson effect takes the standard form

PHTP = iEM cos φ γ3γ2, (A10)

where the Hermitian Majorana operators are related to the
fermionic operators by

dM,L = γ2 + iγ1

2
(A11)

and

dM,R = γ4 + iγ3

2
. (A12)

In terms of the parameters of the Kitaev chain, the energy

EM = δt

2
(1 − Y 2)

(
1 − μ2

4t2

)
, (A13)

with

Y ≡ t − �

t + �
. (A14)

Third, we focus on the term PGP . As discussed in Sec. V,
the matrix Gα has the two-by-two structure

G j, j′
α = δ j, j′

φ j,α

φ

(
1 0
0 −1

)
. (A15)

The profile of the time-dependent magnetic field—that is, the
distribution of the phase drop along the chains—is captured
by the site phases φ j,α defined in Eq. (34). We can write the
term PGP as

PGP =
(
PLGLPL 0

0 PRGRPR

)
. (A16)

The contribution of chain α is

PαGαPα = 2gα

( |0α〉 〈0α| − |0̃α〉 〈0̃α| ), (A17)

with

gα ≡ 〈0α|Gα |0α〉
2

= −〈0̃α|Gα |0̃α〉
2

. (A18)

In second quantization, the term PGP takes the form

PGP = 1

2
ψ†PGPψ =

∑
α

gα (d†
M,αdM,α − dM,αd†

M,α ).

(A19)

Substituting with the Majorana operators in Eqs. (A11) and
(A12) leads to the final form

PGP = igL γ2γ1 + igR γ4γ3, (A20)

where the coefficients gL and gR depend on the profile of
the magnetic field in the left and right chains, respectively.
Importantly, the term PGP is approximately zero because
the coefficient gα is exponentially suppressed, which can be
understood as follows. The two ground states of the Kitaev
chain can be expressed as a superposition of the two modes
decaying from the left (�) and right (r) ends of the same
chain as

|0α〉 =
∣∣0r

α

〉 + ∣∣0�
α

〉
√

2
(A21)

and

|0̃α〉 =
∣∣0r

α

〉 − ∣∣0�
α

〉
√

2
. (A22)

Based on the two-by-two structure (A15) of Gα , the matrix
elements 〈0�

α|Gα |0�
α〉 and 〈0r

α|Gα |0r
α〉 equal zero. Moreover,

for a chain that is long enough so that the zero modes de-
caying from its two ends do not overlap, the matrix element
〈0�

α|Gα |0r
α〉 is exponentially suppressed. For example, for a

chain of odd number of sites J and with μ = 0, the coefficient
gα takes the analytical form

gα = 1

2

(
1 − Y 2

)
Y (J−1)/2

∑
j∈odd

φ j,α

φ
, (A23)

which is exponentially suppressed as J increases.
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Finally, analogous to the term PHTP, the last term

� ≡ PHT
Q

H0
GP + PG

Q

H0
HTP (A24)

can be cast into the form

� = i(h42 γ4γ2 + h31 γ3γ1 + h32 γ3γ2 + h41 γ4γ1), (A25)

which highlights the coupling between the four Majoranas of
the left and right chains, as depicted in Fig. 1(b). The coupling
coefficients can be written as

h42 ≡ − Im{β00 + β00̃}
2

, (A26)

h31 ≡ − Im{β00 − β00̃}
2

, (A27)

h32 ≡ −Re{β00 − β00̃}
2

, (A28)

h41 ≡ Re{β00 + β00̃}
2

, (A29)

with the matrix element

βpq ≡
∑

vR �=0,0̃

ε−1
vR

〈pL|W |vR〉 〈vR|GR |qR〉

+
∑

vL �=0,0̃

ε−1
vL

〈pL|GL |vL〉 〈vL|W |qR〉 . (A30)

The form (14) of W implies that the coefficients h42 and h31

are proportional to sin φ (because they are proportional to the
imaginary part of βpq), while h32 and h41 are proportional to
cos φ. In this work, we only consider long Kitaev chains where
the modes at the two ends of each chain do not overlap. Con-
sequently, the coefficients h42, h31, and h41 are exponentially
suppressed, and only h32 survives. To illustrate this behavior,
we represent the zero-energy ground states as a superposition
of the left and right modes, as in Eqs. (A21) and (A22). For
example, the coefficient h42 can be simplified to

h42 = −δt sin φ
∑
vR>0

ε−1
vR

〈
0r

L

∣∣ I |vR〉 〈vR|GR

∣∣0r
R

〉
, (A31)

where

I j, j′ = δ j,J δ j′,1

(
1 0
0 1

)
. (A32)

The coefficient h42 couples the right end of the left chain to
the right end of the right chain and depends on the interaction
of the magnetic field with the right chain via the operator GR.
The coefficient h32 reduces to

h32 = δt cos φ

[ ∑
vR>0

ε−1
vR

〈0r
L|Z |vR〉 〈vR|GR |0�

R〉

+
∑
vL>0

ε−1
vL

〈
0�

R

∣∣Z† |vL〉 〈vL|GL

∣∣0r
L

〉 ]
, (A33)

with

Z j, j′ = δ j,J δ j′,1

(
1 0
0 −1

)
, (A34)

and it couples the two adjacent ends of the left and right
chains.

Based on Eq. (A1), the effective Hamiltonian takes its final
form

Heff = iEM cos φ γ3γ2 − ih̄φ̇ h32 γ3γ2. (A35)

APPENDIX B: LINEAR RESPONSE OF THE CURRENT
MEASURED ACROSS THE WEAK LINK

This Appendix derives an expression for the susceptibility
in response to fluctuations in the phase drop across the weak
link that couples two Kitaev chains. Specifically, we calculate
the linear response of the current I0 across the weak link to
fluctuations in the form φ(t ) → φ + δφ(t ). Up to first order
in the fluctuations, the Hamiltonian in the irrotational basis
can be approximated by

H (φ + δφ) ≈ H (φ) − h̄

e
δφ(t )I. (B1)

The time-dependent Kubo formula in the frequency domain
can be written as

〈I0(ω)〉 = 〈I0(ω)〉0 + δφ(ω) χ (ω), (B2)

with the Fourier transform of the fluctuations as

δφ(ω) =
∫ ∞

−∞
dt eiωtδφ(t ). (B3)

The susceptibility is defined as

χ (ω) = i

e

∫ ∞

−∞
dt eiωt �(t )

〈
[I0(0), I (−t )]

〉
0, (B4)

where �(t ) denotes the Heaviside step function. Using the
current I in the form (11), the susceptibility can be decom-
posed into

χ (ω) = χ0(ω) + χG(ω), (B5)

where

χ0(ω) = i

e

∫ ∞

−∞
dt eiωt �(t )

〈
[I0(0), I0(−t )]

〉
0 (B6)

and

χG(ω) = i
∫ ∞

−∞
dt eiωt �(t )

〈
[I0(0), Ġ(−t )]

〉
0. (B7)

In line with the low-energy approximation in Sec. III, only
terms that are first order in the tunneling amplitude are kept.
We therefore drop the contribution χ0(ω) and approximate the
time evolution of G by

Ġ(−t ) ≈ i

h̄
[H0, e−iH0t/h̄ G eiH0t/h̄]. (B8)

Instead of evaluating the matrix element in the above expres-
sion for states belonging to the relevant low-energy subspace,
one can define a susceptibility operator that acts on the low-
energy subspace by replacing the expectation value 〈•〉 in
Eq. (B4) by P • P, where the operator P projects onto the
desired subspace.

Substituting with Ġ into the operator form (25) and inte-
grating leads to

χ̂ (ω) = −P

(
I0Q

iH0

h̄ω − H0
G + G

iH0

h̄ω − H0
QI0

)
P. (B9)
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The susceptibility operator χ̂ (ω) is non-Hermitian and hence
its expected value has real and imaginary parts. It can there-
fore be decomposed into two operators that correspond to the
real and imaginary parts of the susceptibility, as in Eqs. (27)
and (28). In the low-frequency limit, the operator correspond-
ing to the real part of the susceptibility can be simplified to

χ̂ r (ω) = iP
(
I0QG − GQI0

)
P, (B10)

and that corresponding to the imaginary part to

χ̂ i(ω) = h̄ωP

(
I0

Q

H0
G + G

Q

H0
I0

)
P. (B11)

As discussed in Sec. III, the imaginary part of the suscepti-
bility is related to the current that arises from the interaction
of the time-dependent external magnetic field with the Kitaev
chain. In this Appendix, we focus on the real part of the
susceptibility. In the link basis, the operator (B10) can be cast
into the differential form

χ̂r = e

ih̄
∂φ

(
PHTQGP − PGQHTP

)
, (B12)

because only the current I0 depends on φ. Analogous to
Appendix A, the bracketed term simplifies to

PHTQGP − PGQHTP = h′
32

2
γ3γ2, (B13)

where the rest of the coefficients are exponentially suppressed.
The coefficient h′

32 reads

h′
32 = Im

{ 〈0L|W�RGR |0R〉 − 〈0L|GL�LW |0R〉 }
, (B14)

with

�α ≡
∑
vα>0

(|vα〉 〈vα| + |ṽα〉 〈ṽα|). (B15)

Using definition (14) for the tunneling matrix W and defini-
tion (A15) for Gα , the coefficient h′

32 reduces to

h′
32 = φ1,R − φJ,L

φ
EM sin φ, (B16)

where the prefactor is independent of the phase φ since the
phases φ1,R and φJ,L are proportional to φ [cf. Eq. (34)].

Substituting into Eq. (B12) gives the final form

χ̂r = e

h̄

(
1 − φδt

φ

)
iEM cos φ γ3γ2, (B17)

where φδt is the phase drop across the weak link in the irrota-
tional basis H , and φ is the phase drop across the weak link in
the link basis H (i.e., the overall phase difference between the
two superconductors).

APPENDIX C: CURRENT IN THE IRROTATIONAL GAUGE

In this Appendix, we derive the current in Eq. (11). In the
basis of the Hamiltonian H , one can define the current as

I = − e

h̄
∂φH (φ). (C1)

Rotating the Hamiltonian to the link basis (H = UHU †) and
differentiating with respect to φ results in

I = − e

h̄
[(∂φU )HU † + U (∂φH )U † + UH (∂φU †)]. (C2)

Rearranging the terms and using the form (10) of the current
across the weak link yields

I = UI0U
† − e

h̄
[(∂φU )HU † + UH (∂φU †)]. (C3)

Rotating back to the basis of the Hamiltonian H leads to

I = I0 − e

ih̄
[i(∂φU )U †H + HiU (∂φU †)]. (C4)

In the irrotational basis, the operator G in Eq. (9) can be
written as

G = −i(∂φU )U † = iU (∂φU †). (C5)

Therefore, the current in the irrotational basis takes the final
form

I = I0 + e

ih̄
(GH − HG) = I0 + eĠ, (C6)

with

Ġ = i

h̄
[H , G]. (C7)

[1] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R.
Barends, R. Biswas, S. Boixo, F. G. S. L. Brandao, D. A. Buell
et al., Quantum supremacy using a programmable supercon-
ducting processor, Nature (London) 574, 505 (2019).

[2] Y. Wu, W. Bao, S. Cao, F. Chen, M. Chen, X. Chen, T. Chung,
H. Deng, Y. Du, D. Fan et al., Strong Quantum Computational
Advantage Using a Superconducting Quantum Processor, Phys.
Rev. Lett. 127, 180501 (2021).

[3] U. Vool and M. Devoret, Introduction to quantum electromag-
netic circuits, Int. J. Circuit Theory Appl. 45, 897 (2017).

[4] G. Burkard, R. H. Koch, and D. P. DiVincenzo, Multilevel
quantum description of decoherence in superconducting qubits,
Phys. Rev. B 69, 064503 (2004).

[5] J. Ulrich and F. Hassler, Dual approach to circuit quan-
tization using loop charges, Phys. Rev. B 94, 094505
(2016).

[6] J. Clarke and F. K. Wilhelm, Superconducting quantum bits,
Nature (London) 453, 1031 (2008).

[7] R. J. Schoelkopf and S. M. Girvin, Wiring up quantum systems,
Nature (London) 451, 664 (2008).

035430-12

https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1103/PhysRevLett.127.180501
https://doi.org/10.1002/cta.2359
https://doi.org/10.1103/PhysRevB.69.064503
https://doi.org/10.1103/PhysRevB.94.094505
https://doi.org/10.1038/nature07128
https://doi.org/10.1038/451664a


ELECTROMOTIVE FORCE IN DRIVEN TOPOLOGICAL … PHYSICAL REVIEW B 106, 035430 (2022)

[8] M. H. Devoret and R. J. Schoelkopf, Superconducting cir-
cuits for quantum information: An outlook, Science 339, 1169
(2013).

[9] M. Kjaergaard, M. E. Schwartz, J. Braumüller, P. Krantz,
J. I.-J. Wang, S. Gustavsson, and W. D. Oliver, Superconducting
qubits: Current state of play, Annu. Rev. Condens. Matter Phys.
11, 369 (2020).

[10] A. Blais, R.-S. Huang, A. Wallraff, S. M. Girvin, and
R. J. Schoelkopf, Cavity quantum electrodynamics for su-
perconducting electrical circuits: An architecture for quantum
computation, Phys. Rev. A 69, 062320 (2004).

[11] A. Blais, J. Gambetta, A. Wallraff, D. I. Schuster, S. M. Girvin,
M. H. Devoret, and R. J. Schoelkopf, Quantum-information
processing with circuit quantum electrodynamics, Phys. Rev. A
75, 032329 (2007).

[12] A. Blais, S. M. Girvin, and W. D. Oliver, Quantum information
processing and quantum optics with circuit quantum electrody-
namics, Nat. Phys. 16, 247 (2020).

[13] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff, Circuit
quantum electrodynamics, Rev. Mod. Phys. 93, 025005 (2021).

[14] X. You, J. A. Sauls, and J. Koch, Circuit quantization in the
presence of time-dependent external flux, Phys. Rev. B 99,
174512 (2019).

[15] R.-P. Riwar and D. P. DiVincenzo, Circuit quantization with
time-dependent magnetic fields for realistic geometries, npj
Quantum Inf. 8, 36 (2022).

[16] A. Kitaev, Fault-tolerant quantum computation by anyons, Ann.
Phys. 303, 2 (2003).

[17] L. Fu and C. L. Kane, Superconducting Proximity Effect and
Majorana Fermions at the Surface of a Topological Insulator,
Phys. Rev. Lett. 100, 096407 (2008).

[18] L. Fu and C. L. Kane, Josephson current and noise at
a superconductor/quantum-spin-Hall-insulator/super-conductor
junction, Phys. Rev. B 79, 161408(R) (2009).

[19] S. Nadj-Perge, I. K. Drozdov, B. A. Bernevig, and A. Yazdani,
Proposal for realizing Majorana fermions in chains of magnetic
atoms on a superconductor, Phys. Rev. B 88, 020407(R) (2013).

[20] F. Pientka, L. I. Glazman, and F. von Oppen, Topological su-
perconducting phase in helical Shiba chains, Phys. Rev. B 88,
155420 (2013).

[21] R. M. Lutchyn, J. D. Sau, and S. Das Sarma,
Majorana Fermions and a Topological Phase Transition in
Semiconductor-Superconductor Heterostructures, Phys. Rev.
Lett. 105, 077001 (2010).

[22] Y. Oreg, G. Refael, and F. von Oppen, Helical Liquids and
Majorana Bound States in Quantum Wires, Phys. Rev. Lett. 105,
177002 (2010).

[23] M. Hell, M. Leijnse, and K. Flensberg, Two-Dimensional Plat-
form for Networks of Majorana Bound States, Phys. Rev. Lett.
118, 107701 (2017).

[24] F. Pientka, A. Keselman, E. Berg, A. Yacoby, A. Stern, and B. I.
Halperin, Topological Superconductivity in a Planar Josephson
Junction, Phys. Rev. X 7, 021032 (2017).

[25] J. Alicea, New directions in the pursuit of Majorana fermions in
solid state systems, Rep. Prog. Phys. 75, 076501 (2012).

[26] M. Sato and Y. Ando, Topological superconductors: A review,
Rep. Prog. Phys. 80, 076501 (2017).

[27] K. Flensberg, F. von Oppen, and A. Stern, Engineered platforms
for topological superconductivity and Majorana zero modes,
Nat. Rev. Mater. 6, 944 (2021).

[28] A. Y. Kitaev, Unpaired Majorana fermions in quantum wires,
Phys. Usp. 44, 131 (2001).

[29] M. Leijnse and K. Flensberg, Introduction to topological super-
conductivity and Majorana fermions, Semicond. Sci. Technol.
27, 124003 (2012).

[30] B. van Heck, A. R. Akhmerov, F. Hassler, M. Burrello, and
C. W. J. Beenakker, Coulomb-assisted braiding of Majorana
fermions in a Josephson junction array, New J. Phys. 14, 035019
(2012).

[31] T. Hyart, B. van Heck, I. C. Fulga, M. Burrello, A. R.
Akhmerov, and C. W. J. Beenakker, Flux-controlled quantum
computation with Majorana fermions, Phys. Rev. B 88, 035121
(2013).

[32] J. R. Schrieffer and P. A. Wolff, Relation between the Anderson
and Kondo Hamiltonians, Phys. Rev. 149, 491 (1966).

[33] J.-J. Feng, Z. Huang, Z. Wang, and Q. Niu, Hysteresis from
nonlinear dynamics of Majorana modes in topological
Josephson junctions, Phys. Rev. B 98, 134515
(2018).

[34] S. J. Choi, A. Calzona, and B. Trauzettel, Majorana-induced DC
Shapiro steps in topological Josephson junctions, Phys. Rev. B
102, 140501(R) (2020).

[35] Z. Wang, J.-J. Feng, Z. Huang, and Q. Niu, arXiv:2204.09923.
[36] R. Kubo, The fluctuation-dissipation theorem, Rep. Prog. Phys.

29, 255 (1966).
[37] M. Tinkham, Introduction to Superconductivity, 2nd ed. (Dover

Publications, New York, 2004).
[38] R.-P. Riwar, L. I. Glazman, and G. Catelani, Dissipation by

normal-metal traps in transmon qubits, Phys. Rev. B 98, 024502
(2018).

[39] The λ term in Eq. (57) is proportional to both the flux coor-
dinate and its time derivative. It therefore can be treated as a
potential or a kinetic energy term, which changes its sign in
the Lagrangian. Here, we treat it as a potential energy term.
Nonetheless, the sign convention does not alter the observ-
ables because they depend on λ2 [e.g., the charge fluctuations
in Eq. (66)].

[40] K. Serniak, S. Diamond, M. Hays, V. Fatemi, S. Shankar, L.
Frunzio, R. J. Schoelkopf, and M. H. Devoret, Direct Dispersive
Monitoring of Charge Parity in Offset-Charge-Sensitive Trans-
mons, Phys. Rev. Applied 12, 014052 (2019).

[41] B. G. Christensen, C. D. Wilen, A. Opremcak, J. Nelson, F.
Schlenker, C. H. Zimonick, L. Faoro, L. B. Ioffe, Y. J. Rosen,
J. L. DuBois, B. L. T. Plourde, and R. McDermott, Anoma-
lous charge noise in superconducting qubits, Phys. Rev. B 100,
140503(R) (2019).

035430-13

https://doi.org/10.1126/science.1231930
https://doi.org/10.1146/annurev-conmatphys-031119-050605
https://doi.org/10.1103/PhysRevA.69.062320
https://doi.org/10.1103/PhysRevA.75.032329
https://doi.org/10.1038/s41567-020-0806-z
https://doi.org/10.1103/RevModPhys.93.025005
https://doi.org/10.1103/PhysRevB.99.174512
https://doi.org/10.1038/s41534-022-00539-x
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevB.79.161408
https://doi.org/10.1103/PhysRevB.88.020407
https://doi.org/10.1103/PhysRevB.88.155420
https://doi.org/10.1103/PhysRevLett.105.077001
https://doi.org/10.1103/PhysRevLett.105.177002
https://doi.org/10.1103/PhysRevLett.118.107701
https://doi.org/10.1103/PhysRevX.7.021032
https://doi.org/10.1088/0034-4885/75/7/076501
https://doi.org/10.1088/1361-6633/aa6ac7
https://doi.org/10.1038/s41578-021-00336-6
https://doi.org/10.1070/1063-7869/44/10S/S29
https://doi.org/10.1088/0268-1242/27/12/124003
https://doi.org/10.1088/1367-2630/14/3/035019
https://doi.org/10.1103/PhysRevB.88.035121
https://doi.org/10.1103/PhysRev.149.491
https://doi.org/10.1103/PhysRevB.98.134515
https://doi.org/10.1103/PhysRevB.102.140501
http://arxiv.org/abs/arXiv:2204.09923
https://doi.org/10.1088/0034-4885/29/1/306
https://doi.org/10.1103/PhysRevB.98.024502
https://doi.org/10.1103/PhysRevApplied.12.014052
https://doi.org/10.1103/PhysRevB.100.140503

